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Preface

A skirts’ story

Grab a time-varying system, excite it with a multisine and see what

happens. This was the first simulation I performed when I started my PhD

research at dept. ELEC, VUB in August 2006. And it was the first step I

took in the exploration of the frequency domain behaviour of time-varying

systems.

Skirts appeared in the output spectrum of the simulated system. Sur-

prisingly, these had never been studied before. Did I simulate a particular

kind of time-varying system? No. Any time-varying system behaves like

this. These mysterious skirts even popped up in experimental data on elec-

trochemical processes. Note that these experiments had been conducted in

part by my promotor, Rik Pintelon, who did pioneering work on multisine

excitations.

As had been experienced in earlier work, a multisine signal is extremely

convenient in extracting information from dynamical systems. A quick look

at the result of a multisine excitation indicates whether the system is time-

varying and/or is behaving nonlinearly. This is quite convenient, isn’t it?

This is why a significant part of this thesis is devoted to multisines and

their applications to time-varying systems.

This thesis relates the experience I gained by exploring the benefits of

frequency domain tools applied to the identification of time-varying sys-
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tems. The reader is expected to have a background in signal processing,

Fourier and Laplace transforms, and some linear algebra and statistics. He

or she will learn on the frequency domain interpretation of multisine ex-

periments on linear, time-varying systems. Simple interpretations will lead

to the construction of a non-parametric evolution of the frozen frequency

response function of the system, and a frequency dependent model for the

disturbing noise power spectrum. The last two main chapters discuss the de-

velopment of parametric identification techniques of time-varying systems,

formulated in the frequency domain. The main advantage and novelty is

that the same algorithm is valid for estimating continuous-time as well as

discrete-time, time-varying systems in a user-friendly way.

Notwithstanding the great attention that was given to the mathematical

correctness and statistical soundness of the methods, one important target

was for you, as a reader, to be able to understand them intuitively, thus

increasing your confidence of using them. I hope you will enjoy reading this

thesis.

Brussels, March 5th, 2011

John Lataire
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Chapter 1

Introduction

1.1 Context

A common practice in the engineering community, when modelling physical

systems is at hand, is to work with approximating models, the quality of

which is satisfactory for the intended application. Although the world we

are living in is nonlinear and time-varying in some sense, engineers prefer to

work with linear, time invariant models. The latter significantly simplify the

interpretations and the computational cost. A trade-off is sought between

the accuracy of the model and the conveniency of using it.

However, recent progress (over the last decades) in the field of digital

signal processing, and in the availability of huge computer memories and

computing power give the possibility to the engineer of using more complex

models and algorithms, even for real-time applications. The safe boundaries

of linear time invariant systems are prudently crossed, and new expansions

are explored.

In this thesis, the assumption of linearity is retained, while the assump-

tion of time invariance is relaxed. An overview of the added value is given

in the next subsections.

1



1. Introduction

y
u

Figure 1.1: Example of a parameter varying system: swinging pendulum with
a shortened rod, in a gravitational field. The resonance frequency
is inversely proportional to the square root of the length of the rod.
u(t) is the driving force while y(t), the response of the system, is
the resulting angle w.r.t. a vertical line.

1.1.1 Parameter varying systems

As time-varying systems are often interpreted as being a special case of

parameter varying systems, the latter are introduced first. Informally, a

dynamic system is called ‘parameter varying’ (PV) when its dynamics de-

pend on one or more measurable (and controllable) external parameter(s),

called scheduling parameters. Examples include:

• A tower crane while raising/lowering a load or, conceptually compa-

rable, a mass swinging at the extremity of a rod with a varying length,

as illustrated in Fig. 1.1. For a small swinging amplitude (w.r.t. the

length of the rod), this pendulum behaves linearly (elaborated fur-

ther on). As the length of the rod changes, the resonance frequency

changes too. The length of the rod is, then, the scheduling parameter.

• The dynamics of an aircraft system can be linearised when flying at a

constant speed and altitude. When accelerating or gaining in altitude,

the dynamic behaviour of the plane is evolving as a function of the

scheduling parameters – the flight speed and the height – and can,

2



1.1. Context

thus, be described by a parameter varying model [Fujimori and Ljung,

2006].

• A structure supporting a moving load (e.g. a bridge with a train driv-

ing on top of it [Spiridonakos and Fassois, 2009]) will see its modal pa-

rameters (resonance frequencies and associated damping coefficients)

vary, depending on the position of the moving load.

• The dynamics of a moving robot arm can be linearised around an

operating angle. When considering a fast, but small movement of the

arm, superposed on a larger but slow one, this can be interpreted as

a linearised system with a slowly evolving operating point.

• The resonance frequencies of the strings of a violin, or a pedal steel

guitar, vary according to the position of the fingers of the musician

on the strings.

• The dynamic response of an electronic power amplifier depends on

the input power, as pointed out and investigated in De Locht et al.

[2006].

The identification of general LPV systems is studied for instance in

Bamieh and Giarre [2002]; Tóth et al. [2009].

1.1.2 Time-varying systems

A time-varying (TV) system can be thought of as a system, the dynamic

properties of which are changing with time. Contrary to parameter vary-

ing systems, the cause of the time dependence is not necessarily directly

measurable. The time variation can simply be due to an evolution of some

properties of the system. Examples of such systems include

• The impedance of a metal which is subjected to an electrochemi-

cal reaction, such as aluminium being subjected to pitting corrosion

[Breugelmans et al., 2010a; Tourwé et al., 2010; Van Gheem et al.,

3



1. Introduction

2004]. As the metal is being corroded, small holes are formed which

grow with time, and passivate. This process alters the impedance.

• A heavily loaded mechanical structure showing evolving signs of fa-

tigue, as for instance a building during an earth quake (that is, before

it collapses).

The distinction between a TV and a PV system can, however, be vague.

For instance, the evolving pitting corrosion might be called parameter vary-

ing, where the scheduling parameter would be the progress of the electro-

chemical reaction, or the concentration of one (or more) particular reac-

tant(s). Scheduling parameters for the fatiguing structure might be the

amount and the total surface of cracks in the material. In these two ex-

amples, however, measuring the scheduling parameters is not obvious, and

hardly impossible to control. In that frame of mind, these systems are re-

ferred to as ‘purely’ time-varying. Note that the roles could be inverted: if

a physical model of the system under test is available, an identified time-

varying model could be used to determine the evolution of the scheduling

parameter.

Additional ambiguity may arise by noting that, ultimately, a PV sys-

tem can also be handled as being TV. This is the case when a particular

time dependent trajectory of the scheduling parameter is chosen. As such,

all examples under Section 1.1.1 can be repeated here. Handling such a

PV system as being TV, however, discards the information available on the

scheduling parameter. As such, the resulting model of the system is ‘less

rich’ than the corresponding parameter varying model. Nevertheless, this

is the point of view that is adopted throughout this work. The associated

main advantages will be related to the simple and time-efficient imple-

mentation of the proposed algorithms, and the intuitive frequency domain

interpretation of the TV system’s response. Although most techniques will

be elaborated for continuous-time systems only, their extension to discrete-

time systems follow very similar reasonings.

Note that, having identified a TV model from measurements on a PV

system, the dependence on the scheduling parameters of the model could
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1.2. A transfer function based approach of linear, time-varying systems

be identified as a second step. Although not elaborated in this thesis, some

of the proposed techniques, and for particular classes of systems, could be

extended in a straightforward fashion to LPV systems.

1.1.3 Black box, data driven modelling

As is clear from the previous section, parameter- and time-varying systems

emerge in all fields of engineering. Each of those application examples is

governed by its own physical laws which, however, all are formalised by

(integro-) differential equations. Black box modelling deals with systems in

abstraction of the underlying governing physics. That is, the variables in the

mathematical expressions defining the model can be any physical quantity,

or a functional combination of more of them. The structure of the math-

ematical expressions doesn’t even have to reflect the physics. This yields

unified modelling approaches, independent of the particular application at

hand. In this thesis, the sole goal of the model is to be a ‘good’ description

of the data (i.e. measurements of the physical quantities) provided, hence

the designation data driven modelling.

1.2 A transfer function based approach of

linear, time-varying systems

The concept of a ‘transfer function’ for describing linear time invariant (LTI)

systems is well-known and widely spread [Oppenheim et al., 1983; Kwak-

ernaak et al., 1991]. A generalisation of these concepts for time-varying

systems is, however, not straightforward. A transfer function describes the

amplitude and phase relation between input and output (co)sinusoidal sig-

nals of an LTI system. Since the response of a linear, time-varying (LTV)

system to a sinusoidal excitation is not sinusoidal anymore (it is not even

periodic), it is obvious that a transfer function of an LTV system is unde-

fined. A generalised type of transfer functions has been proposed in Zadeh

[1950], briefly discussed in Kwakernaak et al. [1991], and applied to practical

problems for instance in Ball et al. [1995]; Dalianis et al. [1998].
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Figure 1.2: Response (right plot) of a linear, time-varying (LTV) system to two
successive impulses (arrows in the left plot), at 0s and 0.5s.

These theories are based on the notion of a time-dependent impulse re-

sponse, meaning that the response of the system to an impulse is dependent

on the time instant at which the impulse is applied. This is illustrated in

Fig. 1.2, where the response to two successive impulses, of a system with a

time-varying gain and resonance frequency, is shown. The impulses are suf-

ficiently separated in time to ensure that the response to the first impulse

has virtually completely vanished before the second one is applied. The

difference between both impulse responses is obvious. A practical, real-life

example embodying the time-varying response in Fig. 1.2 is the pendulum

with a shortening rod, as depicted in Fig. 1.1, assuming a small angle ap-

proximation (for linearity), and enough friction (yielding the exponential

decay in Fig. 1.2). The impulse excitation is applied as a force u(t) on the

swinging mass, perpendicular to the rod, and the response y(t) is measured

as the angle of the rod w.r.t. a vertical line.

The notion of a time-dependent impulse response is formalised as fol-

lows. Consider the system GV (subscript V denoting a time-varying sys-

tem), the response of which to an arbitrary signal u(t) is computed as

[Kwakernaak et al., 1991, p. 83]

GV {u(t)} =

∫ ∞

−∞
hV(t, τ)u(τ) dτ (1.1)

Remark 1.1. An alternative notation, GV {u(t)} =
∫∞
−∞ h̃V(t, τ)u(t−τ) dτ ,

as used for instance in Ball et al. [1995], is equally valid. h̃V and hV are

often denoted the kernel of the system.
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1.2. A transfer function based approach of linear, time-varying systems

The braces in GV{u(t)} denote that GV is an operator on the function

(or signal) u(t), the result of which is again a function/signal. The system

GV in (1.1) is linear in its argument since, from the linearity of the integral,

GV{αu1(t) + βu2(t)} = αGV{u1(t)}+ βGV{u2(t)} (1.2)

The response of the system GV to an impulse applied at time τo, denoted

δ(t− τo), is computed as:

GV{δ(t− τo)} =

∫ ∞

−∞
hV(t, τ)δ(τ − τo) dτ = hV(t, τo), (1.3)

s.t. the kernel hV(t, τ) is also the impulse response at time t of the system

GV, where the impulse was applied at time τ .

As is well-known, a practical, real-life system cannot respond to a future

excitation. This is called causality, and means that the impulse response

must be zero before the impulse was applied, yielding the following con-

straint:

hV(t, τ) = 0, for t < τ, (1.4)

such that the upper bound of the integrals in equations (1.1) and (1.3) can

be set to t.

The response of an LTI system is described by a special case of (1.1).

For an LTI system GI, the shape of the impulse response is independent of

the time instant at which the impulse is applied. This is written as

hI(t, τ) = hI(t− τ). (1.5)

This means that the impulse response depends only on the time elapsed

since the impulse was applied. The function hI(t) is interpreted as the

impulse response of the system at time t for an impulse applied at time 0.
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This is consistent with (1.3), since an impulse applied at time τo yields the

following response (assuming the system to be causal)

GI{δ(t− τo)} =

∫ t

−∞
hI(t− τ)δ(τ − τo) dτ = hI(t− τo), (1.6)

which is the response of an impulse applied at time 0, shifted over time τo.

The definition of the transfer function of an LTI system is associated

with its response to a complex exponential:

GI

{
ejωt
}
=

∫ t

−∞
hI(t− τ)ejωτdτ (1.7a)

=

∫ t

−∞
hI(t− τ)e−jω(t−τ)ejωtdτ (1.7b)

= ejωtGI(jω) (1.7c)

where GI(jω) =
∫∞
0

hI(τ
′)e−jωτ ′dτ ′ is called the frequency response function

of the system (proven by performing the change of variables τ ′ = t − τ in

(1.7b)). When evaluated at any complex value s ∈ C, GI(s) is called

the transfer function. Note the different notation w.r.t. (1.3): the simple

brackets in GI(jω) denote a function, viz., GI(jω) : jR → C. Expressions

(1.7) state that the response of an LTI system to the complex exponential

ejωt is a scaled and frequency shifted complex exponential with the same

angular frequency ω. A complete derivation for the LTI case is found for

instance in Oppenheim et al. [1983].

As suggested in Zadeh [1950], a similar derivation can be performed for

time-varying systems. The response of the causal, time-varying system GV

to a complex exponential is, by using (1.1) and assuming causality,

GV

{
ejωt
}
=

∫ t

−∞
hV(t, τ)e

jωτdτ (1.8a)

= ejωt
∫ t

−∞
hV(t, τ)e

−jω(t−τ)dτ (1.8b)

= ejωtGV(t, jω) (1.8c)
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1.2. A transfer function based approach of linear, time-varying systems

(with GV(t, jω) =
∫∞
0

hV(t, t − τ ′)e−jωτ ′ dτ ′) which is an amplitude and

phase modulated complex exponential. Note that, due to the time-de-

pendence of GV(t, jω), the response in (1.8) is not necessarily periodic.

However, it is understood that, if GV(t, jω) is a smooth and slow (w.r.t.

the period of the excitation) function of t, a (pseudo-)periodicity will be

discerned in the response to a periodic signal. In addition, if hV(t, τ) is

real, it is straightforward to show that GV(t,−jω) = GV(t, jω), such that

the response to a (co)sinusoidal signal is readily computed from the linearity

of the system:

GV {sin(ωt)} = GV

{
ejωt − e−jωt

2j

}
(1.9a)

= |GV(t, jω)| e
j[ωt+∠GV(t,jω)] − e−j[ωt+∠GV(t,jω)]

2j
(1.9b)

= |GV(t, jω)| sin (ωt+ ∠GV(t, jω)) (1.9c)

Also, again due to linearity, the response of this system to a sum of

(weighted) (co)-sinusoidal signals (with different frequencies) is readily pro-

vided by using the transfer function, viz.,

GV

{∑
k

αk sin(ωkt)

}
=
∑
k

αk |GV(t, jωk)| sin (ωkt+ ∠GV(t, jωk)) ,

(1.10)

where the sum over k runs over the indices of the considered angular fre-

quencies ωk (which will be defined formally further on), and αk are arbitrary

weights.

The present thesis does not aim at studying the properties of this gen-

eralised concept of a transfer function. It rather focuses on constructing

methodologies for extracting information on the time-varying system from

measurements to obtain a mathematical description of it, inspired by the

notions of a time-dependent impulse response. The latter is given as a

parametric or non-parametric model.
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Two model structures will be considered. The first is inspired on expres-

sion (1.8). Let bp(t) be a complete set of basis functions in the time interval

denoted [0, T ]. This time interval will correspond with the measured time

record. Then, GV(t, jω) can be written as the following series expansion:

GV(t, jω) =
∞∑
p=0

bp(t)Gp(jω). (1.11)

For practical reasons, it will be assumed that the infinite sum can be trun-

cated to a finite, reasonable amount of terms. This approach is the fre-

quency domain counterpart of the approach proposed in Sams and Mar-

marelis [1988].

The second model structure considered is an ordinary differential equa-

tion (ODE), the coefficients of which are functions of time:

α0(t)y(t)+α1(t)
d

dt
y(t) + · · ·+ αNα(t)

dNα

dtNα
y(t) (1.12)

= β0(t)u(t) + β1(t)
d

dt
u(t) + · · ·+ βNβ

(t)
dNβ

dtNβ
u(t)

or more compactly [Zadeh, 1950]

A

(
d

dt
; t

)
y(t) = B

(
d

dt
; t

)
u(t) (1.13)

This model fits into the framework described above by noting that its

time-varying impulse response hV can formally be solved from

A

(
d

dt
; t

)
hV(t, τ) = B

(
d

dt
; t

)
δ(t− τ). (1.14)

It will be shown how reasoning in the frequency domain can help to gain

insight into the evolution of the dynamics, and allow the implementation

of very fast noise robust identification algorithms.
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1.3. Identification of time-varying systems

1.3 Identification of time-varying systems

In general, the task of identifying a dynamic system is fourfold:

1. Choose the model structure, such that the system under considera-

tion can be described by this model, and is useful for the intended

application.

2. Design the experiment for the data acquisition, including the choice

of the signal, the frequency band of interest, the operating condi-

tions and the length of the measured time interval, the latter be-

ing linked with the frequency resolution and the amount of captured

time-dependence of the system (in the particular case of time-varying

systems).

3. Fit the data to the model, by minimising a predetermined cost func-

tion (which expresses a distance between the identified model and the

measured data).

4. Validate the model. This step mainly checks whether the discrep-

ancies between the model and the measurements can be ascribed to

stochastic disturbances (noise) or ‘acceptable’ modelling errors. This

can be done by analysing the stochastic properties of the difference

between the data and the model or by checking the repeatability of

the quality of the model by using a ‘fresh’ data record.

All these tasks are interrelated with each other. For instance, the val-

idation step is linked with the usefulness of the model for the intended

application, and with the chosen cost function. A different cost function is

preferred depending on whether the model will be used for either predict-

ing future outcome of the system, or simulating the complete response of

a system to a given excitation, or even yielding the ‘best’ estimate of the

underlying physical parameters. The last option will be adhered to in this

thesis.

Linking design experiment and the choice of the model structure leads

to optimal experiment design, for instance as in Bombois et al. [2006];
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Bazanella et al. [2010]. Optimality is sought such as to obtain a minimal

required excitation power, minimal experiment time, minimal uncertainty

on the identified model parameters, or a combination of these and possible

other criteria. A difficulty of this approach is that the model should be

known (at least approximately) in advance, or it should be clear in advance

what portion of the system’s behaviour should be extracted.

In practical situations, the identification of a known system is a useless

job (except, perhaps, for the validation of the identification algorithm). On

the other hand, starting an identification procedure, without having any

clue of the behaviour of the system at hand might be (too) challenging.

Therefore, such a task is usually supported by the knowledge, insights and

experience gathered, or obtained from experts in the particular field of the

application. Also, the intended application for the model is important.

It wouldn’t make sense to identify a model of a robot arm as moving at

speeds of 100m/s, such as a model of a bridge oscillating with amplitudes

of hundreds of meters, or a micro-chip of a mobile phone operating at a

supply voltage of 1kV. In most cases, common sense naturally drives the

identification process to an acceptable range of operation.

1.3.1 Non-parametric identification methods for

time-varying systems

The task of determining a good model structure remains, and tools for easily

determining the suitability of a model for a particular application can be

handy. An example of such a tool is found in Schoukens et al. [2005] and

references therein, which provides a measure for the ability of a linear, time

invariant system model to capture the behaviour of a measured nonlinear

system. A non-parametric estimate of the frequency response function is

readily provided. If handled with care, this can even be done using a single

experiment, by using a multisine excitation.

In the same frame of mind, one of the contributions of this thesis is the

use of multisine excitations to obtain a simple interpretation of the spec-

tral response of a linear, time-varying system in terms of an ‘overall’ linear,
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dynamic response and an associated ‘time variability’. If the system is vary-

ing slowly, a common practice is to describe the system as a series of time

invariant systems, called instantaneous systems, one at each measurement

time. These instantaneous systems are believed to be a good description of

the behaviour of the system, were the dynamics to be ‘frozen’ at the cor-

responding time instants. A simple algorithm is presented to estimate the

frequency response function of this instantaneous system as a parametric

functional dependence of time, but at a discrete set of user-defined frequen-

cies. As a consequence, this method does not require the user to ‘choose’

the model order of the instantaneous system. On the other hand, the time

evolution is assumed to be smooth, such that it can be described by a small

number of polynomial basis functions.

The dual problem has been solved in the literature, where the dy-

namics of the instantaneous system are estimated parametrically, at each

time instant. Recursive algorithms, discussed for instance in [Ljung and

Söderström, 1983; Niedzwiecki, 2000; Moazzam et al., 1997; Ding et al.,

2010] have been developed for solving just that problem in real-time, that

is, while the measurements are flowing in. These algorithms make sure that

the amount of computation required for taking into account a single new

measurement is minimised, by re-using the identification results up to the

previous measurement. Time variability is taken into account by assigning

a higher weight to recent measurements, thus discarding the older ones.

This is interpreted as working in a sliding time domain window, implicitly

assuming that the system is time invariant inside that window. A conse-

quence is that the estimated parameters are lagging behind the actual ones.

Intuitively, if the window used is uniform of length N (that is, the last N

data points have weight 1, and the others are discarded), the estimated

parameters describe approximately the instantaneous system at the centre

of this time window. Niedzwiecki [2008] developed a methodology to deter-

mine this intrinsic delay of the estimated parameters for different types of

recursive algorithms (e.g. for exponential forgetting).

Both methods, aiming at describing the system as its evolving instanta-

neous dynamics, can be referred to as semi-parametric, because the depen-
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dence on either the time or the frequency is described non-parametrically.

Whereas most work found in the literature chooses the time-variation to be

modelled non-parametrically, requiring the assumption that the system is

time invariant in a small time window, this thesis proposes a method where

the frequency dependence of the dynamic response is non-parametric, and

assumes that the system is excited by a multisine. Early work aiming at

relaxing this last assumption is found in Widanage et al. [2010].

Fully non-parametric methods, yielding a time-frequency representation

of a non-stationary signal, also exist. An overview of these techniques is

found in Hammond and White [1996]. Their aim is to provide an instan-

taneous spectral representation of the signal and, thus, are mostly used for

the characterisation of signals. However, their use in system identification

is found for instance in Conforto and D’Alessio [1999], used for tracking

the peaks of the frequency response functions of resonating systems, and in

Dalianis et al. [1998], aiming at directly identifying a time-varying transfer

function of the system, as was explained in Section 1.2.

The identification of discrete-time state-space models in a non-

parametric fashion (i.e. one model at each time instant) is for instance

discussed in Liu [1997]; Verhaegen and Yu [1995], where the time-variation

is best assumed to be slow.

Two references discussing yet another non-parametric identification ap-

proach are Rentmeesters et al. [2010]; Ohlsson et al. [2010] on LTV systems

and Hsu et al. [2008] on LPV systems. Both describe the system as a dif-

ference equation, with coefficients which are different for each time instant

or for each value of the scheduling parameter. These methods are distin-

guished from the methods above by the fact that they model the complete

measured time window and considered frequency band at once. To this end,

the first two references additionally minimise the sum of norms of the dif-

ference between consecutive parameter vectors (the 2-norm, or the 1-norm

and allowing a minimal amount of parameter changes, respectively). The

third reference imposes a static dependency of the system parameters on

the scheduling parameter by additionally minimising a dispersion function

(which is an inverse measure of the staticness of the relationship between
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the scheduling and system parameters).

1.3.2 Parametric identification methods for

time-varying systems

It might sound like a contradiction, but parametric models have the ad-

vantage of describing the system considered using a significantly smaller

number of parameters than the semi- or non-parametric methods. For in-

stance, compared with the time domain recursive identification techniques

discussed above, where an LTI system model is identified at each time in-

stant, a parametric identification aims at connecting all of these models as

one congruent whole, given by a single (or very few) mathematical expres-

sions.

In the control society, the state-space model is very popular, an ex-

tension of which, for parameter- and time-varying systems is the polytopic

state-space model. A polytopic model is a state-space model given by

dx(t)

dt
= A(ξ)x(t) + B(ξ)u(t) (1.15a)

y(t) = C(ξ)x(t) +D(ξ)u(t) (1.15b)

where ξ can be either the scheduling parameter or the time, and the time can

be either discrete or continuous. The A, B, C and D matrices are modelled

as parameter- (or time-) dependent weighted sums of constant matrices,

each corresponding to the dynamics of the system at specific values of the

time or the scheduling parameter ξp. For instance

A(ξ) =
∑
p

wp(ξ)Ap, with wp(ξp′) = δpp′ (1.16)

with δpp′ being 1 for p = p′ and zero otherwise, and the sum over p running

over a finite set of indices. As such, the set of matrices Ap, Bp, Cp and Dp

describe the dynamic behaviour of either the instantaneous system at time

instant t = ξp, or the system in a particular operating condition, namely for
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the scheduling parameter ξ = ξp. The user-defined functions wp(ξ) serve

as interpolation functions between the different operating points. In the

literature, the polytopic model is for instance considered in Angelis [2001]

mostly discussing system theoretic properties and its application to control,

in Fujimori and Ljung [2006], tackling the identification, and Caigny et al.

[2010] considering the design of a gain-scheduling controller.

From a purely system theoretic point of view, a slightly different ap-

proach is considered in Tsai et al. [1984], where the A, B, C, andD matrices

of the state-space model are written as a time-weighted linear combination

of constant matrices, using Legendre polynomials as basis functions. More

on the properties of general, multivariable time invariant and time-varying

models, in state-space form are found for instance in Guidorzi and Diversi

[2003]; Poolla and Khargonekar [1987] and references therein. The first dis-

cusses the minimal state-space representation, the second is on the stability

(and stabilisability) of the system, in a formal fashion. Mullhaupt et al.

[2007] tests the stability of time-varying systems given by their state-space

representation, by generating a series of Lyapunov functions at a discrete

set of time instants.

The parametric methods discussed in this thesis handle single-input-

single-output (SISO) systems, given as a dynamic input/output map. Two

specific choices of model structures are considered, given by (1.11) and

(1.12) respectively. Although these structures describe continuous-time sys-

tems, their discrete-time counterparts (that is, differential equations become

difference equations) are also briefly explored. Tóth et al. [2007] discusses

the signal-equivalence between these models and state-space models in the

LPV case, highlighting some pitfalls when assuming static dependencies on

the scheduling parameters.

A popular way of modelling an ordinary difference/differential equa-

tion with time-varying coefficients is by expanding these coefficients in a

user-defined functional subspace as in Poulimenos and Fassois [2006]; Spiri-

donakos and Fassois [2009] and the references therein, giving an overview.

Popular functional spaces are for instance Chebyshev or Legendre polyno-

mials, trigonometric functions (especially for periodically time-varying sys-

16



1.4. Basic definitions and conventions

tems) and wavelets, as in Tsatsanis and Giannakis [1993], also discussing

the selection of an appropriate set of basis functions.

Most estimators of time-varying systems are restricted to discrete-time

systems, assuming white noise, or requiring the disturbing noise to be mod-

elled simultaneously with the system itself. With respect to this, two orig-

inal contributions of this thesis on the parametric identification of time-

varying systems are:

1. A frequency domain formulation and implementation of the estimator,

in an errors-in-variables framework. This yields a consistent estimate

of the system parameters – assuming that the system belongs to the

model set considered – and the possibility of using non-parametric

models of the disturbing noise.

2. A direct and simple implementation of estimators of continuous-time,

time-varying systems by using sampled data, taking into account the

windowing and aliasing problems.

1.4 Basic definitions and conventions

1.4.1 Windowing

As real-life, aperiodically time-varying systems usually require an infinite

amount of parameters to capture their behaviour for the complete time axis

(i.e. t ∈] − ∞,∞[), only finite record lengths are manageable in practice.

This intrinsically involves the windowing of the time-domain signal.

In this work it will be assumed that, when windowing is at hand, a

rectangular window of length denoted T and height 1 is used. Although

the windowing process is a laborious operation in the frequency domain

(it involves the spectral convolution of the spectrum at hand and a sinc

function), simple and intuitive interpretations will be provided. In this

work, the use of periodic signals (period length T ) as excitation will be

preferred, as in this case leakage in the input spectrum is avoided.
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1.4.2 Discrete Fourier Transform

Whereas differential equations have been adopted for describing the be-

haviour of physical systems, intrinsically interacting with their environment

via measurable quantities described as continuous-time signals, in most

practical identification cases, the measured signals are available as sam-

pled data. The spectral representation of the continuous-time signals are

approximated by the Discrete Fourier Transforms (DFT) of their sampled

counterparts. If handled with care, the errors due to this approximation

can be dealt with.

Consider the finite series x(td), possibly obtained as a sampled

continuous-time or discrete-time signal. Its N -point DFT is defined as

X(k) = DFT{x(td)} =
N−1∑
td=0

x(td)e
−j 2πk

N
td (1.17)

If x(td) is the sampled version (sample frequency fs =
1
Ts
) of a windowed

continuous-time signal xc(t), (i.e. x(td) = xc(tdTs)) then its DFT can be

rewritten as

X(k) =
N−1∑
td=0

x(td)e
−jωktdTs (1.18a)

with ωk =
2πk

T
(1.18b)

From now on, ωk will be referred to as the ‘kth DFT angular frequency’.

Intuitively, if x(td) was written as a sum of discrete sines, X(k) would yield

the amplitude and phase of the describing sine with angular frequency ωk.

Furthermore, the Fourier Transform of a continuous-time signal xc(t) and

the DFT of its sampled counterpart x(td) = xc(tdTs) are approximately

related as (see Appendix 2.B)

X(jωk) ≡ F{xc(t)} ≈ TsDFT{x(td)} = TsX(k) (1.19)

This holds if xc(t) is band-limited. The approximations involved in this

relation will be handled at appropriate places in the thesis.
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1.5. Outline of the thesis

1.5 Outline of the thesis

The main goals of this thesis are to model and to identify the dynamic

behaviour, and to allow for a simple interpretation of the response of time-

varying systems from a frequency domain point of view.

The first part of this thesis discusses the spectral interpretation of the

response of a time-varying system and non-parametric identification tech-

niques. In Chapter 2, the multisine excitation is introduced, and in Chap-

ter 3, the frequency domain response of a class of linear time-varying sys-

tems when excited by a multisine signal is interpreted. As it is well known,

a linear time invariant system’s response remains periodic for a periodic

excitation. This is not true for a linear, slowly time-varying system. The

exciting sinusoids are amplitude and phase modulated, giving leakage-like

contributions in the output spectrum. As a consequence, the spectral re-

sponse of a time-varying system excited by a multisine consists of adjacent

skirt-like shapes, centred around each excited frequency of the multisine.

This is formally demonstrated for a system model consisting of a time-

weighted combination of linear, time invariant systems.

The qualitative knowledge of the shape of the time-varying system’s

response allows for a relatively simple extraction of non-parametric infor-

mation on the system. First, as described in Chapter 4, the stochastic

(disturbing) part of the spectrum can be distinguished from the determin-

istic part, yielding an estimate of the disturbing noise power spectrum.

Next, an intuitive idea of the speed of the variation is given and a rapid

extraction of the time-evolution of the ‘instantaneous’ transfer function is

provided in Chapter 5. Although being dependent on the system model

structure used, for a slow time variation the possible model errors are small

and can be estimated. The evolution of the instantaneous system provides

valuable information for the engineer.

The second part focuses on the parametric identification of time-varying

systems. Two system models are considered. The first, discussed in Chap-

ter 6, is a linear ordinary differential equation whose coefficients are written

as polynomials in time. Particular attention is paid to the use of sampled
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1. Introduction

and time-limited (i.e. windowed) measured signals for the identification of

continuous-time systems. Aliasing and leakage problems are tackled and

shown to be easily circumvented.

The second model, in Chapter 7, consists of a time-weighted combina-

tion of linear time invariant systems. As such, the non-parametric evolution

of the transfer function obtained in the first part of the thesis is now identi-

fied parametrically. For both models, the associated estimators are shown

to take into account the noise information in a healthy and easily imple-

mentable fashion, yielding consistency.

All estimators are carefully validated on various simulation data. An ex-

perimental setup consisting of a parameter varying electronic bandpass filter

was built to demonstrate the methods on measurement data. Although not

discussed in this work, (some of) the methods were also successfully applied

to an electro-chemical [Breugelmans, 2010] and a biophysical application

[Aerts et al., 2008].

20



Chapter 2

Multisine Excitation

Abstract

The multisine excitation is introduced, both in the time do-

main and in the frequency domain, including its representation with

sampled data. A brief overview is given on its usage for the non-

parametric identification of linear time invariant systems with non-

linear disturbances.

2.1 Introduction

Multisine excitations have been shown to provide many advantages for the

identification of both linear and nonlinear time invariant systems. A great

amount of the present work focuses on properties of multisine responses

of time-varying systems to easily extract knowledge and insight into the

system’s dynamics.

Although being described in the continuous-time, a multisine can be rep-

resented by a finite number of samples. Under some conditions described in

Section 2.2, its spectrum is perfectly computable using the Discrete Fourier

Transform, yielding a very convenient way of handling continuous-time sys-

tems in a digital signal processing environment.

An overview and guidelines on the use of multisines as an excitation sig-

nal for the identification of linear (Section 2.3) and nonlinear (Section 2.4)

21



2. Multisine Excitation

time invariant systems are given in this chapter. A single multisine exper-

iment will allow the distinction between the linear, the nonlinear and the

noise contributions.

2.2 Definition and spectral representation

Definition 2.1. A multisine signal is mathematically defined as:

ums(t) =
1

π
√
Ne

∑
ke∈Kexc

Ã(ke) cos(ωket+ ϕke) (2.1)

where Kexc ⊂ ([1, Tfs
2
] ∩ N) is the user defined discrete set of excited fre-

quency bins, ωk = 2πk
T

is the discretised angular frequency, T is both the

length of the measured time record and the period of the multisine, and fs is

the sampling frequency. The user-defined discrete function Ã(k) determines

the amplitudes of the sines. The constant Ne is equal to the number of ex-

cited frequencies. It renders the RMS value of the signal independent of the

number of excited frequencies. If the phases ϕk are randomly distributed

between −π and π, s.t. E {ejϕk} = 0, the signal is called a random phase

multisine.

Thus, the multisine consists of a sum of sines (or cosines) whose frequen-

cies are all multiples of the same fundamental angular frequency ω0 = 2π
T
.

Note that any continuous, periodic signal is a multisine, since it can be

written (or at least approximated) by its Fourier series (which is of the

same form as (2.1)).

Remark 2.1. The notations introduced in Definition 2.1 do not exclude

the acquisition of multiple periods of the multisine. Assume that the period

of the multisine is T0, s.t. T = PT0 (with P integer). Then, the multisine

is also periodic with period T , although multiple periods are included in

the measurement record. The convention in Definition 2.1 will, however,

simplify the notations in the following chapters.
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2.2. Definition and spectral representation
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Figure 2.1: Amplitude (left) and phase (right) spectra of a multisine.

The frequency domain representation of the multisine (2.1) is given by

discrete points, as illustrated in Fig. 2.1. For further notational simplicity,

define the complex, discrete function

{
A(k) ≡ Ã(k)ejϕk√

Ne

A(−k) ≡ Ã(k)e−jϕk√
Ne

for k > 0 (2.2)

The Fourier spectrum of the multisine is then given by (proven in Ap-

pendix 2.A):

Ums(jω) =
∑

ke∈±Kexc

A(ke)δ(ω − ωke) (2.3)

where δ(•) is the Dirac delta function, represented by arrows in Fig. 2.1.

Note that A(k) = Ā(−k) (x̄ denotes the complex conjugate of x).

2.2.1 Windowing a multisine

Although (2.1) describes an infinitely long signal, its spectrum can be com-

puted using only a limited time window. The Fourier spectrum of the

multisine multiplied by a rectangular window of width T and height 1 is

computed as follows. As discussed in Oppenheim et al. [1983, Section 4.5],

this multiplication in the time domain is the frequency domain convolution

of (2.3) and a sinc function:
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2. Multisine Excitation
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Figure 2.2: Grey line: Spectrum of a windowed multisine.
Circles: Spectrum of the windowed multisine, evaluated at the DFT
frequencies.
Black full line: sinc function centred at the third excited frequency.

Ums,T (jω) = Ums(jω) ∗
[
T sinc

(
ωT

2

)]

=
∑

ke∈±Kexc

T

2π
A(ke) sinc

(
(ω − ωke)

T

2

)
(2.4)

and is given by the grey full line in Fig. 2.2. It consists of summed adjacent

sinc functions centred around the excited frequencies. The sinc function

centred at the 3rd excited frequency is drawn explicitly as a thicker black

full line. When Ums,T is evaluated at the DFT frequencies ωk, the argument

of the sinc functions in (2.4) are integer multiples of π, s.t. it simplifies to

Ums,T (jωk) =

{
T
2π
A(k) ∀k ∈ ±Kexc

0 ∀k ∈ Z \ ±Kexc

(2.5)

which is given by the circles in Fig. 2.2. Note that Ums,T (jωk) is proportional

to Ums(jωk).
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2.2. Definition and spectral representation

As such, the spectrum of a windowed (rectangular) multisine is pro-

portional to the spectrum of the multisine at the DFT frequencies iff the

length of the window is an integer multiple of the period of the multisine.

If the length of the window does not correspond to the period of the mul-

tisine, side lobes of the spectrum of the rectangular window appear at the

DFT frequencies. (This effect and its consequences will be considered in

Chapter 6.)

2.2.2 Sampling a multisine signal

Assume that the user defined amplitudes Ã(k) are set to zero beyond a

certain frequency index kmax such that the signal is band-limited. It is

then simple to show that aliasing is avoided when the Nyquist condition is

satisfied, as given by

Assumption 2.1 (Nyquist condition). The sampling frequency fs satisfies

fs
2

>
kmax

T
. (2.6)

From Appendix 2.B, the DFT of the sampled multisine satisfying As-

sumption 2.1 is

DFT{ums,T (tdTs)} ≡ Ums,T (k) =
1

Ts

∞∑
k′=−∞

Ums,T (jωk − k′j2πfs)

=
1

Ts

∞∑
k′=−∞

Ums,T

(
j
2π(k − k′N)

T

)
(2.7)

with N = fsT the number of samples inside one period. If N ∈ No (i.e. an

integer number of samples exactly fit inside one sampled period), plugging

(2.4) into (2.7) yields

Ums,T (k) =
Ums,T (jωk)

Ts

, (2.8)

when evaluated in k ∈ ]−N
2
, N

2

[∩Z. These observations are summarised in

the following assumptions and theorem.
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2. Multisine Excitation

Assumption 2.2. The rectangular window of length T and the multisine

signal satisfy the following conditions:

1. the window length equals the period length of the signal,

2. an integer number of samples exactly fit into the window, and

3. the sampling frequency satisfies the Nyquist condition Assumption 2.1.

Theorem 2.1. The DFT of a sampled, windowed multisine satisfying As-

sumption 2.2 is exactly proportional to its Fourier spectrum, as given by

(2.8).

2.3 Multisine response of a linear, time

invariant system

For a Linear Time Invariant (LTI) system

1. it holds that its response to a sinusoidal function is an amplitude

scaled and phase shifted sinusoidal function with the same frequency.

2. superposition holds (i.e. the response to a sum of signals is equal to

the sum of the responses to the individual signals).

As a consequence, the response of an LTI system to a multisine excita-

tion is again a multisine with the same excited frequencies. If the conditions

of Theorem 2.1 are satisfied when windowing and sampling the response of

the LTI system, its Fourier transform is obtained exactly by using the DFT.

Denoting Y (k) the DFT of its windowed and sampled response to ums(t),

the transfer function G(jω) of the LTI system is readily computed at the

excited frequencies:

G(jωke) =
Y (ke)

Ums,T (ke)
, ∀ke ∈ Kexc (2.9)
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2.3. Multisine response of a linear, time invariant system

It should be noted that a multisine is a signal which starts at t = −∞
(and goes on until t = ∞). Y (ke) should therefore be obtained from this

infinitely long response, which is not implementable in practice. For causal

systems – whose response is independent of future excitations – this can be

relaxed to measuring the response until t = T (assuming that the window

is applied to the time interval t ∈ [0, T ]). Moreover, one can assume that

an excitation at a particular time has an influence on the response within

a limited time horizon. This influence is often referred to as the system’s

transient, and for systems described by strictly stable linear ordinary differ-

ential equations these are exponentially decaying [Oppenheim et al., 1983].

As such, the excitation should be applied to the system in the time interval

t ∈ [−Ttrans, T ], where Ttrans is the time needed for the system to reach a

steady-state.

When applying a multisine excitation to an LTI system, the frequencies

in the spectral response at which energy is expected are known. As a

consequence, contributions due to external disturbances and nonlinearities

are readily detected.

Assume that the signal is disturbed by filtered white noise, which is inde-

pendent of the signal. Then, the noise is prone to appear at all frequencies

in the output spectrum. Moreover, the noise power spectrum being smooth

in most cases, the level of the noise at the excited frequencies (which con-

tain both deterministic and stochastic signal) can be estimated from the

level of the noise at the unexcited frequencies.

Omission of excited frequencies in a multisine excitation might be con-

strued to be a waste of available frequency resolution. However, the con-

sequence of omitting some frequencies yields an increase of the energy at

the excited ones (which is the effect of the factor 1√
Ne

in the multisine’s

definition (2.1)). Thus, for a fixed record length, the spectral noise level

being an invariant (w.r.t repeated experiments), the signal-to-noise ratio

(SNR) at the excited frequencies increases. As a consequence, a fair trade-

off exists between the SNR and the frequency resolution. Furthermore, the

non-parametric detection of nonlinear and external disturbances is compli-

mentary (that is, no additional compromises are required).
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2. Multisine Excitation

2.4 Multisine response of a nonlinear time

invariant system: an introduction

A nonlinear time invariant (NLTI) system that can be modelled by a Vol-

terra series [Schetzen, 1980] is known to have a periodic response to a pe-

riodic excitation, and the period remains unaltered. Consider the response

of such a system to a multisine excitation, in which some multiples of the

fundamental frequency are left unexcited. The output signal being peri-

odic, the energy is confined to the multiples of the fundamental frequency.

As such, the non-multiples can only contain external disturbances, such as

noise.

2.4.1 Best Linear Approximation of a nonlinear

system

For time invariant Volterra systems, it can be shown [Enqvist and Ljung,

2005] that, if the excitation signal, denoted u, has a fixed probability den-

sity function (pdf) and power spectral density (PSD), the system can be

modelled as a Best Linear Approximation (BLA), whose transfer function

is denoted GBLA, with a disturbance contribution, denoted ys, added to the

output signal, which is uncorrelated with – but not independent of – the

input signal (that is, E {u(t)ys(t)} = 0). This is graphically represented

in Fig. 2.3 (in this figure, yn is a noise contribution, discussed later on).

The BLA of a nonlinear system GNL is defined as the LTI system that best

describes the input-output relation, in a least squares sense, viz:

GBLA ≡ argmin
G

E
{|GNL{u} −G{u}|2} (2.10)

The use of random phase multisines (which are asymptotically for Ne →
∞ normally distributed) is very convenient in estimating both GBLA and the

spectral variance σ2
s of Ys = DFT {ys} non-parametrically. In addition, they

yield interesting properties of Ys [Schoukens et al., 2005, 2009; Dobrowiecki

and Schoukens, 2007]. This is illustrated in an example. Consider a Wiener
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GBLA yBLA

ys
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yn
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Figure 2.3: BLA equivalent of a time invariant, nonlinear system

system (that is, a cascade of a dynamic LTI system and a static nonlinearity,

as discussed in Westwick and Kearney [2003, Section 4.3]) defined by

z = G1{u}, y = tan−1(z) + 5× 10−3z2 (2.11)

where u and y are the input and output signals respectively (z is an inter-

mediate signal), and with G1 a continuous-time LTI system whose transfer

function is

G1(s) =
1

(s− p)(s− p)
, with p = 24ej

16π
30 . (2.12)

The input signal is a random phase multisine with a flat amplitude

spectrum with an RMS value of 1.7. Its fundamental frequency is f0 =

0 5 10 15

−40

−30

−20

−10

frequency, Hz

in
pu

t a
m

pl
itu

de
, d

B

0 5 10 15

−120

−100

−80 ↙ e x c i te d

un ex c i te d ↗

frequency, Hz

ou
tp

ut
 a

m
pl

itu
de

, d
B

Figure 2.4: Example of the spectral response of a Volterra system to a ran-
dom phase multisine. The dots give the response at the excited
frequencies, the circles are the response at the unexcited ones.
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2. Multisine Excitation

4× 10−2Hz and the excited frequency band is [0.4, 15.2]Hz, yielding (15.2−
0.4)/f0 = 370 available harmonics (which can be either excited or unex-

cited). 70% of those available harmonics were randomly selected to be

unexcited, giving Ne = 111 excited harmonics and 259 unexcited ones. The

amplitude spectrum of this multisine is given in Fig. 2.4, left. The ampli-

tude of the spectral response of the system is given in Fig. 2.4, right. A

significant amplitude difference between the excited (black dots) and the un-

excited frequencies (circles) is observed. If no noise is present (i.e. yn = 0),

then the spectrum located at the unexcited frequencies is given by Ys (that

is, the spectrum of ys). The output spectrum at the excited frequencies is

the sum of the linear and the nonlinear contribution, viz:

Y (ke) = YBLA(ke) + Ys(ke), ∀ke ∈ Kexc, (2.13a)

with YBLA = DFT {GBLA{u}} (2.13b)

As observed at the right side of Fig. 2.4, the amplitude of the nonlinear

distortion lies about 20dB below the amplitude of the linear contribution.

Moreover, the nonlinear distortion term behaves much like a noise distor-

tion. This suggests that applying averaging tools to such experiments would

yield smoother results for the estimates of the frequency response function

of the BLA and the power spectrum of the nonlinear distortion. To this

end, consider the following observations:

Eϕ {Ys(k)} = 0 (2.14a)

Eϕ

{
Ys(k)Ums,T (k)

}
= 0 (2.14b)

Eϕ

{|Ys(k)|2
}
= σ2

s(k) (2.14c)

where Eϕ {•} denotes an expected value over the random phase realisations

of the multisine. Equations (2.14) are valid for signals which have Riemann

equivalent power spectra (see Definition 2.2) with gaussian excitations with

a fixed pdf and PSD, such as random phase multisine signals with Ne → ∞
[Schoukens et al., 2009].
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Definition 2.2. [Riemann Equivalent Power Spectra][Schoukens et al., 2009]

Two power spectra SY1 , SY2 are Riemann equivalent if, for any ω1, ω2, 0 <

ω1, ω2 < πfs,

∫ ω2

ω1

SY1(ν)dν =

∫ ω2

ω1

SY2(ν)dν +O (N−1
)

(2.15)

Combining (2.14) and (2.13a) results in

Eϕ

{
Y (ke)Ums,T (ke)

|Ums,T (ke)|2
}

= Eϕ

{
YBLA(ke)

Ums,T (ke)

}
= GBLA(jωke), ∀ke ∈ Kexc (2.16a)

varϕ

{
Y (ke)Ums,T (ke)

|Ums,T (ke)|2
}

= Eϕ

{ |Ys(ke)|2
|Ums,T (ke)|2

}

=
σ2
s(ke)

|Ums,T (ke)|2 , ∀ke ∈ Kexc (2.16b)

If the expectation and variance are replaced by a sample mean and a

sample variance over multiple experiments with different realisations, these

expressions yield a simple and robust method for extracting the Best Linear

Approximation and its variance due to the nonlinear distortion. If some

frequencies were not excited, it is obvious that

varϕ {Y (kne)} = Eϕ

{|Ys(kne)|2
}
= σ2

s(kne), ∀kne /∈ Kexc (2.17)

Thus, |Y (kne)|2, which is given by the black circles in Fig. 2.4, is a good

estimate of the level of the nonlinear distortion of the system.

Consider that the output of the nonlinear system is also disturbed by

noise Yn, which is plausibly assumed to be circular, complex normally dis-

tributed and uncorrelated with the excitation signal. This yields analogous

properties for the noise as for the stochastic nonlinear distortion (2.14):
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2. Multisine Excitation

E {Yn(k)} = 0 (2.18a)

E

{
Yn(k)Ums,T (k)

}
= 0 (2.18b)

E
{|Yn(k)|2

}
= σ2

n(k). (2.18c)

This last property will be used in the next section to extract the noise

variance from the appropriate unexcited frequencies.

2.4.2 Power spectral density of the nonlinear

distortion and the disturbing noise

It has been shown in Schoukens et al. [2009] that the power spectral density

of the nonlinear distortions is asymptotically (for Ne → ∞) independent

of the choice of the unexcited frequencies, if these are chosen randomly.

Although infinitely long measurements are impractical, this observation is

approximately valid for a finite number of excited frequencies.

This is illustrated on the system which was given by (2.11) and (2.12),

and excited by a multisine whose period is T0 =
1
f0
. Multiple (say P ) periods

are acquired of the excitation and the response, such that T = PT0 (with T

the total length of the measurement record). The consequence of this is that

the only frequencies at which the nonlinear distortions can appear are given

by k
T0

(with k integer), and that in-between each two such frequencies, k
T0

and k+1
T0

, P − 1 unexcited frequencies are present, Pk+1
T

, Pk+2
T

, . . . , P (k+1)−1
T

,

which can only contain noise. As such, a clear distinction between the

linear, the nonlinear and the noise contribution is made. This is illustrated

in the four plots in Fig. 2.5, giving a squared averaged value of the output

spectrum from 300 random phase realisations of the multisine:

reference plot. The values for the number of data points N , the number

of excited frequencies Ne and the fundamental frequency f0 have been

chosen identical to the values used in the example in Section 2.4.1. A

distinction is made between the
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Figure 2.5: Dependence of the multisine response of a nonlinear time invariant
system to the frequency resolution, the length of the record and the
number of excited frequencies. Dots: excited frequencies, circles:
unexcited frequencies at multiples of the fundamental frequency
of the multisine excitation (mostly nonlinear distortions), crosses:
unexcited frequencies which are not at multiples of the fundamental
frequency. Top left: Reference level (repeated as thick grey lines in
a, b and c).

• excited frequencies, given by ĜBLA(jωke)Ums,T (ke), where

ĜBLA(jωke) is obtained from a sample mean in (2.16a),

• the unexcited frequencies at which nonlinear distortions may ap-

pear (that is, at the unexcited integer multiples of 1
T0
), as given

by σ̂2
s(kne) from a sample variance in (2.17), and

• the unexcited frequencies at which only noise can be present

(that is, the non-multiples of 1
T0
), as given by σ̂2

n(k) from a sample

variance in (2.18c).

33



2. Multisine Excitation

a. f0 was doubled. N and Ne remained identical. This results in halving

the amount of available harmonics at which nonlinear distortions can

appear. The power spectral density must however remain the same

as in the reference plot, such that σ2
s is multiplied by 2, yielding an

increase of 3dB of the nonlinear distortions w.r.t. the reference (given

by the thick grey line).

b. The record length N was multiplied by 4, while keeping Ne and f0

fixed. The number of available bins where the noise can appear is

also multiplied by 4, yielding a decrease of 6dB of the noise level.

c. Ne was doubled, without changing f0 and N . To keep the power spectral

density of the excitation constant, the amplitudes of the individual

sines A(k) in the multisine were divided by
√
2, yielding a decrease of

the response at the excited frequencies of 3 dB. Note that the levels

of the nonlinear distortions and the noise remain unchanged.

These results are summarised in Table 2.6. Note that, in order to obtain

a spectrum of the determinist part of the signal, YBLA, which is independent

of the number of acquired periods, the analysis was performed on the nor-

malised DFT of the signals (that is, the DFT was divided by the number

of samples in the record).

f0 N Ne σs(kNL) σn(kn) YBLA(ke)
reference f0 N Ne 0dB 0dB 0dB

a 2f0 N Ne +3dB 0dB 0dB
b f0 4N Ne 0dB −6dB 0dB
c f0 N 2Ne 0dB 0dB +3dB

Figure 2.6: Dependence of the nonlinear distortions σs, the noise σn and the re-
sponse of the best linear approximation to a change of fundamental
frequency, record length or number of excited frequencies.
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2.5. Guidelines for designing excitation signals

2.5 Guidelines for designing excitation

signals

The design of an excitation signal in general is closely related to the intended

use of the model to be identified. An experiment should be designed such

as to be ‘informative enough’ such that the identified model satisfies the

requirements. Two main cases can be distinguished: either the model is

used to describe the behaviour of the system (as in prediction and control),

or physical parameters are supposed to be extracted from the model.

• When used for prediction and/or control, the system should, ide-

ally, be excited by a signal that is expected to be applied during

normal operation of the system. This requirement is usually relaxed

to the use of signals with an equal power spectrum and stochastic

distribution. Loosely spoken, the excitation signal should ‘resemble’

the signal that is meant to be applied during operation.

• If physical parameters are supposed to be extracted, the system

should be excited in the frequency band in which the response is prone

to be most sensitive to variations on the parameters to be estimated.

This procedure aims at minimising the uncertainty on the estimated

parameters.

In both cases, the choice of the excitation signal simplifies to the se-

lection of an appropriate power spectrum and stochastic distribution. A

simple visual inspection of the output spectrum often reveals whether the

experiment contains the requested information. For example, if one aims

at modelling a resonance phenomenon, the associated spectral peak in the

frequency response function should be clearly visible.

An exhaustive discussion on the relevant subject (that is optimal exper-

iment design, e.g. Bombois et al. [2006]) is outside of the scope of this work.

General guidelines are given for instance in Ljung [1999, Chapter 14].
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2. Multisine Excitation

2.5.1 Designing multisines

A multisine is known to be asymptotically (Ne → ∞) gaussian distributed,

such that its probability density function is approximately known. Its power

spectrum is specified by the amplitudes of the sines Ã(ke) in (2.1) and is,

thus, easily adaptable by the user.

The additional design parameter of a multisine is the distance between

the excited frequencies, which does not have to be constant over the ex-

cited frequency band. This design parameter allows one to have a higher

concentration of excited frequencies around sharp resonances for instance.

This increases the quality of the associated estimated resonance frequency

and damping coefficients, as the shape of a resonance peak is very sensitive

to these parameters. Also, as discussed in Pintelon et al. [2004], a clever

choice of the unexcited frequencies allows to discriminate between differ-

ent types of nonlinear contributions (outside of the scope of this work).

W.r.t. time-varying systems, it will be shown in Chapters 3 to 5 how a sig-

nificant amount of unexcited frequencies between two excited ones provide

valuable information on the nature of the time variation.

Appendix

2.A Fourier spectrum of a multisine

From the Fourier spectrum of a complex exponential

F {ejωkt
}
= 2πδ(ω − ωk) (2.19)

and

cos(ωkt+ ϕ) =
ej(ωkt+ϕ) + e−j(ωkt+ϕ)

2
(2.20)

the linearity of the Fourier transform yields

F
{∑

k

cos(ωkt+ ϕk)

}
= π

∑
k

δ(ω − ωk)e
jϕk + δ(ω − ωk)e

jϕk (2.21)
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2.B. Relating the Fourier transform to the discrete Fourier transform

Plugging (2.21) and (2.2) into (2.1) yields (2.3).

2.B Relating the Fourier transform to the

discrete Fourier transform

The Fourier transform XT (jωk) of a continuous-time, windowed signal x(t)

(s.t. x(t) = 0 for t < 0 ∨ t > T ) and the discrete Fourier transform of the

sampled version of the same signal are approximately related as:

XT (jωk) ≡
∫ T

0

x(t)e−jωktdt ≈ Ts

N−1∑
td=0

x(tdTs)e
−jωktdTs

≈ TsDFT{x(tdTs)} ≡ TsX(k) (2.22)

where Ts = 1
fs

is the sample period, N = Tfs is the number of sampled

points in the record, and td denotes the sample time indices. The integral

is approximated by its left Riemann sum. An exact relation is given as

(chapter 7 of Oppenheim et al. [1983])

DFT{x(tdTs)} =
1

Ts

∞∑
k′=−∞

X(jωk − k′j2πfs), (2.23)

such that the actual output spectrum is repeated around each multiple of

fs. This yields the sampling theorem, saying that a signal band-limited to[−fs
2
, fs

2

]
is perfectly reconstructible from the DFT of its sampled counter-

part (with fs the sampling frequency).
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Chapter 3

Multisine response of a

time-varying system

Abstract

The response of a time-varying system to a multisine excitation

consists of adjacent skirt-shaped spectra. A model for a time-varying

system is introduced which explains this property. This model is

shown to be approximately equivalent to an ordinary differential

equation with time-varying coefficients.

3.1 Introduction

The response of dynamical systems to multisine excitations has been shown

to provide easily extractable information on the dynamics of both linear and

nonlinear time invariant systems.

This chapter shows that the response of a linear, slowly time-varying

system to a multisine is highly structured. It consists of a sum of adjacent

skirt-shaped spectra which contain a great deal of information on the time

variation.

A model for a time-varying system, which yields an intuitive interpre-

tation of the spectral response to a multisine, is introduced.
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3. Multisine response of a time-varying system

3.2 System models

Two system models are considered in this work:

• a model consisting of a time-weighted sum of time invariant responses

introduced in Section 3.2.1 and

• a model described by a linear ordinary differential equation with time-

varying coefficients, introduced in Section 3.2.2.

The spectral response of the first to a multisine will be intuitively and

easily interpretable. The second model is expected to be more closely re-

lated to a physical system. In Section 3.5, both models will be shown to be

approximately equivalent.

3.2.1 Time-weighted parallel connection of LTI

systems

.

.

.

+

GNp bNp (t)

G2 b2(t)

G1

G0

b1(t)

b0(t)
u(t) y(t)

Figure 3.1: System model considered: parallel connection of LTI systems, fol-
lowed by time-varying gains.

Consider the model given schematically in Fig. 3.1. It consists of a

parallel connection of LTI systems, G0, G1, G2, . . . followed by gains that

vary as basis functions in time: b0(t), b1(t), b2(t), . . . . The time domain

input/output relation is given by
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3.2. System models

y(t) =

Np∑
p=0

yp(t) =

Np∑
p=0

Gp{u(t)}bp(t) (3.1)

where u(t) and y(t) are the time domain input and output signals respec-

tively, and yp(t) is the output signal of the gain varying as bp(t). Although

the choice of the basis functions bp(t) is application-dependent, they must

satisfy some assumptions for the system to be identifiable, as given in Sec-

tion 3.3. The LTI systems are assumed to be asymptotically stable.

As will be clear later on, this model yields an intuitively interpretable

output spectrum when excited by a multisine, giving a rough idea of the

speed of variation in the system considered. This will lead to a simple ex-

traction of the evolution of the instantaneous system in Chapter 5. The

model (3.1) is approximately equivalent to a linear ordinary differential

equation, which will be introduced in Section 3.2.2. The approximate equiv-

alence will be shown in Section 3.5.

For later reference, the concept of an instantaneous Frequency Response

Function (FRF) is introduced.

Definition 3.1. The FRF of the instantaneous system based on model (3.1)

at a particular time instant t∗ is defined as the FRF of the system obtained

by freezing the time-varying basis functions bp(t) in (3.1) at t∗. It is given

in the frequency domain by:

FRFinst(jω, t
∗) =

Np∑
p=0

Gp(jω)bp(t
∗) (3.2)

The corresponding block schematic is obtained by replacing all t’s by

t∗’s in the time-varying gains of Fig. 3.1. Note that the definition of the

instantaneous system is always associated to a particular model structure

(given by (3.1) in the present case). This is because different model struc-

tures, even when equivalent, yield different instantaneous systems. This

will be discussed in Chapter 5.
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3. Multisine response of a time-varying system

3.2.2 Ordinary differential equation based model

The second considered model describing time-varying systems is a linear

ordinary differential equation (ODE) whose coefficients are time-varying

functions, as given by

Nβ∑
n=0

βn(t)
dnu(t)

dtn
=

Nα∑
n=0

αn(t)
dny(t)

dtn
. (3.3)

This ODE (3.3) represents a SISO (single input, single output) system,

where u(t) and y(t) denote the time domain input and output signals re-

spectively. In this work, the coefficients αn(t) and βn(t) are assumed to

be well approximated by a linear combination of Np + 1 time domain basis

functions:

αn(t) =

Np∑
p=0

αn,pbp(t) βn(t) =

Np∑
p=0

βn,pbp(t). (3.4)

An equivalent block schematic of this model is given in Fig. 3.2, where

Gβ,p and Gα,p for p = 0, . . . , Np are derivative operators. Their transfer

functions are given by:

Gα,p(s) =
Nα∑
n=0

αn,ps
n Gβ,p(s) =

Nβ∑
n=0

βn,ps
n (3.5)

for p = 0, . . . , Np and where s is the Laplace variable.

Definition 3.2. The ODE-based instantaneous system, at some time in-

stant t∗, is defined as the LTI system described by the differential equation

(3.3), where the time-varying coefficients have been replaced by their con-

stant values at t∗, viz.:

Nβ∑
n=0

βn(t
∗)
dnu(t)

dtn
=

Nα∑
n=0

αn(t
∗)
dny(t)

dtn
. (3.6)
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3.3. Spectrum and assumptions on the time basis functions

.

.

.
.
.
.

+
+ = +

+

Gβ ,Np bNp (t)

Gβ ,2 b2(t)

Gβ ,1

Gβ ,0

b1(t)

b0(t)

Gα,NpbNp (t)

Gα,2b2(t)

Gα,1

Gα,0

b1(t)

b0(t)
U Y

Figure 3.2: Equivalent block schematic of the differential equation (3.3).

The equivalent block schematic of the instantaneous system would be

given by Fig. 3.2 if all t’s were replaced by t∗’s, i.e. by replacing the time-

varying gains by constant ones.

3.3 Spectrum and assumptions on the time

basis functions

Definition 3.3. The normalised Fourier transforms of the windowed basis

functions are defined at the DFT frequencies ωk =
2πk
T

as

Bp(jωk) =
1

T

∫ T

0

bp(t)e
−jωktdt. (3.7)

The normalisation (division by T ) is introduced to allow for a nota-

tional simplification in the identification in Chapter 5. Without any loss of

generality, the following two assumptions are made.

Assumption 3.1. b0(t) = b0, a constant

Assumption 3.2 (Zero-mean basis functions). Except for the constant one,

the average of the basis functions is zero, viz.:

∀p ∈ N0,
1

T

∫ T

0

bp(t)dt = Bp(0) = 0. (3.8)
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3. Multisine response of a time-varying system

Remark 3.1. Assumptions 3.1 and 3.2 can be satisfied for any set of basis

functions by subtracting the mean of bp for p > 0 and adding it to b0. They

allow for a direct LTI path from input to output and will, thus, facilitate

the interpretations in Section 3.4.

Although the choice of the basis functions bp(t) is application dependent,

they must satisfy some additional assumptions depending on the estimator

at hand, for the system to be identifiable. In this work, the following

additional assumptions are made for constraining the system to be ‘slowly’

time-varying. First, denote ke− (resp. ke+) as the first excited frequency

bin left (resp. right) of ke, viz:

ke− = max
k

{k ∈ Kexc : k < ke} (3.9a)

ke+ = min
k

{k ∈ Kexc : k > ke}. (3.9b)

Define Δωke ≡ ωke+
−ωke as the difference between a pair of consecutive

excited angular frequencies of the multisine. Analogously, define Δke ≡
ke+ − ke, as illustrated in Fig. 3.3.

ke ke+ke−

ΔkeΔke−

Figure 3.3: Definition of ke+ , ke− , Δke, Δke− for an arbitrary excited bin ke.

Assumption 3.3 (Band-limitation). bp(t) are smooth functions of time,

such that their spectral content is highly concentrated at the low frequencies

(compared with the density of the excited frequency grid). At relatively high

frequencies, i.e. in the frequency band
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3.4. Interpreting the multisine response of time-varying systems

ωkfar ∈
]
−∞,−3

2
Δωke

]
∪
[
3

2
Δωke ,∞

[
, (3.10)

the Fourier spectra Bp(jωkfar) are assumed to be smooth, such that they can

be approximated well by low order polynomials in k.

Assumption 3.4 (Linear independence). The functions in the set

{B0(jω), . . . , BNp(jω), (3.11)

B0(jω − jΔωke), . . . , BNp(jω − jΔωke),

B0(jω + jΔωke− ), . . . , BNp(jω + jΔωke− ),

1, jωk, . . . , (jωk)
Ntr}

are linearly independent in the discretised frequency band

k ∈
[
−3

2
Δωke− ,

3

2
Δωke

]
.

This must be valid for any Δωke at hand.

Assumption 3.4 requires that the basis functions are linear-independent

of each other, and of frequency shifted versions of themselves in a limited

frequency band. Assumptions 3.3 and 3.4 are required for the system to be

identifiable, as discussed in Section 5.3.2 and intuitively explained in the

next section.

3.4 Interpreting the multisine response of

time-varying systems

When a multisine is applied to an asymptotically stable LTI system, the

steady-state output is also a multisine, but with the phases and amplitudes

shaped by the frequency response function of the system. In the noiseless

case, no signal is expected between any two excited frequencies. This is

illustrated in the left plot of Fig. 3.4.
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3. Multisine response of a time-varying system
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Figure 3.4: Spectral steady-state response of an LTI system (left) and an LSTV
system (right).

For linear, slowly time-varying (LSTV) systems, a small alteration occurs.

In this case, the most important contributions are also found at the excited

frequencies. But, unlike the LTI systems, the unexcited frequencies also

contain a deterministic part of the signal. The spectrum at these frequen-

cies is given by the grey dots in Fig. 3.4, right. Skirt-like contributions are

formed around each excited frequency. To illustrate this effect, many fre-

quencies were left unexcited between each pair of excited frequencies. An

insight into the origin of these skirts allows for the extraction of an accurate

non-parametric estimate of the dynamics of the system.

3.4.1 Qualitative interpretation

When a multisine is applied to the system in Fig. 3.1, the steady-state

outputs of all Gp’s (p = 0, . . . , Np) are also multisines (as the Gp’s are

LTI systems). These multisines are multiplied by the corresponding time

functions bp(t). Each of these multiplications (in the time domain) corre-

sponds to a convolution in the frequency domain of a multisine with the

spectrum Bp of the time domain basis functions bp(t). These spectra are

highly concentrated around 0 Hz (see Assumption 3.3).

Convolving these concentrated spectra with a series of Dirac delta func-

tions (the spectrum of the multisine) means that Bp is scaled, phase-shifted

and copied around each excited frequency. Thus, the resulting output spec-

trum consists of adjacent summed skirts. These skirts are drawn explicitly
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3.4. Interpreting the multisine response of time-varying systems

as black full lines in Fig. 3.5 for a system with a single time-varying branch

(that is Np = 1). The skirt-like shapes in the output spectrum are typical

of slow, arbitrary variations, which are well described by basis functions

satisfying Assumption 3.3.
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Figure 3.5: The steady-state spectral response of an LSTV system consists of
the sum of adjacent skirts (drawn explicitly as black full lines),
centred around the excited frequencies.

As an example, consider the following basis functions:

bp(t) = Pp

(
2t

T
− 1

)
, p = 0, 1, . . . , Np, t ∈ [0, T ] (3.12)

where Pp(t) is the pth order Legendre polynomial (defined in Appendix 3.A).

These basis functions satisfy Assumptions 3.1 and 3.2; they also satisfy

Assumptions 3.3 and 3.4, depending on the exciting multisine and Np (that

is, if the excited frequencies are too close to each other, the skirt-shaped

spectra might not be distinguishable).

As shown in Fig. 3.6 at the left, the first few polynomials (p = 0, . . . , 3 in

the figure) are smooth functions of time, yielding DFT spectra of the win-

dowed signal (right figure) whose powers are highly concentrated around

the origin. The spectrum of the first basis function (black dot in the figure)

has a single non-zero value, at the origin. It is the spectrum of a constant
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3. Multisine response of a time-varying system
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Figure 3.6: First four time-scaled and shifted Legendre polynomials, left: time
domain. Right: frequency domain amplitude and phase.

function (and thus satisfies Assumption 3.1). The amplitudes of the other

spectra are shaped like skirts, resulting in the output spectrum given by

the grey dots in Figures 3.4 and 3.5.

Note that for b0(t) constant, the upper signal branch in Fig. 3.1 only con-

tributes to the spectrum at the excited frequencies. The other branches

mostly contribute to the unexcited frequencies, since Bp(0) = 0 for p > 0,

from Assumption 3.2.

The conclusion of this discussion is that the ‘time-varying’ part of the

system – i.e. the part consisting of all branches, except the top one in

Fig. 3.1 – is responsible for the skirts at the unexcited frequencies in the

output spectrum. The signal through G0 is the ‘time-invariant part’ of

the system and is only responsible for (the major part of) the energy at

the excited frequencies. This clear distinction between the excited and the

unexcited frequencies immediately gives a rough idea of the time-varying

behaviour of the system. This intuitive explanation is formalised in the

following section.
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3.4. Interpreting the multisine response of time-varying systems

3.4.2 Quantitative interpretation

Although the intuitive explanation above is restricted to steady-state mea-

surements, the formalisation can handle transient data also. It can be shown

(see Appendix 3.C) that the Fourier transform of the windowed response of

Gp excited by ums(t) is

YGp,T (jωk) = YGp(jωk) + TGp(jωk) (3.13)

where subscript T indicates that it concerns the spectrum of a windowed,

transient response and TG(jωk) is a rational form in jωk which is equal to

zero if the systemGp attained a steady-state. YGp(jωk) = Gp(jωk)Ums,T (jωk)

is the spectrum of the windowed steady-state response of the system to the

multisine. The spectrum of the windowed response of the pth branch is the

following convolution

Yp,T (jωk) =
[
YGp,T (jω)

] ∗ [TBp(jω)]|ω=ωk
= Yp(jωk) + TY,p(jωk) (3.14)

with

Yp(jωk) = [Gp(jωk)Ums,T (jωk)] ∗ [TBp(jω)]|ω=ωk
(3.15a)

TY,p(jωk) = TGp(jωk) ∗ [TBp(jω)]|ω=ωk
(3.15b)

TY,p(jωk) is also a rational form in jωk (see Appendix 3.D). Equation (3.15a)

is elaborated as follows. Since TBp(jω) is the spectrum of a windowed

signal, Gp(jωk)Ums,T (jωk) can be replaced in (3.15a) with the spectrum of

the not windowed response1 Gp(jω)Ums(jω), giving

Yp(jωk) =
T

2π

∫ ∞

−∞
Bp(jωk − jω′)Gp(jω

′)Ums(jω
′)dω′

=
T

2π

∑
ke∈Kexc

A(ke)Gp(jωke)Bp(jωk−ke) (3.16)

1 This is only valid for a multisine excitation and a window satisfying the assumptions
in Theorem 2.1.
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3. Multisine response of a time-varying system

The following theorem is proven by determining YT (jωk) =
∑Np

p=0 Yp,T (jωk).

Theorem 3.1. The spectrum of the windowed response of the time-varying

system, described by (3.1), and satisfying Assumptions 3.3 and 3.4 to a

multisine excitation (2.1) consists of summed, scaled and frequency-shifted

copies of the spectra of the basis functions:

YT (jωk) =

Np∑
p=0

∑
ke∈Kexc

θp,keBp(jωk−ke) + TY (jωk), (3.17a)

where

θp,ke =
T

2π
A(ke)Gp(jωke) (3.17b)

and TY (jωk) =
∑Np

p=0 TY,p(jωk) is a rational form in jωk.

Note that the spectrum model (3.17a) is linear-in-the-parameters θp,ke ,

such that these parameters can be extracted from the output spectrum

using a simple Linear Least Squares (LLS) algorithm, as will be discussed

in Section 5.3.2.

Remark 3.2. The signal model in Theorem 3.1 is valid if the multisine

excitation is applied within the time window t ∈ [0, T ]. The value of the

excitation signal outside this time window is of no importance and may

be zero, thus limiting the time of the experiment to the length of the mea-

surement window. Transient effects (at the beginning and the end of the

window) are captured by TY (jωk).

Remark 3.3 (Choice of the measured time interval). For a time-varying

system, the choice of the time interval [0, T ] is crucial since it corresponds

to the time range in which the model is (known to be) valid. This is because

black box models are used, meaning that the model does not have to reflect

the physics. The model is, thus, an approximation of the measured system.

As a consequence, the identified LTI systems Gp are prone to be dependent

on the measurement length T (even for equal basis functions bp(t)) and on
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3.4. Interpreting the multisine response of time-varying systems

the time instant at which the experiment is started. The measurement time

interval is, thus, a design parameter which allows the user to choose the

origin and the amount of the time variation that should be captured by the

model. In practical situations, and for a fixed set of excited frequencies,
1
T
Kexc, an increased measurement length

• yields a richer description of the time variation which, translated to

the frequency domain, means that more unexcited frequencies are pro-

vided between each pair of excited ones,

• is prone to require a higher order Np of the time variation and, thus,

more processing power.

These trade-offs are to be taken into account when designing the multisine

excitation.

Remark 3.4 (Smooth neighbour contributions). When considering a small

frequency band around an excited frequency, one observes that the most im-

portant contribution to the output spectrum is due to the skirt-shaped spec-

trum, centred around that excited frequency. Moreover, the contributions

inside that same band from the neighbouring ‘skirts’ are smooth, since the

spectra of the basis functions, away from the origin, are smooth by Assump-

tion 3.3.

Note that the visibility of the skirts in the output spectrum depends on

the distance (expressed in bins) between successive excited frequencies. No

visible skirts would appear in the spectral response of the system to a full

multisine. The presence of unexcited frequencies is thus required.

Remark 3.5 (Creating unexcited frequencies). Although unexcited frequen-

cies can be obtained mathematically by setting A(kne) = 0, a technically

more robust fashion is to simulate/measure multiple (say P ) periods of a

multisine whose bins are all excited in the desired frequency band (note

that a multisine with period Tms = T
P

with P ∈ N0 also has a period T ).

For P > 1, P − 1 unexcited frequencies are artificially created between

two excited ones in the DFT of the entire time record. The advantage of
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3. Multisine response of a time-varying system

this methodology is that, even if the generator of the signal is imperfect,

as long as it is time invariant, the additional harmonics are produced at

the multiples of the fundamental frequency of the signal. This ensures that

the excitation signal at the frequencies between the harmonics is signal-free,

such that room is made for the ‘skirts’ of the time variation.

3.4.3 Working with sampled signals

In practical situations, the signals are available as sampled data. The

required Fourier transforms can be approximated by the DFT (Discrete

Fourier Transform):

XT (jωk) ≈ Ts

N−1∑
td=0

x(tdTs)e
−jωktdTs = TsDFT {xT (tdTs)} ≡ TsX(k)

(see also Appendix 2.B) with X replaced by Ums, Y and Bp. N = Tfs is

the number of sampled points in the record. The Fourier transform is thus

approximated by the left Riemann sum of the integral. An exact relation

is given by

X(k) =
1

Ts

∞∑
k′=−∞

XT (jωk−k′fs), (3.18)

which repeats the actual output spectrum around each multiple of fs. Since

ums is perfectly band-limited, as described in Section 2.2.2, (3.18) yields that

Ums,T (k) =
Ums,T (jωk)

Ts
for k smaller than the Nyquist frequency bin. From

Theorem 3.1 and Assumption 3.3, the spectrum YT (jωk−k′fs) for k
′ �= 0 is

smooth inside the excited frequency band, making the following assumption

plausible.

Assumption 3.5. For |ωk| � πfs:

Y (k) =
1

Ts

YT (jωk) + εa(jωk) (3.19a)

with εa(jωk) =
1

Ts

∞∑
k′=−∞
k′ �=0

YT (jωk−k′fs) (3.19b)
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3.4. Interpreting the multisine response of time-varying systems

where εa(jωk) can be approximated well by a low order polynomial in k.

Note that the Fourier transform Bp(jω) of the analytically known bp(t)

could be computed exactly. However, for slow variations the improvement

w.r.t. the DFT is found to be negligible.

3.4.4 Polynomial variations

3.4.4.1 Monomial variation

If the system is sufficiently slowly varying, the variation can be approxi-

mated well by a low order polynomial. The basis functions in Fig. 3.1 are

then simply given by

bp(t) = tp. (3.20)

The spectrum of the windowed (rectangular, height 1, width T ) mono-

mial tp, for p ≥ 1 and k �= 0 is given by (proof in Appendix 3.E):

Bp(jωk) ≡ F{tp}
T

=

{
−∑p

n=1
1

(j2πk)n
p!

(p−n+1)!
T p for k �= 0

T p

p+1
for k = 0

(3.21)

The discretised Bp is thus a sum of hyperbolas of increasing order (with

a small alteration at 0 Hz), which explains the presence of skirt-like con-

tributions to the output spectrum. Since the monomials (3.20) are not

zero-mean, Assumption 3.2 does not hold. This is easily rectified by invok-

ing Remark 3.1.

Remark 3.6. Note that the spectrum of a (low order) polynomial is a

smooth function of k, except at the origin.

3.4.4.2 Orders of magnitude for the spectral response

By plugging (3.21) into (3.16) one observes that the normalised output

spectrum has the following order of magnitude for polynomial variations:

|Yp|
T

= O{T p}. (3.22)
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3. Multisine response of a time-varying system

The skirts corresponding to the higher order branches thus increase in am-

plitude for an increasing record length. This is illustrated on a simulation

example for a cubic variation (Np = 3) in Fig. 3.7. The output spectrum

of the cubicly varying branch (that is Y3) of such a system is plotted for

different record lengths. The spectrum corresponding to the full, half and

quarter record length are given by circles of increasing sizes. As predicted

by (3.22), the ratio of the tops of the ‘skirts’ (pointed to by arrows) for the

full and the halved record length is about 23 (that is, about 18dB). The

same is true when comparing the halved record and the record length di-

vided by 4. Note that this is only approximately true, since (3.21) consists

of more than the cubic term only.

This observation yields a particular result for linear variations (i.e. Np =

1, and monomial basis functions), as shown in Fig. 3.8. One observes that

all three spectra coincide. The distinction is that the spectrum for the full

record length is twice as dense as for the halved record length, and four
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frequency (Hz)

Y
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Figure 3.7: Output spectrum of a cubicly time-varying system (Np = 3). Ar-
rows: excited frequencies. Circles: unexcited frequencies. Smallest
circles ‘o’: full record. Medium sized circles ‘o’: halved record.
Biggest circles ‘o’: record length divided by 4.
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3.4. Interpreting the multisine response of time-varying systems

times as dense as for the quarter record length. This is not in contradiction

with (3.22): for longer records, the skirts do get higher (a factor of 2, or

about 6dB for a doubled record length), as they are frequency-sampled

closer to the excited frequency.
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Y
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Figure 3.8: Output spectrum of a linearly time-varying system. Same nota-
tional conventions as Fig. 3.7.

3.4.4.3 Variation as Legendre polynomials

The spectrum of a windowed Legendre polynomial of order p sampled at

the DFT frequencies is a polynomial in 1
jωk

of order p. This simply follows

from the fact that the spectrum of the windowed monomial tp is a sum

of hyperbolas of order 1 to p, as discussed in Section 3.4.4.1. If the time

window is applied on the time interval [−1, 1], it is simple to show that

Assumptions 3.1 and 3.2 hold.

3.4.5 Periodic variations

Consider the (co)sinusoidal basis functions
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3. Multisine response of a time-varying system
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Figure 3.9: Output spectrum of a periodically time-varying system. Black ar-
rows: excited frequencies, grey arrows: unexcited frequencies.

b0(t) = 1 (3.23)

b2p−1(t) = cos

(
2π

T
pt

)
(3.24)

b2p(t) = sin

(
2π

T
pt

)
(3.25)

(for p = 1, . . . , Np−1

2
and where Np is odd) where the period T of these

basis functions is an integer multiple of the period of the exciting multisine.

The resulting spectrum (of the not windowed response) is discrete, as illus-

trated in Fig. 3.9. It consists of pairs of Dirac delta functions, centred and

equidistantly spaced around the excited frequencies. It can be written as

YLPTV(jω) =
∑

ke∈±Kexc

θ0,keδ(ω − ωke) (3.26)

+
∑

ke∈±Kexc

Np−1

2∑
p=1

[
θ+p,keδ(ω − ωke − p) + θ−p,keδ(ω − ωke + p)

]
Note that θ0,ke is uniquely determined from the output spectrum at the

excited frequency bin ke, and θ+p,ke and θ−p,ke are determined from the pth
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3.5. Equivalence with ordinary differential equation model

bins left and right of the excited frequency bin ke. This is true if the number

of unexcited frequencies between each two succeeding excited frequencies is

at least Np.

3.5 Equivalence with ordinary differential

equation model

The purpose of this section is to provide a rationale for the approximate

equivalence of the ODE-based model (3.3) and the model based on parallel

time-weighted LTI systems (3.1) in Fig. 3.1 for sufficiently slow variations.

This, however, does not imply an equivalence in the definitions of the re-

spective instantaneous systems. These will be shown to be different, in

Section 5.7. An algorithm for estimating this difference will be given in

that same section.

It is assumed that, in (3.3), each time domain basis function bp(t) is

a pth order polynomial in t. If the system (3.6) only contains zeroes (i.e.

αn,p = 0 for n ≥ 1 and Gα,0 = 1), then the equivalence of (3.3) with the

model given by (3.1) is obvious, as no feedback loop is present in Fig. 3.2.

Now, consider the system given by (3.3) where only the instantaneous

poles are time dependent and the coefficients of the ODE are varying linearly

with time. Thus, Gβ,0, Gα,0 and Gα,1 are the only non-zero LTI systems in

Fig. 3.2, and the following applies (jω omitted for convenience):

Y = Gβ,0G
−1
α,0U − [B1 ∗ (Gα,1Y )]G−1

α,0

⇔ (1 +Hloop){Y } = Gβ,0G
−1
α,0U (3.27)

where Hloop{•} ≡ [B1 ∗ (Gα,1•)]G−1
α,0. (3.27) can be rewritten as

Y = (1 +Hloop)
−1
{
Gβ,0G

−1
α,0U

}
(3.28a)

=
∞∑
n=0

(−1)nHn
loop

{
Gβ,0G

−1
α,0U

}
(3.28b)
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3. Multisine response of a time-varying system

This is certainly valid at the frequencies where ‖Hloop{X}‖ < ‖X‖,
where ‖ • ‖ denotes the supremum norm. For those frequency bands where

this is not valid, a linear approximation (as a function of the frequency) of

Hloop inside these frequency bands can be made, such as to possibly obtain

a convergent series, analogous to (3.28b). The resulting schematic can be

rearranged as in Fig. 3.10, which can be interpreted as the signal propa-

gating an “infinite number of times” through the feedback loop. Each “run

through the feedback loop” is drawn explicitly in a shaded gray rectangle

in Fig. 3.10.

· · ·

+
+
– –

Gα,1 b1(t)

Gα,1 b1(t)

Gα,1

Gβ ,0

b1(t)

b0(t) G−1
α,0

G−1
α,0

G−1
α,0

G−1
α,0

U Y

1

2

3

Figure 3.10: Equivalent block schematic when the poles are time-varying.
Informally, the signal propagates an infinite number of times
through the feedback loop.

The block schematic in Fig. 3.10 can be approximated by the one in

Fig. 3.1 by performing commutations of the time-varying gains and the

LTI systems, as described in Appendix 3.F, and assuming that the basis

functions are polynomials in time.

Clearly, the block schematic in Fig. 3.2 can also be rearranged into an

equivalent block schematic as in Fig. 3.1 by performing similar commuta-

tions. Thus, the block schematic in Fig. 3.1 is valid for systems described by

ODE’s with time-varying instantaneous zeroes, time-varying instantaneous

poles and a combination of both, with, possibly, Np tending to infinity for

time-varying poles. Truncating the block schematic at a finite value of Np

provides a good estimate for sufficiently slowly time-varying systems.

As one can transform the ODE model into the model given in (3.1) (pos-
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3.A. The Legendre polynomial basis functions

sibly with infinite order, though, hopefully, reducible to some acceptable low

order), both representations are approximately equivalent, as formulated by

the following claim.

Claim 3.1. A time-varying system described by the ODE (3.3) with coef-

ficients varying as polynomials in time can be written as a time-weighted

parallel connection of LTI systems, as given by (3.1), where the weights

bp(t) are polynomials in time.

Appendix

3.A The Legendre polynomial basis

functions

The Legendre polynomials (in x) can, for instance, be obtained from the

recursive expression [Abramowitz and Stegun, 1972, Section 22.7]:

P0 = 1

P1 = x

(n+ 1)Pn+1 =(2n+ 1)xPn − nPn−1 for n � 1 (3.29)

It is well known that these polynomials are even for n even and odd for

n odd, and that they are orthogonal under the following inner product:

< Pm, Pn >=

∫ 1

−1

Pm(x)Pn(x) dx = 0 for m �= n (3.30)

The first six Legendre polynomials are:
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3. Multisine response of a time-varying system

P0 = 1

P1 = x

P2 =
1

2
(3x2 − 1)

P3 =
1

2
(5x3 − 3x)

P4 =
1

8
(35x4 − 30x2 + 3)

P5 =
1

8
(63x5 − 70x3 + 15x)

3.B Origin of the transient term

3.B.1 Continuous-time

For x(t), an arbitrary time domain signal with continuous derivatives up to

order n, multiplied by a rectangular window of length T , it is easily shown

that

L
{(

dnx(t)

dtn

)
T

}
=

∫ T

0

dn

dtn
x(t)e−stdt (3.31)

= snXT (s) +
n−1∑
r=0

sr
(
e−sTx(n−1−r)(T−)− x(n−1−r)(0−)

)
with XT (s) =

∫ T

0
x(t)e−stdt the Laplace transform of the windowed signal

xT (t), and x(m) the mth time derivative of x. This is proven in Pintelon

and Schoukens [2001, Appendix 5.B] by using partial integration. When

evaluated at the DFT frequencies sk =
j2πk
T

, (3.31) becomes:

L
{(

dnx(t)

dtn

)
T

}⏐⏐⏐⏐
sk

= snkXT (sk) + Ix(sk)

where Ix(sk) is a polynomial in sk of degree n− 1, the coefficients of which

are linear functions of the signal x(t) and its derivatives at time instants 0

and T . (Note that ∀k ∈ Z, e−skT = e−j2πk = 1.) Also, the derivative of this

polynomial w.r.t. s remains a polynomial in sk of degree n− 1.
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3.C. System transient term, time invariant

3.B.2 Discrete-time

For xN(td), an arbitrary, bounded, discrete-time signal, multiplied by a

rectangular window of width N samples (hence subscript N), it is easily

shown that

Z {xN(td − n)} =
N−1∑
td=0

x(td − n)z−td (3.32)

= z−nZ {xN(td)}+
n∑

r=1

(
x(−r)zr−n − x(N − r)z−N+r−n

)
︸ ︷︷ ︸

≡Ix(z)

(3.33)

with Z {xN(td)} =
∑N−1

td=0 x(td)z
−td . Note that Ix(z) is an (n− 1)th degree

polynomial in z−1
k = e−

j2πk
N (since z−N

k = 1). Also, the derivative of Ix(z)

w.r.t. z remains a polynomial in z−1
k . The result of z d

dz
Ix(z)

⏐⏐
z=zk

is also a

polynomial of the same degree as Ix(zk).

3.C System transient term, time invariant

Denote YGp,T (s) the Laplace transform of the windowed response to the

windowed multisine, and YGp(s) the Laplace transform of the windowed

response to the not windowed multisine (that is, YGp(s) is the Laplace

transform of the windowed steady-state response). By following the lines of

Pintelon and Schoukens [2001, Section 5.3.2], these are given by (argument

s omitted)

YGp,T = GpUT,ms + I1,ms − e−sT I2,ms (3.34a)

YGp = GpUT,ms + I1,ms − e−sT I2,ms (3.34b)

where I1,ms and e−sT I2,ms (respectively I1,ms and e−sT I2,ms) are the (decay-

ing) contributions due to the initial (I1) and end (I2) conditions. I1,ms,
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3. Multisine response of a time-varying system

I1,ms, I2,ms and I2,ms are rational functions in s. Noting that I1,ms = 0 (since

the initial conditions are 0) this yields

YGp,T (s) = YGp(s)−I1,ms(s) + e−sT [I2,ms(s)− I2,ms(s)]︸ ︷︷ ︸
TGp (s)

(3.35)

When evaluated at the DFT frequencies, TGp(jωk) clearly is a rational form.

3.D System transient term, time-varying

From its definition in (3.35), TGp(s) can be written as

TGp(s) = T1,Gp(s)− e−sTT2,Gp(s) (3.36)

with T1,Gp(s) and T2,Gp(s) rational functions in s. Under Assumption 3.3,

bp(t) is a smooth function of time and, thus, can be approximated by a

low order polynomial of order, say, R. Since a multiplication in the time

domain by a monomial in t is a derivative w.r.t. s in the Laplace domain,

TY,p(jωk) is analytically given by

TY,p(s) = L
{
L−1{TGp(s)}

R∑
r=0

γrt
r

}
(3.37)

=
R∑

r=0

γr(−1)r
dr

dsr
(
T1,Gp(s)− e−sTT2,Gp(s)

)
.

Working out the derivatives and evaluating the result in jωk (noting

that e−jωkT = 1, ∀k ∈ Z) yields a rational function in jωk. Note that, from

(3.35), L−1{TGp(s)} is time-limited to [0, T ], since it is the difference of two

windowed signals. This allows bp(t) to be written as the non-windowed

polynomial
∑R

r=0 γrt
r in (3.37).
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3.E. Spectrum of a monomial in time

3.E Spectrum of a monomial in time

The Laplace transform of a windowed monomial tp (denoted tpT ) is computed

as follows (for p > 0):

L{tpT} ≡
∫ T

0

tpe−stdt = −1

s

[
tpe−st

]T
0
+

p

s

∫ T

0

tp−1e−stdt (3.38)

When evaluated at s = jωk =
j2πk
T

, and for k �= 0 and p > 0, we have:

L{tpT}|s=jωk
= − 1

jωk

T p +
p

jωk

L{tp−1
T

}⏐⏐
s=jωk

(3.39)

L{t0T}⏐⏐s=jωk
=

∫ T

0

e−jωktdt = 0

such that Bmonom,p can be computed recursively from (3.39), or explicitly

as:

L{tpT}|s=jωk
= −

p∑
n=1

1

(jωk)n
p!

(p− n+ 1)!
T p−n+1 (3.40)

= −
p∑

n=1

1

(j2πk)n
p!

(p− n+ 1)!
T p+1.

L{tpT}|s=jωk
is thus a sum of hyperbolas of increasing order. For s = 0 and

p � 0, we have:

L{tpT}|s=0 =

∫ T

0

tpdt =
T p+1

p+ 1
(3.41)

3.F Commuting a time-varying gain and an

LTI system

Consider a system consisting of a monomially time-varying gain, tp, followed

by an nth order derivative. The Laplace transform of the windowed output

signal is computed as:
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3. Multisine response of a time-varying system

YT (s) = L
{(

dn

dtn
(tpu(t))

)
T

}
= (−1)psn

dp

dsp
UT (s) + I2(s) (3.42)

where I2(s) is still a polynomial, when evaluated at sk. This polynomial is

a function of the initial and end conditions of the system (this follows from

(3.31)). It is known as the transient term.

The first term in (3.42) can be determined as (by using Leibniz’s gen-

eralized product rule):

sn
dp

dsp
UT (s) =

dp

dsp
(snUT (s))−

p−1∑
r=p−n

(
p

r

)
dp−r

dsp−r
sn

dr

dsr
UT (s) (3.43)

The first term in (3.43) is the nth derivative of u(t), applied to a mono-

mially varying gain (i.e. it is the output signal of the system in Fig. 3.11,

at the bottom, and for q = n and r = p). The second term is a sum of

monomially time-varying gains of order lower than p, followed by deriva-

tives. Equation (3.43) can be applied recursively to all the terms of the

sum of (3.43), so as to obtain a sum of terms of the form dr

dsr
(sqUT (s)). As

a consequence, in Fig. 3.11, the upper system is equivalent to a parallel

connection of scaled instances of the bottom system, with q � n and r � p,

added to a polynomial.

snt p
U Y

sq tr
U Y

Figure 3.11: The upper schematic is approximately equivalent to a parallel
connection of scaled instances of the lower schematic, with q � n
and r � p, added to a polynomial.
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Chapter 4

Non-parametric Noise Estimation

Abstract

A methodology is elaborated for estimating the power spectrum

of the disturbing noise on the measured input and output spectra

of a time-varying system. Assuming that the system is excited by a

multisine excitation, the noise variance is extracted from a single ex-

periment. The method relies on the smoothness of the skirt-shaped

spectral response of the time-varying system to a multisine excita-

tion.

4.1 Introduction

It is well known that an efficient estimator of a dynamic system takes into

account the available information of the disturbing noise on the measure-

ment signals [Pintelon et al., 2003; Laurain et al., 2010]. Intuitively, this

leads to the possibility of assigning a higher weight to measurements that

are qualitatively ‘superior’ and less attention to ‘inferior’ ones.

In the majority of practical measurement examples, the properties of

the noise are a priori unknown. However, for well designed experiments,

they could be extracted from the measured signals themselves. A common

practice is to perform repeated measurements and apply averaging tools

to them. The time-varying framework, however, usually doesn’t allow for
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4. Non-parametric Noise Estimation

this procedure, due to the very nature of time-varying systems: except for

set-ups where the time variation itself is controlled, repeated experiments

intrinsically give different results, as the dynamics of the system under test

are altered from experiment to experiment. The use of multisine excitations

allows for the mitigation of this problem, as will be discussed in this chapter.

In measurements of dynamic systems, time domain disturbing noise

can be (highly) correlated. The frequency domain interpretation of this

is that the power spectrum of the noise varies over the frequency band,

a phenomenon also known as ‘coloured’ noise. This evidently yields a

non-uniform quality of the measured response. After identification, the

identified model will be more reliable in those frequency bands where the

Signal-to-Noise ratio is highest.

Identification tools for time-invariant systems usually make the well-

grounded assumption that the noise is stationary. Loosely spoken, this

means that the properties of the noise do not change with time. As the

disturbing noise is usually caused (or at least influenced) by the measured

system itself, the noise in measurements on time-varying systems is not

likely to be stationary. The approach in this chapter, however, assumes it

is stationary.

One way of extracting the noise from a single experiment is to apply well-

chosen excitation signals to the system. As was seen in Chapter 3, applying

a multisine to a linear, time-varying system, yields a highly structured

output spectrum. It consists of adjacent skirt-like spectra, centred around

each excited frequency of the multisine. This knowledge allows one to make

a distinction between the deterministic part of the spectra (the skirts) and

the stochastic part (the noise), as will be demonstrated in this chapter.

A practical example to which the method proposed in this chapter was

successfully applied is described in Aerts et al. [2008].

The remainder of this chapter is organised as follows. Section 4.2 formu-

lates the assumptions on the signal and the disturbing noise. Sections 4.3

and 4.4 derive two noise estimation algorithms. The first is a very simple

method based on the computation of the 2nd difference of the spectrum.

The second, more involved method is based on a linear least squares ap-
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4.2. Signal and noise assumptions

proximation of the deterministic part of the spectrum, by taking explicit

advantage of the knowledge acquired in Chapter 3. A sample mean of the

spectra, and an associated sample variance will be identified. Section 4.5

draws the conclusions.

4.2 Signal and noise assumptions

4.2.1 Assumptions on the disturbing noise

HyHu

Nu,TEu

U0

Ey

Y0

Ny,T

Um Ym

Figure 4.1: The measured input and output signals are assumed to be corrupted
by additive, stationary noise. Eu and Ey are stationary, white noise

sources, band-limited to fs
2 . They may be correlated.

As illustrated in Fig. 4.1, the noiseless signal, the spectrum of which is

denoted U0, is assumed to be applied to the system under test (‘Plant’),

yielding the noiseless spectral response Y0. These noiseless spectra are cor-

rupted by the coloured noises Nu,T and Ny,T . The measured DFTs are

assumed to satisfy the following:

Xm(k) = X0(k) +Nx,T (k) (4.1)

where the subscripts 0 and m denote a noiseless and a measured signal

respectively, and Nx,T (k) is the noise corrupting the signal. The index k

designates the kth frequency bin of the DFT. The noise is written as:

Nx,T (k) = Hx(ωk)Ex(k) + TH,x(k) (4.2)
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4. Non-parametric Noise Estimation

where ωk = 2πk
T

is the angular frequency corresponding to the kth DFT

frequency. The subscript T denotes that the disturbing noise contains the

transient terms TH,x, which is a smooth function of the frequency (actu-

ally, it is a rational form in s, as shown in Appendix 4.A) and is an order of

magnitudeO(N−1/2) smaller than the main termHx(ωk)Ex(k) (discussed in

Pintelon and Schoukens [2001]). This transient is due to the non-periodicity

(in the time-domain) of Eu and Ey. Being smooth, it can hardly be distin-

guished from the smooth skirt-like contributions in the output signal (see

Remark 3.4). This transient contribution will be suppressed in the methods

proposed. Define the transient-free noise contribution as:

Nx(k) = Hx(ωk)Ex(k) (4.3)

For the method in this chapter, the following assumption is made on the

transient-free contribution

Assumption 4.1. Nu(k) and Ny(k) are assumed to be stationary, circular

complex normally distributed and uncorrelated over the frequency, viz:

E

{
Nu(k)Nu(ν)

}
= δkνσ

2
U(k)

E

{
Ny(k)Ny(ν)

}
= δkνσ

2
Y (k)

E

{
Nu(k)Ny(ν)

}
= δkνσ

2
UY (k)

(4.4)

with δkν = 1 for k = ν and 0 otherwise, E {•} denotes an expected value,

and Nu(ν) denotes the complex conjugate of Nu(ν), etc.

Note that the noise may be coloured (i.e. the variances and covariances

may be frequency-dependent).

For the parametric identification of the time-varying plant using an

errors-in-variables framework, estimates of the (cross-) power spectra of

the noise sources are required. The following sections discuss how these

spectra can be extracted from only one experiment consisting of a multi-

sine excitation on a time-varying system. The same experiment can also

be used for the identification of the system itself (as will be illustrated in

Chapters 5, 6 and 7. Although they are applied to continuous-time systems
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4.2. Signal and noise assumptions

only in this chapter, the presented noise estimation method can be applied

equally well to continuous-time systems as to discrete-time systems.

4.2.2 Assumptions on the deterministic part of the

signals

The system is assumed to be described by the model in Fig. 3.1, where the

basis functions bp(t) are polynomials in time, yielding hyperbolic Bp(jωk).

Furthermore, the excitation signal is assumed to be a multisine, as given

by (2.1) with sufficiently separated excited frequencies. As a consequence,

the noiseless spectral response of the system consists of sums of hyperbolas,

centred around the excited frequencies, as given by Theorem 3.1, with Bp

being hyperbolic in k for p � 1:

Y0(jωk) =
∑

ke∈±Kexc

δkke θ̃0,ke︸ ︷︷ ︸
excited lines

+

Np∑
p=1

∑
ke∈±Kexc

δkke
θ̃p,ke

(k − ke)p︸ ︷︷ ︸
‘skirts’

, (4.5)

where θ̃p,ke and θp,ke in (3.17) are related by a linear transformation.

As was illustrated in Fig. 3.4 the deterministic part of the signal is a

smooth function of the frequency appearing between each pair of excited

frequencies. As such, it can be distinguished from the stochastic noise.

It can be shown (however, not proven in this work) that the spectrum

model (4.5) is also valid for LTI discrete-time systems, excited by multisines,

s.t. the methods described in this work are valid for continuous-time as well

as for discrete-time systems.

4.2.3 Distinguishing the stochastic from the

deterministic part

The noise estimation is performed in each frequency band bounded by two

adjacent excited frequencies. The idea is to reduce the deterministic con-

tributions. Two distinct methods are proposed.
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4. Non-parametric Noise Estimation

1. The output spectrum is differenced twice, thus cancelling the linearly

dependent part (w.r.t. the frequency) of the output spectrum, as

explained in Section 4.3.

2. The output spectrum is approximated by hyperbolic and polynomial

basis functions to extract the smooth, deterministic part of the spec-

trum, as explained in Section 4.4.

4.3 Noise variance estimation: Second

Difference Method

A first method to reduce the deterministic contributions in the output spec-

trum is to difference it. The difference of the output spectrum is defined

as:

ΔYm(k + 0.5) ≡ Ym(k + 1)− Ym(k) (4.6)

The n-th difference ΔnYm(k) is obtained by performing this operation n

times. The variance of Ym(k) can be extracted from the variance of ΔYm(k)

as follows:

var{ΔYm(k + 0.5)} ∼= E
{|Ny(k + 1)−Ny(k)|2

}
(4.7a)

= E
{|Ny(k + 1)|2 + |Ny(k)|2

}
(4.7b)

− E

{
Ny(k + 1)Ny(k) +Ny(k)Ny(k + 1)

}
∼= 2var{Ny(k + 0.5)} = 2σ2

Y (k + 0.5) (4.7c)

Equation (4.7a) assumes that the transient term TH,y in (4.2) and the

deterministic part Y0(jωk) in (4.5) are negligible (or are constants w.r.t. the

frequency). Equation (4.7c) is true when assumption (4.4) holds and when

the noise power spectrum is constant over 2 consecutive bins. The bias

terms resulting from these two approximations will be discussed later on for

the second difference. Following the same methodology and assumptions,

one can easily show that (see Appendix 4.B):
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Figure 4.2: Left: Pole-zero map (crosses are poles, the circles denote zeroes) of
the instantaneous systems at the start and the end of the simulated
record. The corresponding coefficients of the transfer functions were
interpolated linearly to obtain the LTV system considered.
Right: Spectrum of the noisy output signal of the LTV system.
The arrows are the excited frequency lines, the grey dots are the
unexcited ones. The crosses give Δ2Ym/

√
6, the scaled and twice

differenced output spectrum, which is used for the estimation of
the noise, given in turn by the black, thick line. The grey, thick
line is an averaged (1000 noise realisations) estimate of the noise.
Comparing this estimate with the actual power spectrum of the
noise (white full line) proves the more than acceptable quality of
the noise estimation.

var
{
Δ2Ym(k)

} ∼= 6σ2
Y (k) (4.8)

Remark 4.1 (Hanning window). Within a scaling factor, computing

Δ2Ym(k) is equivalent to multiplying the time domain signal ym(t) by a

Hanning window [Harris, 1978].

This is illustrated in Fig. 4.2, where the left plot gives the pole-zero

map defining the LTV system considered, which was excited by a multisine

excitation. In the right plot, the grey dots give Ym. The grey crosses in

Fig. 4.2, right give Δ2Ym(k)/
√
6. Extracting noise information from this

signal or from the original output spectrum is, thus, (almost) equivalent.

It is, however, observed that the deterministic part of the spectrum has
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4. Non-parametric Noise Estimation

decreased a lot, such that the grey crosses are submerged by noise in a

substantial part of the frequency band in-between two excited frequencies,

yielding a simpler extraction of the noise variance. This is explained as

follows.

The nth difference of the sampled signal is only a function of the nth and

higher order derivatives of the signal. (This is easily proven by writing the

Taylor series expansion of the signal and by applying the property that the

nth difference of a polynomial with order n−1 equals zero [Ralston and Ra-

binowitz, 2001].) Since the deterministic part of Ym is smooth between two

excited lines, its derivatives decrease with the order. Thus, the nth differ-

ence of the noiseless signal is of the order of magnitude of its nth derivative

and is proportional to the frequency resolution. As a consequence:

ΔnY0 = OintY

(
Y

(n)
0

(
fs
N

)n)
(4.9)

Combining (4.9) (for n = 2) with Appendix 4.B, it follows that:

E

{∣∣Δ2Ym

∣∣2} =6σ2
y(k) +OintY

((
Y

(2)
0

)2(fs
N

)4
)

(4.10)

+OintH

((
σ2
Y (k)

)′′(2fs
N

)2
)

+OleakH

(
f 2
s

N3

)

where the bias term OintY follows from (4.9), OintH would be zero if the

spectrum of the noise would vary linearly in a small band of 3 bins and

OleakH is due to the weak correlation between the transient term TH,y and

the noise Ny [Pintelon et al., 2010a]. Taking higher order differences might

not give additional improvement since the bias term OintH is proportional

to the differencing order. Choosing n = 2 was found to be a good com-

promise between the reduction of the deterministic contributions and the

interpolation error of the noise spectrum.

The second difference of a noiseless response of an LTV system (the

same as in Fig. 3.8) is plotted in Fig. 4.3 (grey and black thin lines). A sig-

nificant decrease is observed w.r.t. the not differenced spectrum (grey and
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4.3. Noise variance estimation: Second Difference Method

black dots). Note that, with reference to (4.9), longer measurement records

provide deeper valleys after differencing. This is illustrated in Fig. 4.3,

where the black thin line was calculated using a time record which was

twice as long as for the grey thin line, giving a reduction of a factor 4 (or

12dB). (The black and grey thick lines are discussed in Section 4.4.) It

also follows that in the hypothetical case, where the deterministic signal’s

spectrum at the unexcited lines is a linear function of the frequency, the

influence of the time-variation would completely vanish and only the noise

would remain. In practice, it is sufficient for the differenced deterministic

signal to be very small and, thus, below the noise floor in a substantial

frequency band in-between two excited frequency lines, which is clearly the

case in Fig. 4.2.

The variance at each frequency bin k is now estimated as the sample

variance of 2n + 1 neighbouring DFT bins of Δ2Ym, from k − n to k +

n, making a regularisation when n is odd. The sample variance is, thus,

calculated in a sliding window of 2n+ 1 bins:

σ̂2
Y (k) =

1

2n+ 1

n∑
r=−n

|Δ2Ym(k + r)|2
6

(4.11)

The resulting estimate is given by the black thick line in Fig. 4.2, with

n = 3. An averaged estimate (1000 noise realisations) is given by the grey

full line. As it can be seen, the estimate is in good agreement with the

actual power spectrum of the noise, which is given by the full white line. A

discrepancy between the actual and the estimated power spectra is found in

the vicinity of the excited lines (namely where the second derivative of Y0

is large, see Fig. 4.3), especially where the power spectrum of the noise is

varying rapidly with the frequency. The estimate at these frequencies was

actually calculated as a linear interpolation from frequencies which were

adequate for the estimation. To determine which unexcited lines should be

discarded, they were assumed to be part of an (estimated) χ2-distribution.

Outliers of this distribution (that is, samples that were not within the esti-

mated 95% confidence bounds) were not used for the noise estimation. This

algorithm was done recursively in a progressively narrowed frequency band
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4. Non-parametric Noise Estimation

between two excited frequencies.

Note that the covariance between input and output noise, σ2
UY (k) in

equation (4.4), can be estimated by using an equivalent method: calculate

the sample-covariance using a sliding window over the twice differenced

input and output signals.
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Figure 4.3: Twice differenced noiseless signal (thin full lines) and residuals after
a basis function based local approximation of the noiseless output
signal (bold full lines). For the black plots, the simulated time
record was twice as long as for the grey plots (i.e. N was multiplied
by 2). (The dots and the arrows are, respectively, the unexcited and
the excited frequencies of the output signal. Note that, due to the
doubled resolution, an additional black dot is located underneath
each grey dot.)
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4.4. Noise variance estimation: Local Hyperbolic Approximation Method

4.4 Noise variance estimation: Local

Hyperbolic Approximation Method

As was shown in Chapter 3 and recalled in (4.5), the output spectrum of

a linear, time-varying system excited by a multisine is a superposition of

hyperbolas. This knowledge provides an improved estimate of the noise.

To this end, the noiseless output signal in-between each pair of excited

frequencies (denoted by their respective DFT indices ke, ke+ ∈ Kexc) is

modelled as:

Y0,ke,ke+
(k + r) =

Np∑
p=1

[
h1,p(k)

(k + r − ke)p
+

h2,p(k)

(k + r − ke+)p

]
+ Ike,ke+ (k, r) · · ·

+OintY

(
Y

(R+1)

0,ke,ke+

(
fp
N

)R+1
)
, (4.12)

for k ∈ [ke, ke+ ] ∩ Z and Ike,ke+ (k, r) =
R∑

p=0

trp(k)r
p,

where r = −n,−n + 1, . . . , n. The signal is locally modelled as a sum of

hyperbolas, centred around the first (ke) and the second (ke+) excited lines,

added to the polynomial Ike,ke+ (k, r). This is done in a sliding frequency

domain window with a width of 2n + 1 bins centred around k, making a

regularisation at the edges (i.e. since at the frequencies where k+ r = ke or

k + r = ke+ the model (4.12) is not valid, those frequency bins are simply

discarded). The hyperbolas centred around bins ke and ke+ are assumed to

be the major deterministic contributions in the frequency band in-between

these frequencies. In (4.12), only these two hyperbolas are considered in the

approximation to keep the number of parameters to be estimated low. This

is an approximation of (4.5), where the number of hyperbolas equals the

number of excited frequencies. The difference between the two hyperbolas

in (4.12) and Y0 in (4.5) is smooth (it is a sum of ‘tails’ of hyperbolas, as

follows from Remark 3.4) and is well captured by the polynomial in (4.12).

The noise transient term (as introduced in equation (4.2)) is also captured

by this polynomial.
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4. Non-parametric Noise Estimation

The error due to these approximations is captured by the bias term

OintY in (4.12), whose dependency is proven by the Taylor series of these

additional hyperbolas. The residuals of the approximation of the noiseless

spectral response of a linearly varying system by (4.12) with R = 2 and

Np = 1, are given by the full bold lines at the bottom of Fig. 4.3, where

the black line was calculated for a time record that was twice as long as for

the grey line. An expected improvement of a factor of about 2R+1 = 8 (or

18 dB) is observed. A remarkable improvement of at least 40 dB is observed

w.r.t. the estimation using the Δ2 window (that is, w.r.t. the thinner grey

and black lines).

Note that, for a time-varying system which is varying polynomially

with an unknown degree, Np might be determined by gradually increasing

its value until no unexpectedly high-peak values are observed, especially

around the excited frequencies.

4.4.1 Linear least squares estimation of the noise

The normalised residuals are calculated as follows. The output spectrum

in a small band [k − n, k + n] around the frequency line k is written as:

Ym(k) = Y0,ke,ke+
(k) +Ny(k) (4.13)

= K(k)Θ(k) +Ny(k)

where

⎧⎨
⎩ KT (k) =

[
Kk(−n) Kk(−n+ 1) . . . Kk(n)

]
XT (k) =

[
X(k − n) . . . X(k + n)

]
,

with X replaced by Ym, Y0,ke,ke+
and Ny (with Y0,ke,ke+

(k) given in (4.12)),

and
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4.4. Noise variance estimation: Local Hyperbolic Approximation Method

Kk(r) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

r

· · ·
rR

(k + r − ke)
−1

· · ·
(k + r − ke)

−Np

(k + r − ke+)
−1

· · ·
(k + r − ke+)

−Np

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Θ(k) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

tr0(k)

· · ·
trR(k)

h1,1(k)

· · ·
h1,Np(k)

h2,1(k)

· · ·
h2,Np(k)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.14)

Note that Θ(k) contains the parameters of the signal model (4.12).

Assumption 4.2. The transient-free noise Ny is white inside the small

band from k − n to k + n, s.t.

E
{
Ny(k)N

H
y (k)

}
= I2n+1σ

2
Y (k). (4.15)

For coloured noise, this assumption is only approximately correct. The

error caused by this approximation will be denoted OintH . It is now possible

to find Θ̂(k) for each k ∈]ke, ke+ [∩Z in (4.13) such that Ny(k) is minimised

in least squares sense. Θ̂(k) is given explicitly by (the argument k is omitted

for clarity):

Θ̂ =
(
KHK

)−1
KHYm. (4.16)

Define the vector of residuals ε̂(k) as

ε̂(k) = Ym(k)−K(k)Θ̂(k) (4.17)

An estimate of the power spectrum of the noise is now found, viz.:

Theorem 4.1. The power spectrum of the noise satisfying Assumptions 4.1

and 4.2 on a spectrum satisfying the model (4.5) is given by the normalised

and squared residuals, viz.
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4. Non-parametric Noise Estimation

σ̂2
Y (k) =

ε̂H(k)ε̂(k)

q
(4.18)

where q = 2n − R − 2Np is equal to the degrees of freedom of the residual

ε̂(k).

Proof. In Appendix 4.C.

The expected value of (4.18) yields:

E
{
σ̂2
Y (k)

}
=σ2

y(k) +OintY

((
Y

(R+1)

0,ke,ke+
(k)
)2(fs

N

)2R+2
)

(4.19)

+OintH

((
σ2
Y (k)

)′(nfs
N

))
+OleakH

(
f 2R
s

N2R+1

)
where the bias terms have analogous interpretations as in (4.10). ε̂(k) can

be calculated in a numerically stable fashion (i.e. without calculating the

matrix inversion in (4.16) explicitly) by using the singular value decompo-

sition (SVD) of K(k) (see Golub and Van Loan [1989]):

K = AΣBH (4.20)

(argument k omitted). ε̂(k) is then given by (proven in Appendix 4.D):

ε̂(k) = A⊥(k)AH
⊥ (k)Ym(k) (4.21)

where A⊥(k) is the orthogonal complement of A(k).

4.4.2 Simulation result

In Fig. 4.4 the result of the noise variance estimation method is illustrated

on the output signal of the same simulated system as in Fig. 4.2. The

residuals of the least squares basis function (after normalisation by their

degrees of freedom, as given in (4.18)) is given by the grey crosses, and is

observed to be at the same level as the actual noise power spectrum (white

full line). An averaged estimate (over 1000 realisations) is given by the grey

full line which, except in the vicinity of the excited frequencies, coincides

perfectly with the actual one.

78



4.4. Noise variance estimation: Local Hyperbolic Approximation Method

20 40 60

−100

−60

−20

frequency (Hz)

am
pl

itu
de

 (
dB

)

Figure 4.4: Comparison between the actual noise power spectrum (full white
line) with the estimated noise power spectrum using local basis
function approximations. Grey crosses: estimates from one noise
realisation. Grey full line (coincides with the white line): mean
value over 1000 realisations.

4.4.3 Generalised sample mean and sample variance

Equation (4.16) implicitly models the measured spectrum as the best fit (in

least squares sense) on the spectrum model (4.12), viz.:

Ŷ(k) = K(k)Θ̂(k) (4.22)

In this expression, Ŷ(k) will be referred to as the generalised sample

mean of the spectrum inside a small frequency band of 2n+ 1 bins around

bin k.

Since (4.22) is computed in the whole considered frequency band, a

convenient generalised sample mean for each frequency bin k is given by

Ŷ (k) = Ŷ(k)[n+1] =
(
K(k)Θ̂(k)

)
[n+1]

= (QkYm(k))[n+1] (4.23a)

with Qk = K(k)
(
KH(k)K(k)

)−1
KH(k) (4.23b)

79



4. Non-parametric Noise Estimation

where the subscript [n + 1] denotes the (n + 1)th element of the vector.

The variance of Ŷ (k) (called the generalised sample variance) is (proven in

Appendix 4.E)

σ̂2
Ŷ
(k) = Qk,[n+1,n+1]σ̂

2
Y (k) (4.24)

The concepts of the generalised sample mean and sample variance were

first introduced in Pintelon et al. [2010b] for the non-parametric estimation

of the FRF and the disturbing noise for LTI systems.

Note that the generalised sample mean is correlated over the frequency,

even if the noise is uncorrelated. This correlation is computed as

covŶ (k
′, k′ + ν) = σ2

Y (k
′)QH

k′+ν,[1:2n+1−ν,n+1]Qk′,[ν+1:2n+1,n+1] (4.25a)

covŶ (k
′, k′ − ν) = σ2

Y (k
′)QH

k′−ν,[ν+1:2n+1,n+1]Qk′,[1:2n+1−ν,n+1] (4.25b)

for ν = 1, . . . , n (proof in Appendix 4.F). Its estimate is obtained by re-

placing σ2
Y by σ̂2

Y .

The estimation of the generalised sample mean of the signal and its

generalised sample variance is illustrated in the top plot in Fig. 4.5 on

simulations with 1000 different noise realisations. There is a good agreement

between the sample variance of 1000 estimations of Ŷ (black, thick line)

and the averaged (1000 realisations) generalised sample variance σ̂2
Ŷ
(thin

light grey line on top of the black one). The thin grey line at the top of the

figure is one realisation of Ŷ . The difference between the sample mean (1000

realisations) of Ŷ and the noiseless spectrum is given by the black dots at

the bottom of the figure. The latter lying about 30dB = dB
(√

1000
)
below

the estimated sample variance, Ŷ seems unbiased. Also, as is shown in the

bottom plot of Fig. 4.5, the relative sample variance (1000 realisations) of

the generalised sample mean lies mostly within its 95% confidence bounds,

except at the lowest point of the noise variance, where the noise leakage

error OleakH is expected to be dominating.

Note that, in Fig. 4.5, the generalised sample variance is higher and

approaches the noise variance in the vicinity of an excited line. This is

80



4.4. Noise variance estimation: Local Hyperbolic Approximation Method

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−40

−30

−20

−10

0

10

20

30

40

50

60

frequency (Hz)

am
pl

itu
de

 (
dB

)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

frequency (Hz)

σ̂
Ŷ
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Figure 4.5: Monte Carlo simulation.
Top figure: Full black line: sample variance of the generalised sam-
ple mean (4.23a). Thin light grey line on top of the black line: sam-
ple mean of the generalised sample variance in (4.24). Thin grey
line at top of plot: generalised sample mean of spectrum, computed
from one noise realisation, using (4.23a). Dots at the bottom: dif-
ference between sample mean of spectrum (1000 realisations) and
actual spectrum. Thick grey line (behind sample variance): noise
variance.
Bottom figure: Grey dots: Ratio of sample variance and actual vari-

ance of the generalised sample mean Ŷ . Dashed lines: upper and
lower boundaries of its 95% confidence bounds.
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explained by the value of Qk,[n+1,n+1] (defined in (4.23b)) approaching 1

near the excited frequency, which is confirmed by the simulation in Fig. 4.6.

For making this figure, a regression matrix similar to Kk(r) in (4.14) for

hyperbolas up till order Np = 5, for n = 10 and R = 3 was constructed.

Only hyperbolas centred around bin ke = 0 were considered. The first order

hyperbola is given by the circles, the central element of Qk associated with

the regression matrix is given by the black dots and is observed to be very

close to 1 around k = 0 (its smallest difference with 1 is 7.7 × 10−5 in the

present case). The interpretation of this observation is that, on the steep

edges of the skirts, the model can not distinguish the deterministic part of

the signal from the noise, thus excluding useful averaging of the noise. This

is a property of the basis functions used.

−18 −12 −6 0 6 12 18

−2

−1

0

1

2

Qk , [ n+ 1 , n+ 1]↘

2 .5

k
↗

k

am
pl

itu
de

 (
a.

u.
)

Figure 4.6: Illustration of the increase of Qk,[n+1,n+1] (black dots) near the
excited frequencies, for n = 10, R = 3, and Np = 5. The white
circles give a first order hyperbola 2.5

k for reference.

4.5 Conclusions

This chapter presented an estimation method for the disturbing noise of lin-

ear, continuous- and discrete-time, slowly time-varying dynamic systems.

Two methods were discussed to reduce the deterministic contributions of

the signal. The first consists in differencing the output signal. The sec-

ond approximates the signal by a superposition of hyperbolas. The second
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4.A. Noise transient terms

method is shown to give a significantly lower bias than the first, at the price

of a more involved algorithm.

The estimation of the noise uses only one well-designed experiment and

is performed in the frequency domain, revealing the important benefits of

using multisines as excitation signals.

Appendix

4.A Noise transient terms

Coloured, stationary noise (the DFT of which is denoted Ne(k)) is modelled

as the response of an LTI system to a stationary, band-limited, white noise

signal E(k). Assuming that the transfer function of the LTI system is given

by He(jωk) =
Be(jωk)
Ae(jωk)

, a rational form in jωk, then the corresponding system

equation for the windowed (rectangular) signals is given by

Ae(jωk)Ne(k) + I1(k) = Be(jωk)E(k) + I2(k) (4.26a)

Ne(k) = He(jωk)E(k) +
I2(k)− I1(k)

Ae(jωk)︸ ︷︷ ︸
≡TH,e(k)

(4.26b)

where E(k) is the power spectrum of the noise, and I1(k) and I2(k) are

polynomials in k, the coefficients of which are functions of the initial and

final states of the LTI system, as easily proven by following the lines of

Appendix 3.B.1. Thus, from (4.26b), coloured, windowed noise consists of

two terms: a stochastic one and a highly structured one, with the same

poles as the LTI system He. This second contribution, TH,e(k) is often

referred to as the noise transient and is a smooth function of the frequency.

4.B Variance of Δ2Y

The second difference of Y (k) is calculated as:

Δ2Y (k) = −2Y (k) + Y (k + 1) + Y (k − 1) (4.27)
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Recalling that Y (k) = Y0(k) +Ny(k) + TH,y(k), its variance is:

var{Δ2Y (k)} (4.28)

=4E
{|Ny(k)|2

}
+ E

{|Ny(k + 1)|2}+ E
{|Ny(k − 1)|2} . . .

−2�
(
E

{
Ny(k − 1)2Ny(k)

})
− 2�

(
E

{
Ny(k + 1)2Ny(k)

})
︸ ︷︷ ︸

=0

. . .

+ 2�
(
E

{
Ny(k − 1)Ny(k + 1)

})
︸ ︷︷ ︸

=0

+2�
(
E

{
Δ2TH,yΔ2Ny

})

=6σ2
Y (k) +OintH

((
σ2
Y (k)

)′′(2fs
N

)2
)

+OleakH

(
f 2
s

N3

)

The zero terms hold under Assumption 4.1. OintH is a bias term due to

the colouring of the noise power spectrum. It decreases for longer measure-

ment windows and would be zero if the power spectrum of the noise were

linearly varying for three neighbouring frequencies, such that:

σ2
Y (k) =

σ2
Y (k + 1) + σ2

Y (k − 1)

2
(4.29)

The dependence of OintH is easily proven from the Taylor series expan-

sions of σ2
Y (k + 1) and σ2

Y (k − 1) about the frequency line k. OleakH is

due to a weak correlation of O(N−1) between the transient term (a smooth

function which can be approximated locally by a polynomial) and the noise

(see Pintelon et al. [2010a]). OleakH is obtained as follows:

E
{
Δ2TH,yΔ

2Ny

}
=E

{
T ′′
H,y

(
fs
N

)2

Δ2Ny

}
= OleakH

(
f 2
s

N3

)
(4.30)

4.C Proof of equation (4.18)

Substituting (4.16) into (4.17) gives (index k left out):

ε̂ =
(
I2n+1 −K(KHK)−1KH

)
Ym ≡ PnYm = PnNy, (4.31)

where the last equality is proven by replacing Ym by (4.13) and by noting

that PnK = 0. Elaborating the expected value of ε̂H ε̂ gives:
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E
{
ε̂H ε̂
}
= E

{
NH

y P
H
n PnNy

}
= E

{
NH

y PnNy

}
(4.32)

= E
{
trace

(
PnNyN

H
y

)}
= σ2

Y (k)E {trace(PnI2n+1)}+OintH

((
σ2
Y (k)

)′(nfs
N

))

The second equality (Pn being idempotent and Hermitian) is easily

shown from the definition of Pn in (4.31). For the last equality, Assump-

tions 4.4 and 4.2 are required. The noise colouring is the cause of the bias

term OintH . Since the eigenvalues of Pn are all equal to 0 or 1 (Pn being

idempotent [Gantmacher, 1990, p. 226]),

trace(Pn) = rank(Pn) = 2n+ 1− rank(K) (4.33)

= 2n+ 1− (R + 1)− 2Np ≡ q

proving (4.18). The second equality in (4.33) is true since

• Q = K(KHK)−1KH is idempotent,

• rank(Q) = rank(K), and

• Pn is the orthogonal complement of Q (by definition).

4.D Proof of equation (4.21)

Substituting (4.16) and (4.20) into (4.17), one gets:

ε̂ =
(
I2n+1 − AΣBHBΣ−1AH

)
Y =

(
I2n+1 − AAH

)
Y

= A⊥AH
⊥Y (4.34)

which is (4.21). The last equality is deduced from the fact that [A A⊥] is

unitary.
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4. Non-parametric Noise Estimation

4.E Proof of equations (4.23a) and (4.24)

From (4.13), equation (4.23a) can be rewritten as

Ŷ = QY = KΘ+QNy (4.35)

where the expected value of QNy is 0, such that the expected value of Ŷ

equals its actual value (if the spectrum satisfies the model).

Denote 1n+1 the 2n + 1 long row vector with zeroes everywhere except

at the (n + 1)th element, where it is 1. The variance of Ŷ (= 1n+1Ŷ) is

(note that QH = Q and QQ = Q):

E
{
NH

y Q1H
n+11n+1QNy

}
= trace{Q1H

n+11n+1QCy}
= trace{1H

n+11n+1Q}︸ ︷︷ ︸
=Q[n+1,n+1]

σ2
Y (4.36)

4.F Correlation of the generalised sample

mean

The correlation of the generalised sample mean at frequencies k′ and k′+ ν

(with ν = −n, . . . , n) is

covŶ (k
′, k′ + ν) = E

{
1H
n+1Qk′Ny,k′N

H
y,k′+νQ

H
k′+ν1n+1

}
(4.37a)

= trace
(
E
{
Ny,k′N

H
y,k′+ν

}
QH

k′+ν1n+11
H
n+1Qk′

)
(4.37b)

= σ2
Y (k

′)trace
(
diag(1,−ν)Qk′+ν,[:,n+1]Qk′,[n+1,:]

)
(4.37c)

with diag(1, ν) a matrix with ones on the νth diagonal and zeroes elsewhere.

86



Chapter 5

Non-parametric estimate of the

instantaneous FRF

Abstract

The task of identifying an unknown dynamic system is made

easier with prior knowledge on its behaviour. Using a frequency do-

main approach, this chapter presents a method that provides insight

into the dynamic behaviour of linear, time-varying systems. Specif-

ically, multisine excitations are used to estimate non-parametrically

the evolution of the instantaneous transfer function over time. Only

a single experiment is required and the estimation is accomplished

by use of a simple linear least squares fitting algorithm. Illustrations

on simulation and measurement data are provided.
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5. Non-parametric estimate of the instantaneous FRF

5.1 Introduction

If the variation of the dynamics is slow with respect to the time constants of

the system, the concept of an instantaneous system makes sense. The lat-

ter is defined as the system that one obtains by freezing the time variation

at some time instant. An estimate of the evolution of the instantaneous

dynamics provides valuable insight into the system. Informally, it reveals

which poles and zeroes are varying and which are not. This chapter pro-

vides a simple methodology for extracting a non-parametric estimate of the

evolving instantaneous FRF.

Non-parametric time-frequency methods, providing a time dependent

spectral representation of non-stationary signals are thoroughly discussed in

the literature. Popular methods are, among others, the short-time Fourier

Transform, wavelet transforms, Cohen’s class of distributions, an overview

of which can be found in Hammond and White [1996]. The application

of these methods to vibrational signals for the characterisation of time-

varying physical systems is found for instance in Conforto and D’Alessio

[1999]. However, neither an accurate estimate of the instantaneous FRF

nor uncertainty nor bias bounds are obtained. The study in the current

chapter fills this gap, assuming that the time-varying plant can be excited

by a user-defined signal, in this case a multisine.

In Chapter 3, it has been shown how the response of time-varying sys-

tems to multisines allows one to distinguish immediately the time invariant

part from the time-varying part by inspecting the output spectrum. The

latter was shown to consist of sums of hyperbolas, centred around all ex-

cited frequencies. In this chapter it will be shown how this signal model

allows to readily extract a non-parametric model of the time-varying sys-

tem, yielding an estimate of the evolution of the instantaneous frequency

response function (FRF) over the measured time window. This estimate

is non-parametric in the frequency domain and parametric in the time do-

main. This means that, at each user-defined excited frequency (drawn from

a discrete set), the evolution of the FRF is provided as a weighted sum of

basis functions in time within the measured time range.
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5.1. Introduction

The method presented in this chapter is complementary to the well

known recursive identification methods, as discussed for instance in Ljung

and Söderström [1983]; Niedzwiecki [2000], which identify the instantaneous

dynamics parametrically, but at discrete time instants (and, thus, is non-

parametric along the time axis). The current method is, however, currently

implemented as an offline algorithm, thus being impractical for online iden-

tification tools. However, since the time interval is estimated at once in

the whole considered time interval, the identified time-varying models are

delay-free.

Parametric identification techniques for linear time-varying systems ex-

ist, both in the time domain [Spiridonakos and Fassois, 2009; Tsatsanis and

Giannakis, 1993; Verhaegen and Yu, 1995] and in the frequency domain (see

Chapters 6 and 7, or Lataire and Pintelon [2008c]). The systems are usually

described by differential (or difference) equations with time-dependent coef-

ficients. The latter are identified as projections on arbitrary basis functions.

The obvious advantage of these methods is parsimony. W.r.t. the paramet-

ric methods, the contribution of the non-parametric approach proposed in

this chapter is threefold:

The choice of an appropriate model structure. A quality measure is

provided to determine whether the data satisfies the model structure

at hand.

The provision of good starting values. If the parametric identification

method requires the minimisation of a cost function which is nonlin-

ear in the parameters, a non-parametric model can provide starting

values.

The validation of parametric models. The instantaneous FRF of an

identified parametric model can be compared to the non-parametric

instantaneous FRF, such as to verify visually and quantitatively its

quality.

The first contribution is discussed in this chapter. The last two will be

illustrated in Chapter 7.
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5. Non-parametric estimate of the instantaneous FRF

5.1.1 Problem formulation

The goal of this chapter is to estimate the instantaneous frequency response

function (FRFinst) of the time-varying system at all time instants t∗’s lying

in the measured time span (i.e. parametrically in the instantaneous time),

and at a user defined discrete set of frequencies (i.e. non-parametrically

in the frequency). This discrete set is determined by the set of excited

frequencies of the multisine.

The system considered is assumed to be described by the model given

in Section 3.2.1, and excited by a multisine excitation as given by Defi-

nition 2.1. This yields the spectral model of the response given in Theo-

rem 3.1. The spectral response of the system consisted of adjacent sums of

skirt-shaped spectra. For slowly time-varying systems, these ‘skirts’ were

found to be smooth functions of the frequency.

In this chapter, a methodology is discussed to distinguish the contribu-

tion of each individual branch in the system model depicted in Fig. 3.1. The

weights of these contributions are related, in a straightforward manner, to

a non-parametric model of the FRF of each LTI system Gp in (3.1) which,

in turn, provide the evolution of the instantaneous FRF of the complete

system.

Since an arbitrary time-varying system is not guaranteed to satisfy the

proposed model, a method is proposed for quantifying the ability of the

model to describe the data. This is done by means of an analysis of the

residuals of the least squares fit. In addition, and since the concept of an

instantaneous system is associated to a particular model structure, possible

modelling errors due to a wrong choice of the model structure are estimated.

The remainder of this chapter is organised as follows. Section 5.2 qual-

itatively relates the spectral response of the time-varying system to the

non-parametric instantaneous FRF. Section 5.3 enumerates the noise as-

sumptions and constructs the least squares estimator of the non-parametric

instantaneous FRF. Section 5.4 applies the collected knowledge to a sim-

plified case, leading to an explicit interpretation of the height of the skirts.

The noise variance of the estimated parameters is computed in Section 5.5,
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5.2. Relating the spectral response to the non-parametric system

while the whiteness test enables a model order selection in Section 5.6. The

estimation of the modelling errors due to a wrong choice of the model struc-

ture is discussed in Section 5.7, and the proposed estimators are illustrated

on simulation and measurement examples in Sections 5.8 and 5.9.

5.2 Relating the spectral response to the

non-parametric system

By using (2.5), equation (3.17b) in the model of the spectral response yields

a non-parametric model for Gp at the excited frequencies:

∀ke ∈ Kexc,

Gp(jωke) =
θp,ke

T
2π
A(ke)

=
θp,ke

Ums,T (jωke)
, (5.1)

where Kexc is the discrete set of excited frequency bins of the multisine, and

θp,ke are the parameters of the output spectrum of the time-varying system.

When plugged into Definition 3.1, the instantaneous FRF is elaborated at

the excited frequencies as

FRFinst(jωke , t
∗) =

Np∑
p=0

Gp(jωke)bp(t
∗)

=

Np∑
p=0

θp,ke
Ums,T (jωke)

bp(t
∗), (5.2)

The reasoning for the estimation of the θp,ke ’s, which is formalised in Sec-

tion 5.3.2, is substantiated by two observations:

1. Model (3.17a) is linear-in-the-parameters and, thus, can be formulated

as a matrix equality, and

2. The contribution of a ‘skirt’ centred around a particular excited fre-

quency is mainly concentrated around that excited frequency.
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5. Non-parametric estimate of the instantaneous FRF

The first observation suggests that the job can be done with a simple

linear least squares algorithm. The consequence of the second observation

is that the identification can be performed in a spectrally localised fashion.

As illustrated in Fig. 5.1, the output spectrum at the unexcited frequencies

(grey dots) is the sum of skirt-shaped spectra (full lines of a different shade

of grey for the contribution of each branch in Fig. 3.1), localised around the

excited frequencies. The estimation of the weights of these skirts (which

are the θp,ke parameters) can be performed in a sliding frequency window,

as delimited by the grey shaded areas in Fig. 5.1.
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Figure 5.1: The identification is performed in a sliding frequency window, com-
prising three excited frequencies.
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5.3. Instantaneous FRF estimation from noisy data

5.3 Instantaneous FRF estimation from

noisy data

5.3.1 Noise assumptions

As illustrated in Fig. 5.2, it is assumed that only the spectrum of the win-

dowed output signal is corrupted by noise, viz:

Um(jωk) = Ums,T (jωk) (5.3a)

Ym(jωk) = YT (jωk) +Ny,T (jωk), (5.3b)

where the subscript m denotes a measured signal. Ny,T (jωk) is the Fourier

transform of a windowed, coloured noise source. It can be shown (see

Appendix 4.A, or Pintelon et al. [2006]) that

Ny,T (jωk) = H(jωk)E(k)︸ ︷︷ ︸
≡Ny(jωk)

+TH(jωk) (5.4)

where E(k) is the DFT of the windowed, band-limited, white noise source

and the transient term TH(jωk) is, just like TY (jωk), a rational form in jωk,

such that the following assumption can be made.

Assumption 5.1. Just as TY (jωk), TH(jωk) is a smooth function that can

be approximated well by polynomials in k in a limited frequency band at the

DFT frequencies.

Denote σ2
Y (k) = E {|Ny(jωk)|2} as the variance of the noise at the DFT

bin k. Define the set of DFT bins lying within three consecutive excited

bins around ke ∈ Kexc as

Kke =

[
ke− − Δke−

2
, ke+ +

Δke
2

]
∩ Z (5.5)

This frequency domain window was delimited by the grey shaded areas in

Fig. 5.1. Denote Nke to be the number of elements in the set Kke .
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5. Non-parametric estimate of the instantaneous FRF

Y

YmUm

Ums

e Ny,T

Figure 5.2: Schematic summarising the noise assumptions. Only the output
spectrum is disturbed by noise. LTV stands for Linear Time-
Varying, and e is a white, stationary, normally distributed noise
source. H denotes a band-limiting LTI system.

Assumption 5.2. The disturbing noise on the output spectrum Ny is cir-

cular complex, normally distributed.

Assumption 5.3. Ny is uncorrelated over the frequency, viz.:

E

{
Ny(k)Ny(ν)

}
= δkνσ

2
Y (k) (5.6)

where δkν = 1 iff k = ν and 0 otherwise.

Assumption 5.4. Ny is white inside Kke, ∀ke ∈ Kexc:

σ2
Y (k) = σ2

Y (ke), ∀k ∈ Kke (5.7)

Assumption 5.4 requires the noise power spectrum to be piecewise con-

stant in partially overlapping frequency bands. This is approximately true

for dense excited frequency grids and smooth noise power spectra. In this

case, the noise is considered in very small frequency bands, yielding an al-

most constant power. This does not hold if highly peaking disturbances

(e.g. spikes) are present in the noise. The error is proportional to the first

derivative of σ2
Y w.r.t. the frequency, viz.

σ2
Y (k) = σ2

Y (ke) + σ2
Y
′
(k1)(k − ke)

fs
N
, with k1 ∈ [k, ke]. (5.8)

This will be important in Section 5.5.

If NY satisfies Assumptions 5.3 and 5.4, then its covariance matrix in

Kke is the diagonal matrix CnY,ke
∈ RNke×Nke , for which it holds that
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5.3. Instantaneous FRF estimation from noisy data

CnY,ke
= σ2

Y (ke)INke
(5.9)

where INke
is the identity matrix with dimension Nke .

5.3.2 LLS algorithm for estimating θp,ke

θp,ke is estimated by limiting the output spectrum to the DFT bins in Kke .

The following procedure is repeated ∀ke ∈ Kexc. The parameters θp,ke , θp,ke−

and θp,ke+ are estimated as

Θ̂ke = argmin
Θke

eke(Θke)
Heke(Θke) (5.10)

where Θ̂ke denotes the estimate of Θke , and with eke stacking εke(k,Θke),

∀k ∈ Kke in a column vector:

eke(Θke) =

⎛
⎜⎜⎜⎜⎝

εke(ke− − Δke
2
,Θke)

εke(ke− − Δke
2

+ 1,Θke)
...

εke(ke+ + Δke
2
,Θke)

⎞
⎟⎟⎟⎟⎠ (5.11)

εke(k,Θke) =Ym(k)− . . . (5.12)

∑
k′∈{ke− ,ke,ke+}

Np∑
p=0

θp,k′Bp(jωk−k′)− Itr(k),

Θke =
(

θ0,ke− · · · θNp,ke− θ0,ke · · · (5.13)

θNp,ke θ0,ke+ · · · θNp,ke+
tr0 · · · trNtr

)T
and Itr(k) =

∑Ntr

n=0 trnk
n (discussed later). Note that Θke ∈ C3Np+Ntr+4.

The noisy version of the signal model in Theorem 3.1 can be written as

Yke = BkeΘke +Ny,ke (5.14)
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5. Non-parametric estimate of the instantaneous FRF

with Yke and Ny,ke column vectors stacking Ym(k) and Ny(k) for k ∈ Kke

and Bke is easily determined from (5.10) and (5.12) (but is too cumbersome

to be written down here). The estimator (5.10) is clearly the best solution

(in least squares sense) of the overdetermined set of equations:

Yke = BkeΘke (5.15)

and is computed explicitly as

Θ̂ke = B+
ke
Yke , B+

ke
= (BH

keBke)
−1BH

ke , (5.16)

where B+
ke

is the Moore-Penrose pseudo-inverse of Bke . Only θp,ke (for

p = 0, . . . , Np) is retained from this estimation. (The whole procedure is

repeated ∀ke ∈ Kke .) The polynomial Itr(k) in (5.12) is included to capture

Yke− ,ke+
(jωk) + TH(jωk) + TY (jωk) + δa(jωk) (5.17)

where TY , TH and δa are defined in Theorem 3.1, equation (5.4), and equa-

tion (3.19b) respectively and

Yke− ,ke+
(jωk) =

∑
k′∈Kexc\{ke− ,ke,ke+}

Np∑
p=0

θp,k′Bp(jωk−k′). (5.18)

is the contribution inside Kke of the basis spectra centred around the ex-

cited frequencies outside this frequency band. For basis functions satisfying

Assumption 3.3, these contributions can be well approximated by polyno-

mials. As such, the residuals in (5.11) (evaluated in the actual parameter

vector Θ0,ke) are the noise, added to the bias terms OintY , OleakH , OleakG

and Oalias of the order of magnitude of the remainders of the Taylor series

expansions of the terms in (5.17), viz.,
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5.3. Instantaneous FRF estimation from noisy data

εke(jωk,Θ0,ke) =NY (jωk)

+OintY

(
Y

(Ntr+1)

ke− ,ke+
(jωke)

(
Nkefs
N

)Ntr+1
)

+OleakH

(
T

(Ntr+1)
H (jωke)

(
Nkefs
N

)Ntr+1
)

+OleakG

(
T

(Ntr+1)
Y (jωke)

(
Nkefs
N

)Ntr+1
)

+Oalias

(
δ(Ntr+1)
a (jωke)

(
Nkefs
N

)Ntr+1
)

(5.19)

(where x(n) is the nth derivative of x). According to assumptions 3.3, 3.5,

5.1 and 5.4, the bias contributions in (5.19) are small. For a least squares

approximation this proposed order of magnitude is usually too conservative.

Assuming that the bias contributions in (5.19) can be neglected, the

residuals in the estimated parameter vector are given by (using (5.16))

eke(Θ̂ke) = Yke − Ŷke = Yke −BkeΘ̂ke = PkeYke = PkeNy,ke (5.20a)

with Pke = I −Bke(B
H
keBke)

−1BH
ke (5.20b)

The last transition in (5.20a) is proven by noting that Yke = BkeΘke,0+

Nke and that PkeBke = 0. Note that Pke is also the covariance of the

noise-weighted residuals (required later on):

Pke,[k,l] = E

{
εke(jωk, Θ̂ke)εke(jωl, Θ̂ke)

σY (k)σY (l)

}
(5.21)

Theorem 5.1 (Maximum likelihood estimator). Under Assumptions 5.1,

5.2, 5.3 and 5.4 on the disturbing output noise, the best least squares solu-

tion of the overdetermined set of equations (5.15) is the maximum likelihood

estimator of the instantaneous FRF (Definition 3.1) of a system described

by (3.1) and satisfying Assumptions 3.3 and 3.4.
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5. Non-parametric estimate of the instantaneous FRF

Proof. The LS solution of (5.15) is the minimiser of (5.10), which is equal

to the maximiser of

Vml(Θke) =
∏

k∈Kke

e
− |ε(k,Θke

)|2
σ2
Y

(k) (5.22)

If OleakG, OleakH , OintY and Oalias can be neglected, (5.22) is the maximum

likelihood cost function.

An alternative cost function might be built, not restricting the frequency

band to three adjacent excited frequencies, but by including the complete

frequency band of interest at once. The advantage of limiting the frequency

band to Kke is twofold:

1. The regression matrix Bke is much larger when including all bins at

once (the dimensions would be (max(Kexc)−min(Kexc))× (Ne(Np +

1)+Ntr +1), whereas in the proposed case, the regression matrix has

dimensions (3Δke)× (3(Np + 1) +Ntr + 1)).

2. The bias terms OleakG, OleakH , and Oalias in (5.19) are smaller (as they

decrease for decreasing Nke). (Note, however, that OintY = 0 if the

complete frequency band is estimated at once, since the contribution

of all the skirt-shaped spectra are then taken into account.)

5.3.3 Numerical conditioning

Assumption 3.4 on the spectra of the basis functions ensures a unique so-

lution. Note that this assumption can be checked by inspecting the rank

of the regression matrix. It has been experienced that the use of Legendre

polynomials as basis functions bp(t) yields a good conditioning of the re-

gression matrix. It is significantly better than using simple monomials in

t, as illustrated in Fig. 5.3, left. When the degree of the time variation Np

is greater than 7, the condition number of the regression matrix is at least

10 (and up to 1000) times larger when using monomials (black dots in the

figure) than for the Legendre polynomials (triangles and circles). For the

triangles and the circles, the order Ntr of the polynomial Itr(k) in (5.12)
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Figure 5.3: Left: Condition number of the regression matrix Bke for increasing
Np. Monomials in t were used as basis functions bp(t) for the black
thick dots, Legendre polynomials for the circles and the triangles.
The order Ntr of the additional Itr(k) was 9 for the triangles and
the dots, and 4 for the circles. Δke = 30 for the three plots.
Right: Relative RMS error of the estimated parameters θp,ke .

were set, respectively, to 9 and 4. A higher order Ntr yields a slight in-

crease of the condition number, but a decrease of the bias terms in (5.19).

This is clear in Fig. 5.3, right, in which the relative RMS error of estimated

parameters θp,ke are given (from simulations of signal model (3.17a) where

the parameters θp,ke were chosen randomly from a circular complex normal

distribution). The triangles (Ntr = 9, bp are Legendre polynomials) clearly

provide a lower error on the estimated parameters. Thus, the specific choice

of Ntr is a trade-off between bias errors and numerical conditioning.

Remark 5.1. Since the chosen, shifted and time-scaled Legendre polyno-

mials as basis functions are orthogonal over [0, T ] w.r.t. the inner product

< bp, bq >=

∫ T

0

bp(t)bq(t)dt = 0 for p �= q,

their spectra are also orthogonal (over the whole imaginary axis). When

working with low order polynomials, the spectra are concentrated around the

origin (Assumption 3.3). Hence, considering a limited frequency band (as,

for instance, Kke in this section) yields only a relatively small increase of

the condition number. Similarly, it was also observed in Fig. 5.3, left that
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5. Non-parametric estimate of the instantaneous FRF

frequency-shifted versions of the chosen basis functions remained linearly

independent.

5.3.4 Designing the multisine excitation

The choice of the excitation signal dictates what information can be ex-

tracted from the experimental data, as was briefly discussed in Section 2.5.

W.r.t. the non-parametric identification technique in this chapter and for

a fixed time interval [0, T ] (see also Remark 3.3 on page 50), the following

trade-offs should be kept in mind when choosing the set of excited frequen-

cies 1
T
Kexc.

To start with, a high number of excited frequencies yields a high fre-

quency resolution and, thus, a dense frequency grid at which the non-

parametric frequency response function is computed. On the other hand,

a dense excited frequency grid lowers the amount of unexcited frequencies

in-between each pair of excited ones and, thus, limits the order of the time

variation Np. As such, combining a high frequency resolution and a fast

variation is an incompatible requirement. This can be linked to the identi-

fiability of the non-parametric instantaneous FRF: there should be enough

unexcited frequencies within three excited ones to allow for discriminating

the ‘skirts’. This condition is formally given by Assumptions 3.3 and 3.4 on

page 44, along with the assumption that the system to be identified belongs

to the considered model set. Note that the identifiability can be visually

observed if ‘skirts’ can be discerned in the output spectrum.

Furthermore, from the definition of the multisine (2.1), the number of

excited frequencies (for a fixed measurement length T ) is inversely propor-

tional to the squared amplitude of each sine and, thus, to the signal-to-

noise-ratio (SNR) at each excited frequency:
√
Ne ∝ SNR−1

FRF =
σFRFinst

F̂RF inst
. A

high number of excited frequencies yields a decreased quality of the estimate

at each excited frequency.

Finally, requiring a higher order Np yields a higher noise variance on

the estimated parameters [Pintelon and Schoukens, 2001, Section 9.3.1],

and thus also on the estimated instantaneous FRF. The conclusion is that
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5.4. Simple case: Linearly varying contribution

a trade-off is made between the frequency resolution, the order of the time

variation, and the uncertainty on the estimate. The choice of the excited

frequencies of the multisine should reflect this trade-off. Note that, when a

complete parametric identification is at hand (as in Chapters 6 and 7), the

density of the excited frequencies is of lower importance as in that case the

algorithm is not restricted to a small frequency window.

5.4 Simple case: Linearly varying

contribution

Consider Np = 1 in the model (3.1), and b1 a first order polynomial. This

yields the block schematic in Fig. 5.4. In this case, the sole cause for the

skirts to appear at the unexcited frequencies is the signal branch through

G1. The thought of immediately estimating the evolving instantaneous

FRF from the tops of the skirts might cross one’s mind. This turns out to

be possible, as discussed in this section.

+
+

G1

G0

b1

U Y

Y1

Y0

Figure 5.4: Equivalent block schematic of a system restricted to a linear time
variation. b1(t) is a first order polynomial in t. Y0 is the contribu-
tion of the direct LTI path to the output. Y1 is the contribution of
the time variation.

The interpretation of the output spectrum of a multisine response of the

system in Fig. 5.4 (amplitudes of G1 and G2 given in Fig. 5.5) is graphically

illustrated in Fig. 5.6. The excited frequencies (grey arrows) are mainly due

to Y0. The unexcited frequencies (grey dots) are entirely caused by Y1 and

form skirts around each excited frequency. These skirts are drawn explicitly

as black full lines. Consider the excited frequency at 5Hz (whose frequency

bin will be denoted ke). The skirt centred around ke (indicated in the

figure as a thicker black line) is the most important contribution in a small
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5. Non-parametric estimate of the instantaneous FRF

frequency band around that excited frequency. The tops of this black skirt

are almost perfectly given by the first bins left and right of the excited

frequency (thick black circles). The value of the latter almost immediately

provide the evolution of the instantaneous FRF at that excited frequency,

as explained in the following.
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Figure 5.5: Amplitude spectra of the transfer functions of G0 and G1, used for
the illustrations in Figures 5.6 and 5.7.

2 3 4 5 6 7 8 9

−20

−10

0

10

20

30

40

50

60

frequency (Hz)

A
m

pl
itu

de
 (

dB
)

Figure 5.6: Interpretation of the output spectrum of the system in Fig. 5.4.
Grey arrows: excited frequencies. Grey dots: unexcited frequen-
cies. Black thick line: skirt centred around the considered excited
frequency (Y1,ke). Black thin lines: skirts centred around other
excited frequencies (Y1,ke).
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5.4. Simple case: Linearly varying contribution

The time domain basis functions considered are:

b0(t) = 1 (5.23a)

b1(t) = t− T

2
. (5.23b)

Note that this set satisfies Assumptions 3.1 through 3.4. Their spectra are,

from (3.7):

B0(jωk) =

{
1 (for k = 0)

0 (for k �= 0)
(5.24a)

and B1(jωk) =

{
0 (for k = 0)
jT
2πk

(for k �= 0)
(5.24b)

This is easily shown using (3.21). The output spectrum is (from Theo-

rem 3.1)

Y (jωk) =
∑

k′e∈±Kexc

(
θ0,k′eB0(jωk−k′e) + θ1,k′eB1(jωk−k′e)

)
(5.25)

in which the first term of the sum is zero at the unexcited lines. Evaluating

the output spectrum at the excited bin ke (black arrow in Fig. 5.6) and at

the first bins left and right of that same excited bin (thick black circles in

the figure) gives

Y (jωke) = θ0,keB0(0)︸ ︷︷ ︸
≡Y0,ke

+
∑

k′e∈±Kexc\ke
θ1,keB1(jωke−k′e)︸ ︷︷ ︸
≡Y1,ke

(5.26a)

Y (jωke±1) = θ1,keB1(jω±1)︸ ︷︷ ︸
≡Y1,ke

+Y1,ke
(jωke±1) (5.26b)

In these expressions, Y0,ke is the contribution of the ‘direct LTI path’

to the output, Y1,ke is the contribution of the skirt centred around ke, and

Y1,ke
is the contribution of all the other skirts (i.e. the sum of the thin black
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5. Non-parametric estimate of the instantaneous FRF

lines in Fig. 5.6). From Remark 3.4 (and visible in the figure), Y1,ke
is a

smooth function in a small frequency band around ke and is significantly

smaller than Y1,ke , as (from (5.26) and (5.24b))

Y1,ke
(jωke±1)

Y1,ke(jωke±1)
= O{Δk−1

e }

(where Δke is the nominal distance in bins between two excited frequencies).

By neglecting Y1,ke
in (5.26), one gets approximate expressions for θ0

and θ1.

θ0,ke ≈
Y (jωke)

B0(0)
= Y (jωke) (5.27a)

θ1,ke ≈
Y (jωke±1)

B1(jω±1)
= ±2π

jT
Y (jωke±1) (5.27b)

(where the choice of the sign in (5.27b) is a priori arbitrary). Plugging these

into (5.2) provides an estimate of the instantaneous FRF.

Theorem 5.2. A first order estimate of the instantaneous FRF for a system

with linear time variation is given by

FRFinst(jωke , t
∗) ≈ Y (jωke)± π

j
Y (jωke±1)

(
2
T
t∗ − 1

)
Ums,T (jωke)

(5.28)

The model error is O{Δk−1
e } (i.e. inversely proportional to the density of

the excited frequency grid).

The estimate of the instantaneous transfer function from Theorem 5.2

is given in Fig. 5.7 by the black crosses, and compared to the actual one

(grey shaded full lines). As a first order approximation, they seem to agree

quite well. The error is given by the grey shaded triangles (right plot) and

is mainly due to Y1,ke
, i.e. the contribution of the neighbouring skirts at a

particular excited frequency. A slight modification of (5.28) allows for still

some improvement of the estimate, yielding a lower error, given by the grey
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5.4. Simple case: Linearly varying contribution

shaded circles. It is obtained as follows. Writing down the second difference

of the output spectrum at the excited frequency ke, using (5.26):

Δ2Y (jωke) = −2Y (jωke) + Y (jωke+1) + Y (jωke−1)

= −2θ0,keB0(0) + θ1,ke [B1(jω1) + B1(jω−1)] + Δ2Y1,ke
(jωke)

= −2θ0,keB0(0) +O (Δk−3
e

)
(5.29)

and the difference between the output spectrum at the first bins left and

right of ke

Y (jωke+1)− Y (jωke−1)

= θ1,ke [B1(jω1)− B1(jω−1)] +
[
Y1,ke

(jωke+1))− Y1,ke
(jωke−1)

]
(5.30a)

= 2θ1,ke
jT

2π
+O (Δk−2

e

)
(5.30b)

The spectrum Y1,ke
being smooth, its (second) difference (appearing in

(5.29) and (5.30b)) is prone to vanish (hence the decreased order of mag-
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Figure 5.7: Left and right: Actual (grey shaded lines) and estimated (black
crosses) instantaneous FRFs from Theorem 5.2, evaluated at 10
equidistant time instants t∗ ∈ [0, T ]. Grey shaded triangles: error
on estimated instantaneous FRFs. Grey shaded circles: error on
improved estimated instantaneous FRFs (Theorem 5.3).
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5. Non-parametric estimate of the instantaneous FRF

nitudes of the errors, as proven in Appendix 5.A), such that new estimates

are available:

θ0,ke ≈ −Δ2Y (jωke)

2B0(0)
= −Δ2Y (jωke)

2
(5.31a)

θ1,ke ≈
π

jT
[Y (jωke+1)− Y (jωke−1)] (5.31b)

which, plugged into (5.2), give an improved estimate of the evolving instan-

taneous FRF.

Theorem 5.3. A second order estimate of the instantaneous FRF of a

system with linear time variation is given by

FRFinst(jωke , t
∗) ≈ −Δ2Y (jωke) +

π
j
[Y (jωke+1)− Y (jωke−1)]

(
2
T
t∗ − 1

)
2Ums,T (jωke)

The model error is O (Δk−2
e ) (i.e. inversely proportional to the density

squared of the excited frequency grid).

Clearly, this estimate is computed very easily. When evaluated at t∗ ∈
[0, T ], it gives an accurate estimate of the evolution of the instantaneous

FRF inside the measured time window for systems described by the block

schematic in Fig. 5.4, as was illustrated in Fig. 5.7.

5.5 Noise Error Estimation

In Chapter 4 it was shown how the disturbing measurement noise could

be extracted from only one experiment if the system is described by (3.2),

and an appropriate set of basis functions bp(t) is known. In this section,

this noise estimate is used to compute the noise variance of FRFinst(t
∗, ke).

Equation (5.2) yields the following theorem.

Theorem 5.4. Under the noise Assumptions 5.2, 5.3 and 5.4 and provided

that the system under test is identifiable (Assumptions 3.3 and 3.4) The
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5.5. Noise Error Estimation

variance of the estimated instantaneous FRF at time instant t∗ and excited

frequency ke is:

σ2
FRFinst

(ke, t
∗) =

b(t∗)TCθLS,keb(t
∗)

‖Ums,T (jωke)‖2
(5.32)

where b(t∗)T ≡ [b0, b1(t
∗), . . . , bNp(t

∗)] and CθLS,ke
is the noise covariance

matrix of the least squares estimates of the parameters θp,ke, p = 0, . . . , Np

in (5.10) at a given excited bin ke.

The covariance matrix CθLS,ke
is obtained as follows. The covariance of

Θke is

CΘke
= (BH

keBke)
−1BH

keCnY,ke
Bke(B

H
keBke)

−1. (5.33)

CnY,ke
is the covariance of the noise on the output spectrum in the considered

frequency band and is given by (5.9).

Bke can be expressed as its singular value decomposition, Bke ≡ UΣV H ,

which, in combination with (5.9), yields the numerically stable computation:

CΘke
= σ2

Y (ke)(B
H
keBke)

−1 = σ2
Y (ke)(V Σ−1)(V Σ−1)H (5.34)

CθLS,ke
is the Np × Np matrix, starting and ending, respectively, at the

(Np + 1)th and 2Npth elements of CΘke
in (5.34). Plugged into (5.32), it

provides the noise variance estimate.

Remark 5.2. Note that, since CθLS,ke
is in general non-diagonal, the esti-

mated parameters are correlated. In addition, since the estimates of Θke at

subsequent frequencies are obtained using overlapping frequency bands, the

estimates of the instantaneous FRF are also correlated over the frequency,

with a correlation length of ±2 excited frequencies.

Remark 5.3. For time-varying systems with arbitrarily varying basis func-

tions satisfying Assumption 3.4 and with disturbing noise satisfying As-

sumption 5.4, the disturbing noise variance on the output spectrum is esti-

mated from the residuals of the least squares fit, as:
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5. Non-parametric estimate of the instantaneous FRF

σ̂2
Y (ke) =

eHke(Θ̂ke)eke(Θ̂ke)

q
(5.35)

(proven by following the same reasoning as Appendix 4.C) where q is the

number of independent complex residuals used in the noise estimation:

q = Nke − 3(Np + 1)− (Ntr + 1). (5.36)

Note, however, that the approach presented in Chapter 4 is more ver-

satile in trading off the bias errors (due to the fact that the noise is not-

perfectly white in Kke) with the uncertainty on the estimated noise variance.

That is, the expected value of (5.35) is

E
{
σ̂2
Y (ke)

}
= σ2

Y (ke) +OintH

(
(σ2

Y (ke))
′3Δkefs

2N

)
. (5.37)

where OintH is much larger than in (4.32).

5.6 Selection of the degree of the time

variation

The degree of the time variation (that is, the number of required basis

functions Np) can be determined from the whiteness test of the residuals

(as previously used for instance in Pintelon et al. [2003]). The sample auto

correlation of the normalised residuals is given by

R̂ke,εε(m) = γn(m)
∑

k∈K\mke

εke(k, Θ̂ke)εke(k +m, Θ̂ke)

σ̂Y (k)σ̂Y (k +m)
(5.38)

(with |m| < Nke and γn(m) = 1
Nke−|m|) where K

\m
ke

is the ordered set Kke

excluding the last m elements for m > 0 and the first m elements for

m < 0. If no model errors are present, the residuals εke are almost equal

to the noise and, thus, should be uncorrelated. Due to the fact that a

smooth function is fit on the measured signal Ym, the residuals are (be it

very lightly) correlated, as suggested by (5.21).
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5.6. Selection of the degree of the time variation

Define the following discrete functions

γ1(q) ≡
(
E

{σ
σ̂

})2
≈ q + 1

12

q − 2
3

(5.39a)

γ2(q) ≡ E

{
σ2

σ̂2

}
=

q

q − 1
(5.39b)

γ3(q) ≡ E

{
σ4

σ̂4

}
=

q2

(q − 1)(q − 2)
, (5.39c)

with q the degree of freedom of the noise estimate. From (5.20) the expected

value of (5.38) is computed (subscript ke was omitted for notational clarity)

E

{
R̂εε(m)

}
= γn(m)γ(q,m)

∑
k

P[k,k+m], γ(m) =

{
γ2(q) for m = 0

γ1(q) for m �= 0

(5.40)

For the computation of the variance, a distinction is made between lag

0 and the other lags. For m = 0 (proof in Appendix 5.B.1):

var
{
R̂εε(0)

}
= γ2

n(0)

(
γ2
2(q)

∑
k,l

|P[k,l]|2 + 2
(
γ3(q)− γ2

2(q)
)∑

k

P 2
[k,k]

)

(5.41)

which is valid for q > 2. For m �= 0 (proof in Appendix 5.B.2)

var
{
R̂εε(m)

}
=γ2

n(m)γ2
1(q)

∑
k,l

P[k,l]P[k+m,l+m] (5.42)

+ γ2
n(m)

(
γ2
2(q)− γ2

1(q)
)∑

k

(
P[k,k]P[k+m,k+m] + |P[k,k+m]|2

)
with P the projection matrix of the measured signal on the residuals, defined

in (5.21). For known noise variance (i.e. q → ∞) the variances (5.41) and

(5.42) simplify to

var {Rεε(m)} = γ2
n(m)

∑
k,l

P[k,l]P[k+m,l+m] (5.43)
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5. Non-parametric estimate of the instantaneous FRF

Since R̂εε(0) is real-valued and is a sum of equally distributed terms,

it is (very close to) normally distributed (for Nke sufficiently large) such

that confidence bounds from (5.42) are easily obtained. Similarly, R̂εε(m)

(m �= 0) is complex normally distributed. However, it is only approximately

circular due to the (low) correlation of the residuals. Thus, confidence

bounds for R̂εε(m) (m �= 0) are approximately given from the circular

complex normal distribution. If the autocorrelation (5.38) lies significantly

outside these bounds, model errors are present. The use of the whiteness

test will be demonstrated on a simulation example in Section 5.8.1.

5.7 Possible model errors

A common practice for validating a time-varying model is to compare the

identified instantaneous FRF of the time-varying model at some chosen time

instants with the FRF of the same system obtained from measurements

or simulations on that system while its dynamics are frozen. Note that,

although this is not always possible with general (real-life) time-varying

systems, it can be achieved with time-varying systems whose time variation

is imposed by a controlled scheduling parameter.

As shown in Section 3.5 different model structures might provide equiv-

alent systems. However, the associated instantaneous systems generally

differ. As a consequence, model errors would occur if one estimated the

instantaneous system under the assumption that the time-varying system

satisfies the model in Fig. 3.1 while using another model for the definition

of the instantaneous FRF (as for instance the ODE based Definition 3.2,

or any another definition). These errors are explained and quantified ap-

proximately in this section for a model of a time-varying system obtained

by swapping the LTI systems and the time-varying gains in Fig. 3.1.

5.7.1 Model error estimation

Consider the system model in equation (3.1), and build the model (assuming

that it exists) given by

110



5.7. Possible model errors

y(t) =

Np∑
p=0

G̃p{u(t)bp(t)}, (5.44)

such that both models (3.1) and (5.44) yield the same response y(t) for a

given excitation u(t). Note that the model in (5.44) is obtained by inversing

the order of the LTI systems Gp and the time-varying gains bp(t) in Fig. 3.1.

The instantaneous FRF of the model (5.44), obtained by freezing the time-

varying gains bp(t), is given by

F̃RF inst(jω, t
∗) =

Np∑
p=0

G̃p(jω)bp(t
∗) (5.45)

It is easily shown thatGp is not necessarily equal to G̃p, meaning that the

instantaneous FRF’s (3.2) and (5.45) are also not equal. This is illustrated

on the simple system in the left schematic of Fig. 5.8. It consists of a single

branch of an instance of the system in Fig. 3.1, and is equivalent to the right

schematic, an instance of model (5.44). This simple example allows for the

estimation of an approximate model error. The input-output relation of the

right schematic in Fig. 5.8 is given in the time domain by

y(t) = g1,p
d

dt
(bp(t)u(t)) + g0,pbp(t)− g1,p

d

dt
bp(t) (5.46a)

=

(
g1,p

d

dt
u(t) + g0,p

)
bp(t), (5.46b)

where the second line is the input-output relation of the left schematic

in Fig. 5.8. Although both schematics are equivalent while the gains are

time-varying, replacing these gains by constant ones results in two different

instantaneous systems. The difference between both instantaneous FRF’s

is

eFRF,p = FRFinst,p(jω, t
∗)− F̃RF inst,p(jω, t

∗)

= g1,p
dbp(t)

dt

⏐⏐⏐⏐
t=t∗

. (5.47)
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=g1,ps+ g0,p bp(t)
+bp(t) g1,ps+ g0,p

b′p(t) −g1,p

u(t)
u(t)

y(t)
y(t)

Figure 5.8: Commutation of a time-varying gain and a simple linear system.

In the right schematic: b′p(t) ≡ dbp(t)
dt .

In practice, the LTI systems Gp and G̃p are not likely to be as simple

as the ones proposed in Fig. 5.8. On the other hand, if restricted within a

small frequency band, the transfer function of any system can be linearised

as a function of the angular frequency. Thus, the left plot in Fig. 5.8 gives

a good local approximation (around excited frequency bin ke) of the pth

branch of the model (3.1) if the following assumption is satisfied.

Assumption 5.5. The transfer functions of the LTI systems Gp for p =

0, . . . , Np are well approximated by linear functions in the angular frequency

in each frequency band delimited by 2 consecutive excited frequencies, viz:

∀ke ∈ Kexc, k ∈ [ke, ke+ ] (5.48)

Gp(jωk) = g1,p,kejωk + g0,p,ke

Now, using the result of the identification algorithm in Section 5.3.2 it

is possible to estimate the resulting model error. Assume that estimates

for θp,ke are available. From (2.5), (3.17b) and Assumption 5.5, for p =

0, . . . , Np:

θp,ke
Ums,T

= g1,p
j2πke
T

+ g0,p

⇔ g1,p =
T

j2π

Δ
{

θp,ke
Ums,T (jωke )

}
Δke

. (5.49)
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where the operator Δ denotes the differencing over two excited frequencies

(that is Δ{•(ke)} ≡ •(ke+) − •(ke)). Plugging (5.49) into (5.47) gives an

estimate of the error on the instantaneous FRF of the pth branch of (3.1).

Evaluating (5.49) at all excited frequencies gives a frequency-dependent

estimate of the error. The total model error on the estimated instantaneous

FRF is then obtained by summing these errors over all p:

Theorem 5.5. Under Assumption 5.5, an estimate for the model error

made when identifying the instantaneous FRF based on Definition 3.1, while

assuming that it is actually given by (5.45) is

êFRF (ke, t
∗) =

T

j2π

Np∑
p=0

Δ
{

θp,ke
Ums,T

}
Δke

dbp(t)

dt

⏐⏐⏐⏐
t=t∗

(5.50)

Remark 5.4 (Applicability to ODE based models). In practical situations,

when making measurements on ‘frozen’ systems (when realisable) one does

not know which definition for an instantaneous system matches best the

considered system. As a consequence, identifying a time-varying model from

LTI measurements is a flawed practice as modelling errors are very likely

to occur. However, although the estimated model error in Theorem 5.5

is applicable to the combination of models (3.1) and (5.44), it has been

experienced that, usually, (5.50) also gives a good level of the model error

for the combination of models (3.1) and the ODE (3.3), as will be illustrated

in Section 5.8.2.2. As such, Theorem 5.5 usually provides a good quality

measure of a time-varying model obtained from LTI measurements.

5.8 Simulation results

5.8.1 On the considered model class

The identification algorithm was applied to simulation data of a system

described by (3.1) with Np = 3. The amplitude of the FRFs of the systems

Gp are given by the black full lines in Fig. 5.9 and the basis functions bp(t)
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are the first four time scaled and shifted Legendre polynomials (3.12), il-

lustrated in Fig. 3.6. Ten periods of an odd multisine with a fundamental

frequency of about 4× 10−3Hz was applied, without allowing the LTI sys-

tems to attain a steady-state (i.e. the excitation was applied in t ∈ [0, T ]

and the complete record was used for the estimation). The output signal

was disturbed by coloured, band-limited noise such that the SNR was 40dB.

In Fig. 5.9, the results for Ntr = 8 (left figure) and Ntr = 3 (right figure) are

shown, grey crosses giving the estimated Gp, and the black dots the RMS

of their error (over 100 realisations). The variance on Gp is given by the full

grey lines. Comparing the error and the variance of Gp, it is clear that a

too low order for the polynomial Itr (as in the right figure) yields modelling

errors. Obviously, the same holds if a too low value for Np is chosen (not

shown in the figure).

The choice of Ntr and Np is supported by inspecting the normalised,

shifted cost function, that is the shifted correlation of the residuals at lag

0 given by

∣∣∣R̂ke,εε(0)− E

{
R̂ke,εε(0)

}∣∣∣ , (5.51)

as computed using (5.38) and (5.40), and depicted by the black crosses (for

the acceptable Ntr = 8) and the grey circles (for the too low value Ntr = 3)

in Fig. 5.10. The black crosses satisfy the 50% and 95% confidence bounds

(grey horizontal lines). The grey circles clearly don’t at the lower half of

the considered frequency band.

A second, more exhaustive test for detecting modelling errors is the

whiteness test on the residuals, as shown in Fig. 5.11. The autocorrelation

(5.38) of the residuals of the fit in Kke with ke = 470 is given for the two

different choices of Ntr (left: Ntr = 8, right: Ntr = 3). The expected

variance (5.42) is given by the grey full line. The black crosses are the

sample variance over 100 realisations. The good agreement between the

black crosses and the grey full line in the left plot validates equation (5.42)

for Ntr = 8. Choosing Ntr too low clearly yields a too high value for the

auto-correlation (as seen in the right plot).
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Figure 5.9: Actual and estimated FRF of Gp at the excited frequencies of the
multisine (full black lines and grey crosses respectively) for different
orders Np and Ntr. Grey full lines: estimated variances on Gp (i.e.
diagonal elements of CθLS,ke

divided by the input spectrum). Black
dots: error on the estimated Gp.
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Figure 5.10: Black crosses: Normalised correlation at lag 0 (given by (5.51)),
for different values of Ntr. The horizontal grey lines give the 95%
(top line) and 50%(bottom line) confidence bounds.

5.8.2 On an ODE-based model

The identification method was also applied to simulation data of a system

described by an ODE with polynomially varying coefficients. The instanta-

neous poles and zeroes evolve as illustrated in Fig. 5.12. The pole-zero con-

figuration is given in black at t∗ = 0 and in grey at t∗ = T . The coefficients

were obtained from a quadratic interpolation of those two configurations,

such that the instantaneous poles and zeroes are given again by the black
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5. Non-parametric estimate of the instantaneous FRF
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Figure 5.11: Auto correlation (with expected value subtracted) of the residuals
for different degrees Ntr of the transient polynomial, grey dots: 1
realisation, black crosses: the sample standard deviation (over
100 realisations) of the auto correlation, the grey thin line is the
expected variance (5.42).

configuration at t∗ = 2T . A multisine excitation with a period Tms = 1s

was applied to the system. Ne = 64 harmonics, between 1Hz and 253Hz,

were excited (the sample frequency was fs = 1024Hz, and the number of

sampled points per period was N = 1024). Only odd harmonics were ex-

cited (i.e. only odd multiples of 1Hz), and 10 periods of the multisine were

simulated (see Remark 3.5). The 9 last periods were retained (T = 9Tms)

such that the system attained a pseudo-steady-state. As a result, at least 17

unexcited frequencies are present between any two successive excited ones.

The system was estimated by using Legendre polynomials up to order

Np = 6 as time basis functions. A third order polynomial (Ntr = 3 in

(5.10)) was used to model the skirts of the unmodeled basis functions and

the leakage terms. Two distinct results are discussed in the next two sec-

tions. In Section 5.8.2.1, the approximate equivalence between models (3.1)

and (3.3) is shown. Section 5.8.2.2 discusses the estimated instantaneous

FRF and the modelling error due to the difference in model structures.
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Figure 5.12: Pole-zero map of the instantaneous transfer functions at t∗ = 0
(black) and t∗ = T (grey) of the simulated system. The crosses
and the circles represent the poles and the zeroes respectively.

5.8.2.1 Analogy between the ODE and the parallel connection

The analogy between the time-varying ODE-based model (3.3) and the

model in (3.1) is illustrated on the simulated system described above. In

this subsection, all simulations were free of noise.

In Fig. 5.13 the black dots give the estimated output spectrum, obtained

as the response of the estimated non-parametric system to a validation input

signal. The latter was a random phase multisine which excited the same

frequency band, at the same excited frequencies, but had a random phase

realisation which was different from that of the estimation data set.

Remark 5.5. It is required to use a multisine excitation signal with the

same excited frequencies for both the estimation and the validation data set

for a perfect steady-state simulation in the frequency domain of the non-

parametric estimated system. This is because the LTI systems Gp are simply

not estimated at the other frequencies.

The spectral output error is given by the black line for the validation

data set and by the grey line for the estimation data set. One observes that

these

1. lie well below the signal at the excited frequencies (about 60 to 80 dB),

and about 40 dB below the unexcited frequencies, yielding a good
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5. Non-parametric estimate of the instantaneous FRF
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Figure 5.13: Black dots: output spectrum of the estimated system, using a val-
idation data set.
Black full line: output error using validation data set.
Grey full line: output error using estimation data set.
Crosses: residuals of the least squares fit ε(jωk).

(to very good) capability of the proposed model (3.1) to capture the

dynamics of the ODE based model non-parametrically.

2. lie at about the same level for the validation data as for the estimation

data, thus validating the quality of the estimated model.

3. are highly correlated, which is in agreement with the time domain

error plot, as will be explained below. Note that modelling errors

remain, due to the truncation of the degree Np of the time variation of

the estimated system (the output error has been observed to increase

for decreasing Np – not shown in the figure).

The time domain error is given in Fig. 5.14 on a logarithmic scale. In a

significant part of the measured time interval, the error is about 104 times

lower than the signal (which is in agreement with the observations made in

Fig. 5.13).

The time domain output error is non-stationary, which shouldn’t be

surprising for time-varying systems. This was the reason for the frequency

domain error in Fig. 5.13 to be correlated. The time domain error is the
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Figure 5.14: RMS of time domain signals in adjacent windows with lengths of
50 samples.
Black thin line: output signal of the estimated system, using the
validation data set.
Grey thick line: output error using estimation data set.
Thick black line: output error using validation data set.

highest at the beginning and at the end of the measurement record, which

is a common observation when making a least squares approximation of a

(smooth) function using basis functions.

Again, note the very good agreement between the errors on the esti-

mation data set (grey thick line) and the validation data set (black thick

line).

5.8.2.2 Instantaneous FRF, noise variance and model error

estimation

The signal to noise ratio of the output signal in this subsection was 60dB.

The simulation data described in Section 5.8.2 was used. The dots in

Fig. 5.15 give the estimated instantaneous FRF (as given by Definition 3.1)

of the simulated system at linearly spaced time instants. The black dots give

the estimate at t∗ = 0, and the lightest grey ones at t∗ = T . As mentioned,

the estimate was only computed at the excited frequencies. The largest

condition number of the regression matrix of the least squares estimations
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Figure 5.15: Full grey shaded lines: actual instantaneous FRF at linearly
spaced time instants between 0 and T (different shades of grey).
Grey shaded dots: corresponding estimated instantaneous FRF.

was max(cond(Bke)) = 6.9.

The full grey shaded lines give the actual instantaneous FRF, as given

by Definition 3.2. Note that, although both definitions differ, both instan-

taneous FRFs coincide very well. Their difference is given by the black

circles in Fig. 5.16. An estimate of their difference, computed as (5.50), is

given by the thick black line. The noise variance on the estimated instan-

taneous FRF, computed as (5.32), is given by the white crosses. It follows

the true variance, given by the thick grey line. It can be seen from Fig. 5.16

that the difference between the actual and estimated FRF (black circles)

follows the model errors at the frequencies where these are dominant, and

the noise variance when the model errors are negligible. This validates both

the estimated model error (5.50) and the estimated noise variance (5.32).

Note that, although the model error estimation in Section 5.7.1 was meant

to estimate the discrepancy between the instantaneous FRF obtained from

models (3.1) and (5.44), (5.50) still gives a good order of magnitude of the

model error even if an ODE model based definition is used for the instan-

taneous FRF.
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Figure 5.16: Black circles: difference between estimated and actual instanta-
neous FRF’s. Black thick line: estimated error, as given by (5.50).
Crosses: estimated variance on the instantaneous FRF (5.32).
Grey thick line: actual noise variance on estimated instantaneous
FRF.

5.9 Results on measurements

The instantaneous FRF of the electronic linear parameter varying (LPV)

circuit given in Fig. 5.17, right, was estimated. The circuit is a second order

bandpass filter in which one resistor was replaced by a transistor. The latter

input
output

sched.

10kΩ

10kΩ

470kΩ

10nF

10nF

Figure 5.17: Left: qualitative theoretical pole-zero map of the circuit under
test.
Right: schematic of the measured circuit, a second order bandpass
circuit with a variable resistor, realised with an N-MOS transistor.
The value of the variable resistor was controlled by the schedul-
ing input “sched.” The OPAMP used was a CA741CE and the
transistor a BF245B.
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5. Non-parametric estimate of the instantaneous FRF

serves as a variable resistor, whose value is determined by the scheduling

input of the system.
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Figure 5.18: Measurement results. Grey shaded dots at the top of the fig-
ure: estimated instantaneous FRF from measurement data in the
time-varying case. Grey shaded thin lines at the top: estimated
FRF from measurement data in the time invariant case. Small
black crosses: difference between estimates from time-invariant
and time-varying measurement cases. Full grey shaded thick lines:
estimated model error. Thick grey crosses: variance on the esti-
mated instantaneous FRF due to measurement noise.

Two sets of experiments were carried out. During a first experiment -

later referred to as the TVE (time-varying experiment) - a linearly increas-

ing voltage was applied to the scheduling input, causing the poles of the

filter to move parallel with the imaginary axis, as illustrated in Fig. 5.17,

left. The input signal was a multisine consisting of 50 excited frequencies

chosen between 300Hz and 40kHz, and all odd multiples of the fundamental

frequency, 300Hz. The sampling frequency was 625kHz. The instantaneous

FRF of the circuit was computed using the algorithm discussed in Sec-

tion 5.2.

A second experiment - the TIE (time invariant experiment) - consisted

of applying a piecewise constant voltage to the scheduling input. During

the application of each constant voltage, a multisine was applied to the

input of the filter. This multisine covered the same frequency band as

in the first set of experiments. 199 frequencies were excited (multiples of
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5.10. Conclusions

50Hz), providing, thus, a higher frequency resolution than for the TVE.

The data collected from this experiment were used to estimate the filter’s

model for each voltage value applied to the scheduling input. To this end,

the frequency domain maximum likelihood estimator (described in Pintelon

and Schoukens [2001]) was used.

Fig. 5.18 depicts the results. The estimated instantaneous FRFs from

the TVE are given for different time instants by the grey, shaded, small

dots. The corresponding transfer functions from the TIE are given by the

full grey lines passing through the small dots, and they are clearly in good

agreement. The difference is given by the small black crosses. The estimated

model error (5.50) is given by the shaded grey full lines and the estimated

variance due to measurement noise (as computed in (5.32)) is given by the

grey, thick crosses. The black crosses clearly follow the model errors in the

frequency band in which these are dominant (w.r.t the noise), i.e. in the

frequency band [1.5kHz, 12kHz]. Outside this band, the black crosses follow

the noise variance on the estimate. This substantiates the applicability of

the discussed methods to this real life example.

5.10 Conclusions

In this chapter, a method for extracting the instantaneous frequency re-

sponse function of a slowly time-varying system which is described by a

parallel connection of LTI systems followed by gains varying as user-defined

basis functions in time has been presented. The system is identified non-

parametrically in the frequency domain. As such, it provides valuable infor-

mation on the evolution of the system’s dynamics with time. A statistical

tool was provided to decide whether the system considered satisfies the es-

timated model. The proposed system model was compared to an ordinary

differential equation based model and the occurring modelling errors were

quantified. The uncertainty due to disturbing measurement noise was also

computed, and the estimator was illustrated successfully on simulation and

measurement data.
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5. Non-parametric estimate of the instantaneous FRF

Appendix

5.A Trade-off frequency resolution VS bias

term for linear variations

Equations (5.29) and (5.30) state respectively that

Δ2Y1,ke
(jωke) = O (Δk−3

e

)
[
Y1,ke

(jωke+1))− Y1,ke
(jωke−1)

]
= O (Δk−2

e

)
This is motivated as follows. If one assumes that the most important

error contributions at the frequency ke are the ones due to the skirts centred

around the first left and right adjacent excited frequencies, ke+ and ke− ,

giving

Y1,ke
(jωke±1) ≈ Y1,ke+

(jωke±1) + Y1,ke− (jωke±1) (5.52)

By substituting B1 from (5.24b) into (5.26b), one shows that

Y1,ke+
(jωke±1) ∝ 1

Δke+ ± 1

Y1,ke+
(jωke+1)− Y1,ke+

(jωke−1) ∝ 1

Δke+ + 1
− 1

Δke+ − 1
=

1

Δk2
e+ − 1

Analogous expressions being valid for Y1,ke− (jωke±1), this proves (5.30b).

The error in (5.29) is obtained from the same reasoning and by writing

Δ2Y1,ke± (jωke) ∝
2

Δke±
+

1

Δke± − 1
+

1

Δke± + 1
=

2

Δk3
e± −Δke±
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5.B. Variance of the correlation

5.B Variance of the correlation

For notational simplicity in this appendix, the following conventions are

made:

σk = σY (k) σ̂k = σ̂Y (k) (5.53a)

εk = ε(jωk, Θ̂), ε̂k =
εk
σ̂k

(5.53b)

and subscript ke is omitted.

5.B.1 For m = 0

The expected value of the correlation at lag 0 (5.40) is the linear least

squares cost function and equals

E

{
R̂εε(0)

}
= γn(0)

∑
k

E

{ |εk|2
σ2
k

}
E

{
σ2
k

σ̂2
k

}
= γn(0)

∑
k

γ2(q)P[k,k] (5.54)

Its variance

var
{
R̂εε(0)

}
=γ2

n(0)E

⎧⎨
⎩
∣∣∣∣∣∑

k

|ε̂k|2 − γ2(q)P[k,k]

∣∣∣∣∣
2
⎫⎬
⎭ (5.55)

=γ2
n(0)

∑
k,l

E
{|ε̂k|2|ε̂l|2 − γ2(q)|ε̂l|2P[k,k]

}
(5.56)

+ γ2
n(0)

∑
k,l

E
{−γ2(q)|ε̂k|2P[l,l] + γ2

2(q)P[k,k]P[l,l]

}
where the last two terms cancel (since E {|ε̂k|2} = γ2(q)P[k,k]). Assuming

that the residuals are independent of the estimates of the noise, a single

term of the first sum for k �= l is written as [Picinbono, 1993, Section 4.6]

E
{|ε̂k|2|ε̂l|2} = E

{|εk|2|εl|2}E{σ2
k

σ̂2
k

σ2
l

σ̂2
l

}
=
(
P[k,k]P[l,l] + |P[k,l]|2

)
γ2
2(q)

(5.57)
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and for k = l:

E
{|ε̂k|4} = 2P 2

[k,k]E

{
σ4
k

σ̂4
k

}
= 2P 2

[k,k]

q2

(q − 1)(q − 2)
, q > 2 (5.58)

given that εk is circular complex, normally distributed. (Proof in Ap-

pendix 5.B.3.) Plugging (5.57) and (5.58) into (5.56) gives (5.41).

5.B.2 For m �= 0

The expected value of the correlation of the residuals (5.42) for m �= 0 is

small but non-zero, even if the noise is uncorrelated. Assuming that σ̂k is

uncorrelated over k and independent of εk, the expected value is:

E

{
R̂εε(m)

}
= γn(m)

ke+−m∑
k=ke−

E {εkεk+m}
σY,kσY,k+m

E

{
σY,k

σ̂Y,k

}
E

{
σY,k+m

σ̂Y,k+m

}

= γ1(q)
∑
k

P[k,k+m] (5.59)

Its variance

var
{
R̂εε(m)

}
= γ2

n(m)E

⎧⎨
⎩
∣∣∣∣∣∑

k

(
ε̂kε̂k+m − γ1(q)P[k,k+m]

)∣∣∣∣∣
2
⎫⎬
⎭ (5.60)

= γ2
n(m)

⎛
⎜⎝∑

k,l

E
{
ε̂kε̂k,k+mε̂lε̂l+m

}− γ1(q)
∑
k,l

E
{
ε̂kε̂k+m

}︸ ︷︷ ︸
=γ1(q)P[k,k+m]

P[l,l+m]

⎞
⎟⎠

+ γ2
n(m)

⎛
⎜⎝γ2

1(q)
∑
k,l

P[k,k+m]P[l,l+m] − γ1(q)
∑
k,l

E
{
ε̂lε̂l+m

}︸ ︷︷ ︸
=γ1(q)P[l,l+m]

P[k,k+m]

⎞
⎟⎠

(5.61)

where the last two terms cancel out. The first term in (5.61) is

∑
k,l

E

{
εkεk+mεlεl+m

σkσk+mσlσl+m

}
E

{
σk

σ̂k

σk+m

σ̂k+m

σl

σ̂l

σl+m

σ̂l+m

}
(5.62)
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Since εk is circular complex normally distributed, the individual factors are

[Picinbono, 1993, Section 4.6]

E

{
εkεk+mεlεl+m

σkσk+mσlσl+m

}
=
E {εkεk+m}E {εlεl+m}+ E {εkεl}E {εk+mεl+m}

σkσk+mσlσl+m

=P[k,k+m]P[l,l+m] + P[k,l]P[k+m,l+m] (5.63)

and

E

{
σk

σ̂k

σk+m

σ̂k+m

σl

σ̂l

σl+m

σ̂l+m

}
=

{
γ2
1(q) for k �= l

γ2
2(q) for k = l

(5.64)

Collecting (5.61) through (5.64) gives

var
{
R̂εε(m)

}
=γ2

n(m)γ2
1(q)

∑
k,l

P[k,k+m]P[l,l+m] (5.65)

+ γ2
n(m)γ2

1(q)
∑
k,l

P[k,l]P[k+m,l+m] (5.66)

+ γ2
n(m)

(
γ2
2(q)− γ2

1(q)
)∑

k

∣∣P[k,k+m]

∣∣2 (5.67)

+ γ2
n(m)

(
γ2
2(q)− γ2

1(q)
)∑

k

(
P[k,k]P[k+m,k+m]

)
(5.68)

− γ2
n(m)γ2

1(q)
∑
k,l

P[k,k+m]P[l,l+m] (5.69)

where the first and the last sums cancel. The result is equal to (5.42).

5.B.3 Proof for (5.58)

Proof. For x ∼ χ2
d it can be shown that

E

{
d2

x2

}
=

2d2

(d− 2)2(d− 4)
+

d2

(d− 2)2
=

d2

(d− 2)(d− 4)
, d > 4 (5.70)

(proven by writing d2

x2 as an F-distributed variable with infinite degrees of

freedom in the numerator, and computing its second non-central moment
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as the sum of its mean value squared and its variance). Since σ̂2
k ∼ χ2

2q

2q
, we

have that

E

{
1

σ̂4
k

}
=

4q2

(2q − 2)(2q − 4)
=

q2

(q − 1)(q − 2)
, q > 2 (5.71)

by setting x = 2qσ̂2
k and d = 2q.
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Chapter 6

Parametric identification of an

ODE based model

Abstract

A frequency domain least squares estimator is presented for iden-

tifying linear, continuous-time (CT) or discrete-time (DT), time-

varying dynamical systems. The models considered are linear, or-

dinary differential or difference equations whose coefficients vary as

piecewise polynomials in time. A frequency domain approach is used,

thus allowing the user to determine easily the frequency band(s) of

interest. It is shown that the bias errors due to windowing (CT

and DT) and sampling the signals (CT only) can be modelled by a

polynomial function of the frequency. The regression matrices of the

estimators are shown to be very efficiently computed using the Fast

Fourier Transform algorithm and its inverse. The total least squares,

generalised total least squares, and weighted, nonlinear least squares

estimators are constructed. The latter two are shown to be consis-

tent. The estimators are illustrated on simulation and measurement

data.

129



6. Parametric identification of an ODE based model

6.1 Introduction

Parametric identification techniques for linear time-varying systems exist,

both in the time domain [Spiridonakos and Fassois, 2009; Poulimenos and

Fassois, 2006; Tsatsanis and Giannakis, 1993] and in the frequency do-

main [Lataire and Pintelon, 2008c, 2011c]. Their obvious advantage over

non-parametric methods is parsimony, that is, the number of parameters re-

quired to describe the system is kept relatively small. The systems are usu-

ally (however not always) described by differential (or difference) equations

with time dependent coefficients. The latter are identified as projections on

arbitrary basis functions, belonging to a user-defined functional subspace.

The determination of a minimal and most appropriate set of basis functions

was discussed for instance in Rolain et al. [1997]; Cai et al. [2009]; Tsatsanis

and Giannakis [1993], but is not considered in this work.

Most of the existing identification methods that are available in the lit-

erature are formulated in the time domain. They are usually restricted to

discrete-time models, which have proven their usefulness in control applica-

tions, where the input signal of the system is perfectly known. A Zero Order

Hold (ZOH) model can be built that exactly matches the input to output

samples. However, a discrete-time model approximating a continuous-time

model in a band-limited setup requires higher order dynamics and is never

exact [Schoukens et al., 1994].

In this chapter, parametric identification methods are presented for

time-varying systems described by continuous-time as well as discrete-time

models. These models are, respectively, a linear ordinary differential equa-

tion and a linear ordinary difference equation. The coefficients of these

linear equations are assumed to be written as piecewise polynomials in

time. The estimators are formulated within an Errors-in-Variables (EIV)

framework, thus allowing that both the input and the output signals are

disturbed by noise.

Contrary to most previous work on the identification of time-varying

systems, the cost function to be minimised is formulated in the frequency

domain. The advantages include the straightforward selection of the fre-
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6.1. Introduction

quency band of interest, and the use of a non-parametric model for the

noise to be included in the EIV weighted least squares cost function.

Methods for identifying continuous-time LTI systems using sampled sig-

nals have been studied before [Garnier and Wang, 2008; Sinha and Rao,

1991]. The required derivatives of the signals are, in most cases, approxi-

mated by applying carefully designed digital filters to the sampled signals.

Next, discrete-time models are obtained, whose parameters are equal to

(or uniquely determined by) the parameters of the original continuous-time

models.

However, the extension of these continuous-time methods to LTV systems

is not available (yet). The method proposed in the present chapter, in ad-

dition of being an extension to LTV systems, does not require the laborious

design of derivative-approximating filters. Instead, the derivatives are com-

puted purely in the frequency domain by multiplying the spectra by the

appropriate powers of jω, and the errors due to windowing and sampling

are proven to be captured by additional polynomial regressors in the re-

gression matrix. The construction of the discrete-time estimator follows a

very similar reasoning as for the continuous-time estimator.

The total least squares and the generalised total least squares estima-

tors are constructed. The latter is shown to be consistent. The weighted

nonlinear least squares is also discussed. Apart from being consistent, it

has a natural weighting of the residuals.

6.1.1 Problem formulation

The linear ordinary differential and difference equations considered are given

by

Nβ∑
n=0

βn(t)
dnu(t)

dtn
=

Nα∑
n=0

αn(t)
dny(t)

dtn
(6.1a)

Nβ∑
n=0

βn(td)u(td − n) =
Nα∑
n=0

αn(td)y(td − n), (6.1b)

131



6. Parametric identification of an ODE based model

with u and y denoting respectively the (noiseless) input and output signals,

and t and td the continuous- and discrete-time respectively.

Remark 6.1. Although the same notations for the input and output sig-

nals and for the system parameters αn and βn are shared for notational

simplicity, the purpose of this chapter is by no means to show an equiva-

lence between models (6.1a) and (6.1b). The identification methodologies

will, however, be very similar for both models, which is highlighted by these

shared notations. It will be clear, either from the context or from the argu-

ments, whether the continuous-time or discrete-time model is meant.

The coefficients αn and βn are assumed to be described, initially, by poly-

nomials in time (either continuous or discrete). Afterwards, the methods

will be extended to piecewise polynomials. Note that both models are linear

in the coefficients of these (piecewise) polynomials, which greatly simplifies

the identification problem. The main challenge lies in the computation of

the regressors, which are terms like

tp
dnx(t)

dtn
and tpdx(td − n) (6.2)

for the continuous- and the discrete-time models respectively (with x re-

placed with u and y). The computation of these regression terms is schemat-

ically illustrated in Fig. 6.1.

x(td)

x(t)

z−n tpd

tpsn

Figure 6.1: Intuitive computation of a single regression term.

As suggested, the derivative and shifting operations are most easily per-

formed in the spectral domain (that is, after applying the Laplace or Z-

transform to the signals), as these become simple multiplications, respec-

tively by sn and z−n. Then again, the multiplications by tp and tpd are most
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6.1. Introduction

easily performed in the time domain. The regression terms are, thus, con-

veniently obtained by cleverly switching back and forth between the time

and the frequency domain.

For practical purposes, the required Laplace and Z-transforms and their

inverses should be computed by means of finite time data. Also, for the

continuous-time model, the identification should be performed using sam-

pled data. It will be shown that the time-to-frequency and frequency-to-

time transformations can be done using the Discrete Fourier Transform

(DFT) and its inverse on the sampled and windowed signals. The error

made is shown to be a polynomial in s, respectively in z−1. This is approx-

imately true (up to arbitrary precision) for continuous-time signals, and

exact for discrete-time systems.

When working in a noisy environment it has been experienced that

a simple change of variable can significantly improve the quality of the

estimated system. This change of variable involves the computation of other

regression terms, as depicted in Fig. 6.2, where Ψn and bp, instead of simple

monomials, denote well-chosen polynomials in the respective arguments.

Whereas simple monomials can get extremely high values (for increasing s

or t), other polynomial bases can be nicely spread over their domain, as is

the case for Legendre polynomials for instance.

z−nx(td)

x(t) Ψn(s) bp(t)

bp(td)

Figure 6.2: Alternative parametrisation of the regressors.

Errors-in-Variables estimators for the considered models can be con-

structed by taking into account the noise variance on the regression matrix.

Intuitively, the latter can be computed if the noise variance on the mea-

sured signals are known. That is, the noise variance on the outputs of the

block schematics in Figures 6.1 and 6.2 can be computed if the variance on

x(t) or x(td) is known (or approximated using for instance the method in
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6. Parametric identification of an ODE based model

Chapter 4). The knowledge of the noise variance allows to build estimators

which are aware of the non-uniform quality of the regression terms in the

considered frequency band, yielding nice statistic properties.

The remainder of this chapter is organised as follows. Sections 6.2 and

6.3 discuss the frequency domain expression of respectively the continuous-

and discrete-time model equations using sampled data. The total least

squares estimator is discussed in Section 6.4, followed by the generalised

total least squares and the weighted nonlinear least squares estimators in

Section 6.5. The extension of the proposed estimators to piecewise polyno-

mial variations is elaborated in Section 6.6. All estimators are illustrated

on either simulation or measurement examples in Sections 6.7 and 6.8, and

the conclusions are drawn in Section 6.9.

6.2 Continuous-time model equation

6.2.1 Time domain model equation

For now, the time domain ODE considered has polynomially varying coef-

ficients:

Nβ∑
n=0

Np∑
p=0

βn,pt
pd

nu(t)

dtn
=

Nα∑
n=0

Np∑
p=0

αn,pt
pd

ny(t)

dtn
. (6.3)

where u(t) and y(t) are the noiseless input and output signals respectively.

Remark 6.2. As polynomials have the property to be unbounded for t →
±∞, system (6.3) is most likely to be unstable. The applicability of the

models should therefore be restricted to a limited time window. In the re-

mainder, it will be assumed that (6.3) is (at least) valid in the time interval

t ∈ [0, T ], which will be denoted as the measured time interval.

Remark 6.3. Note that, in practical situations, the measured time interval

should be chosen such that the estimated model fits the needs of the appli-

cation at hand. The system is then assumed to be approximated inside that

time interval by (6.3). No information is acquired concerning the system’s
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6.2. Continuous-time model equation

behaviour outside that time interval. Thus, the user must decide how much

of the time variation should be captured by the model.

A more general parametrisation of system (6.3) is

Nβ∑
n=0

Np∑
p=0

β̃n,pbp(t)Ψn{u(t)} =
Nα∑
n=0

Np∑
p=0

α̃n,pbp(t)Ψn{y(t)} (6.4)

where bp(t) is a polynomial in t and Ψn{x} is a polynomial derivative oper-

ator on x. If the sets {b0(t), . . . , bp(t)} and {Ψ0{x}, . . . ,Ψn{x}} form bases

for polynomials in t of order p, and polynomial derivative operators on x

of order n respectively, then a linear relationship exists between α̃n,p (resp.

β̃n,p) and the parameters αn,p (resp. βn,p) of (6.3). As a consequence, (6.3)

and (6.4) are equivalent. For simplicity, the derivation for the computation

of the model equation will be performed for (6.3). In Section 6.4.2, it will be

shown how a good choice of bp(t) and Ψn{x} allows for a better robustness

of the total least squares estimator to noise.

The identification problem consists of estimating the system parameters,

namely the coefficients αn,p and βn,p (or equivalently α̃n,p and β̃n,p) from

measurements of the input and output signals. The model will be extended

in Section 6.6 to allow for piecewise polynomial variations.

6.2.2 Frequency domain model equation

Informally, a pragmatic way of computing the Laplace transforms of the in-

dividual terms of the ODE (6.3) is as follows. First the Laplace transforms

of u(t) and y(t) are multiplied by powers of s (equivalent to the dn

dtn
opera-

tor). Then, the inverse Laplace transforms of the results are multiplied by

powers of t, which, at last, are again transformed to the Laplace domain.

As the signals are supposed to be of finite length (i.e. they are multiplied

by a rectangular window), an additional term, known as the transient term,

pops up. This term is modelled as a polynomial in s. This is formally

derived as follows.

The differential equation (6.3) can be rewritten in the frequency domain

by applying the Fourier transform to its both sides.
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6. Parametric identification of an ODE based model

F
{

Nα∑
n=0

αn(t)
dny(t)

dtn

}⏐⏐⏐⏐⏐
ωk

= F
⎧⎨
⎩

Nβ∑
n=0

βn(t)
dnu(t)

dtn

⎫⎬
⎭
⏐⏐⏐⏐⏐⏐
ωk

(6.5)

where F{x} is the Fourier transform of x. As noted, these Fourier trans-

forms are considered at a discrete set of angular frequencies ωk = 2πk
T
,

k ∈ K ⊂ [0, N/2] ∩ N (where N is the number of samples in the measure-

ment record, as will be elaborated in Section 6.2.4). Thus, ωk is the angular

frequency corresponding to the kth bin of the Discrete Fourier Transform

(DFT) of a sampled time domain signal of length T . K is a set of con-

sidered frequency indices, determining the frequency band(s) of interest.

The latter is, in the same frame of mind as Remark 6.2, determined from

the application area of the system under test. One should ensure that the

frequencies corresponding to the indices in K yield the frequency band in

which the system is (usually) operated.

Equation (6.5) being linear in the system parameters, it can be rewritten

as

KΘ = 0, with K =
[
KY −KU

]
(6.6)

with Θ the column vector stacking all the system parameters

Θ =
[
· · · αn,p · · · βn,p · · ·

]T
, (6.7)

and KX ∈ CF×[(Nx+1)(Np+1)], with X equal to Y or U , consistent with Nx

equal to Nα or Nβ, and with F the number of elements in K. K will

be referred to as the regression matrix. The column of KY (resp. KU)

corresponding to αn,p (resp. βn,p) is given by

F
{
tp
dny(t)

dtn

}⏐⏐⏐⏐
ω=ωk

,

(
resp. F

{
tp
dnu(t)

dtn

}⏐⏐⏐⏐
ω=ωk

)
. (6.8)

Some practical aspects for computing K arise:

• The Fourier transform is meant to be applied to an infinitely long

signal, which is certainly not available. The effect of restricting (6.8)
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6.2. Continuous-time model equation

to a finite record length is taken into account in Section 6.2.3 (and is

consistent with Remark 6.2).

• The continuous-time signals are available as sampled series. The pos-

sible aliasing errors will be discussed in Section 6.2.4.

It will be shown that both errors can be approximated very well by a

polynomial function of the frequency.

6.2.3 Windowing the signals

Let w(t) be a rectangular function of width T :

w(t) =

{
1 for 0 � t � T

0 for t < 0 ∨ t > T
(6.9)

Consider the signal x(t) with continuous-time derivatives up till order

n in t ∈]0, T [ and compute the Laplace transform of the windowed signal:

L
{
w(t)tp

dnx(t)

dtn

}
= (−1)p

dp

dsp
[snXT (s) + Ix,n(s)]

= (−1)p
dp

dsp
snXT (s) + I(p)x,n(s)

= L{tpL−1 {snXT (s)}
}
+ I(p)x,n(s) (6.10)

where the first equality is proven in Appendix 6.A.1. XT (s) = L{w(t)x(t)}
denotes the Laplace transform of the windowed signal x(t) (s is the Laplace

variable) and I
(p)
x,n(s) is a polynomial of order less than or equal to n − 1

when evaluated at the DFT frequencies.

Note that expression (6.10) chooses the most convenient domain (time

or frequency) to perform the operations on the signals (a multiplication

is preferred to a derivative), provided that the Laplace transform (and its

inverse) can be computed.

Both sides of expression (6.3) may be multiplied by the same arbitrary

time function, yielding a new, valid expression. Multiplying both sides of
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6. Parametric identification of an ODE based model

(6.3) by w(t) and computing the Laplace transform of the result by using

(6.10) gives

Nα∑
n=0

Np∑
p=0

αn,pL
{
tpL−1 {snL{yT (t)}}

}
(6.11)

=

Nβ∑
n=0

Np∑
p=0

βn,pL
{
tpL−1 {snL{uT (t)}}

}
+ I(s),

with uT (t) = u(t)w(t), yT (t) = y(t)w(t).

It reveals that the windowed signals uT (t) and yT (t) satisfy a very similar

ODE as the original one: when evaluated at sk = jωk the only difference is

the polynomial I(sk) of degree max(Nα, Nβ)− 1.

I(sk) =
Ntr∑
n=0

trns
n
k . (6.12)

Similarly as for (6.6), when sampled at sk, (6.11) is rewritten as

KTΘT = 0, with (6.13)

KT =
[
KYT

−KUT
1 sk · · · s

max(Nα,Nβ)−1

k

]
,

ΘT is obtained by appending the coefficients of I(sk) to Θ. The column of

KYT
(resp. KUT

) corresponding to αn,p (resp. βn,p) is given by

L{tpL−1 {snL{yT (t)}}
}⏐⏐

s=jωk
, (6.14)(

resp. L{tpL−1 {snL{uT (t)}}
}⏐⏐

s=jωk

)
.

Remark 6.4. From Appendices 3.B.1 and 6.A.1 and equation (6.10) it fol-

lows that the coefficients of the polynomial I(sk) are functions of the input

and output signals and their derivatives at time instants 0 and T . Their

exact values are usually of no practical importance since i) after identifica-

tion of αn,p and βn,p they are reconstructible from the system equation and
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6.2. Continuous-time model equation

the identified parameters, ii) they are hardly distinguishable from aliasing

errors, as explained in Section 6.2.4. However, the polynomial regression

vectors being non-orthogonal w.r.t. the regression vectors (6.14), the inclu-

sion of I(sk) in the estimation is required to ensure a strict separation of

the system dynamics from the transient and alias errors.

The Laplace transform of the generalised form of the model equation

(6.4) is (similarly to (6.10)):

Nα∑
n=0

Np∑
p=0

α̃n,pL
{
bp(t)L−1 {Ψn(s)YT (s)}

}
= (6.15)

Nβ∑
n=0

Np∑
p=0

β̃n,pL
{
bp(t)L−1 {Ψn(s)UT (s)}

}
+ I(s)

where I(s) is the same polynomial as in (6.11) when evaluated at sk.

6.2.4 Sampling the signals

In practical situations, the signals are available as sampled data. The

required Fourier transforms can be approximated by their DFT (Ap-

pendix 2.B):

X(jωk) ≈ TsX(k) (6.16)

Define also the inverse DFT operation.

iDFT{X(k)}|td ≡
1

N

N−1∑
k=0

X(k)ejωktdTs

The Fourier transform and its inverse are approximated by the left Riemann

sum of their corresponding integral. Using the DFT of the sampled signals

for computing (6.14) means that the following approximation is made:

L{tpL−1 {snL{xT (t)}}
}⏐⏐

s=jωk
(6.17)

≈ TsDFT{(tdTs)
piDFT{(snk)DFT{xT (tdTs)}}}
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6. Parametric identification of an ODE based model

The approximations involved are discussed in the following sections,

distinguishing three cases:

• x(t) is a periodic, band-limited signal (as possibly applicable for the

input signal),

• x(t) is the response of a slowly time-varying system to a band-limited,

periodic signal, and

• x(t) is the response of a time-varying system to a sum of non-harmoni-

cally related band-limited sinusoids.

The conclusions of these three cases will be summarised in Theorem 6.1

on page 147.

6.2.4.1 Regression terms for periodic, band-limited signals

The reasoning followed is graphically illustrated in Fig. 6.3. If xBL(t) is

periodic (period T = NTs) and band-limited to ]− fs
2
, fs

2
[ (that is XBL = 0

outside that interval), one has, from (2.23):

XBL(k) = DFT{xT,BL(tdTs)}|k =
XT,BL(jωk)

Ts

, (6.18)

such that the DFT of a periodic, windowed (rectangular), sampled band-

limited signal is exactly equal to its Fourier transform at the Fourier fre-

quencies ωk = 2πk
T

if the period of the signal (or an integer multiple of it)

coincides with the length of the window. The spectrumXBL(k) is illustrated

in Fig. 6.3.a.

As required by (6.14), the term L{tpL−1 {snXT,BL(s)}}|s=jωk
should

be computed (or at least approximated) using sampled signals. Since

L−1 {snXT,BL(s)} is still band-limited and periodic (its spectrum is given

in Fig. 6.3.b), this inverse Laplace transform can be computed exactly at

the sample points using the iDFT. This yields

tpL−1 {snXT,BL(s)}
⏐⏐
t=tdTs

= (tdTs)
piDFT {snkXT,BL(k)} (6.19)
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Figure 6.3: (a). Spectrum of a band-limited and periodic signal xBL.
(b). Spectrum of dxBL

dt .

(c). Spectrum of the signal tdxBL
dt , after windowing (rectangular).

(d). Spectrum of sampled and windowed signal tdxBL
dt , zoomed out,

with the first repetition of the spectrum around the sampling fre-
quency. The first hyperbola in the repeated spectrum is shown
explicitly (black full line).

is correct at the sample points. Knowing that a multiplication in the time

domain is a convolution in the frequency domain [Oppenheim et al., 1983,

Section 4.5], the Fourier transform F{•} of the left hand side of (6.19) gives

F {tpL−1 {snXT,BL(s)}
}⏐⏐

ω=ωk
= ([(jω)nXBL(jω)] ∗ F {tp})|ω=ωk

(6.20)

=
1

2π

∫ ∞

−∞
F {tp}jωk−jω′ (jω

′)nXBL(jω
′)dω′

=
1

N

N
2
−1∑

k′=−N
2

F {tp}jωk−jωk′
(jωk′)

nXBL(k
′)

The spectrum of the periodic signal xBL being discrete, validates the last

equality. F {tp}jωk
is shown to be a sum of hyperbolas of order 1 till p in
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6. Parametric identification of an ODE based model

Appendix 3.E. As illustrated in Fig. 6.3.c, (6.20) thus consists of shifted

hyperbolas, centred around bins between minus and plus the Nyquist fre-

quency. When evaluated at DFT bins above the Nyquist frequency (that

is |k| > N
2
), (6.20) is a smooth function of the frequency. When sampled,

these non band-limited contributions cause aliasing which, due to their

smoothness, are easily modelled by an additional polynomial.

The spectrum in Fig. 6.3.c clearly extends beyond the excited frequency

band of x(t). This causes alias errors when time-sampled. As given by

(2.23) and illustrated in Fig. 6.3.d, the spectrum is repeated around multi-

ples of the sampling frequency (the first repetition is shown in the figure).

Consider the hyperbola centred around the first excited frequency in the

repeated spectrum (explicitly drawn with a black full line in the figure).

This hyperbola causes alias in the frequency band of interest. This error,

however, is smooth, which has the major advantage that it can be captured

by a polynomial in sk. As such, the alias error can be distinguished from

the actual signal.

To conclude, for band-limited signals, a column of the regression matrix

KXBL
is easily computed using the discrete Fourier transform as

F {tpL−1 {snXT,BL(s)}
}⏐⏐

ω=ωk
(6.21)

= TsDFT {(tdTs)
piDFT {snkDFT{xT,BL(tdTs)}}}+ εa,BL(sk),

where εa,BL is a smooth aliasing error, which can be captured by a poly-

nomial. As such, and unless the signals are highly oversampled, εa,BL is

undistinguishable from I(sk), introduced in (6.11). This is permitted, as

pointed out in Remark 6.4.

6.2.4.2 Sampling the response of a (slowly) time-varying system

The response of a time-varying system being non-periodic in general, the

direct application of the DFT is not perfectly equal to the Fourier transform.

Luckily, under some mild assumptions, the error will be shown to be smooth

and, thus, can also be captured by a polynomial.
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Figure 6.4: Illustration of the output spectrum of a time-varying system. Black
arrows: output spectrum at frequencies at which the input spec-
trum contains energy. Grey dots: output spectrum at other fre-
quencies. It is clear that, the output spectrum beyond the excited
frequency band is smooth.

As explained in Section 3.5 and illustrated in Fig. 6.4 the response of

the ODE (6.3) to a periodic signal is well approximated by shifted finite

sums of hyperbolas, centred around frequencies lying inside the frequency

band of interest.

YT (ωk) = YT,ti(ωk) +
∑

k′∈Kexc

∞∑
p=1

δkk′γk′,p
1

(ωk − ωk′)p
(6.22)

In this expression YT,ti(ωk) is the response of a time invariant system (which

can be seen as the average time invariant system of the time-varying sys-

tem). δkk′ = 0 if k = k′ and 1 otherwise. γk′,p are system and excitation

dependent constants, and Kexc is the set of frequency indices corresponding

to the excited frequency band(s). An infinite summation over p is required

since the ODE (6.3) has time-varying instantaneous poles whereas the signal

model (6.22) is a series expansion of the response of (6.3) as a time-weighted

sum of responses of systems with time invariant poles.

Assume that the output spectrum is described by (6.22) and that the

summation over p can be truncated to an appreciably low number of terms

(meaning that the system is slowly varying). In that case, this output spec-

trum is smooth outside the excited frequency band at sk (as seen in the right

part of the plot in Fig. 6.4) and, thus, can locally be well approximated by

a polynomial in sk. As it was the case in (6.20), these smooth contributions
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extend far beyond the frequency band of interest and, thus, unavoidably

cause (be it smooth) aliasing errors too. Again, these can be captured by

a polynomial in sk. Hence, within the frequency band of interest, the DFT

of the output signal is related to the Fourier transform of the windowed

output as

DFT{yT (tdTs)} = fs F{yT (t)}|sk + εa(sk) (6.23)

where εa(sk) is the smooth aliasing error, approximated by a polynomial

in sk. The computation of (6.14) using (6.23) by replacing the Fourier

transform by the (i)DFT yields:

DFT {(tdTs)
piDFT {snkDFT{yT (tdTs)}}}

= F {tpF−1 {snF{yT (t)}}
}⏐⏐

ω=ωk
+ εa,BL(sk)

+ DFT{(tdTs)
piDFT{snkεa(sk)}}, (6.24)

The first two terms of the right hand side are obtained from a similar rea-

soning as performed in Section 6.2.4.1 while the error due to εa (term in the

3rd line in (6.24)) is still a smooth function in sk, as shown in Appendix 6.B.

To conclude this section, if the system equation is satisfied, aliasing er-

rors are taken care of by the polynomial’s basis, appended to the regression

matrix in (6.13). It might however be required to use a higher degree than

max(Nα, Nβ)− 1, as this polynomial captures the (smooth) tails of hyper-

bolas and, although the Taylor series expansion of hyperbolas converges,

an infinite amount of terms is required to capture them perfectly.

The column of KYT
corresponding to αn,p is computed as:

KYT ,n,p = TsDFT{(tdTs)
piDFT{(jωk)

nDFT{yT (tdTs)}}} (6.25)

A similar result is valid for KUT ,n,p.
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6.2.4.3 Sampling the response of the system to a sum of

non-harmonically related sinusoids

Consider the signal described by a finite number of sinusoids whose fre-

quencies have an upper bound, but are not harmonically related and have

periods that do not necessarily fit an integer number of times into the win-

dow length. This signal can be written in the time domain as

x1(t) =
∑

m∈Mnoise

A(m) cos

(
2πm

T
t+ ϕ(m)

)
(6.26)

with Mnoise ⊂
[
0, N

2

[
(yielding band-limitation), the amplitudes A(m) given

by a bounded random function of m, and the phases ϕ(m) randomly dis-

tributed between −π and π.

The spectrum of the windowed version of such a signal consists of the

spectrum Srect of a rectangular function centred around the frequencies of

all these sines. At the DFT frequencies it reads (using Appendix 6.C)

X1(jωk) =
1

2

∑
m∈±Mnoise

A(m)ejϕ(m)Srect(jωk−m) (6.27a)

=
1

2

∑
m∈±Mnoise

A(m)ejϕ(m) T

2π(k −m)

(
1− e−j2πξm

)
(6.27b)

which at frequencies where k > max{Mnoise} consists of a finite sum of

tails of hyperbolas. These being smooth functions of the frequency, the

reasoning described in Section 6.2.4.2 is applicable for this class of signals

also. The aliasing errors can, thus, be approximated by polynomials.

This approximation is illustrated in Fig. 6.5. The signal considered is a

candidate regressor of KY (as defined in (6.13)):

xreg(t) = t
d

dt

∑
m∈Mlog

t cos

(
2πm

T
t+ ϕm

)
(6.28)

with Mlog ⊂ [0, N
2

[
a discrete set of logarithmically spaced real numbers.

The frequencies of the cosines thus don’t coincide with the DFT bins. The
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Figure 6.5: Comparison of the analytical and the numerical computation of
a non band-limited but smooth spectrum. Grey circles: analytical
via (6.29), black dots: numerical via (6.30), dashed lines: difference
between analytical and numerical results, dash-dotted line: residual
of a 4th order polynomial fit of the error.

spectrum of this signal was computed analytically (grey circles in Fig. 6.5)

as

Xa(jω) =
∑

m∈±Mlog

∫ T

0

t
d

dt

(
tej(ωmt+ϕm)

)
e−jωtdt

=
∑

m∈±Mlog

∫ T

0

(jωmt
2 + t)ej(ωm−ω)t+jϕmdt (6.29)

(which are phase and frequency shifted, scaled versions of the spectra of

monomials, obtained as given in Appendix 3.E; note that ϕ−m = −ϕm)

and numerically (black dots in the figure), as

Xn(jωk) = Ts

∑
m∈Mlog

DFT(tdTs.iDFT(jω.DFT(tdTs cos(ωmtdTs + ϕm))))

(6.30)

(where ω is computed at the DFT bins, s.t. the frequencies above Nyquist

correspond to the negative frequencies). At first sight, both don’t seem
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6.2. Continuous-time model equation

to agree very well. However, their difference (given by the black, dashed

line), is a smooth function of the frequency and can, thus, be approximated

by a low order polynomial. The residual of the least squares fit of this

difference as a 4th order polynomial is given by the black, dash-dotted line.

The latter lies significantly below the spectrum in the frequency band of

interest. (The fit was performed in the frequency band
[
0, 0.9fs

2

]
with the

Nyquist frequency fs
2
corresponding to bin 255).

6.2.4.4 Sampling the signals: conclusions

The observations in Sections 6.2.4.1 through 6.2.4.3 are summarised in the

following theorem.

Theorem 6.1. If, in the time window t ∈ [0, T ], it holds that the signals

u(t) and y(t) are sums of sines (which are not necessarily harmonically

related) with upper frequency bounded by the Nyquist frequency fs
2
, or as

the response to such a signal of a time-varying system given by (3.1), s.t.

the basis functions bp(t) satisfy Assumption 3.3, then the required regression

terms in (6.14) can be written as

L{tpL−1 {snL{xT (t)}}
}⏐⏐

s=jωk
(6.31)

= TsDFT{(tdTs)
piDFT{(snk)DFT{xT (tdTs)}}}+ ε̃a(sk)

(with xT (t) equal to either uT (t) or yT (t)). The error ε̃a(sk) can be approx-

imated arbitrarily well by a polynomial in sk.

6.2.5 Discussion for an increasing measurement

length

Sections 6.2.1 through 6.2.4 showed that the DFT of the windowed and

sampled signals satisfying the ordinary differential equation (6.3) can be

used to set up a homogeneous matrix equality (6.13) where the unknowns

include the parameters of the original ODE (6.3). This is valid for a given

measurement length T . By increasing T , the system is subject to ‘new’
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6. Parametric identification of an ODE based model

variations, thus possibly yielding another underlying model. The following

two cases are considered for measurement length T̃ > T .

Case 6.2.1. The system can be described by an instance of (6.3) with un-

changed Nα and Nβ (w.r.t. the measurement length T ). The additional

variation is captured by increasing Np.

Case 6.2.2. The measurement record is split into smaller sub-records.

These sub-records can be described by instances of (6.3) where the orders

Nα, Nβ and Np can be different for each of them, but are assumed to be

approximately equal. Constraints can be applied to the time-varying param-

eters αn(t) and βn(t) to obtain smooth variations, as will be discussed in

Section 6.6.

Both possibilities yield an increased number of regressor vectors, which

shouldn’t be surprising: the evolution of an arbitrarily time-varying sys-

tem in a particular time window is a priori independent of its evolution in

another time window, yielding independent parameters, and thus a total

increase of the required number of parameters to be estimated. This is not

a problem as long as the amount of system parameters does not increase

faster than the length of the measurement record, such as in Cases 6.2.1

and 6.2.2.

The additional polynomial regressors address two error terms. The first

is I(s) in (6.11) which takes into account the transient effect. As mentioned

in Remark 6.4, its order is max(Nα, Nβ) − 1 and is fixed for a given order

of the dynamics. As a consequence, requiring a higher Np (Case 6.2.1) does

not affect the order of the polynomial I(s). In Case 6.2.2 the number of

regressors for each sub-record remains unchanged. If the length of each

sub-record is approximately equal to T , then the whole problem was split

into sub problems of equal complexity (w.r.t the polynomial regressors) as

for the original record length T . (Note that ensuring a smooth transition of

the ODE’s coefficients between subsequent time-records requires additional

constraints on the system parameters, thus yielding a less than propor-

tional increase of the number of parameters to be identified, as discussed in

Section 6.6.)
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6.2. Continuous-time model equation

The second error term addressed by the polynomial regressors is the

alias error εa. As mentioned in Section 6.2.4.2, this error might require

the number of polynomial regressors to be greater than max(Nα, Nβ) − 1.

Assuming that the output spectrum of a time-varying system is given by

scaled and shifted hyperbolas (6.22) one observes that, in case 6.2.1, a

longer measurement record yields an increasing contribution of higher order

hyperbolas (as being dependent on T̃Np+1, shown in Appendix 3.E). On the

other hand, when splitting up the total record (case 6.2.2), there is no reason

for the behaviour of the alias error to change. In that case, the amount of

regressors remains proportional to the number of sub-records.

6.2.6 Assumptions on the excitation and the

measurement setup

As follows from Section 6.2.4, the system should be excited by a band-

limited signal. More specifically, it should be given by a sum of sinusoids

lying inside the frequency band
[−fs

2
, fs

2

]
. The frequencies of these sinusoids

are not restricted to the DFT frequencies (associated with the measurement

record). Their fraction w.r.t. the fundamental frequency 1
T
do not even have

to be a rational number.

A schematic of a simple practical measurement set-up is given in Fig. 6.6.

It should be noted that the actuator Gact and the acquisition channels Gu

and Gy have a dynamic response, which should satisfy some assumptions.

Gact must be such that a Ur signal can be constructed, yielding a band-

limited and persistently exciting U0 (as briefly discussed in Section 6.4.1).

More important is that, as proven in Van hamme et al. [1991], the frequency

responses of the acquisition channels Gu and Gy must have a flat amplitude

and a linear phase in the frequency band of interest. Otherwise, an absolute

calibration must be carried out: the amplitude and phase of Gu and Gy

should be measured. The noise is assumed to satisfy the assumptions given

in Section 4.2.1.
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Figure 6.6: Schematic of the assumptions on the experimental set-up.

6.3 Discrete-time model equation

6.3.1 Time domain

A similar reasoning as for the continuous-time ODE (6.3) can be performed

for a discrete-time difference equation:

Nβ∑
n=0

Np∑
p=0

βn,pt
p
du(td − n) =

Nα∑
n=0

Np∑
p=0

αn,pt
p
dy(td − n), (6.32)

where td denotes the discrete-time. This model is assumed to be valid inside

a limited time window of N samples: td ∈ [0, N − 1]. Similarly to (6.4) for

continuous-time systems, a re-parametrisation of (6.32) can be performed,

such as to possibly improve the robustness of the method w.r.t. noise:

Nβ∑
n=0

Np∑
p=0

β̃n,pbp(td)Ψn{u(td)} =
Nα∑
n=0

Np∑
p=0

α̃n,pbp(td)Ψn{y(dt)} (6.33)

with bp(td) and Ψn({x} a pth degree polynomial in td and an nth degree

polynomial shift operator on x. If bp and Ψn form bases for their respective

p and n dimensional vector spaces, models (6.32) and (6.33) are equivalent.

A choice for bp(td) which improves the robustness of the estimator w.r.t

noise will be discussed in Section 6.4.2.
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6.3. Discrete-time model equation

6.3.2 Frequency domain

Define the discrete-time rectangular window which has a width of N sam-

ples:

w(td) =

{
1 for 0 � td < N

0 for td < 0 ∨ td � N
(6.34)

The Z-transform of the left and right hand side of the difference equation

(6.32) can be computed and a regression model can be obtained. Consider

the Z-transform of one of the windowed regressors (with x replaced with u

or y):

Z {w(td)tpdx(td − n)} =

(
−z

d

dz

)p (
z−nZ {xN(td)}+ Ix,n(z)

)
= Z {tpdZ−1

{
z−nXN(z)

}}
+ I(p)x,n(z) (6.35)

(the first line is proven in Appendix 6.A.2), with subscript N denoting a

windowed signal xN(td) = x(td)w(td) and with XN(z) = Z {xN(td)}. When

evaluated at zk, both Ix,n and I
(p)
x,n are polynomials in z−1

k of degree n − 1.

Applying (6.35) to the windowed difference equation (6.32) yields its Z-

transform

Nβ∑
n=0

Np∑
p=0

βn,pZ
{
tpdZ−1

{
z−nZ {uN(td)}

}}
(6.36)

=
Nα∑
n=0

Np∑
p=0

αn,pZ
{
tpdZ−1

{
z−nZ {yN(td)}

}}
+ Ĩ(z),

with Ĩ(zk) an (n− 1)th degree polynomial in z−1
k .

For the evaluation of (6.35) at the DFT frequencies zk, all Z-transforms

(and their inverse) may be computed using the (i)DFT and z−nXN(z) may

be evaluated in zk.
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6. Parametric identification of an ODE based model

Z {w(td)tpdx(td − n)}|z=ejωk =DFT
{
tpdiDFT{z−n

k DFT{xN(td)}}
}

+ Ix,d(zk) + I(p)x,n(zk) (6.37)

The error made is the polynomial Ix,d(zk) in z−1
k of degree n−1 (proven in

Appendix 6.D). When estimated, its coefficients are, thus, indistinguishable

from the coefficients of I
(p)
x,n(zk).

Note that the first term at the right hand side of (6.35) could be com-

puted exactly as

Z {tpdw(td − n)x(td − n)}|z=zk
(6.38)

An apparent advantage is that the additional error Ix,d(zk) would be

eliminated. A disadvantage is that tpd must be evaluated outside the con-

sidered time window. This is a priori not a problem, as long as one works

with simple monomials in time as basis functions. However, if arbitrary

time functions were chosen as basis function (these arbitrary time functions

should still be writable as polynomials for an equation analogous to (6.35)

to hold!) their evaluation outside the considered time window adds com-

plexity to the methodology. Note that the additional polynomial Ix,d(zk) in

(6.37) does not increase the complexity since the degree of Ix,d(zk) is equal

to the degree of I
(p)
x,n(zk) and since only the sum Ix,d(zk) + I

(p)
x,n(zk) can be

identified.

The windowed difference equation (6.32) is rewritten as

Nβ∑
n=0

Np∑
p=0

βn,pDFT
{
tpdiDFT{z−n

k DFT{uN(td)}}
}

(6.39)

=
Nα∑
n=0

Np∑
p=0

αn,pDFT
{
tpdiDFT{z−n

k DFT{yN(td)}}
}
+ I(zk)

with I(zk) a polynomial in z−1
k of degree max(Nα, Nβ)− 1:
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6.3. Discrete-time model equation

I(zk) =

Np∑
p=0

⎛
⎝ Nα∑

n=0

Ĩ(p)y,n(zk)−
Nβ∑
n=0

Ĩ(p)u,n(zk)

⎞
⎠ . (6.40)

Similarly to Remark 6.4 for continuous-time systems, the coefficients of

I(zk) are functions of the initial and end conditions of the signals. Their

precise values are of no particular importance (as being reconstructible from

the identified system and the applied signal). Nevertheless, I(zk) should be

included in the identification procedure to ensure a strict separation of the

dynamics and the boundary conditions. Note that the degree of I(zk) is

exactly obtained from the system’s model order (provided that no model

errors are present).

Denote ΘN the column vector stacking the system parameters αn,p and

βn,p, and the coefficients of I(zk) on top of each other. From (6.39), the

following theorem formulates the model equation in the frequency domain

as a homogeneous matrix equality.

Theorem 6.2. After windowing the signals, the model equation (6.32) can

be written exactly as

KNΘN = 0, with (6.41)

KN =
[
KYN

−KUN
1 z−1

k · · · z
−max(Nα,Nβ)+1

k

]
,

where the column of KXN
which corresponds to the parameter αn,p or βn,p

(accordingly with XN being replaced with YN or UN) is given by

KXN ,n,p = DFT
{
tpdiDFT{z−n

k DFT{xN(td)}}
}
. (6.42)

Notice the correspondences between (6.41) and (6.13), and between

(6.42) and (6.25). The only significant differences are i) the sampled fre-

quency domain basis functions, and ii) the fact that adding the polynomial

regressors allows for an exact description of the windowed model equation.
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6. Parametric identification of an ODE based model

In a digital signal processing environment, the implementation of the ex-

pressions for the considered continuous-time and discrete-time models are

very similar.

6.4 Total Least Squares estimator

Measured signals are corrupted by noise and, thus, do not perfectly satisfy

the system equation (even if the measured system is in the model set). The

Total Least Squares (TLS) estimator finds the set of parameters for which

it holds that

KmΘ̂TLS ≈ 0 subject to
∥∥∥Θ̂TLS

∥∥∥
2
= 1. (6.43)

The approximation is understood in least squares sense. Km is either KT

(for continuous-time systems) or KN (for discrete-time systems), computed

using themeasured signals, hence the subscriptm. Θ̂TLS is the TLS estimate

of ΘT or ΘN . It is obtained as the right singular vector corresponding to

the smallest singular value of Km, as described for instance in Van Huffel

and Vandewalle [1991, Section 1.2 of Part I].

6.4.1 Persistence of excitation

For the system to be identifiable from the acquired data, it is required that

(6.43), when built from noiseless data, has a unique solution. If this is true,

the system is known to be persistently excited. In practice, this means that

the rank of the regression matrix KT or KN equals nΘ − 1 (with nΘ the

number of parameters to be identified). Note that the regression matrix

looses one rank due to the dependence of the parameters (multiplying all

parameters by a non-zero constant yields the same model). This explains

the need of the constraint in (6.43).
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6.4. Total Least Squares estimator

6.4.2 Using Legendre basis functions for the TLS

estimator

As suggested by (6.4) and (6.33), a re-parametrisation of the system can be

performed. The following replacements are carried out in (6.11)

sn � Ψn(s) and tp � bp(t) (6.44)

for the continuous-time case and

z−n � Ψn

(
z−1
)

and tpd � bp(td) (6.45)

in (6.36) for the discrete-time models, with bp and Ψn respectively pth and

nth degree polynomials in their argument. This yields just another de-

scription of the same system. The computation of the regression matrix,

and the reasoning for the cause and the capture of the transient and alias

(continuous-time only) errors is completely analogous as explained for sim-

ple monomials.

6.4.2.1 Time domain basis functions

Both for the continuous-time and the discrete-time cases, the robustness

to disturbing noise of the TLS estimator was experienced to drastically

improve when bp was set equal to (scaled and shifted) Legendre polynomials

(defined in Appendix 3.A). The intuitive explanation is that, contrary to

simple monomials tp (or tpd) which can get extremely high as time passes,

the Legendre polynomial’s energy is nicely spread over the considered time

interval. This yields a more homogeneous weight of the residuals in the

cost function. Note that, since Legendre polynomials are known to form

a basis for polynomials, the resulting model set is exactly the same as the

one obtained when using simple monomials.
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6. Parametric identification of an ODE based model

The Legendre polynomial basis is known to be well conditioned in the

interval [−1, 1] of its argument. The time domain basis functions used are

given by, for the continuous-time and discrete-time cases respectively

bp(t) = Pp

(
2t

T
− 1

)
(6.46a)

bp(td) = Pp

(
2td
N

− 1

)
(6.46b)

where Pp is the pth Legendre polynomial. The interval [−1, 1] in the domain

of the polynomial is mapped to t ∈ [0, T ] and td ∈ [0, N − 1].

6.4.2.2 Frequency domain basis functions

Finding good frequency domain basis functions Ψn (z
−1) for the discrete-

time case has not been studied in this thesis. When evaluated on the unit

circle, the value of polynomials in z−1 remain bounded (that is, even for

the higher frequencies). Thus, less significant improvements are expected.

For the continuous-time case, the frequency domain basis functions are

obtained as follows. For arbitrary even and odd polynomials (peven and

podd) with real coefficients we have that, when evaluated in x = jω,

�{podd(jω)} = 0 (6.47a)

�{peven(jω)} = 0 (6.47b)

Define the frequency domain basis functions as:

Ψn(jω) ≡ jPn

(
ω

ωmax

)
for n odd (6.48a)

Ψn(jω) ≡ Pn

(
ω

ωmax

)
for n even (6.48b)

Knowing that the polynomial Pn has odd order for n odd and even order

for n even, it is simple to conclude that Ψn(−jω) = Ψn(jω), as required for
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6.4. Total Least Squares estimator

real systems (that is, any real linear combination of the Ψn’s as defined in

(6.48) yields a polynomial in s with real coefficients).

The importance of defining the bases as given in (6.48) and not simply

as Ψn(jω) = Pn(jω) is that the second option would not yield nicely spread

energy over the considered frequency band. (The Legendre polynomials

have nicely spread energy for real arguments, lying within [−1, 1].)

The improvement when using Legendre basis functions with the TLS

estimator will be illustrated on a simulation example in Section 6.4.3.

Remark 6.5. Ψn(jω), defined in (6.48), is a polynomial in jω with real

coefficients whose absolute values are the same as the ones of the Legendre

polynomials. Their sign however differ for the coefficients of (jω)2, (jω)3,

(jω)6, (jω)7, (jω)10, (jω)11, . . . . For example, the explicit expression for

Ψ5(jω) is (for ωmax = 1):

Ψ5(jω) =
j

8
(63ω5 − 70ω3 + 15ω) =

1

8

(
63(jω)5 + 70(jω)3 + 15(jω)

)
=

[
1

8

(
63s5 + 70s3 + 15s

)]⏐⏐⏐⏐
s=jω

(6.49)

This must be taken into account when computing the instantaneous poles

and zeroes of the system.

The normalization given in (6.48) (division by ωmax) ensures that the

basis functions cover the frequency band of interest.

Note that in (6.13) the simple monomials to model the transients can

also be replaced by Ψn, as given in (6.48). This still yields real coefficients

for I(sk).

Note also that, although the Legendre polynomials being orthogonal

(over the real interval [−1, 1] and with weighting 1), this does not imply

the orthogonality of the columns of KT (or KN), since the computation of

the latter includes multiplications of the basis functions with the signal.

6.4.3 Illustration on simulation

The use of Legendre polynomials as basis functions especially improves the

TLS estimate when working in noisy environments. This is illustrated on
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Figure 6.7: Evolution of instantaneous poles and zeroes of the simulated sys-
tem. Left: continuous-time. A single zero is fixed at the origin, a
pair of complex conjugate poles is varying near the origin. Right:
discrete-time.

two simulated systems whose instantaneous poles and zeroes evolved as

illustrated in Fig. 6.7, left and right respectively for the continuous- and

the discrete-time case.

6.4.3.1 Continuous-time

The in- and output signals have been corrupted by coloured noise with an

SNR of 28 dB. The results are given in Fig. 6.8. In all three figures, the

estimated instantaneous FRFs are given by the thick grey lines at succeed-

ing time instants. The black lines give the actual instantaneous FRFs. The

mean squared errors (over time) are given by the black dotted line.

It is clear that the monomials as frequency domain basis functions em-

phasise the high frequency errors (left and middle figure). The improvement

when using Legendre polynomials as time domain basis functions is clear

from the comparison of the middle figure with the left one. Also, the result

in the right figure (Legendre polynomials are used for both time and fre-

quency domain basis functions) is significantly better than the two others.

The obvious advantage of the use of Legendre polynomials as basis func-

tions is that an improvement is obtained without the use of any noise infor-
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Figure 6.8: Results of the TLS estimator with different basis functions. Grey
lines: estimated FRFs, black lines: actual FRFs, dotted lines: mean
squared errors on the estimated FRFs over all instantaneous time
instants.
Left: monomials are used for both TDBF and FDBF (Time and
Frequency Domain Basis Functions).
Middle: monomials are used for TDBF and Legendre polynomials
for FDBF.
Right: Legendre polynomials are used for both the TDBF and the
FDBF.
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Figure 6.9: Results of the TLS estimator for the discrete-time system. Same
notational conventions as in Fig. 6.8.
Left: monomials were used as TDBF.
Right: Legendre polynomials were used as TDBF.

mation. However, care should be taken as the uncertainty on the estimated

model is still unavailable.

6.4.3.2 Discrete-time

The in- and output signals have been corrupted by coloured noise with

an SNR of 40 dB. The results are given in Fig. 6.9 (the same notational
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6. Parametric identification of an ODE based model

conventions as in Fig. 6.8 are used). In the left and the right plot simple

monomials and Legendre polynomials were respectively used for the time

domain basis functions. A significant improvement when using Legendre

polynomials is observed over the whole frequency band. Note that, for

the frequency domain basis functions, monomials in z−1
k were used in both

figures.

6.5 Consistent estimators

6.5.1 Definition of consistency for time-varying

systems

In the noisy case, the TLS estimator is known to be usually biased [Pintelon

and Schoukens, 2001, Section 7.10.2], as the noise in the matrixKm in (6.43)

is usually not independent and identically distributed. In Chapter 4 it has

been shown how the variance of the disturbing noise on signals of time-

varying systems could be extracted by using one well designed experiment.

This noise variance can be used to set up more advanced estimators, which

take into account the uncertainty of the measured spectra. As will be shown,

this provides consistent estimators.

An estimator is defined to be consistent if the estimated parameters

converge to the true parameters for a growing amount of data [Ljung, 1999,

Chapter 8]. When considering time invariant systems, a growing amount of

data is obtained from a longer experiment. Intuitively, since the number of

parameters is constant, the amount of information per parameter is growing,

yielding a decrease of the uncertainty on the estimated parameters.

For time-varying systems whose parameters are varying in an arbitrary

fashion, longer experiments yield an increasing number of parameters to

be estimated (i.e. either the measured record should be split in multiple

shorter time pieces or higher order polynomials must be used to track the

variation). As a consequence, the amount of information per parameter

remains unchanged, as does its uncertainty. An estimator for arbitrarily
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6.5. Consistent estimators

time-varying systems is thus never consistent w.r.t. growing measurement

times.

Another approach (the approach that is considered here) is to define

consistency on the fixed time interval [0, T ] (or [0, N − 1] for discrete-time

systems). Two basic assumptions are made. First, it is assumed that

the system under test satisfies the model equation (6.3) inside that time

interval (that is, no model errors are present). Second, it is assumed that

the system is persistently excited inside that time interval and, thus, is

uniquely identifiable (see Section 6.4.1). Note that this does not imply

that the model fits the needs of the application at hand, as mentioned in

Remark 6.3.

A growing amount of data is obtained by repeating the experiment.

When considered in a fixed time interval, repeated experiments should the-

oretically be executed by ‘resetting the time’ after each experiment. In

practice, and for a time variation which can be controlled (as is the case

for ‘parameter varying systems’, discussed in Tóth et al. [2009]; Bamieh

and Giarre [2002]), repeated experiments can be performed by successively

applying the same time variation to the system over and over again.

Two cases can be distinguished. The first is that, for all experiments, the

same excitation is applied (yielding strict requirements on the experimental

setup). Consistency for this case is obvious from the fact that, for noise sat-

isfying Assumption 4.1, the sample means of the measured signals (over the

experiments) converge (for the number of experiments → ∞) to the true

signals. In the second case a different excitation can be applied for each ex-

periment, thus relaxing the requirements. The variance on the parameters

is decreasing, which is not due to a smaller uncertainty on the measured

signals, but rather to a growing number of terms in the cost function. Note

that both cases (averaging the signals or averaging in the cost function)

cause the experiment time to grow to infinity.
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6. Parametric identification of an ODE based model

6.5.2 Maximum Likelihood Estimator

If the input and output signals are corrupted by (coloured) noise which

satisfies the assumptions given in Section 4.2.1, the TLS estimator is in-

consistent. One approach to obtain a consistent estimator is to set up

the Maximum Likelihood Estimator (MLE) in an Errors-in-Variables (EIV)

stochastic framework. It is given by

Θ̂ML = argmin
Θ

eH(Θ)C−1
e (Θ)e(Θ), subject to ‖Θ‖22 = 1 (6.50)

where e is the equation error,

e(Θ) = KmΘ, (6.51)

and Ce is its covariance:

Ce = E
{
ΔeΔeH

}
(6.52)

(Δe denotes the noisy part of e). For time-varying systems Ce is a full

square matrix whose dimensions are equal to the number of data points.

A simpler alternative will be given further on. Ce is obtained as follows.

Consider the following (co)variance of two specific columns of Km, from

(6.25):

CX,n,n′,p,p′(k1, k2) (6.53)

≡E

{
(DFT{bp(tdTs)} ∗ΨnNX)|k1 (DFT{bp′(tdTs)} ∗Ψn′NX′)|k2

}
where ∗ denotes a discrete convolution and with NX , NX′ replaced by NU

and NY , denoting the discrete Fourier transforms of the noise on respec-

tively the input and the output spectra. The argument of the expectation

in (6.53) is written out as

162



6.5. Consistent estimators

(
Ts

N

)2 N−1∑
ν=0

NX(ν)Ψn(ν) DFT{bp(tdTs)}|k1−ν

×
N−1∑
ν′=0

NX′(ν ′)Ψn(ν ′) DFT{bp(tdTs)}|k2−ν′ (6.54)

If the noise is uncorrelated over the frequency (E {NX(ν)NX′(ν
′)} = 0 for

ν �= ν ′), as assumed in (4.4), the expected value of (6.53) over the noise

realisations simplifies to a single summation

CX,n,n′,p,p′(k1, k2) (6.55)

≈
(
Ts

N

)2 N−1∑
ν=0

σ2
XX′(ν)Ψn(ν)Ψn′(ν) DFT{bp(t)}|k1−ν DFT{bp′(t)}|k2−ν

with XX ′ replaced with U , Y , UY and Y U , and σ2
XX′ replaced with σ2

U , σ
2
Y

and σ2
UY . The expression at the right hand side is a (discrete) convolution,

for which fast algorithms exist. Note that, as for slowly time-varying sys-

tems, the time basis functions’ spectra DFT{bp(t)} are concentrated around

the origin, CX,n,n′,p,p′(k1, k2) will be small for k1 � k2 or k1 � k2.

Remark 6.6 (Use of sample (co)variance). If, for the computation of C the

sample (co)variances σ̂2
XX′ are used (that is, estimated from a finite amount

of data), then the sample correlation over the frequency of the noise must

be incorporated also (that is, the double sum in (6.54) must be kept), even

if the noise is uncorrelated over the frequency, to obtain a correct weighting

in the proposed least squares algorithms in the next two sections. This is

explained on a simple example in Appendix 6.E, but not further elaborated

in this work.

When evaluating (6.53) for all combinations of p, p′ = 0, . . . , Np and

n, n′ = 0, . . . , Nα/β, a frequency dependent covariance matrix of all terms

of the TLS cost function can be set up:
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6. Parametric identification of an ODE based model

C(k1, k2) =

⎛
⎜⎝ CY (k1, k2) −CY U(k1, k2)

−CUY (k1, k2) CU(k1, k2)

0Ntr×Ntr

⎞
⎟⎠ (6.56)

with

CY,[(Nα+1)p+n;(Nα+1)p′+n′](k1, k2) = CY,n,n′,p,p′(k1, k2)

CU,[(Nβ+1)p+n;(Nβ+1)p′+n′](k1, k2) = CU,n,n′,p,p′(k1, k2)

CY U,[(Nα+1)p+n;(Nβ+1)p′+n′](k1, k2) = CY U,n,n′,p,p′(k1, k2)

(with CXX′,[i;j](k1, k2) denoting the element at the ith row and jth column

of matrix CXX′(k1, k2)). The zero padding takes into account the covari-

ance of the transient terms, which do not depend on the noise. Note that

CUY (k1, k2) = CH
Y U(k1, k2).

The element at row k1 and column k2 of the covariance matrix of the

equation error (6.51) is now

Ce,[k1,k2] = ΘHC(k1, k2)Θ (6.57)

and can be used in (6.50). Note that for a slow time variation, the most

important elements of Ce lie in a limited diagonal band around the first

diagonal. (Its non-diagonal elements would be zero in the time invariant

case.) The estimators in the following two sections were inspired on this

observation.

6.5.3 Generalised Total Least Squares

The Generalised Total Least Squares (GTLS) estimator [Pintelon et al.,

1998] minimises the cost function given by:

VGTLS =
∥∥∥(KmC

− 1
2

K

)(
C

1
2
KΘ
)∥∥∥2

2
, subject to

∥∥∥C 1
2
KΘ
∥∥∥
2
= 1 (6.58)

where CK is the column covariance of Km, computed as:
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CK = E
{
ΔKH

mΔKm

}
=
∑
k

C(k, k) (6.59)

where ΔKm is the noisy part of Km and C is given in (6.56).

The consistency of the GTLS estimator is proven by rewriting (6.58) as

the sum of a noiseless and a noisy part:

VGTLS =

∑
k |e(Θ, k)|2∥∥∥C 1

2
KΘ
∥∥∥2
2

=

∑
k |e(Θ, k)|2
ΘHCKΘ

=

∑
k |e(Θ, k)|2∑
k σ

2
e(Θ, k)

(6.60)

=

∑
k |e0(Θ, k)|2∑
k σ

2
e(Θ, k)︸ ︷︷ ︸

noiseless part

+

∑
k |Δe(Θ, k)|2∑
k σ

2
e(Θ, k)

+

∑
k 2�

{
e0(Θ, k)Δe(Θ, k)

}
∑

k σ
2
e(Θ, k)︸ ︷︷ ︸

noisy part

,

with �{x} the real part of x, and e(Θ, k) the kth element of the vector e(Θ)

(6.51). All summations over k in (6.60) are for k ∈ K. e0 is the equation

error computed using the noiseless signals U0 and Y0. Assuming that the

latter are independent of the disturbing noise at all frequencies, that is

∀k1, k2 ∈ K,E
{
X0,1(k1)NX2(k2)

}
= 0, (6.61)

where X1 and X2 can both be U or Y , we have that

E

{
e0(Θ, k)Δe(Θ, k)

}
= 0. (6.62)

Since e0(Θ0, k) = 0 (with Θ0 being the true parameter vector) and

E
{|Δe(Θ, k)|2} = σ2

e(Θ, k), (6.63)

we have that the expected value of the cost function (6.58) is minimal in the

true parameter values (the noisy part of the cost function is independent of

Θ), which is a necessary condition for a consistent estimator.

Theorem 6.3. [Consistency] By assuming that i) the true system belongs

to the model set, ii) the system is persistently excited, and noting that the
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6. Parametric identification of an ODE based model

cost function is continuous in the parameters, the GTLS estimator is con-

sistent. The amount of data → ∞ is obtained from an increasing amount

of excitation realisations as described in Section 6.5.1.

Proof. By using the strong law of large numbers [see Lukacs, 1975, The-

orem 4.3.3], one shows that the cost function converges to its limit value.

The lines of the proof in Söderström [1974, Theorem 2] can be followed to

conclude that the estimated parameters converge w.p. 1 to the true ones.

This proves that the estimator is consistent.

The minimiser of (6.58) can for instance be computed through the gen-

eralised singular value decomposition [Bai and Demmel, 1993] of the matrix

pair
{
Km, C

1
2
K

}
.

6.5.4 Weighted nonlinear least squares estimator

As Ce (6.57) is expected to be small at non-diagonal elements, the following

weighted nonlinear least squares (WNLS) cost function is proposed

VWNLS(Θ) = eH(Θ) diag(Ce(Θ))−1e(Θ)

=
∑
k∈K

|e(Θ, k)|2
σ2
e(Θ, k)

, s.t.
∥∥∥Θ̂WNLS

∥∥∥
2
= 1 (6.64)

Theorem 6.4. [Consistency] Under the same assumptions as in Theo-

rem 6.3, the WNLS estimator is consistent.

Proof. The consistency of this estimator is shown by following the same

lines as in Theorem 6.3.

Compared with the MLE, the WNLS estimator is expected to loose

some efficiency. However, it avoids handling of square matrices of sizes that

grow with the amount of data. The associated cost function (6.64) being

nonlinear in the parameters Θ, its minimisation, however, requires starting

values, which are obtained from the TLS estimator, or the more involved

GTLS.
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Being a sum of squares, (6.64) can be minimised using the Levenberg-

Marquardt algorithm [Fletcher, 1987, Chapter 6], as implemented in Ap-

pendix 6.F. The required derivatives for computing the (kth row of the)

Jacobian J[k,:] =
d
dΘ

e(Θ,k)
σe(Θ,k)

are given by

de

dΘ
= Km and

dσ2
e

dΘ
= 2ΘT�{Ce} (6.65)

For slow variations, an approximate expression for the covariance of the

parameters is given by the Cramer-Rao lower bound(see Appendix 6.G for

a more complete expression).

cov
{
Θ̂WNLS

}
≈ (2�{JHJ})−1

(6.66)

6.5.5 Detecting modelling errors

6.5.5.1 Cost function

The presence of modelling errors can, for instance, be detected from an

inspection of the value of the cost function VWNLS in the minimising param-

eter vector. As shown in Appendix 6.H, the expected value and variance of

the cost function in the true parameter vector Θ0 (assuming no modelling

errors are present) are

μVWNLS
= E {VWNLS(Θ0)} = F (6.67a)

σ2
VWNLS

= var {VWNLS(Θ0)} =
∑

k1,k2∈K

∣∣Cε,[k1,k2](Θ0)
∣∣2 � F (6.67b)

with Cε the covariance matrix of the weighted residuals, as defined in

(6.110). The approximation in (6.67b) is valid for slow variations. For

slow variations, the cost function is χ2 distributed. Approximating this by

a normal distribution (this is valid for a sufficiently high degree of freedom,

F , of the χ2 distribution), the 95% confidence bounds can be constructed

as
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6. Parametric identification of an ODE based model

μVWNLS
− 2σVWNLS

< VWNLS(Θ0) < μVWNLS
+ 2σVWNLS

(6.68)

A value for VWNLS(Θ̂WNLS) above these bounds indicate the presence of

modelling errors. A too low value is usually caused by a wrong computation

or implementation of the noise variance.

6.5.5.2 Analysis of the residuals

A more informative way of detecting modelling errors consists of inspecting

the residuals of the least squares fit. When evaluated in the true parameter

vectors, these are zero-mean, circular complex, normally distributed with

known variance given by the main diagonal of Ce in (6.57). Thus, the p%

confidence bound of |e(k,Θ0)| is given by
√− log(1− p)Ce,[k,k]. From the

discussion in Pintelon and Schoukens [2001, Section 9.2.2], these confidence

bounds are also valid in the estimated parameter vector for most practical

cases.

6.6 Piecewise polynomial variations

6.6.1 Description of a piecewise polynomial

Consider a piecewise polynomial γ(t) with breakpoints at time instants de-

noted τ0, τ1, τ2, . . . , τL such that τl is the boundary between the lth and the

(l+1)th sub-record. In the time interval [τl−1, τl] this piecewise polynomial

is described by

γ(t) = γl(t) =

Np∑
p=0

γl,pbp,l(t), for t ∈ [τl−1, τl] (6.69)

with bp,l(t) a pth order polynomial basis function. (6.69) is expressed for

l = 1, . . . , L. In addition, γ(t) is constrained to have continuous derivatives,

up till order R, a user-choosable constant with 0 � R < Np. Thus, at the

lth internal breakpoint it holds that
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6.6. Piecewise polynomial variations

γ
(r)
l (τl) = γ

(r)
l+1(τl), for r = 0, 1, . . . , R (6.70)

with x(r) denoting the rth derivative of x. Equation (6.70) is easily rewritten

in matrix formulation. Consider, for example, Np = 2 and R = 1.

(
b0,l(τl) b1,l(τl) b2,l(τl)

b′0,l(τl) b′1,l(τl) b′2,l(τl)

)
︸ ︷︷ ︸

≡Cl

⎛
⎜⎝ γl,0

γl,1

γl,2

⎞
⎟⎠ (6.71)

=

(
b0,l+1(τl) b1,l+1(τl) b2,l+1(τl)

b′0,l+1(τl) b′1,l+1(τl) b′2,l+1(τl)

)
︸ ︷︷ ︸

≡C̃l

⎛
⎜⎝ γl+1,0

γl+1,1

γl+1,2

⎞
⎟⎠

Expressing this at the L− 1 internal breakpoints yields

⎛
⎜⎜⎜⎜⎝

C1 −C̃1

C2 −C̃2

. . .

C̃L−1 CL−1

⎞
⎟⎟⎟⎟⎠

︸ ︷︷ ︸
≡Cγ

⎛
⎜⎜⎜⎜⎝

�γ1

�γ2
...

�γL

⎞
⎟⎟⎟⎟⎠ = 0 (6.72)

with �γl a column vector stacking γl,p for p = 0, 1, . . . , Np. A homogeneous

matrix equality is found. The coefficients of the piecewise polynomial are

lying in the null-space of the matrix Cγ. Denote Vnull the matrix whose

columns are a basis of this null-space. The coefficients γl,p satisfying (6.72)

can then be written as

⎛
⎜⎜⎝

�γ1

�γ2
...

⎞
⎟⎟⎠ = Vnullψγ (6.73)
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with ψ ∈ RNp,free an arbitrary column vector, and Np,free = L(Np + 1) −
(R + 1)(L − 1) the degree of freedom of the piecewise polynomial. Vnull is

obtained from the SVD (Singular Value Decomposition) of Cγ as the last

Np,free right singular vectors (that is, the singular vectors corresponding to

the zero-valued singular values).

Remark 6.7. Although this section describes piecewise polynomials where

the degrees of the sub-polynomials are all equal, the reasoning can be easily

adapted for sub-polynomials of different orders. This involves the omission

of some columns of Cγ in (6.72) (and the elements of the corresponding �γl

vector). For example, if the second sub-polynomial has a degree which is

one degree lower than the others, Cγ would be built as if all sub-polynomials

had the same degree, after which the last columns of C̃1 and C2 would be

omitted, as well as the last element of �γ2.

6.6.2 ODE with piecewise polynomial variations

Consider a continuous- or discrete-time system described by ODEs (6.1)

in contiguous time intervals bounded by the time instants τ0, τ1, τ2, . . . , τL.

Inside each time interval, the time-varying parameters αn and βn are poly-

nomials with different coefficients. The TLS, GTLS and WNLS can be

constructed for the data of each of these time intervals and solved inde-

pendently of the others. The resulting identified system parameters are

not likely to be continuous, or to have continuous time-derivatives at the

boundaries.

As shown in Section 6.6.1, the constraints for ensuring a smooth tran-

sition (that is, continuous derivatives) of the parameters αn and βn can be

written as a homogeneous matrix equality analogous to (6.72), resulting in

a new parametrisation, such as given in (6.73). Denote Θl the parameter

vector of the system corresponding to the lth time interval (that is, contain-

ing the αn,p, βn,p and transient coefficients for that interval). Implementing

the constraints for smoothness yields the following re-parametrisation:
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Θext =

⎛
⎜⎜⎜⎜⎝

Θ1

Θ2

...

ΘL

⎞
⎟⎟⎟⎟⎠ = VΘψ (6.74)

where VΘ ∈ RnΘ×nψ is obtained in an obvious fashion (by following the same

reasoning leading to Vnull in (6.73)) but is too cumbersome to be written

down here. The length nψ of the new parameter vector ψ equals the total

number of parameters nΘ minus the total number of constraints:

nψ = L [(Nα +Nβ + 2)(Np + 1) + (Ntr + 1)]︸ ︷︷ ︸
=nΘ

− (L− 1)(Nα +Nβ + 2)(R + 1)︸ ︷︷ ︸
number of constraints

with R the highest order derivative of the parameters to be continuous.

The estimators discussed in Sections 6.4 and 6.5 are reformulated in the

following subsections for piecewise polynomially varying coefficients.

6.6.2.1 Total Least Squares

From (6.74), the TLS estimator (6.43) is extended as

⎛
⎜⎜⎝

Kl,1

Kl,2

. . .

⎞
⎟⎟⎠VΘ

︸ ︷︷ ︸
≡Kl,ext

ψ̂TLS ≈ 0 s.t. ‖ψ̂TLS‖2 = 1 (6.75)

Again, ψ̂TLS is computed as the singular vector of Kl,ext corresponding to

its smallest singular value.

6.6.2.2 Generalised Total Least Squares

The GTLS estimator extended to piecewise time-varying coefficients is for-

mulated as the minimiser of the cost function:
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VGTLS,ext =
∥∥∥(Kl,extC

− 1
2

Kl,ext

)(
C

1
2
Kl,ext

ψ
)∥∥∥2

2
, subject to

∥∥∥C 1
2
Kl,ext

ψ
∥∥∥
2
= 1

(6.76)

where CKl,ext
is the column covariance of Kl,ext, computed as:

CKext = E
{
ΔKH

l,extΔKl,ext

}
= V H

Θ

⎛
⎜⎜⎝

CK1

CK2

. . .

⎞
⎟⎟⎠VΘ (6.77)

6.6.2.3 Weighted Nonlinear Least Squares

The extended WNLS estimator ψWNLS,ext minimises the cost function

VWNLS,ext =
L∑
l=1

∑
k∈K

|el(VΘψ, k)|2
σ2
e,l(VΘψ, k)

, (6.78)

w.r.t. ψ and subject to ‖ψWNLS,ext‖2 = 1. This can be solved using the

Levenberg-Marquardt algorithm as implemented in Appendix 6.F with the

Jacobian w.r.t ψ computed as

Jψ =
deext(ψ)

dψ
=

deext
dΘext

dΘext

dψ
= JΘVΘ, (6.79)

with JΘ =

⎛
⎜⎜⎝

de1
dΘ1

de2
dΘ2

. . .

⎞
⎟⎟⎠ .

(with eext stacking all el for l = 1, . . . , L).

Note that, when implementations for the TLS, GTLS and WNLS es-

timators are available for simple polynomially varying coefficients, their

extension to time-varying systems with piecewise polynomially varying co-

efficients mainly consists of constructing VΘ. The consistency of the ex-

tended GTLS and WNLS estimators are proven similarly as Theorems 6.3

and 6.4.
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6.6.3 Discussion

Allowing for piecewise polynomial variations of the coefficients αn and βn of

the ODE gives the ability of identifying a broader range of real-life systems

featuring a smooth time variation. It is a widely accepted statement that

any arbitrary smooth time function can be written (or at least approximated

sufficiently well) as a piecewise polynomial, be it that the lengths of the sub-

records are short enough. Short record lengths might, however, engender

the non-identifiability of the system since a contraction of the sub-records

yields a decrease of the amount of available data per unit of time. This

is prone to cause the uncertainty of the identified parameters to grow to

possibly unacceptable values, or even for the regression matrix to be rank

deficient. Again, a trade-off should be made between the quality of the

identified model and the trackable speed of the time variation.

Remark 6.8. During practical identification procedures, the identified time-

varying parameters αn and βn have been experienced to have simultaneous

zero-crossings, yielding the differential (or difference) equation to be unde-

fined at those times. Note that this is most probably due to a too high degree

of the (piecewise) polynomial coefficients, as a common zero is equivalent

to a common root, which can be factored out and cancels. The coefficients

in the timepiece where the zero-crossing occurs can be described by a poly-

nomial which has at least one less degree, consistent with Remark 6.7.

6.7 Simulation results

6.7.1 Continuous-time system

The discussed WNLS estimator (starting values were obtained from the

GTLS estimator) was applied to the system whose instantaneous poles and

zeroes evolved as shown in Fig. 6.10, left. The evolution of the transfer

functions of the corresponding instantaneous LTI systems given by Defini-

tion 3.2 is given in Fig. 6.10, right. The system was simulated by using

the time domain differential equation solver ‘ode45’ from Matlab R©. The
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6. Parametric identification of an ODE based model

simulated input and output signals were corrupted by coloured, stationary

noise. The time domain total signal-to-noise ratio was 15 dB on both the

input and the output signals. The system orders were Nα = 3, Nβ = 2,

Np = 3, Ntr = 6, yielding a total of 35 parameters to be identified (Ntr is

the degree of I(sk)).
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Figure 6.10: Pole-zero map (left) and evolution of the instantaneous FRF
(right) of the simulated system.
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Figure 6.11: Left: Actual (black full lines) and estimated (grey full lines) in-
stantaneous FRF at various time instants within [0, T ], and dif-
ference between both (black dashed lines).
Right: Left hand side (black dots) and right hand side (grey cir-
cles) of the system equation (6.11), equation error e(k) (black full
line), and its standard deviation σe(k) (grey full line).
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6.7. Simulation results

The simulated system was excited by a band-limited, periodic signal.

The excited frequency band was [1, 100]Hz, and the sampling rate was

1024Hz. The actual instantaneous transfer functions at various time in-

stants is plotted on top of the identified ones in Fig. 6.11, left. Both coin-

cide very well, as is confirmed by the magnitude of the complex error (the

black dashed line in the same figure). In the noiseless case, the error lied

about 100dB below the estimate (not shown in the figure).

The equation error e(Θ, k) after minimisation of the WNLS cost function

is given by the black full line in Fig. 6.11, right, and appears to be at the

same level as its variance σe(k) (grey full line, which was obtained as the

first diagonal of (6.57)). This confirms the correctness of the noise analysis.

The black dots and the grey circles in the same figure are the left and right

hand sides of the system equation, which agree very well, considering the

noise level. The number of complex frequency domain residuals in the cost

function was 813, yielding an expected value of the cost function of 796,

and a standard deviation of 28.2, from (6.67). The cost function for the

estimated parameter values and the current noise realisation was 779.3, thus

clearly lying within the 95% confidence bounds (6.68).

6.7.2 Discrete-time system

The TLS and WNLS estimators are illustrated on the simulated discrete-

time system whose instantaneous poles and zeroes are evolving as given on

the left of Fig. 6.12 by the grey full lines. The system was described by

a difference equation whose coefficients were given by second order poly-

nomials in time. The measurement record was 10240 samples long. The

estimations were performed using the same model orders as for the sim-

ulated system. The estimated instantaneous poles and zeroes from noisy

data using the WNLS estimator are given by the black full lines delimited

by crosses (poles) and circles (zeroes) in Fig. 6.12, left. Clearly, a good

agreement with the actual poles and zeroes is observed.

The output spectrum of the estimated model (black dots in Fig. 6.12,

right) was simulated using the noiseless input signal and compared to the
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Figure 6.12: Left: Evolution of the instantaneous poles and zeroes of the esti-

mated model (black full lines) and the actual model (grey dotted
lines). The poles are delimited by crosses and the zeroes by cir-
cles.
Right: Grey circles: Actual output spectrum. Black dots: simu-
lated output spectrum from the estimated model. Black crosses:
error on the simulated output spectrum. Grey crosses: error on
the simulated output spectrum using a validation data set. Thick
grey full line: noise standard deviation on the output spectrum.

actual output spectrum (grey circles). The difference is given by the black

crosses. The grey crosses give the output error of the estimated model using

a validation data set. It is observed that the estimated model performs

almost as well for the estimation as for the validation data set. In addition,

both errors lie significantly below the standard deviation of the noise σy

(grey full line) on the output spectrum. The same validation test is plotted

in the time domain in Fig. 6.13. The output errors, computed using the

estimation data set (grey full line) and the validation data set agree very

well.

The equation error e(Θ̂WNLS) of the WNLS estimator applied to noisy

data (the signal-to-noise ratio on the input and the output signal was 20dB)

is given by the black full line on the left of Fig. 6.14. It lies at about the

same level as its standard deviation σe (grey full line), as expected when

no modelling errors are present. The number of complex residuals in the

cost function was 3046, the number of free parameters was 23. The value of

the cost function was 2960.5. This falls inside the 95% confidence bounds,
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6.8. Measurement results – continuous-time
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Figure 6.13: Time domain validation. The RMS of the signals in adjacent win-
dows of 50 samples are given.
Black thin line: output signal, computed using noiseless input sig-
nal and estimated model.
Grey thick line: error on the estimated output signal, using the
noiseless estimation data set.
Black thick line: error on the estimated output signal, using the
noiseless validation data set.

since the expected value and standard deviation of the cost function are

3034.5± 55.086.

The TLS estimator was applied to noiseless data. The equation error

e(Θ̂TLS) is given by the black full line at the bottom of Fig. 6.14, right, and

lies at least 250dB below the left (grey circles) and right hand sides (black

dots) of the model equation (6.39). This figure shows that the simulated

data satisfies the proposed model up to the Matlab R© precision.

6.8 Measurement results – continuous-time

The same estimator was applied to measurements on a parameter vary-

ing electronic circuit, consisting of a second order bandpass filter, whose

electronic schematic is given in Fig. 6.15, left. One of the resistors of the

circuit was made variable (implemented as the transistor, giving a weakly

nonlinear resistor), such that the resonance frequency could be tuned as
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Figure 6.14: The black full line gives the equation error e of the WNLS estima-
tor from noisy data (left) and of the TLS estimator from noiseless
data (right). The grey circles and dots denote respectively the
left and right hand sides of the model equation (6.39). The grey
full line (on top of the black line) in the left plot is the standard
deviation σe of the equation error, computed from the diagonal of
Ce, in (6.57).

a scheduling parameter (controlled by the input denoted ‘sched.’ in the

figure). The scheduling parameter’s value followed a triangular wave form

with a periodicity of 0.2s. This gives a slow time variation (compared with

the resonance frequency of the system, which was varying between 3kHz

and 10kHz).

The system was excited by a periodic signal. The period of the scheduling

parameter was an integer multiple of the period of the excitation signal.

The excited frequency band was [0.2, 40]kHz. The signals were sampled at

a sampling rate of 625kHz.

The evolution of the identified instantaneous poles and zeroes is given in

Fig. 6.15, right. The identified instantaneous transfer function for a single

period of the scheduling parameter is given in Fig. 6.16, left. The required

model orders were Nα = 3, Nβ = 1 and Np = 2 (an additional real pole

lying at −3 × 105 was also identified but not shown in Fig. 6.15, as being

far outside the excited frequency band). The scheduling parameter being

non-differentiable at the top of its triangular wave form, the signals were

split into two time pieces (one corresponding with the increasing ramp,

the other with the decreasing one). The time-varying parameters αn(t)
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Figure 6.15: Left: Electronic schematic of the measured system. It is a 2nd
order bandpass circuit with one variable resistor (implemented as
a BF245B transistor) allowing a time-varying characteristic of the
input/output relation. The OPAMP used was a CA741CE and
the transistor a BF245B. Right figure: estimated evolution of the
instantaneous poles (x) and zeroes (o)

and βn(t) were constrained to be continuous, but not differentiable at the

top of the triangular scheduling parameter, and were modelled as piecewise

polynomials (2 pieces) in time, as explained in Section 6.6. In Fig. 6.16,

the equation error (black full line) is seen to be in quite good agreement

with the equation’s error estimated variance (estimated using the method

described in Chapter 4). A few outliers, however, indicate the presence

of modelling errors, which are expected to be due to nonlinear distortions

(possibly due to the nonlinear resistor), as might be confirmed by future

research. The value of the cost function was 12570, this is significantly

outside its 95% confidence region, 8411.5 ± 91.7, as computed by (6.68).

The latter, however, is merely an approximate confidence region, for known

variance and slow variations. Future research might provide confidence

region for the case of estimated noise variance of the spectra.
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Figure 6.16: Left: Evolution of the instantaneous transfer function of a time-
varying electronic circuit, obtained from measurement data.
Right: Residuals of the cost function. The same notational con-
ventions were used as for Fig. 6.11, right.

6.9 Conclusions

Least squares, frequency domain estimators for continuous- and discrete-

time, time-varying systems were constructed. For systems described by or-

dinary difference or differential equations with coefficients varying as poly-

nomials in time, the sampled signals could be directly processed by very fast

algorithms to obtain the required regression matrix. Leakage and aliasing

errors occurred, the first due to the non-periodicity of the response, and the

second (applicable to continuous-time systems only) due to the fact that the

basis functions chosen were not band-limited. Both errors were shown to

be well captured by additional polynomials in the frequency variable. The

generalised total least squares estimator and a weighted, nonlinear total

least squares estimator were set up and proven to be consistent. Their ex-

tension to system parameters varying as piecewise polynomials in time was

shown to be straightforward. The estimators were successfully illustrated

on simulation and on measurement data.
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6.A. Spectral derivative

Appendix

6.A Spectral derivative

6.A.1 Continuous-time

The Laplace transform of a signal x(t) multiplied by tp is (see for instance

in Oppenheim et al. [1983, Section 9.5.8])

L{tpx(t)} =

∫ ∞

0

tpx(t)e−stdt =

∫ ∞

0

x(t)(−1)p
dpe−st

dsp
dt

= (−1)p
dp

dsp

∫ ∞

0

x(t)e−stdt = (−1)p
dp

dsp
L{x(t)} (6.80)

In other words, a multiplication by a monomial of time in the time

domain corresponds to a derivative w.r.t. s in the Laplace domain.

Applying this property to the left hand side of (6.10) gives

L
{
tpw(t)

dnx(t)

dtn

}
= (−1)p

dp

dsp
L
{
w(t)

dnx(t)

dtn

}
(6.81)

which, combined with the results of Appendix 3.B.1 gives the first line of

(6.10).

6.A.2 Discrete-time

The Z-transform of a discrete-time signal x(td) multiplied by td is [Oppen-

heim et al., 1983, Section 10.5.8]

Z {tdx(td)} =
∞∑

td=0

tdx(td)z
−td = −z

d

dz
Z {x(td)} (6.82)

This can be applied recursively to compute Z {tpdx(td)}:
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6. Parametric identification of an ODE based model

Z {tpdx(td)} = −z
d

dz
Z {tp−1

d x(td)
}
=

(
−z

d

dz

)p

Z {x(td)} (6.83)

Combined with Appendix 3.B.2 this gives the first line of (6.35).

6.B Rationale for (6.24)

As assumed, εa(sk) is smooth, and can be captured by a polynomial. Thus,

the last term in (6.24) consists of terms like

DFT{(tdTs)
piDFT{smk }} = DFT{(tdTs)

p} ∗ smk , (6.84)

which is the discrete convolution of two smooth functions in k, except at the

origin (for DFT{(tdTs)
p}, see Fig. 6.17, left plot) or at the sample frequency

(for s3k, see Fig. 6.17, middle plot). The result is also a smooth function

(see Fig. 6.17, right plot).
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Figure 6.17: Convolution of the spectrum of a monomial in t (left plot) and
a monomial in s (middle plot). The result of the convolution is
given in the right plot.
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6.C. Spectrum of a rectangular function

6.C Spectrum of a rectangular function

The spectrum of a rectangular function (1 for t ∈ [0, T ], 0 elsewhere) is

Srect(jω) =

∫ T

0

e−jωtdt =
1

jω

(
1− e−jωT

)
= T

sin
(
ωT
2

)
ωT
2

e−j ωT
2 (6.85)

When evaluated at the DFT frequencies ωk = 2πk
T

(with k ∈ Z), this

spectrum equals T for k = 0, and is zero elsewhere. When evaluated at

ωk+ξ =
2π(k+ξ)

T
, with 0 < ξ < 1:

Srect(jωk+ξ) =
T

j2π(k + ξ)

(
1− e−j2πξ

)
(6.86)

Note that the second factor is independent of k. The spectrum of a win-

dowed complex exponential whose frequency is not an integer multiple of

the fundamental window frequency 1
T
, is a shifted and scaled version of

Srect. The resulting hyperbolic function is commonly known as leakage.

6.D Proof of (6.37)

The difference between the first terms in the right hand sides of (6.35) and

(6.37) is rewritten as (sampled at z = zk):

DFT{tpdw(td)xcirc,n(td)}︸ ︷︷ ︸
=DFT{tpdiDFT{z−n

k DFT{xN (td)}}}
− Z {tpdw(td − n)x(td − n)}|z=zk︸ ︷︷ ︸

=Z{tpdZ−1{z−nXN (z)}}|
z=zk

(6.87)

=
n∑

td=1

x(N − td)(n− td)
pztd−n

k −
n∑

td=1

x(N − td)(N + n− td)
pz−N+td−n

k

=
n∑

td=1

x(N − td) [(n− td)
p − (N + n− td)

p] ztd−n
k ≡ Ix,d(zk)

where xcirc,n is x, circularly shifted over n samples:

xcirc,n(td) =

{
x(td − n) for n � td < N

x(N + td − n) for 0 � td < n
(6.88)
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6. Parametric identification of an ODE based model

The first line in (6.87) expresses that a multiplication by z−n is a ‘regular’

n-shift when using the Z-transform, and is a ‘circular’ shift when using the

DFT. The second line are the non-shared terms of the DFT and the Z-

transform of the first line, and the third line is clearly a polynomial of

degree n− 1 in z−1
k . Combined with (6.35), this proves (6.37).

6.E Sample-correlation over the frequency

Consider the stochastic variable z given by z = ax + by where x and y

are two zero-mean, circular complex, independent stochastic variables. The

variance of z is given by

σ2
z = E {zz} = E

{
(ax+ by)(ax+ by)

}
= |a|2σ2

x + |b|2σ2
y + 2�{abE {xy}}

= |a|2σ2
x + |b|2σ2

y (6.89)

The term including E {xy} drops because of the independence of x and y.

Contrary to this, the sample variance of z (over N realisations) is

σ̂2
z = |a|2σ̂2

x + |b|2σ̂2
y + 2�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
ab

1

N

N−1∑
n=0

xnyn︸ ︷︷ ︸
≡σ̂xy

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(6.90)

where the last term is non-zero (although its expected value is). This causes

the expected value of the inverse of the variance to be

E

{
1

σ̂2
z

}
= E

{
1

|a|2σ̂2
x + |b|2σ̂2

y + 2�{σ̂2
xy}
}

� E

{
1

|a|2σ̂2
x + |b|2σ̂2

y

}
(6.91)

=
N

N − 1

1

σ2
z

(with equality for N → ∞ on the first line).

For the GTLS and WNLS estimators in Sections 6.5.3 and 6.5.4 to be

consistent, the weighting should be (proportional to) σ2
e(k). Therefore,
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6.F. Levenberg-Marquardt minimisation algorithm

(6.91) illustrates that σ̂2
e(k) should be estimated by including the sample

correlation over the frequency of the input and output spectra, as mentioned

in Remark 6.6.

6.F Levenberg-Marquardt minimisation

algorithm

As described in Fletcher [1987, Chapter 6], the Levenberg-Marquardt min-

imisation algorithm solves the following least squares problem in an iterative

fashion

Θ̂ = argmin
Θ

εH(Θ)ε(Θ) (6.92)

For the cost functions in this work, it holds that ε(Θ) is a column vector

whose kth element is

ε(k,Θ) =
e(k,Θ)

σe(k,Θ)
. (6.93)

The ith step of the Levenberg-Marquardt algorithm consists of incre-

menting Θi−1 (the parameter vector at the (i−1)th iteration) with the step

δi, solved from

�{JH
i Ji + λ2InΘ

}δi = −�{JH
i ε}, (6.94)

after which, the parameters are normalised, that is

Θi =
Θi−1 + δi

‖Θi−1 + δi‖2 (6.95)

Note that if the parameter vector consists of multiple sets of dependent

parameters (as in Section 7.3.1), then the normalisation is performed for

each dependent set.

The real part in the left and the right hand sides of (6.94) are taken to

ensure δi to be real. Ji =
dε
dΘ

⏐⏐
Θi−1

in (6.94) is known as the Jacobian. Its kth

row is computed as (subscript i and arguments Θi omitted for convenience)
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6. Parametric identification of an ODE based model

J[k,:] =
d

dΘ

(
e(k)

σe(k)

)
=

de(k)
dΘ

σe(k)
− e(k)

2σ3
e(k)

dσ2
e(k)

dΘ
(6.96)

(this expression works around the explicit computation of d
dΘ

σe =
d
dΘ

√
σ2
e).

δi is equivalently solved from the overdetermined set of equations

(
Ji,re

λInΘ

)
δi =

(
εre

0

)
, with Xre =

(
�{X}
�{X}

)
(6.97)

(Proof: left-multiple the left and the right hand sides by [Ji,re λInΘ
] to

obtain (6.94).) δi is computed explicitly and in a numerically stable fashion

by computing the singular value decomposition (SVD) of Jre [Pintelon and

Schoukens, 2001] (subscript i omitted):

Jre = UJ diag
(
σ1, σ2, . . . , σnΘ,free

)
V T
J (6.98a)

δi = −VJ diag

(
σ1

σ2
1 + λ2

,
σ2

σ2
2 + λ2

, . . . ,
σnΘ,free

σ2
nΘ,free

+ λ2

)
UT
J εre (6.98b)

(proven by substituting (6.98a) into (6.94)). nΘ,free is the number of in-

dependent parameters, and σi is the ith singular value of Jre. Note that

UJ and VJ have nΘ,free columns, namely, the left and right singular vectors

corresponding to the non-zero singular values of Jre.

6.G Covariance of the parameters

Consider the first order Taylor expansion of the derivative of the cost func-

tion around the true parameter values:

V ′(Θ0 + δ) = V ′(Θ0) + δTV ′′(Θ1) (6.99a)
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6.G. Covariance of the parameters

with Θ1 = Θ0 + ξδ, ξ ∈ [0, 1] (proven using the mean value theorem).

The value δ̂ for which V ′(Θ0 + δ̂) = 0 (yielding the minimiser of the cost

function) is given explicitly by

δ̂T = −V ′(Θ0)V
′′ (Θ1)

−1 (6.100a)

≈ −V ′(Θ0)E {V ′′(Θ0)}−1
(6.100b)

The approximation in (6.100b) is asymptotically true for N → ∞ if the

Hessian V ′′ and its derivative converge to their expected value [Pintelon and

Schoukens, 2001, Chapter 15]. For λ = 0, δ̂ is approximated by an iteration

step of the Levenberg-Marquardt algorithm in Θ0, since 2J
T
re(Θ0)Jre(Θ0) ≈

V ′′(Θ0) [Guillaume and Pintelon, 1996]. Assuming that no modelling errors

occur, the covariance of δ̂ is also the covariance of the parameters (argument

Θ0 omitted):

cov
{
Θ̂
}
= E

{
δ̂δ̂T
}
≈ E {V ′′}−1

E

{
V ′TV ′

}
E {V ′′}−1

(6.101a)

= 4E {V ′′}−1
E
{
JT
reεreε

T
reJre

}
E {V ′′}−1

(6.101b)

≈ 4E {V ′′}−1
JT
reE
{
εreε

T
re

}
JreE {V ′′}−1

, (6.101c)

where approximation (6.101c) is valid for a decent SNR such that, the fourth

order moments of the noise can be neglected:

E
{
JT
re

}
E
{
εreε

T
re

}
E {Jre} � E

{
ΔJT

reεreε
T
reΔJre

}
(6.102)

(with ΔJre denoting the noisy part of Jre). Taking into account the defini-

tion of ε in (6.93) yields

cov
{
Θ̂
}
≈ 4E {V ′′}−1

JT
reE

{
diag(Ce,re)

− 1
2Ce,rediag(Ce,re)

− 1
2

}
JreE {V ′′}−1

(6.103)

Assuming that εre(k,Θ) is uncorrelated over the frequency (approxi-

mately valid for slow variations), that is Ce,re ≈ diag(Ce,re), one finds, in

Θ0
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cov {εre} = E
{
εre(Θ0)ε

H
re(Θ0)

}
=

1

2
I2F (6.104)

(the variance of a single element of ε(Θ0) is 1, the variances of the real

and imaginary parts are thus each 1
2
). When approximating the Hessian

by 2JT
re(Θ0)Jre(Θ0), (6.104) plugged into (6.101c) yields an estimate of the

covariance on Θ̂

cov
{
Θ̂
}
≈ 1

2
(JT

reJre)
−1. (6.105)

6.H Expected value and variance of the

cost function

Since the equation error e(Θ0) is zero-mean, complex circular normally

distributed, we have that the expected value of the cost function in the

true parameters is

E {V } =
∑
k∈K

E

{ |e(k,Θ0)|2
σ2
e(k,Θ0)

}
= F, (6.106)

with F the number of elements in K. Its variance is (argument Θ0 omitted)

var {V } = E
{|V − F |2}

= F 2 − 2FE

{∑
k∈K

|ε(k)|2
}

︸ ︷︷ ︸
=2F 2

+E

{ ∑
k1,k2∈K

|ε(k1)|2 |ε(k2)|2
}

(6.107)

where the last term gives:
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6.H. Expected value and variance of the cost function

∑
k1,k2∈K

⎛
⎜⎜⎝E {εk1εk2}E {εk2εk1}︸ ︷︷ ︸

|Cε,[k1,k2]|2
+E
{|εk1 |2}E{|εk2 |2}︸ ︷︷ ︸

=1

⎞
⎟⎟⎠

=
∑

k1,k2∈K

∣∣Cε,[k1,k2]

∣∣2 + F 2 (6.108)

yielding

var {V (Θ0)} =
∑

k1,k2∈K

∣∣Cε,[k1,k2](Θ0)
∣∣2 , (6.109)

with Cε = diag(Ce)
− 1

2Cediag(Ce)
− 1

2 (6.110)

For slow variations, Cε ≈ IF , yielding

var {V (Θ0)}slow = F (6.111)
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Chapter 7

Parametric Identification of

Time-weighted LTI Systems

Abstract

The parametric identification of a time-varying system consisting

of a time-weighted sum of LTI systems is considered. A frequency

domain Errors-In-Variables estimator is constructed, making use of

the knowledge acquired in the previous chapters for obtaining prior

knowledge and an initial estimate.

7.1 Introduction

In Chapters 3, 4 and 5, the model for a time-varying system consisting of

a time-weighted sum of LTI systems was shown to provide an intuitively

interpretable spectral response to a multisine excitation. The LTI systems,

denoted Gp were, however, modelled non-parametrically as an FRF at a

discrete set of excited frequencies. The parametric identification of the Gp

systems is discussed in this chapter, for which the non-parametric FRF from

Chapter 5 can be acquired to obtain an initial estimate. The identification

procedure is formulated as the minimisation of an Errors-in-Variables cost

function, involving a nonlinear optimisation algorithm.
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7. Parametric Identification of Time-weighted LTI Systems

This chapter is organised as follows. Section 7.2 discusses the assump-

tions on the system model, its frequency domain formulation, and the as-

sumptions on the measurement set-up. Section 7.3 constructs the EIV cost

function and discusses its minimisation. Section 7.4 highlights the impor-

tance of a good choice of the time domain basis functions, while Sections 7.5

and 7.6 illustrate the introduced concepts on simulation and measurement

examples respectively. Section 7.7 draws the conclusions.

7.2 Problem formulation

7.2.1 System model considered

Consider the system in Fig. 3.1. Its input/output relation is given by (3.1)

in the time domain. In the frequency domain, the windowed response is

Y (jωk) =

Np∑
p=0

Yp(jωk) =

Np∑
p=0

[(Gp(jω)U(jω)) ∗Bp(jω)]|jω=jωk
(7.1)

It will be assumed that the transfer functions of the LTI systems Gp are

modelled as rational forms in s.

Gp(s) =

∑Nβ,p

n=0 βn,pΨn(s)∑Nα,p

n=0 αn,pΨn(s)
(7.2)

(with Ψn(s) an nth degree polynomial in s, as for instance sn, or the nth de-

gree Legendre polynomial, as was defined in (6.48)). The proposed method

can be easily extended to rational forms in z−1 or
√
s.

Contrary to the non-parametric identification of Gp in Chapter 5, the

choice of the time domain basis functions bp(t) is crucial for the parametric

identification described in this chapter, as will be discussed in Section 7.4.2.
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7.2. Problem formulation

7.2.2 Measurement set-up, excitation and noise

assumptions

The same measurement set-up as shown in Fig. 6.6 on page 150 is consid-

ered. The noise should satisfy Assumption 4.1 on page 68.

The method described in this chapter will be restrained to periodic

excitation signals, s.t. U(jω) = Ums(jω) in (7.1) (with Ums given in (2.3)

on page 23), and will assume that the Gp systems are in steady-state in the

measured time interval. This allows the method described in Chapter 5 to

provide a non-parametric model of Gp(jωke). In addition, this circumvents

the requirement of identifying the transient term of the system, the latter

being zero for a steady-state experiment. The extension of the identification

problem to arbitrary excitations will be briefly discussed in Section 9.1.

7.2.3 Windowing and sampling the signals

The output spectrum (7.1) is related to the input spectrum by convolution

operations. However, as these correspond to time domain multiplications,

the inverse Fourier transform relieves us from that burden.

Denote Θ the column vector stacking the system parameters αn,p and

βn,p in (7.2). Equation (7.1) and its derivative w.r.t. Θ (required later on)

are written as:

Y (jωk,Θ) =

Np∑
p=0

F {w(t)bp(t)F−1 {Gp(jω,Θ)Ums(jω)}
}⏐⏐

ω=ωk
(7.3a)

dY (jωk,Θ)

dΘ
=

Np∑
p=0

F
{
w(t)bp(t)F−1

{
dGp(jω,Θ)

dΘ
Ums(jω)

}}⏐⏐⏐⏐
ω=ωk

(7.3b)

(with w(t) a rectangular window, as defined in (6.9)) such that the most

convenient domain (time or frequency) is chosen to perform the operations
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on the signals. The derivatives of Gp w.r.t. the parameters are

dGp(s,Θ)

dαn′,p
=

−Ψn′(s)
∑Nβ,p

n=0 βn,pΨn(s)(∑Nα,p

n=0 αn,pΨn(s)
)2 , (7.4a)

dGp(s,Θ)

dβn′,p
=

Ψn′(s)∑Nα,p

n=0 αn,pΨn(s)
(7.4b)

Note that, for p′ �= p, it holds that dGp(s,Θ)

dαn,p′
= dGp(s,Θ)

dβn,p′
= 0, yielding lots of

zero terms in (7.3b).

Since the time domain excitation signal ums(t) is periodic and perfectly

band-limited (since it is a multisine), the sampled time domain responses

of the LTI systems Gp are computed exactly as the inverse Discrete Fourier

Transforms (iDFT) of Gp(jωk,Θ)Ums(k), with Ums(k) the DFT of the sam-

pled and windowed excitation signal w(tdTs)ums(tdTs), yielding the following

theorem.

Theorem 7.1. The windowed, steady-state, time domain response of a

system described by (3.1), excited by a band-limited multisine satisfying As-

sumption 2.2 can be computed exactly, at the sample points, as

y(tdTs,Θ) =

Np∑
p=0

bp(tdTs)iDFT {Gp(jωk,Θ)DFT {ums(tdTs)}} . (7.5)

A similar result is valid for its derivative w.r.t. Θ.

A consequence of this theorem is that, if no modelling errors are present,

the DFT of the response computed in (7.5) in the true parameter vector Θ0

and the DFT of the actual response are equal:

y(tdTs,Θ0) = y(tdTs) for td = 0, . . . , N − 1 (7.6a)

⇔ DFT {y(tdTs,Θ0)} ≡ Y (k,Θ0) = Y (k) ≡ DFT {y(td)} (7.6b)

However, note that computing the Fourier transform of the continuous-

time signal as DFT {y(tdTs,Θ)} yields an alias error. This was discussed in

Section 3.4.3 and summarised in Assumption 3.5. The conclusion was that
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7.2. Problem formulation

Y (jωk,Θ) = DFT {y(tdTs,Θ)}+ εa(k) (7.7)

An order of magnitude of the alias error εa(k) is obtained as follows.

For slowly time-varying systems the time-varying gains bp(t) are (or at least

can be approximated by) polynomials in t. In that case their spectra (after

windowing) are not band-limited, but are smooth at the DFT frequen-

cies and are rapidly decreasing as the frequency increases (as discussed in

Section 3.4.4, these spectra are sums of hyperbolas). The DFTs of the re-

sponses of the time-varying gains thus contain alias errors which, however,

are small.

The existence of εa(k) in (7.7) is caused by the repetitions of the sampled

spectrum around the sampling frequency. The main contribution to the

error is due to the skirt-shaped spectrum, centred around the first repetition

of the highest excited frequency. For polynomial time-variations, the skirt

shaped-spectra are hyperbolas. Thus, an order of magnitude of the alias

error is

εa = O
{

(GpU)|kmax

2
(
Tfs
2

− kmax

)
}

(7.8)

where kmax is the DFT bin corresponding to the highest excited frequency.

(Note that Tfs = N is the number of samples in the measured time win-

dow.) Thus, the error is inversely proportional to the distance in bins

between the highest excited frequency and half the sampling frequency.

It should, however, be stressed that, for the purpose of the identification

in the present chapter, the alias error εa does not pose any problem, since

it is equal in both the modelled output’s DFT Y (jωk,Θ) and the DFT

of the actual output Y (k) (be it that no modelling errors are present), as

expressed in (7.6b).
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7.3 Identification procedure

7.3.1 Building the EIV cost function

The EIV estimator proposed in this chapter is a weighted nonlinear least

squares estimator which identifies the model from noisy input and out-

put measurements by finding Θ̂WNLS2 which minimises the following cost

function (subscript WNLS2 is used for differentiating with Θ̂WNLS in Sec-

tion 6.5.4):

Θ̂WNLS2 = argmin
Θ

∑
k∈K

|e(k,Θ)|2
σ2
e(k,Θ)

(7.9a)

subject to the Np + 1 constraints:

‖Θp‖2 = 1, for p = 0, . . . , Np (7.9b)

and with e(k,Θ) = Y (k,Θ)− Ym(k) (7.9c)

where Ym(k) and Y (k,Θ) are the DFTs of, respectively, the measured out-

put signal and the modelled signal using the measured input signal. As

follows from Theorem 7.1, the output error is exactly zero in the noiseless

case if no modelling errors occur. σ2
e is the noise variance of e, and Θp is

the vector containing only the parameters of Gp. The constraints (7.9b) are

required since, from (7.2),

Gp(s, λΘp) = Gp(s,Θp), λ ∈ R0 (7.10)

Note that, if the input signal is noiseless, σ2
e(k,Θ) = σ2

Y (k) holds, such

that the weighting in (7.9a) is independent of Θ. For noisy input and output

signals, the variance of the output error is computed as (frequency index k

omitted)

σ2
e(Θ) =

Np∑
p,p′=0

E

{
[Bp ∗Gp(Θ)NU ]

[
B′

p ∗Gp′(Θ)NU

]}
(7.11)

− 2�
{

Np∑
p=0

E
{
[Bp ∗Gp(Θ)NU ]NY

}}
+ E

{
NYNY

}
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with ∗ denoting a discrete convolution. If the noise is uncorrelated over

the frequency (that is, Assumption 4.1 is satisfied), σ2
e is computed – by

following the reasoning for computing (6.53) – as

σ2
e(k,Θ) =

1

N2

Np∑
p,p′=0

N−1∑
ν=0

σ2
U(ν)Gp(ν,Θ)Gp′(ν,Θ)Bp(k − ν)Bp′(k − ν)

− 2

N
�
{

Np∑
p=0

σ2
UY (k)Gp(k,Θ)Bp(0)

}
+ σ2

Y (k), (7.12)

where the first term at the right hand side can be written in the following

convenient and computationally efficient way (argument Θ omitted)

1

N2

Np∑
p,p′=0

iDFT
{
DFT
{
σ2
U(k)Gp(k)Gp′(k)

}
DFT
{
Bp(k)Bp′(k)

}}
. (7.13)

The expression (7.12) can be extended to correlated (over the frequency)

noise with a limited correlation length, say ρ (argument Θ omitted):

σ2
e(k) = − 2

N
�
{

Np∑
p=0

ρ∑
r=−ρ

covUY (k − r, k)Gp(k − r)Bp(r)

}
+ σ2

Y (k) (7.14)

+
1

N2

Np∑
p,p′=0

ρ∑
r=−ρ

N−1∑
ν=0

covU(ν, ν + r)Gp(ν)Gp′(ν + r)Bp(k − ν)Bp′(k − ν − r)

with covXX′(k, ν) = E

{
X(k)X ′(ν)

}
. Note that, in the second line, the

terms of the sums over r (that is, each term is itself a sum over ν) for r

negative are the complex conjugates of the terms for r positive. Thus, the

number of computations is divided by two when taking twice the real part

of each term for r > 0 only, and omitting the terms for r < 0.

7.3.2 Consistency, efficiency, and detecting

modelling errors

The consistency of the estimator can be proven by following the lines of

Section 6.5.3
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Theorem 7.2. [Consistency] Under the same assumptions as in Theo-

rem 6.3, the EIV estimator in (7.9) of time-weighted LTI systems is con-

sistent.

Similarly as for the WNLS estimator described in Section 6.5.4, the

WNLS2 estimator (7.9) looses efficiency w.r.t. the MLE. The latter takes

into account the correlation of e over the frequency and is built in a similar

fashion as (6.50). Remark that, as it was the case in Section 6.5.2, the

equation error e is correlated over the frequency, even if the disturbing

noise isn’t. The full covariance matrix of e has not been computed in this

thesis and is a possible subject for future research.

The covariance of the estimated parameters Θ̂WNLS2 is given by (6.103)

in Appendix 6.G and is, roughly (for slowly time-varying systems):

cov
{
Θ̂WNLS2

}
≈ (2�{JHJ})−1

.

The discussion concerning the detection of modelling errors in Sec-

tion 6.5.5 is equally valid for the present estimator.

7.3.3 Obtaining initial estimates

The minimisation problem (7.9a) is non-quadratic in Θ (as both e and σ2
e

are nonlinear in Θ) and, thus, requires starting values. These are obtained

from the non-parametric estimate of the FRFs of Gp (for p = 0, . . . , Np), as

discussed in Chapter 5, followed by their parametric identification. This is

detailed as follows.

1. At the excited frequencies, the output DFT spectrum YGp(ke) = θp,ke

(for ke ∈ Kexc, and p = 0, . . . , Np) of the LTI system Gp is obtained by

following the methodology in Section 5.3. Its variance at the excited

frequency bin ke is obtained as the main diagonal of CθLS,ke
, in Sec-

tion 5.5. At the unexcited frequencies, YGp(kne) = 0 (for kne /∈ Kexc).

Section 5.6 helps determining whether the chosen time domain basis

functions and degree of time variation yield a possible candidate for

the system under test. Note that a positive result from the whiteness

test in Section 5.6 does not guarantee that the parametric identifica-
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tion with the chosen model structure will be successful, as discussed

in Section 7.4.2.

2. The numerator and denominator coefficients of each Gp can now be

estimated parametrically from their input/output DFT spectra pairs

Ums and YGp , and from their (estimated) variances, by using for in-

stance the MLE estimator for LTI systems in Pintelon and Schoukens

[2001, Chapters 7 and 8] or Pintelon et al. [1994], which is a special

case of the WNLS estimator described in Section 6.5.4 (namely where

the degree of the time variation of each Gp is set to zero).

7.3.4 Levenberg-Marquardt algorithm for

minimising the cost function

The cost function (7.9a) being a sum of squares, it is well-suited to be

minimised by the Levenberg-Marquardt algorithm as implemented in Ap-

pendix 6.F. The required derivatives for computing the Jacobian in (6.96)

are (from (7.5) and (7.12)):

de(k,Θ)

dΘ
=
dY (k,Θ)

dΘ
(7.15a)

=

Np∑
p=0

DFT

{
bp(tdTs)iDFT

{
dGp(jωk,Θ)

dΘ
DFT {ums(tdTs)}

}}
,

dσ2
e(k,Θ)

dΘ
=

1

N2

Np∑
p,p′=0

N−1∑
ν=0

σ2
U(ν)

d

dΘ

(
Gp(ν,Θ)Gp′(ν,Θ)

)
Bp(k − ν)Bp′(k − ν)

− 2

N
�
{

Np∑
p=0

σ2
UY (k)

dGp(k,Θ)

dΘ
Bp(0)

}
+ σ2

Y (k), (7.15b)

A similar efficiently computable expression as (7.13) can be constructed

for the first term in (7.15b). Note that, if the input signal is noiseless

(σ2
U = σ2

UY = 0), (6.96) reduces to (the kth column):
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J[k,:] =
de(k,Θ)

dΘ

σY (k)
(7.16)

Due to the Np + 1 constraints in (7.9b), the number of free parameters

nΘ,free in (6.98) equals

nΘ,free = nΘ − (Np + 1). (7.17)

7.4 Alternative choice for the time domain

basis functions

7.4.1 Possible problem with the polynomial basis

functions

Observe that the instantaneous systems associated with the system in

Fig. 3.1 has poles, the locations of which are independent of the time in-

stant t∗ at which the instantaneous system is computed. This is shown as

follows. The definition of the instantaneous transfer function is repeated

for convenience

Ginst(s, t
∗) =

Np∑
p=0

Gp(s)bp(t
∗). (7.18)

It is clear, by setting all the terms (rational forms in s) on the same de-

nominator, that the instantaneous poles are independent of the value of

t∗. As such, the current model is unable to perfectly track ‘time-varying

poles’. Changes in resonance frequencies and damping are merely changes

in residues of the corresponding poles.

Also, it has been experienced that, when approximating an ODE-based

TV system (3.3) by the model (3.1), the required orders of the Gp systems

tend to be inconveniently high. Intuitively, this is explained by the fact that,

for basis functions bp(t) which are spread over the whole time record (e.g.

polynomials), each LTI system Gp (starting with p = 0) is responsible for
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7.4. Alternative choice for the time domain basis functions

capturing a part of the time-varying dynamics over the whole measured time

interval. To do that, eachGp should incorporate the dynamics of the system,

over the complete time interval also, yielding increased model complexities.

Alternative basis functions mitigating this problem are presented in the

next section.

7.4.2 Localised, piecewise polynomial basis functions

It has been experienced that, for modelling systems which are expected

to exhibit time-varying poles (as ODE-based time-varying systems for in-

stance), better results are obtained when using localised time basis func-

tions, such that bp(t) is only different from zero in a restricted time window

with width Δt, namely
[
tp − Δt

2
, tp +

Δt
2

]
. In this case, the discussion in

Section 7.4.1 is still valid, i.e. the poles are still time-invariant, but in each

small time window, very few poles have dominating residues (the residues

of most poles are zero).

A convenient choice of basis functions is illustrated in Fig. 7.1 and is

a basis for piecewise polynomial functions, or splines, of degree, say, n. A

single basis function is constructed as follows. Consider n + 1 time pieces

(delimited by the grey dashed lines in Fig. 7.1, left) inside which the basis

function is described by an nth degree polynomial. This yields (n + 1)2

coefficients to be determined. Express that at all n breakpoints (given by

the black circles) all derivatives till the (n−1)th order and the function itself

are continuous (yielding n2 homogeneous constraints). At the extremities,

the function and its n− 1 first derivatives are constrained to zero (yielding

2n additional homogeneous constraints). The number of free coefficients is

then

(n+ 1)2︸ ︷︷ ︸
# coefficients

− (n2 + 2n)︸ ︷︷ ︸
# constraints

= 1 (7.19)

The constraints on the coefficients being homogeneous, the basis func-

tion is completely determined, for a given scaling factor. In the context of

the parametric identification of (7.1), this scaling factor is the gain of the
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system Gp. The complete basis is obtained as juxtaposed basis functions

with an overlap of n time pieces, as given in the upper right plot of Fig. 7.1.

This basis will be used to model the measured system in Section 7.6. As

an example, a piecewise polynomial function of third degree, obtained as a

random linear combination of the basis functions, is given in the lower right

plot.
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Figure 7.1: Left plot: A single basis function, consisting of a piecewise poly-
nomial of third degree.
Upper right plot: complete basis for piecewise polynomials in
the time window [0s, 1400s], with breakpoints every 200s.
Lower right: Random linear combination of the basis functions.

7.4.3 Trading-off the smoothness of interpolation for

the localness of the basis functions

The degree n of the spline determines the smoothness of the interpolation

at the breakpoints, and the width of the basis functions. A lower n results

in a rougher interpolation. A higher degree, for a fixed dimension, yields

wider basis functions (width proportional to n), thus loosing their localness.
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The best choice for n depends on the application, and can be asserted from

the ability of the model to describe the data.

7.5 Simulation results

The proposed method was applied to the simulated system, described by

model (7.1), with Np = 3 (i.e. the system consisted of Np + 1 = 4 par-

allel branches). The amplitude and phase characteristics of the transfer

functions of the LTI systems Gp are shown in Fig. 7.2. The orders of the

numerators and denominators of the systems Gp were, for increasing p, 1/3,

2/3, 2/4, and 3/5. The time-varying gains bp(t) were the first four Legendre

polynomials (time-scaled, such as to fit the complete time window consid-

ered), given in the left plot in Fig. 3.6 on page 48. The input signal was

a multisine with Ne = 128 excited harmonics. The input and the output

signals were disturbed by coloured noise. Their time domain signal-to-noise

ratios were 25 dB for the output signal and 10 dB for the input signal. The

identification was performed with the correct model orders and with the

same time-weighting functions as used for the simulation.

The result of the identification is shown in Fig. 7.3. The amplitudes

of the estimated non-parametric transfer functions of the LTI systems Gp

(used for the initial estimate) are given by the crosses (a different shade of

grey was used for each p). Their parametric estimate are given by the full
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Figure 7.2: Transfer functions of the LTI systems Gp (left figure gives the am-
plitude and the right one the phases) – Simulated system.
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lines on top of the crosses. The non-parametric and parametric estimates

clearly agree very well. The amplitudes of the complex differences between

the true transfer functions and the parametrically estimated ones are given

by the dots and have the same order of magnitudes as their standard devi-

ations (given by the circles, obtained from a Monte-Carlo simulation with

10 noise realisations).

From a single experiment only, the quality of the fit can be assessed

from the plot in Fig. 7.4. The simulated Ym(k) (black dots) and estimated

Y (k, Θ̂) (grey full line) output spectra agree very well. Their difference

e (black circles), obtained as (7.9c), follow the estimated noise variance

(grey broken line, obtained using the sample variance of the signals from 5

experiments) very well, as they should, if no modelling errors are present.

The black full line is the true noise variance.

For the parametric identification, 2541 complex samples of the input

and output spectra were used for identifying 27 independent parameters,

yielding an approximate decrease of the output error of
√

27
2541

≈ 20dB

(w.r.t the noise). This is confirmed by the grey crosses in Fig. 7.4, which
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Figure 7.3: Simulation results: amplitude FRF of the identified Gp. Crosses:
non-parametric estimates. Full lines (on top of the crosses): para-
metric estimates. Dots: error on the parametric estimates. Circles:
noise variance on the estimates.
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Figure 7.4: Identification results: output spectrum. Measured Ym(k) (black
dots) and estimated Y (k, Θ̂) (grey full line) output spectrum. Out-
put error e(k, Θ̂): black circles. Estimated output error noise vari-
ance σ̂2

e(k, Θ̂): grey broken line on top of the black circles. The true
output noise variance σ2

e(k, Θ̂) is given by the black full line. Grey
crosses at the bottom: error on the estimated output spectrum
(using true input and estimated model).

is the error of the estimated response (i.e. using the estimated model and

the noiseless input signal) lying about 20 dB below the noise variance.

7.6 Results on measurements

The identification algorithm was also applied to measurements on a time-

varying second order bandpass circuit (schematic in Fig. 6.15, left). The

circuit was made time-varying by implementing one of the resistors as a

transistor, whose base voltage was controlled by a scheduling input. A

linearly decreasing scheduling voltage with time was applied, yielding a

(theoretic) system with one fixed zero at the origin and a pair of complex

conjugate poles, varying parallel to the imaginary axis. The circuit was

excited by a multisine with Ne = 50 excited frequencies. The circuit was

modelled as in Fig. 3.1, by using two sets of time domain basis functions
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bp(t): i) localised, piecewise polynomials, discussed in Section 7.6.1, and ii)

Legendre polynomials, discussed in Section 7.6.2.

7.6.1 Measurements: local piecewise polynomial

basis functions

The orders of all Gp’s were 1 for the numerator and 4 for the denominator.

The basis functions were piecewise polynomials of degree 2 (as explained in

Section 7.4.2). The number of branches was Np + 1 = 20.

The parametric identification was performed using 3961 complex sam-

ples of the input and output spectra. Fig. 7.5 gives the measured (black

dots) and estimated (grey full line) output spectrum. The difference e be-

tween both is given by the black circles. Although these are slightly higher

than the estimated noise variance (grey broken line, estimated using the

method in Chapter 4), the error lies at least 50 dB below the level of the

excited frequencies, which is already an appreciable quality for most appli-

cations. The disagreement of e and its variance indicates the presence of

unmodelled dynamics, especially around the resonance frequency of the cir-

cuit. This is explained by a combination of i) the fact that the time-varying

poles of the system are described by weighted time-invariant poles, and ii)

nonlinear distortions due to the transistor.
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Figure 7.5: Measurement results. Same notational conventions as in Fig. 7.4
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Figure 7.6: Measurement results. Left: Estimated poles (x) and zeroes (o) of
the Gp systems. Right: transfer functions of the corresponding LTI
systems.

The highly localised nature of the basis functions intuitively causes the

identified Gp’s to give approximately the frozen system, corresponding to

the maxima of each basis function. In other words, the succeeding Gp’s

roughly give the evolution of the transfer function of the system with time.

This is illustrated in Fig. 7.6, right. The identified zeroes are observed to be

(almost) fixed at the origin, while the poles move (almost perfectly) along

a parallel of the imaginary axis (left of Fig. 7.6). Note that the Gp systems

have a second pair of (stable) complex conjugate poles (not shown in the

figure) located around (−3± 100j)× 105, which have little influence on the

dynamics in the frequency band of interest.

7.6.2 Measurements: Legendre polynomial basis

functions

A similar analysis was conducted where the bp(t) basis functions were the

Legendre polynomials of degrees 0, . . . , 19 such that the same number of

basis functions were used as in Section 7.6.1. The numerators and denomi-

nators of all the Gp systems were given order 2/5 (i.e. 1 order higher than

in Section 7.6.1.

The estimated output spectrum (grey full line) is compared with the
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7. Parametric Identification of Time-weighted LTI Systems

measured one (black dots) in Fig. 7.7. It is clear, from their difference

(black circles) that the ability of the current model to describe the system’s

behaviour is significantly lower than the model used in Section 7.6.1, even

with the increased model order. This observation is confirmed in Fig. 7.8,

where the non-parametric FRFs (grey shaded crosses) of the Gp systems

are compared with the parametric ones (thicker full lines). The latter are

not able to follow the former, which presumably indicates the requirement

for still higher model orders.
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Figure 7.7: Measurement results, when using Legendre polynomial time do-
main base functions. Same notational conventions as in Fig. 7.4

7.7 Conclusions

This chapter discussed the parametric identification of the parallel con-

nection of time-weighted LTI systems, excited by a multisine signal. A

consistent EIV estimator was constructed, making use of the knowledge

acquired in the previous chapters for obtaining an initial estimate. The im-

portant observation was made that, although polynomial time domain basis

functions are perfectly usable for identifying the system non-parametrically,

they are useless for the parametric identification of a great deal of practical

time-varying systems.
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Figure 7.8: Measurement results, amplitude of the transfer functions of Gp for
bp(t) equal to Legendre polynomials. Crosses: non-parametric ini-
tial estimate, thick full line: parametric estimate.

209





Chapter 8

Conclusions

8.1 Main contributions

In this PhD, methodologies were developed and implemented for extracting

information on the dynamic behaviour of linear, time-varying systems from

noisy input-output data. All methodologies have been validated for cor-

rectness on simulation examples and, most of them, also on measurements

of a real-life application. The problems were formulated in the frequency

domain. The main contributions are summarised as follows.

• A qualitative interpretation of the spectral response of a broad class

of linear, time-varying systems to multisine excitations was provided.

A glance at the output spectrum reveals whether the system is time-

varying and gives a rough idea of the speed of variation.

• The evolution of the instantaneous frequency response function was

estimated non-parametrically, and validated through an exhaustive

correlation test of the residuals. Here also, the multisine excitation

plays a crucial role. The limitations concerning the use of the in-

stantaneous system were highlighted. Namely, it was shown that two

different but equivalent model structures might yield different instan-

taneous systems.
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• From a single experiment, again using a multisine excitation, the dis-

turbing noise was estimated non-parametrically. This noise variance

estimation is decoupled from the parametric identification of the dy-

namics of the system.

• It has been shown that two particular continuous-time, time-varying

model structures can be calculated in the frequency domain from sam-

pled data, within an arbitrary precision. No laboriously designed

‘initial and end condition filters’ are needed. For the corresponding

time-varying discrete-time systems, the difference equation was de-

scribed exactly in the frequency domain, by using the DFT of the

signals.

• The parametric identification of two model structures for continuous-

time, linear, time-varying systems were investigated within an errors-

in-variables framework, thus allowing the output and the input signals

to be corrupted by noise. The parametric estimates were shown to

be consistent, assuming that the noise power spectrum is available

(non-parametrically).

8.2 Take-home message

The most important lesson to be drawn from this research is that, just as

for (nonlinear) time invariant systems, the use of multisines as excitation

signals for the identification of time-varying systems must be encouraged.

This is motivated by their crucial role in the added value of the above

mentioned contributions.
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Chapter 9

Future research

Abstract

Research is a never ending-story. Some possible extensions and

ideas for future work are briefly discussed.

9.1 Time-weighted LTI systems:

Generalisation to Arbitrary Excitations

In Chapters 5 and 7 the system under test was assumed to be excited by a

multisine signal. Chapter 7 even assumed the system to be in steady-state.

If the system is excited by a non-periodic signal, or the LTI systems Gp

are not in steady-state inside the measured time interval, the input/output

relation of the system Gp in Fig. 3.1 is described by (see Appendix 3.C or

Pintelon and Schoukens [1997], argument s omitted):

ApYGp,T + Iy = BpUT + Iu (9.1a)

⇔ YGp,T =
Bp

Ap

UT +
Iu − Iy
Ap︸ ︷︷ ︸

≡TGp

, (9.1b)

where Iu and Iy are polynomials at the DFT frequencies sk. Thus, TGp is a

rational form in sk. A similar expression is valid for discrete-time systems
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[Pintelon et al., 1997]. The consequences of the generalised expression (9.1b)

on the estimators in Chapters 5 and 7 are discussed in the following two

sections.

9.1.1 Non-parametric estimation of the

instantaneous FRF

In Chapter 5, the algorithm made explicit use of the fact that a significant

amount of unexcited frequencies are present between each consecutive pair

of excited ones. This was required to obtain an overdetermined set of equa-

tions in Section 5.3.2. If all frequencies in the considered frequency band are

excited, no skirt-shaped contributions can be discerned (that is, the skirts

are all overlapping), and the algorithm in Chapter 5 is not applicable.

Early research investigating this problem is found in Widanage et al.

[2010]. Additional equations were constructed, constraining the non-

parametric Gp estimates to be smooth over the frequency. To this end,

Gp(jωk) was modelled as a (low order) polynomial in a narrow frequency

band around jωk, given by {jωk′}, k′ ∈ [k − n, . . . , k + n], with n being a

user-tuneable parameter (trading-off the bias error on the estimated FRF

and the identifiable degree of the time variation). The presence of the tran-

sient term TGp did not pose a problem. It could, like in Chapter 5, be

modelled as an additional polynomial. Promising results were obtained.

9.1.2 Parametric estimation

In Chapter 7, all Gp systems were assumed to be in steady-state, yielding

TGp = 0 in (9.1b). The multiplication of yGp,T (t) (i.e. the time domain

version of YGp,T ) by a polynomial in t yields the derivative of the term TGp

(in the frequency domain). The result is still a rational form in sk which,

however, includes higher powers of A in the denominator, which must be

identified parametrically. Since A is also present in the dynamics of the

system, this induces a more complex computation of the cost function and

the Jacobian. Note also that, when evaluated in any s, TG contains terms

214



9.2. Generator loading

with factors e−sT , which must be taken into account when calculating the

derivative. However, as these terms remain in the numerator, the coeffi-

cients of which do not really matter (see Remark 6.4), this does not have

major implications on the identification algorithm.

9.2 Generator loading

In Chapters 2 to 5 and 7, it was assumed that the excitation signal could

be imposed exactly to the system (such as to be able to use a multisine as

excitation signal). In many applications, this assumption is only approxi-

mately valid. For instance, in electronics, and in mechanical applications,

the system under test loads the generator. That is, if the electronic system

does not have a perfectly constant input impedance w.r.t. the frequency,

and the generator does not have a zero output impedance (considering a

voltage source), then the excitation will be coloured by the circuit under

test. For mechanical systems, it is usually difficult to apply a high exciting

force at the resonance frequencies, yielding a dip in the input spectrum at

those frequencies.

For both practical examples, if the systems are time-varying, the ‘dis-

torted’ excitation will not even be periodic anymore, such that the system

is certainly not excited by a multisine. From a system theoretic point of

view, this means that the system is measured in feedback, as illustrated in

Fig. 9.1, left.

U

Y
Uref

U

Y
Uref

+

LTVfb

LTV ≡ LTVY

LTVU

Figure 9.1: Model the behaviour of the system from the reference signal to the
input and the output signals.

A possible solution to bypass this problem might be as follows. Under
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the assumption that the ‘actually applied’ excitation signal U can be mea-

sured, the setup could be identified as a single-input, two-output system.

The input would be the reference signal Uref, i.e. the (perfectly known) dig-

ital signal stored in the arbitrary waveform generator. The (new) outputs

would be U and Y , as illustrated in the right schematic in Fig. 9.1. In this

schematic, LTVU and LTVY can be modelled as a time-weighted combina-

tion of LTI systems, as in Fig. 3.1, by using the identification methods in

Chapters 5 and 7. The remaining challenges are

• to determine the relationship between the resulting identified instan-

taneous FRFs of LTVU and LTVY , and the one of the LTV system in

the left schematic in Fig. 9.1, and

• to carry out the noise analysis, which might be more convoluted due

to the intrinsic time-varying feedback of the setup, yielding a time-

varying correlation between the input and the output noise.

9.3 (Weakly) nonlinear time-varying

systems

Leaving the assumption of linearity is often experienced as being an unpre-

dictable and hazardous initiative. A common practice is to keep the extent

of the considered model structures limited. A proposition for a simple non-

linear, time-varying system would be the time-weighted parallel structure

in Fig. 3.1, where all the Gp systems would be replaced by nonlinear, time

invariant systems Gnl,p, each modelled as a Volterra series, as illustrated in

Fig. 9.2.

As discussed in Section 2.4.1, the response of a time invariant Volterra

series to a multisine is again a multisine with the same fundamental fre-

quency. The distinction with LTI systems is that the output spectrum

contains energy at all multiples of the fundamental frequency, also those

which were not excited in the input spectrum. However, the DFT frequen-

cies which are non-integer multiples of the fundamental frequency remain
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.

.

.

+

Gnl,Np bNp (t)

Gnl,2 b2(t)

Gnl,1

Gnl,0

b1(t)

b0(t)
u(t) y(t)

Figure 9.2: Simple example of a nonlinear, time-varying system.

unexcited in the output spectrum. This means that, if the basis func-

tions bp(t) are polynomials in time, a similar interpretation of the output

spectrum as given in Chapter 3 is valid: the output spectrum consists of

scaled and phase-shifted skirt-shaped spectra, centred around all multi-

ples of the fundamental frequency of the exciting multisine. The output

spectrum of each distinct nonlinear system Gnl,p can be extracted using a

similar algorithm as discussed in Chapter 5, and analysed, as described in

Section 2.4. This would yield a linear approximation of all Gnl,p systems in

Fig. 9.2. Early research tackling this problem for the special case of peri-

odically time-varying systems can be found in Neirinckx [2010]. Two main

questions remain unanswered:

• Is the estimated linear approximation (as described above) equal to

(or related to) the BLTVA1, that is, the best approximation (in least

squares sense) of the time-varying nonlinear system as an LTV sys-

tem?

• To what extent is the model structure proposed in Fig. 9.2 applicable

to a broad(er) range of nonlinear time-varying systems?

1Best Linear, Time-Varying Approximation
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9.4 Consistency proof in case of estimated

noise covariances

The parametric identification techniques in Chapters 6 and 7 make use

of a known non-parametric model of the noise (co-)variances. Chapter 4

provides an estimate of the noise variance, based on measured data. The

consistency of estimators using estimated noise variances has been proven

in the LTI case in Mahata et al. [2006]. A few concerns pop up in the LTV

case.

• Consistency is usually proven by assuming that the data record used

for estimating the noise variance is independent of the data for es-

timating the dynamics. In that case, when replacing the true noise

variance by its estimate in (6.64) and (7.9a), the expected value of

the cost functions can be written as

E

{
V̂WNLS(θ)

}
= E

{∑
k∈K

|e(θ, k)|2
σ̂2
e(θ, k)

}
(9.2a)

=
∑
k∈K

E
{|e(θ, k)|2}E{ 1

σ̂2
e(θ, k)

}
︸ ︷︷ ︸
=M−1

M−2
1

σ2
e(θ,k)

(9.2b)

(proof for E {σ̂−1
e } in Appendix 9.A, or in Schoukens et al. [1997],

with M the number of experiments used to determine the noise) and

the proof for consistency in Section 6.5.3 remains valid. However,

this means that multiple experiments with the same time variation

must be made. This is a major drawback for time-varying systems,

especially if the time variation cannot be controlled. Proving consis-

tency if the estimated noise variance depends on the noise on e has,

seemingly, not been done in the literature.

• As mentioned in Remark 6.6, when computing the sample variance of

the equation error (that is, using the estimated noise (co-)variances
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of the input and output spectra), the sample correlation over the

frequency must also be taken into account, even if the noise is not

correlated over the frequency.

Note that, when using the generalised sample mean and sample vari-

ance as explained in Section 4.4.3, the noise on the generalised sample

means of the spectra is correlated, which is a direct consequence of

the smoothing over neighbouring frequencies. This must certainly be

taken into account when computing σ̂e.

• On the other hand, when estimating the noise from a single experi-

ment, it is not clear how the sample correlation over the frequency can

be estimated, as it is not distinguishable from the deterministic con-

tribution. This is because a frequency correlation of the noise would

introduce smoothness of the noisy samples, which would be recognised

by the local least squares fit as being a deterministic contribution.

Note that, although the discussion above is slightly pessimistic, simula-

tion results obtained in this thesis showed that both parametric methods

gave more than acceptable results for reasonable SNRs (i.e. for SNR >

20dB).

9.5 Estimation of non-stationary noise

In many practical examples, the disturbing noise on the measured input

and output signals of a particular system is ‘filtered’ by the dynamics of

this system. As a consequence, if it concerns a time-varying system, the

disturbing noise is non-stationary. Translated to the frequency domain,

this means that the spectrum of the noise is correlated over the frequency.

As pointed out in the previous section, the proposed noise variance esti-

mation techniques are not suited for distinguishing the correlation of the

noise over the frequency from the deterministic part of the signal. Possible

ways of tackling this problem would be to model the dynamics of the noise

parametrically, simultaneously with the dynamics of the system, or to es-
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timate the noise non-parametrically from multiple experiments (being very

inconvenient for time-varying systems).

9.6 Frequency domain approach to LPV

modelling

Estimators of LPV systems have been described in the literature, an over-

view of which is found for instance in Tóth [2010, Chapter 1]. These are,

however, restrained to time domain formulations, usually within an output-

error, or prediction-error framework. As a consequence, some methods

which were applied to LTV systems in this thesis could have an added

value when applied to LPV systems. For instance, the direct identification

of continuous-time LPV systems within an errors-in-variables framework is

an unexplored research topic.

Although the methods in this thesis consider the identification of LTV

systems, some results and concepts might be useful for the identification of

LPV systems also, as briefly discussed in the following sections.

9.6.1 Two-stage identification

In the case where the system parameters depend on (external) scheduling

parameters, the identification of the system could be performed in two

steps. Denote θ{ξ} the vector of system parameters, which depend (possibly

dynamically) on the vector of scheduling parameters ξ.

1. First, the parameters θ are identified as functions of time for a specific

time-trajectory ξ(t) of the scheduling parameters (note that condi-

tions of persistence of excitation apply).

2. Then, the system parameters are identified as operators on the sched-

uling parameters θ{ξ}. In general, this is a MIMO identification prob-

lem of a nonlinear dynamic system, where the input vector is ξ and

the output vector is θ. Two simplified cases can be considered.
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9.6. Frequency domain approach to LPV modelling

• θ is a static nonlinear function of ξ (that is, it only depends on

the current value of ξ) which could, for instance, be modelled as

a series expansion.

• θ depends dynamically, but linearly on ξ, which comes down

to the identification of a MIMO LTI system. This has been

thoroughly studied in earlier works, for instance in Pintelon and

Schoukens [2001].

Note that, if neither of those two simplifications apply, the LPV formu-

lation of the problem is not likely to yield any advantage w.r.t. a generic

identification method for nonlinear systems (that is, where the scheduling

parameter(s) are treated as regular additional inputs).

9.6.2 Generalisation of the (non-)parametric

identification to a class of LPV systems

For specific model structures, the (non-)parametric methods discussed in

this thesis could be generalised to LPV systems. This is briefly shown on

the input/output time-varying model in (3.1). An LPV model can be built

by replacing the time-domain basis function bp(t) by (possibly dynamic)

scheduling parameter-dependent basis functions bp{ξ}. The output signal

is then given by

y(t) =

Np∑
p=0

Gp{u(t)}bp{ξ(t)}, (9.3)

For a given time-trajectory ξ(t) of the scheduling parameter, completely

analogous estimation algorithms, as described in Chapters 5 and 7, are eas-

ily elaborated. The spectral response to the multisine ums(t) is (analogous

to Theorem 3.1)

YT (jωk) =

Np∑
p=0

∑
ke∈Kexc

θp,keBp,ξ(t)(jωk−ke) + TY (jωk), (9.4)
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with θp,ke defined as in (3.17b) and

Bp,ξ(t)(jωk) =
1

T

∫ T

0

bp{ξ(t)}e−jωktdt (9.5)

The results obtained in Sections 5.3 and 5.5 still apply when the re-

gression matrix Bke is built from frequency-shifted versions of Bp,ξ(t)(jωk)

instead of Bp(jωk). However, note that Assumptions 3.3 and 3.4 must be

valid for the set of basis functions bp{ξ(t)} for p = 0, . . . , Np evaluated

in the considered scheduling trajectory, for the system to be identifiable.

These assumptions can still be checked from the condition number of the

regression matrix. The validity of Assumptions 3.1 and 3.2 is optional, used

for intuitive interpretation only.

If the system at hand can be described by the proposed LPV model

with a static dependence on ξ (e.g. a polynomial dependence), the algo-

rithm is readily set up. LPV models for which the dependence of the basis

functions on ξ is dynamic involve a cumbersome determination of a good

set of basis functions, which has thoroughly been handled for instance in

Tóth et al. [2009]. On the other hand, for a priori knowledge of dynamic

basis functions, the methods in Chapters 5 and 7 are, thus, immediately

applicable to the proposed class of LPV systems. This has, however, not

been implemented in the course of this thesis.

Appendix

9.A Expected value of the inverse of the

sample variance

The sample variance from M experiments of a circular complex normally

distributed variable x is given by

σ̂2
x =

1

M − 1

M∑
m=1

|x(m)− μ̂x|2 ∼ σ2
x

M − 1

χ2
2M−2

2
(9.6)
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where the DOF of the χ2 stems from the fact that the summation counts

2M measured real values (that is M real parts of x, and M imaginary

parts), and 2 estimated real values (real and imaginary parts of μ̂x). The

division by 2 stems from

σ2

{x} = σ2

�{x} =
σ2
x

2
(9.7)

It has been shown that [Bernardo and Smith, 1993]

y ∼ χ2
n ⇒ E

{
1

y

}
=

1

n− 2
(9.8)

Plugging (9.8) into (9.6) yields

E

{
1

σ̂2
x

}
=

2(M − 1)

2M − 4

1

σ2
x

=
M − 1

M − 2

1

σ2
x

(9.9)
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T. Breugelmans, E. Tourwé, Y. Van Ingelgem, J. Wielant, T. Hauffman,

R. Hausbrand, R. Pintelon, and A. Hubin. Odd random phase multisine

EIS as a detection method for the onset of corrosion of coated steel.

Electrochemistry Communications, 12(1):2 – 5, 2010a.
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