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Summary

Energy efficiency is an important concern in the field of robotics. In order to meet their
high energy demands, today’s mobile robots are equipped with large and expensive battery
packs. Furthermore, the presence of robots in our society is increasing, and so are the
costs related to their energy consumption. Analyzing and improving the efficiency of
robots allows us to anticipate their future impact on our energy needs. In this work, we
focus on the electrical energy consumption of the actuation system of such robots.

An analysis of the state of the art in efficient actuation reveals that model-based
optimization is a common technique to optimize designs for energy efficiency. Interest-
ingly, there are considerable differences in the way how electromechanical actuators are
modeled. Moreover, these models are limited to the mechanical domain. For this rea-
son, the first part of this work discusses how modeling affects the energy-efficient design
of actuators. Our analysis addresses friction, nonlinear gearbox efficiency, speed- and
load-dependent motor losses and losses in the drive circuitry. These aspects, which are
rarely considered in the optimization of energy-efficient actuators, are shown to have a
considerable effect on the actuator’s power and energy consumption. Drivetrain inertia
and gearbox efficiency, in particular, play an important role in robotic applications.

The introduction of elastic elements is one way to make an actuator more energy-
efficient. Elastic elements are energy buffers, which allow for a direct exchange of energy
with the load. Consequently, the power flow in lossy components can be reduced, and
the overall efficiency of the actuator will be higher. In this work, we compare the two
basic elastic actuator configurations: Series Elastic Actuation (SEA) and Parallel Elastic
Actuation (PEA). It is widely known that SEA allows for a reduction of the motor’s speed
requirements, while PEA allows for a reduction of torque. From our tests on a pendulum,
we conclude that SEA exhibits high-frequency resonance, which leads to an additional
decrease of motor torque in highly dynamic applications. Parallel elastic elements, on the
other hand, can be used to compensate for static torques. An interesting conclusion of
this work is the strong impact of motor and gearbox losses on the optimal spring stiff-
ness. Motor limitations also have a strong influence on the selection of the optimal spring
configuration, as demonstrated in a case study on the design of an active ankle prosthesis.

The second energy-efficient actuation paradigm studied in this work is redundancy.
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In a redundant actuator, the required output power can be distributed over the two mo-
tors. With an appropriate control strategy, the motors can be used in an energy-optimal
way, and the overall efficiency of the actuator can be increased. From the different types
of redundancy, kinematic redundancy is shown to be a promising option for robotics.
Kinematically redundant actuators offer the possibility of changing the reflected inertia,
allowing them to achieve high accelerations, even if a high torque is required.

Finally, we study whether series elasticity and redundancy can be combined in a sin-
gle actuator. Applying this combination in robotics is challenging, especially in terms of
control. We demonstrate that a series elastic dual-motor actuator concept can be applied
to a hopping robot by implementing and validating a general control framework that gen-
erates repetitive hopping, while effectively managing the actuator’s redundant degree of
freedom. Considering that hopping is a subtask of legged locomotion, this work paves the
way for compliant-redundant actuation of legged robots, prostheses and exoskeletons.

In conclusion, this work demonstrates the potential of elastic and redundant actuation
for the reduction of a robot’s electrical energy consumption. To fulfill this potential, a
good match is required between the task and the design of the actuator. Creating this
match is not an easy task, because the constraints imposed by the additional springs or
motors complicate the design process. We believe that the insights from this work can
serve as a basis for the successful implementation of elasticity and redundancy in actuators
for robotics.



Nomenclature

List of symbols

γ Speed ratio (Dual-Motor Actuator)

∆Vbrush Brush-drop loss

η Efficiency

θ Angle

θa, θ0 Amplitude of oscillation (pendulum)

θo Offset angle (pendulum); output angle

φ Knee angle (MARCO Hopper)

Π Cost function

ρ Planetary differential ratio

ν Viscous friction coefficient

ω Steady-state speed; frequency

B Brake function

C Efficiency function

E Energy (consumption)

F Force

g Gravitational acceleration (9.81 m/s²)

k Spring stiffness
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kt Torque constant of motor

kb Speed constant of motor

I Current

i Speed ratio (Dual-Motor Actuator)

J Inertia (as parameter); Jacobian (as matrix)

L Motor terminal inductance

l Distance from pendulum axis to center of mass; length

M, m Mass

n Gear ratio

P Power

R Total motor winding resistance

r Radius

t Time

TC Coulomb friction coefficient

T Torque

U Motor voltage

List of subscripts

a Antiresonance

abs Absolute value

bu f f er Energy buffer

C Carrier

cable Bowden cable

Coulomb Coulomb friction

d Desired value (control)

drive Drive (circuitry)

elec Electrical
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eq Equilibrium position/angle

gearbox Transmission, gearbox

imp Imposed

Joule Joule loss

l Load

m Motor

max Maximum (limit) value

mech Mechanical

nl No-load

nom Nominal value

o, out Output

p Parallel spring

R Ring

re f Reference drivetrain

re f l Reflected (inertia)

rl Resonance of link subsystem

RMS Root Mean Square value

rs Resonance of system

S Sun

s Series spring

source Power supply

sp Spindle

tr Transmission, gearbox

v Virtual (Virtual Model Control)

viscous Viscous friction
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List of abbreviations

1QCE First Quadrant Constant Efficiency approach

4QCE Four Quadrant Constant Efficiency approach

4QCEI Four Quadrant Constant Efficiency approach with motor and gearbox Inertia

COG Center Of Gravity

CPT Counts Per Turn

CVT Continuously Variable Transmission

DC Direct Current

DMA Dual-Motor Actuator

EEC Electrical Energy Consumption

EPP Electrical Peak Power

FMM Full DC Motor Model approach

IVT Infinitely Variable Transmission

LUT Lookup Table

MEC Mechanical Energy Consumption

MPP Mechanical Peak Power

OC Optimal Control

PEA Parallel Elastic Actuator

RA Rigid (stiff) actuator

SEA Series Elastic Actuator

SEDMA Series-Elastic Dual-Motor Actuator

VMC Virtual Model Control
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Chapter 1
Introduction

1.1 Why study energy efficiency?

Autonomous lawn mowers and vacuum cleaners doing our daily household chores.
Robotic legs and arms which enable amputees to walk or manipulate objects like a normal
person. Exoskeletons that allow paraplegics to move their legs again. Humanoid robots
operating in human environments, opening doors, climbing ladders and driving utility ve-
hicles. A robotic dog walking to the kitchen to throw an empty soda can in the trash bin.
Self-driving cars bringing us safely to our destination. A drone delivering a package di-
rectly to our homes. All these amazing machines exist today, and will most likely become
a part of our daily lives in the near future – if that is not the case already. And more ex-
citing things are ahead, because the ongoing revolution in robotics is showing no signs of
slowing down. Industrial robot sales increase yearly by approximately 15% [102], while
service robots saw increases of 16% (personal and domestic) and 25% (professional) be-
tween 2014 and 2015 [103]. And with innovations being presented on a regular basis,
new robot designs will most likely flood the market in the coming years, increasing the
sales volumes at an even faster rate [141].

Robots are energy-consuming devices. As their numbers are growing, so is the need
for an effective management of their energy consumption. Electric motors, which are
often used in robots, are typically responsible for 2/3 of the industrial power consumption
of a country, or 40% of their overall power consumption [193]. This translates to around
6040 Mt of CO2 emissions per year, a number which is expected to double by 2030 [236].
Currently, most of this energy is consumed by large motors driving fans, pumps, etc [107].
In contrast, robots in comparison only have a minor contribution to the global energy
consumption. In Germany, for example, they account for no more than 1% of the total
electrical energy consumed in industry [107]. Therefore, as it stands today, improving the
energy of robots will only have a minor impact on the global energy consumption [120].

Nevertheless, there are several reasons to pursue more efficient robots. Two types of
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2 1.1 Why study energy efficiency?

Figure 1.1: Advantages of energy reduction for mobile robots.

robots in particular can benefit from an increase in energy efficiency: mobile robots and
industrial robots.

1.1.1 Mobile robots

Figure 1.1 shows a schematic of the most important effects that energy efficiency has on
a mobile robot. Firstly, energy losses usually present themselves as a heat loss that needs
to be dissipated. In many cases, they also cause vibrations, resulting in a noisy operation
of the actuator. These two disadvantages are very unwanted, especially if the robot is
intended for use in an environment with humans. In the specific case of wearable robotics,
heating and vibrations can cause discomfort to the user, while noise will increase the
notion of wearing a robotic device – contrary to the general design goal of such devices.
Secondly, the device will have a longer autonomy, meaning that the batteries need less
recharging. A reduction in energy losses also allows for a smaller battery pack to be
used, as mentioned above. And finally, a more efficient drivetrain can consist of smaller
components (motors, gearboxes, drive electronics) because they no longer need to deliver
the extra power associated with the energy losses. The reduction of battery and actuator
size is very important for wearable robotics, where the robotic device is often desired to
be as inconspicuous as possible. Furthermore, a reduction in size usually goes hand in
hand with a reduction of weight which, for most mobile robots, is a major determinant for
the energetic cost. Consequently, a reduced actuator weight will make the robot and its
actuators more efficient again, further increasing the benefits that come with an improved
efficiency. In conclusion, it is easy to understand that energy efficiency is a key aspect for
mobile robots.
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1.1.2 Industrial robots

In 2016, around 1.6 million industrial robots were operational, a number which is ex-
pected to increase yearly by 15%. In the automotive industry, especially, robots have
become a key component of the production line. Although robots currently consume only
8% of the energy required for production in this sector [143], increasing robot efficiency
can still lead to high cost reductions overall. An automotive production plant with a daily
output of 1,000 vehicles easily consumes several 100,000 MWh of electricity per year –
as much as a medium-sized town [191]. Considering that collaborative robots might soon
take their place in the production line alongside human workers, the share of robots in
the overall energy consumption can only be expected to increase. The energy consumed
by robots is therefore becoming a growing concern for many companies [120]. This is
acknowledged by leading players in the robot market, who are heavily involved in the
research of energy-efficient robots and control strategies [1, 2].

1.2 What makes achieving energy efficiency so hard?

Most machines run at a constant speed and a constant load. Very often, these machines
consist of an electric motor. If sized to the task, brushless DC motors can achieve effi-
ciencies of 85–90% and more, while brushed DC motors with gearing have a maximum
efficiency of around 75–80% [101]. The efficiency of electric motors is, however, a com-
plex function of speed and torque, and the maximum efficiency can only be reached for a
certain range of output speeds and torques. This is illustrated by Fig. 1.2, which shows
how efficiency can drop to very low values at low speeds and low torques.

The speed- and torque-dependent efficiency of motors has serious consequences for
their energy consumption. When motors are oversized – something which is often the
case in industry [37] – they do not operate at their optimal efficiency. This is a common
issue in robotics, where the dynamic motions force motors to deliver varying torques over
a wide speed range. As a result, some of its operating points will inevitably lie in the
low-efficiency regions, with a detrimental impact on the overall energy consumption.

Robots that interact with their environment are particularly difficult to design energy-
efficiently. Tasks such as turning knobs or manipulating high payloads typically require
high torques from the robot’s actuators at low output speeds. When the payload is re-
moved and the manipulator is allowed to move freely, however, the requirement changes
to delivering high speeds at low torques. The same problem exists in legged robotics.
During the stance phase, the leg needs to carry the robot’s weight, requiring high motor
torques. When the foot is lifted from the ground (swing phase), the required motor torque
drops considerably since the leg is now only moving its own inertia, but the motors need
to work at higher speeds. In both cases, the loaded phase and the no-load phase lead to
conflicting torque-speed requirements.

If such a robot is actuated by an electric motor with gear reduction, the motor will
mostly be operated in what, according to Fig. 1.2, are the least efficient regions of its
efficiency map. In the MIT Cheetah robot, for example, up to 68% of the total energy was



4 1.2 What makes achieving energy efficiency so hard?

Figure 1.2: Efficiency map of a brushless DC motor (reprinted from [52]).
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consumed by heating of the motor windings [199]. Designs focusing on the reduction of
motor losses can significantly improve the overall efficiency of a device. With such an
approach, Brown and Ulsoy managed to decrease the energy consumption of a passive-
assist device by 25%. No less than 90% of the energy savings was attributed to a more
efficient use of the motor [34]. These examples illustrate how important the motor is for
the overall energy efficiency of a robot.

1.3 How can actuators be made more energy-efficient?

In this work, we study two energy-efficient actuation paradigms: the introduction of en-
ergy buffers and the creation of redundancy.

1.3.1 Energy buffers

Energy buffers are elements that are able to store and release energy for a certain amount
of time. The battery – a chemical energy buffer – is mostly used for its long-term energy
storage capabilities, i.e., as a power source. For short-term energy storage, two types of
energy buffers can be applied in actuators: electrical energy buffers (inductors, capacitors)
and mechanical energy buffers (springs, inertias). The use of ultracapacitors as an addi-
tional power source is common in electric vehicles [74, 162, 131]. In robotics, the latter
have a higher potential for energy savings. This can easily be explained in a conceptual
way.

Consider a typical actuator consisting of a controller, motor and gearbox (Fig. 1.3a).
Each of these components has its efficiency and, as a result, energy will be dissipated
when the actuator is delivering power. Roughly, one can assume these losses to be pro-
portional to the power flow through the component1. This means that there are two ways
of increasing the energy efficiency: either by improving the efficiency of the individual
components, or by decreasing the power flow through the components.

In most machines – pumps, fans, compressors, etc. – the motor delivers power to the
load. This is commonly referred to as a “positive power flow”. While the power is flowing
from the battery to the load, it accumulates the losses of each of the components on its
path, reducing the available power at the output. In robotics, however, power flow often
takes place in two directions: from the power supply to the load, but also from the load
to the power supply (negative power flow). Typically, this is the result of a recirculation
of energy, where energy coming from the power supply is temporarily stored in the load
as kinetic energy, and then released back at a later time. In such a circular power flow,
all components are traversed twice, meaning that energy is dissipated twice, too. This is
the reason why, in general, it is best to avoid reverse power flows in actuators, even if
negative power can be regenerated.

Energy buffers can be a solution to this problem. In Fig. 1.3b, a spring is added in
between the gearbox and the load. Now, the load can exchange energy with the spring
1In chapter 2, we will give a more detailed analysis of how losses relate to speed, torque and power.
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Figure 1.3: Power flows in typical actuator architectures. (a) Stiff actuator with motor
and gearbox. (b) Series Elastic Actuator with a spring as energy buffer. As illustrated by
this figure, the elastic element allows for a direct energy exchange with the load.
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– an energy buffer – instead of with the power supply. By doing so, the power flow
from power supply to load and vice versa is decreased, and the losses associated with the
components in between are avoided. Of course, one may also choose a capacitor – the
electrical equivalent of a spring – as an energy buffer. In this case, the capacitor would
be placed in between the motor and the drive circuit. The load can then exchange energy
with the capacitor, and losses in the drive electronics and battery are avoided. Motor and
gearbox losses, however, still remain. These losses, which can be reduced by using a
spring instead of a capacitor, are very often a great source of energy losses in an actuated
system.

Based on this discussion, it is easy to see how the potential for energetic energy
savings is increased by placing the energy buffer as closely to the load as possible. This
makes mechanical buffers such as springs and, in some cases, flywheels, the ideal energy
buffers for robotic applications.

1.3.2 Redundant actuators

If a single motor is used to move a joint, a direct relationship exists between the torque
and speed of the motor and that of the joint. This means that, for a specific motor-gearbox
combination, the operating points are defined uniquely – and so are the corresponding
efficiencies on the efficiency map. While energy buffers can be used to manipulate this
relationship, their impact is directly related to the output trajectory. This lack of versatility
is, in many cases a problem.

A way to gain control over the motor’s operating points is to add a second motor
to the actuated joint. By doing so, an extra degree of freedom is created, which can
be exploited to divide the required energy over both motors. This gives the user some
degree if control over the operating points of both motors and, consequently, over their
efficiencies. By choosing the distribution in such a way that the overall efficiency is
maximized, the actuator can be made more efficient than the single-motor equivalent.
This will be demonstrated in chapter 4.

Depending on how the motors are coupled to the output, different types of redun-
dancy can be achieved. When two or more motors are attached to the same output shaft,
their torques add up, and the actuator is said to be statically redundant. By coupling them
through a differential, the output speed will be a weighted sum of the motor speeds. This
is referred to as kinematic redundancy. Another possibility is to use the secondary motor
to create a variable transmission, a concept which has especially been successful in the
automotive industry [146]. And finally, variable stiffness actuators, which are essentially
series elastic actuators of which the stiffness is varied by a secondary motor, can also be
considered as redundant actuators.
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1.4 Research objectives and scope

This objective of this thesis is to analyze whether energy buffers and redundancy have the
potential of improving an actuator’s energy efficiency for typical robotic tasks. This very
general research objective is strongly linked to several fundamental research questions,
such as

• How do motor efficiency, gearbox losses and friction affect the energy consumption
of actuators in robotics?

• What is the role of negative power in robotics?

• How complex must the model of the actuated system be in order to provide a rea-
sonable estimate of the power and energy consumption?

• Can the efficiency of actuators be improved by applying motor and gearbox models
in model-based optimizations?

• How does the task affect the energy efficiency of the actuator?

• How can model-based optimizations be used to find the most energy-efficient actu-
ator designs?

• How can elastic elements contribute to energy efficiency?

• Can redundancy be exploited to make actuators more energy-efficient?

• Can series elasticity be combined with redundancy?

Answering these questions requires a broad knowledge of topics such as the natural dy-
namics of actuators and mechanical systems, control of actuators, drive circuits, friction
and speed- and load-dependent motor and gearbox efficiency. Most of these subjects
have been studied extensively in literature, but the knowledge is scattered around differ-
ent fields of research, often transcending the boundaries of robotics. Gathering sufficient
knowledge about all these topics is a time-consuming task, which explains why many
analyses in literature are reduced to a linear system in the mechanical domain. This has
given rise to several misconceptions and oversimplified assumptions in terms of their im-
pact on energy efficiency in robotics. By studying the electrical energy consumption of
actuators and by including nonlinear losses in our analyses, we hope to generate more
accurate insights regarding the real energy efficiency of different actuation concepts.

Different actuation technologies are used in robotics. When macro-motion is re-
quired, the most common are hydraulics, pneumatics and electric motors [98]. In this
thesis, we only consider actuators which consist of electric motors. Electric motors are an
excellent choice for wearable robots because of their portability, as they do not require a
complex network of tubes like hydraulic and pneumatic actuators. Furthermore, they are
reliable, require little maintenance and operate silently in comparison with hydraulic and
pneumatic actuators [39]. In terms of power range, this work targets applications such as
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active lower-limb prosthetics and exoskeletons. Here, motors typically have power rat-
ings of around 50-250 W, the range of powers needed for human activities such as walking
[244, 43] and stair ascent and descent [139, 185]. Another important consideration is the
power supply which, for wearable devices, usually delivers a low DC voltage (max. 50 V)
in accordance with European regulations [61]. Based on these demands, permanent mag-
net DC motors are a logical choice in terms of actuation technology [147, 101]. Literature
surveys indicate that permanent magnet DC motors are, indeed, the preferred actuation
technology for active upper-limb and lower-limb orthoses [233, 45, 224]. Both brushed
and brushless DC motors are being used in today’s state-of-the art designs of actuated
prosthetics and exoskeletons [42].

1.5 Outline of the thesis

In chapter 2 of this thesis, we give an overview of the different losses in drivetrains with
electric motors. We explain how the losses can be modeled, and how these models can be
applied to actuators in robotics.

In chapter 3, we discuss energy buffers in actuated system by analyzing the two
most basic spring configurations: series and parallel elastic actuation. These two con-
figurations, while having fundamentally different equations of motion, can both be used
to create an energy-efficient actuator. In this work, we will assess the impact of friction
and motor losses on the optimal configuration and spring stiffnesses. Furthermore, we
will analyze how the type of load – slowly-varying versus highly dynamic – affects the
optimal design.

Chapter 4 features a discussion of redundant actuation principles and their potential
benefits in terms of energy-efficiency. A detailed study on a kinematically redundant actu-
ator provides insights about the advantages and disadvantages of such actuator concepts.
We explain how such an actuator can be combined with locking mechanisms to improve
the actuator’s efficiency map. Furthermore, we explore how such a kinematically re-
dundant actuator can provide a solution to the conflicting torque-speed requirements in
dynamic applications.

In chapter 5, we demonstrate that a kinematically redundant actuator can be com-
bined with elastic elements by applying this concept to a robotic hopper. We also present
a framework for the control of such actuators, which is validated in experiments on a
hopper.

A discussion of the research questions and directions for future work are given in
chapter 6. Finally, in chapter 7, we present some general conclusions about the energy-
efficient use of energy buffers and the exploitation of redundancy.





Chapter 2
Modeling the power consumption of actuators1

2.1 Introduction

With the rise of autonomous and mobile robots, the field of robotics has seen an increased
interest in energy efficiency. In recent years, several papers have appeared in which ac-
tuator designs are compared by simulating their energy consumption for a specific task
[87, 135, 95, 151, 240, 250]. In other works, model-based optimization is used as a tool
to generate energy-optimal trajectories or controllers [173, 225, 32, 76, 134]. In both
cases, a representative model is an important condition to obtain correct or optimal so-
lutions. A review of recent publications reveals that very different models and methods
are in use for the calculation of energy consumption. Many authors base their calcu-
lations entirely on mechanical energy consumption at the output shaft of the gearbox
[221, 240, 105, 86, 225, 163, 19], not taking into account the efficiency of the gearbox
and the motor. As most efficiencies are load- and speed-dependent, something which is
especially the case for DC motors, one can expect that the most efficient solution in terms
of mechanical energy consumption will not necessarily be the best solution in terms of
electrical energy consumption. In the MIT Cheetah robot, for example, up to 68% of the
total energy was consumed by heating of the motor windings [199]. For this reason, it
has become increasingly common to include the motor in the model in order to improve
the calculations. In this regard, interesting results were presented in [33], in which an
optimization is performed on a robotic arm. Here, the authors claim having achieved two
third of their energy savings due to a more efficient use of the DC motor.

Often, the motor model only contains a term representing the losses due to the re-
sistance of the motor windings (Joule losses) [11, 173, 189, 184]. Sometimes a friction

1The contents of this chapter are based on the journal papers Verstraten et al. (2015) Modeling and design
of geared DC motors for energy efficiency: Comparison between theory and experiments. Mechatronics,
30, pp. 198-213 [232] and Verstraten et al. (2016) Energy Consumption of Geared DC Motors in Dynamic
Applications: Comparing Modeling Approaches. IEEE Robotics and Automation Letters, 1, pp. 524-530
[230].

11
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term is added to account for speed-dependent losses [33, 97, 62, 243]. Motor inertia is in
most cases, although the inertia of the gearbox is mostly neglected, a rare exception being
[189]. This can have important consequences for the accuracy of dynamic models, since
in many actuator systems the reflected inertia of the motor and gearbox is much larger
than the inertia of the link itself [251].

The calculation of energy consumption from the consumed power is another issue
on which papers disagree. Integrating the absolute value of power (or, in optimizations,
its square) is very common, especially in the fields of prosthetics and exoskeletons [221,
240, 86, 225, 197, 36]. This approach implicitly assumes that the absorption of negative
energy requires power input from the actuator. Alternatively, several authors directly use
the power as integrand, without taking the absolute value [105][33][173][121]. In some
cases, the authors discard any negative power, only integrating over the regions of positive
power [188, 243, 184]. As we will discuss in this chapter, each of these approaches can
give good results, but only if applied to the correct system and with the correct model of
power.

The aim of this chapter is to show how the load- and speed-dependency of motor
efficiency affects the overall efficiency of the actuator. We show how these losses can
be modelled using only datasheet information, and discuss how accurate these models
are in estimating the actuator’s actual power consumption. First, we discuss the losses in
several components of a typical actuator drivetrain, and present the models that describe
them (section 2.2). In this section, special attention will be given to the efficiency of the
motor and the potential for regeneration. Next, in section 2.3.3, we study these models
on a pendulum setup. Simulated and experimental results are used to evaluate to what
extent the actuator model is able to model its energy consumption, how the actual losses
are distributed over the system, and which empirical adjustments can be made to make
the model more accurate. In section 2.4, we study how the accuracy of a model influences
the predicted power flows and energy consumption. Finally, in Section 2.5, we discuss
how models and cost functions should be selected in order to get the most out of energy-
efficiency optimizations.

2.2 Load-and speed-dependent efficiency

In this section, we give an overview of the losses in typical components of an actuator
drivetrain. Most of the contents in this section are taken from Verstraten et al. (2015)
Modeling and design of geared DC motors for energy efficiency: Comparison between
theory and experiments. Mechatronics, 30, pp. 198-213. [232].

2.2.1 Friction losses

Friction losses result from contact between surfaces and are therefore inevitable in any
mechanical system. Unfortunately, they are extremely difficult to model because they
depend on several aspects such as lubrication, temperature, contact geometry, surface
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Figure 2.1: Simple static friction models with incremental complexity: (a) Coulomb
and viscous friction, (b) Coulomb and viscous friction with stiction, (c) Realistic friction
behavior displaying the Stribeck effect, which . Reprinted from [10].

finish, material properties, etc. Friction models are therefore often phenomenological
rather than based on physically motivated models [158], although these exist as well [4].

In mechanical drivetrains, the shaft is usually connected with the outside world
through bearings, making this the main source of friction. Bearing friction, just like
friction in general, has been studied for many decades, and various friction models have
been developed with varying complexity. They may include complex effects such as tem-
perature and torque-dependency, e.g. [26, 204]. The aim of this section is not to go into
detail about these friction models; for this, we refer to the excellent review papers that
can be found in literature, e.g. [10, 158, 4]. Instead, we will focus on the basic aspects of
friction which capture most of the friction behavior.

In this work, we will always represent the friction torque Tf rict with a classical fric-
tion model which consists of Coulomb friction and viscous friction:

Tf rict = TCsign
(
θ̇
)
+νθ̇ (2.1)

with Coulomb friction coefficient TC and viscous friction coefficient ν . As illustrated in
Fig. 2.1, this model follows the friction behavior quite well at high velocities. At low
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velocities, however, it does not account for static friction (stiction), which can be higher
than Coulomb friction (Fig. 2.1b), nor does it capture the Stribeck effect (Fig. 2.1c)
resulting from the transition from boundary lubrication to hydrodynamic lubrication. In
this work, we are mainly interested in the power losses due to friction. Since the dissipated
power is the product of speed and torque, the low-speed accuracy of the friction model is
of less importance in this work, justifying the use of the simplified formula (2.1).

Furthermore, friction may exhibit complex behavior such as frictional lag, pre-
sliding displacement, higher-order speed-dependency, etc. [204]. Eq. (2.1), which is
a function of speed θ̇ only, cannot account for these effects. Nevertheless, they can be
very relevant in robotics, especially in systems that require accurate positioning [4] or
when the small motions are amplified by transmissions [10]. Frictional lag, for example,
can be as high as 9 ms [10]. As a result, the impact of friction on the control accuracy can
be extremely high, with errors of over 50% being reported for heavy manipulators [113].
Luckily, these effects can be modeled and compensated quite well by dynamic models
such as the Dahl model [44] or the LuGre model [46]. But again, in this work, rather
than the influence of friction on control, we are mainly interested in the amount of energy
dissipated by friction. Considering the type of motions that are imposed to the actuators
(cyclic, typically sinusoidal) and the fact that friction often has a small contribution to the
overall power in our case studies, Eq. (2.1) was found to give an adequate approximation
of friction in our systems, provided that the correct friction coefficients are selected.

2.2.2 Gearbox efficiency

Although direct-drive solutions exist, most actuator designs use gearing in order to match
the output load and speed to the motor’s most efficient operating range. Gears, however,
introduce energy losses. Several models have been developed to predict the efficiency of
a specific type of gear pair (spur gears, bevel gears,...), usually focusing on a specific type
of loss. Typically, gear losses are separated into load-dependent and load-independent
losses. An extensive review of load-independent loss models is given in [208]. Many
models for predicting load-dependent losses exist, and development of such models has
not stopped in recent years [248, 117, 126, 41]. Much work on gear efficiency has been
performed in the 80s by Anderson and Loewenthal. Fig. 2.2 presents a typical efficiency
plot for a spur gear pair, based on their commonly used model published in 1980 [8]. A
strong dependency on torque exists, whereas the dependency on speed is less pronounced.
At low torques, efficiency decreases quickly. Regarding speed, low speeds yield higher
efficiencies. Experimental evidence shows that these trends apply not only to spur gears
[171], but also to other types of gearboxes such as bevel and worm gears [49, 48].

In robotics, the reduction ratios offered by spur gears alone are usually insufficient.
Planetary gearboxes are a popular solution because of their ability to achieve large re-
duction ratios at relatively small size. Their complexity, however, makes it difficult to
obtain decent efficiency models. An overview of several well-known efficiency formulas
for planetary gearboxes is given in [169], and a systematic method, which is easily pro-
grammable, is presented in [47]. These formulas only include meshing losses, meaning
that inertia effects and speed-dependent losses are neglected. More detailed models such
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Teeth on pinion 48
Teeth on gear 80

diametral pitch 8 mm
Face width 10 mm

Table 2.1: Properties of the gear pair presented in Fig. 2.2.
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Figure 2.2: Efficiency plot for the gear pair specified in Table 2.1, based on the model of
[8]. Gear efficiency decreases quickly at low torques, especially at high speeds.

as [168] include these losses, but when compared to tests, do not always provide a good
estimate of the gearbox efficiency. Furthermore, all of these models require some knowl-
edge of gear design (i.e. module/pitch diameter, number of teeth, etc.) and are therefore
of little practical use when choosing a gearbox from a catalog. For these reasons, we will
work with the constant efficiency value specified in the catalog for the calculations made
in this work.

We will, however, take the dependency on power flow into account. As suggested in
[79], we can write the relationship between load torque Tl and motor shaft torque Tsha f t
by defining an efficiency function Ctr:

Tsha f t =Ctr ·Tl (2.2)

Ctr =

{
1/ηtr (load driven by motor)
ηtr (motor driven by load)

(2.3)

in which ηtr is the gearbox efficiency. Depending on whether power is flowing from the
motor to the load or vice versa, the gearbox losses will lead to an increase or decrease of
the motor torque. Consequently, whether the efficiency value has to be put in the numer-
ator or denominator of Eq. (2.2) depends on the state of the system. This is accounted
for by the definition of the efficiency function Ctr (Eq. (2.3)). A more detailed discussion
can be found in the test section (section 2.3.4.1), where the effects of this phenomenon on
motor current are discussed.
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The gearbox efficiency ηtr strongly depends on the number of gear stages. The gear
reduction that can be obtained from a single planetary gear is limited to 10:1, which is
why planetary gearboxes often consist of multiple stages [99]. However, adding stages to
a gearbox also reduces its efficiency due to the increased number of components and the
losses associated with them. For this reason, gearbox efficiency will tend to be lower for
high gear ratios [47].

On a final note, just like ordinary gear pairs, planetary gearboxes suffer a sharp
decrease in efficiency when used at low torques. The effect is very similar to that of
Coulomb friction. The physical reason behind this is that a planetary gearbox consists of
multiple bearings which, as we have explained in the previous section, mostly exhibit this
type of friction. Experiments have indeed confirmed that bearing losses are dominant in
planetary gearboxes operating at low loads [67]. Several authors have therefore suggested
to use a Coulomb friction term to model gearbox losses [168, 54, 199]. Assuming that
the catalog efficiency ηtr is specified at the nominal working point, the Coulomb friction
coefficient TC,tr would then be given by

(
1

ηtr
−1
)

Tnom = TC,tr (2.4)

with Tnom the motor’s nominal torque. In terms of power losses, such a model leads to
power losses which are proportional with speed:

Ploss =

(
1

ηtr
−1
)

Tnomθ̇out (2.5)

where Tout and θ̇out stand for the output torque and speed, respectively. With this model,
the gearbox friction loss is independent of the output torque. Conversely, with the model
given by Eq. (2.3), losses are directly proportional with the input power Tout θ̇out :

Ploss =

(
1

ηtr
−1
)

Tout θ̇out (2.6)

Eqs. (2.5) and (2.6) yield the same results if Tout = Tnom. For lower output torques, the
losses will remain constant with a Coulomb friction model, while the model given by Eq.
(2.3) results in a decreasing power loss. In other words, a gearbox modeled with Coulomb
friction will have an efficiency which decreases with torque, while a gearbox modeled by
Eq. (2.3) has a constant efficiency.

2.2.3 Motor efficiency

2.2.3.1 Motor losses

The losses of permanent magnet DC motors can be split into following contributions:
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• Joule losses: The motor winding resistance causes a voltage drop proportional to
the current I delivered by the motor. This leads to a dissipation of power which
amounts to PJoule = R · I2, where R stands for the total winding resistance. In
robotics, this is often the main source of power loss [200]. Joule losses are also
known under several different names, such as “resistive losses”, “copper losses”,
“Ohmic losses” or “heating losses”.

• Brush-drop losses: Brushed DC motors rely on graphite brushes to transfer current
from the stator to the rotor. The current transfer results in a power loss of

Pbrush = I ·∆Vbrush

where ∆Vbrush is the voltage drop across the brushes. The voltage drop depends on
the composition of the brushes, contact pressure and the condition of the surface of
the commutator, and must therefore be determined for every machine. Neverthe-
less, it is often assumed to be constant, with a value of ∆Vbrush = 2V [154]. The
brush-drop losses are therefore often approximated as Pbrush ≈ 2I, i.e., proportional
to the current.

• Mechanical (friction) losses: Mechanical losses are mostly due to friction in the
bearings, aerodynamic drag experienced by the rotor and – in the case of brushed
DC motor – friction between the brushes and the commutator. The latter, often
called windage losses, increase if there is forced ventilation. In accordance with
our discussion in section 2.2.1, friction losses can be considered to be proportional
to motor speed θ̇m (Coulomb friction) and, to some extent, to θ̇ 2

m (viscous friction).
Windage losses are typically considered to be proportional to θ̇ 3

m [154, 80].

• Core loss (iron loss, magnetic loss): These are the losses due to the rotating magnet.
They can be subdivided into two main contributions. Hysteresis (remagnetization)
losses represent the hysteresis in the motor curve, which is caused by the fact that
some energy is needed to reverse the direction of the magnetic field. This can be
described by a power loss Premagn = Tmagnθ̇m with Tmagn the torque needed for re-
versal of magnetization. Hysteresis losses are thus proportional to speed, similar to
Coulomb friction. Secondly, there will be losses due to eddy currents in the mag-
netic core. Eddy current losses are proportional to θ̇ 2

m and, can thus mathematically
be included in the viscous friction losses.

• Stray load losses: These losses account for extra losses occurring at high loads.
They are mainly related to pulsations in the flux, caused primarily by the short-
circuit current in the coil undergoing commutation. Stray losses are only relevant
for large-size machines, and can be neglected for small-size motors.

2.2.3.2 DC motor model

A practical way of representing a motor’s electrical power consumption is the following
DC motor model ([29]):



18 2.2 Load-and speed-dependent efficiency

{
I = 1

kt

(
Tm +νmθ̇m

)
U = ∆Vbrush +L dI

dt +RI + kbθ̇m
(2.7)

which gives the relationship between motor torque Tm and motor speed θ̇m and arma-
ture current I and voltage U . The model includes damping (viscous friction losses)
νmθ̇m, a supplementary torque proportional to the motor’s speed θ̇m to account for speed-
dependent losses such as eddy current losses, friction losses, hysteresis losses, etc. Brush
losses are represented by the additional voltage ∆Vbrush which, for obvious reasons, is
zero for brushless DC motors. Furthermore, there are the Joule losses RI, which take up a
part of the motor voltage and are proportional to the torque delivered by the motor. There
is also a voltage loss L dI

dt due to the terminal inductance L. Finally, it must be mentioned
that the torque due to the acceleration of the rotor’s inertia is not explicitly present in these
equations. It must be included in the calculation of Tm in case of variable speed.

From the above motor model, the electrical power consumption can be calculated as

Pelec = I ·U (2.8)

The power of a lossless motor can be found by setting R, L and νm to zero:

Pelec, lossless = I ·U =
Tm

kt
· kbθ̇m (2.9)

and, since the motor’s speed constant kb is equivalent to the torque constant kt ,

Pelec, lossless = Tmθ̇m (2.10)

which corresponds to the mechanical power at the motor shaft, as expected.

In accordance with our discussion of friction losses and motor losses, a combination
of Coulomb and viscous friction would give an even more realistic representation of the
speed-dependent motor losses. Some manufacturers indeed state these two friction co-
efficients in their datasheets [118], but the manufacturer of the motors used in this work
(Maxon motors) only specifies a no-load speed and current. Therefore, Coulomb and vis-
cous friction will only be used to model the speed-dependent losses in this work if the
coefficients are identified in experiments. Otherwise, we will only use damping as an ap-
proximation, according to Eq. 2.7. Since usually the motor’s viscous damping coefficient
νm is not specified by the manufacturer, it is common to use the following approximation:

νm =
kt · Inl

ωnl
(2.11)

which ensures that, in no-load conditions, a current equal to the no-load current Inl is
consumed when the motor is rotating at the no-load speed ωnl .
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2.2.3.3 Motor efficiency map

The motor efficiency Cm can be found by dividing the motor’s mechanical output power
by the electrical power input or vice versa, depending on the direction of power flow:

Cm =


Tmθ̇m
Pelec

(load driven by motor)
Pelec
Tmθ̇m

(motor driven by load)

0 (motor driven by load, no regeneration)

(2.12)

When the load is driving the motor, the mechanical power Pmech = Tmθ̇m will be larger than
the electrical power Pelec; when the motor is driving the load, the opposite is true. There-
fore, depending on the direction of power flow, numerator and denominator are switched
in Eq. (2.12) in order to obtain an efficiency value between one and zero. However, even
if the load is driving the motor, this does not necessarily mean that the electrical energy
can be recovered. The third case in Eq. (2.12) corresponds to two symmetrical pairs of
operating regions in the second and fourth quadrant, in which the energy dissipated by the
motor’s resistance and by motor friction is higher than the power flowing from the load,
and energy is drawn from the power supply in order to compensate for the difference. Be-
cause in this case, energy is still consumed from the power source even though the motor
is braking, a nominal efficiency of zero has been assigned to this region. The operating
regions in which the motor is driven by the load and energy is regenerated, i.e. the second
case in Eq. (2.12), are bounded by the operating conditions Pelec = 0 (i.e. U = 0 or I = 0)
and Pmech = 0 (i.e. θ̇ =0 or Tm = 0) ([217]). This is evidenced by a map showing steady-
state motor efficiency as a function of speed and torque (Fig. 2.3) in all four quadrants of
operation, based on Eq. (2.12). Such efficiency maps – also called iso efficiency contours
– are a very useful tool for the evaluation of motor-driven systems with variable loads
[50, 223].

Looking at the first quadrant, the lowest efficiencies occur at low-speed high-torque.
A second low-efficiency region can be found at high speeds and low torques, but the ef-
ficiency drop is not as pronounced as in the previously mentioned region. This indicates
that the resistive losses, which depend on the torque, dominate over the damping losses,
which depend on the speed. As a rule of thumb, most motors achieve their maximum
efficiency at around 10-20% of stall torque and 90% of no-load speed. This point of
maximum efficiency occurs at a lower speed when the torque is decreased. Robotic appli-
cations, which run at variable speeds and torques, often in multiple quadrants, typically
do not operate in the zone of maximum efficiency at all times, but also pass through low
efficiency regions. Hence, the average efficiency for a typical trajectory can be expected
to be well below the maximum value.

2.2.4 Drive circuitry

Robotic tasks often require motors to not only deliver energy to a load, but also to ab-
sorb it. This happens, for example, when kinetic energy is removed from a load, an act
commonly known as braking. The absorption of power by a motor and the storage of this
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Nominal power 80 W
Nominal speed 6640 rpm
Nominal torque 120 mNm

No-load speed ωnl 7200 rpm
No-load current Inl 177 mA

Max. motor efficiency ηm 87.8%
Terminal resistance R 0.212 Ohm
Terminal inductance L 0.0774 mH

Torque constant kt 23.4 mNm/A
Speed constant kb 408 rpm/V
Rotor inertia Jm 102 gcm2

Gear ratio n 338/3
Gearbox inertia Jtr 5e-7 kg m2

Gearbox efficiency ηtr 72%

Table 2.2: Motor properties of a 80W Maxon DCX35L motor.
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Figure 2.3: Motor efficiency contour plot for the motor specified in Table 2.2, based on
Eq. (2.12). Quadrants are denoted by Roman numerals. The second and fourth quad-
rant (load driving motor) each contain two zero-efficiency regions (dark blue), in which
the negative energy coming from the load is dissipated entirely in the motor. The low-
speed zero-efficiency region, bounded by U = 0 and θ̇ = 0, is the largest. The second
zero-efficiency region, which lies in between the I = 0 line and the speed axis, is hardly
noticeable because both lines nearly coincide. This is why, in order not to compromise
readability, the I = 0 line is not shown on the plot.
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energy in a battery is called regeneration. A common misconception in robotics is that
motors cannot regenerate energy or, even stronger, that the absorption of energy requires
an (equal) amount of energy from the motor [240, 225, 59, 87, 114]. The latter would im-
ply that the motor and drive circuit are receiving power from both the battery and the load,
with no path to sink this energy except for dissipation in its components. Such a situation
would violate the laws of physics (conservation of energy), and is therefore obviously
false. Analyses based on this assumption can therefore lead to very dubious claims, e.g.,
dissipative elements that decrease an actuator’s energy consumption [59].

All electric motors are inherently capable of regenerating energy [101]. A possible
limitation, though, is the drive. In order to enable regeneration, a 4-quadrant controller is
needed. However, the cost of such a drive is usually considerably higher than a single-
quadrant drive. A more economical alternative might be to use a single-quadrant con-
troller and to dissipate the energy in a braking resistor. The price to pay is a lower energy
efficiency, but also additional heat which must be dissipated to the environment.

Datasheets usually do not contain sufficient data to reconstruct the complex dynam-
ics of the circuit, and therefore, we will not attempt to calculate the voltage and current at
the input of the PWM, i.e. at the output of the power source. Instead, we will calculate
the consumed power directly by using the efficiency of the drive circuitry, ηdrive. This
property, which is not considered by most authors, can be retrieved from manufacturer’s
datasheets.

Two types of losses occur:

• Continuous losses due to controller electronics: If the controller does not have a
separate power supply for the electronics, these losses also need to be added to
the power drawn from the source. Some manufacturers specify a standby or idle
current consumption in their datasheets. This is the current which is continuously
drawn from the power source in order to power the electronics. Small, versatile 4-
quadrant controllers up to 50W typically consume around 50 mA. By multiplying
this current with the power source voltage, the constant power loss Pstandby due to
controller electronics can be calculated. Obviously, in low-power applications, this
loss - typically 1 to 2W - can be detrimental to the total energy consumption.

• Losses related to the power flowing through the controller: In general, datasheets
mention a controller efficiency ηdrive, typically 90-95%. ηdrive can be used to calcu-
late the power drawn from the power source, Psource, by applying following formula:

Psource =CcPelec +Pstandby (2.13)

in which Pstandby corresponds to the losses due to controller electronics and Cc is
the controller efficiency function.

For a regenerative drive, Cc is defined as

Cc =

{
1/ηdrive (Pelec > 0)
ηdrive (Pelec < 0)

(2.14)
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Notice how, just like in Eq. (2.3), the drive circuitry efficiency switches from the denom-
inator to the numerator as the electrical motor power changes sign.

Alternatively, the negative power can be dissipated in resistors in the drive circuitry.
In this process, no energy is drawn from the power source [188]. The power flowing from
the power source is then given by

Cc =

{
1/ηdrive (Pelec > 0)
0 (Pelec < 0)

(2.15)

Eq. (2.15) also applies when electronic circuitry is preventing the controller from sending
current into the battery. Such protection circuits are common with high-end batteries such
as Li-Ion batteries, which may get damaged or even explode if too high reverse currents
are applied [9].

Finally, the actuator’s energy consumption Eelec, with drive circuitry included, is
modeled as the integral of the power drawn from the power source, Psource:

Eelec =

ˆ
Psourcedt (2.16)

with the integration interval spanning the entire duration of the motion.

2.2.5 Power source losses

The work only considers the energy consumed at the input of the controller. There is,
however, also an efficiency associated with the power source. This is particularly relevant
if the power source is a portable unit such as a battery. Lead-acid battery cycle efficiencies
are typically around 80 % [209], while the lightweight Li-ion batteries reach efficiencies
of around 90% [192]. Additional circuits such as equalizing circuits may further decrease
these efficiencies. Due to these losses, it will not be possible to entirely reuse the energy
regenerated by the motor. This will be discussed further in section 2.3.3.3.

2.2.6 Backlash

Backlash appears when play exists between mechanical components in the drivetrain. It
is often associated with geared systems, although other components such as couplings,
belts and actuators may also introduce backlash. Some degree of backlash is required in
order to prevent jamming or to allow for lubrication. Nevertheless, in dynamic systems,
one generally tries to minimize backlash in dynamic systems, as it may degrade control
performance by introducing steady-state errors or limit cycles [156]. Although backlash is
mostly seen as a control problem, it also introduces additional energy losses. Backlash is
characterized by impacts between two parts, which are inevitably accompanied by impact
losses [249]. Furthermore, oscillations induced by the controller may lead to additional
energy dissipation [133]. Due to the complexity of these loss mechanisms, however, their
impact on the overall energy consumption is hard to quantify [15]. Consequently, losses
due to backlash will not be treated in this work.
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2.3 Case study: pendulum

In this section, we will study the different loss mechanisms at variable loads and speeds
on a pendulum to which different swinging frequencies are imposed. The actuator consid-
ered here only consists of its two most essential components: a motor and gearbox. The
contents of this section are based on the journal paper Verstraten et al. (2015) Modeling
and design of geared DC motors for energy efficiency: Comparison between theory and
experiments. Mechatronics, 30, pp. 198-213. [232].

2.3.1 Equations

The forced pendulum, driven by a torque Tl , can be described by its classical equation:

Tl = Jθ̈ +νθ̇ +Mgl sinθ (2.17)

which contains an inertial term Jθ̈ , a gravitational term Mgl sinθ , and a damping term
νθ̇ characterizing the friction losses of the system (denotations in Table 2.3) – although
Coulomb friction would be a more realistic representation of friction, as explained in
section 2.2.1. In order to find the natural motion of the pendulum (Tl=0), this nonlinear
second order system is typically linearized by making a small-angle approximation:

Tl = Jθ̈ +νθ̇ +Mglθ (2.18)

However, it is also possible to obtain the exact solution to the nonlinear differential equa-
tion (2.17) by using Matlab’s ellipj function. Defining ωrl as the natural (resonance)
frequency of the undamped pendulum (link),

ωrl =

√
Mgl

J
(2.19)

the solution for θ in the no-damping case (ν = 0) is given by the Matlab equation

θ(t) = 2 · arcsin
(

sin
(

θ0

2

)
· ellip j

(
ωrl · t,sin

(
θ0

2

)))
(2.20)

and the natural acceleration and speed can be calculated from θ by

θ̇(t) = ωrl ·
√

2(cosθ − cosθ0) (2.21)

θ̈(t) =−ω
2
rl sin(θ) (2.22)

If the pendulum is driven by a DC motor with gearbox, the motor will need to deliver
not only the required torque Tl , but also the torque to compensate for the gearbox losses
and the inertia of the gearbox and rotor, since the latter was not included in the DC motor
model (2.7). Hence, the torque required from the motor will be

Tm = (Jm + Jtr)nθ̈ +
Ctr

n
Tl (2.23)



CHAPTER 2. MODELING THE POWER CONSUMPTION OF ACTUATORS 25

in which Jm is the motor inertia, Jtr is the gearbox inertia specified at the input shaft, n is
the gear ratio, and Ctr is the efficiency function of the gearbox (2.3).

Defining the total inertia Jtot as

Jtot = J+
n2

Ctr
(Jtr + Jm) (2.24)

the motor torque can be rewritten as

Tm =
Ctr

n

(
Jtot θ̈ +νθ̇ +Mgl sinθ

)
(2.25)

In order to calculate the energy consumption, a trajectory for the pendulum must be
defined. In other works which use a pendulum as a test load ([222, 20, 17]), a sinusoidal
trajectory is imposed by the actuator, typically with limited amplitude for the small-angle
approximation to be valid. Unlike those works, we will impose the exact solution of
the pendulum problem by varying ωrl in Eq. (2.20). In the case of a sinusoidal trajectory,
there will be a small residual torque which will appear in the results as an unmodeled loss.
The advantage of our approach is that this residual torque is eliminated and thus, theoret-
ically, the motor will only need to compensate for the losses at the resonance frequency
of the system.

Assuming a lossless system by omitting the damping term, and assuming perfect
tracking by replacing θ̈ by Eq. (2.22), the motor torque (2.23) can be rewritten as

Tm =
Ctr

n
(Mgl−ω

2
imp · Jtot) · sin(θ) (2.26)

ωimp is the imposed value of ωrl , and corresponds to the angular frequency imposed by
the actuator. Damping is often omitted in design calculations because it is very difficult
to obtain a good estimate of the damping coefficient without measuring it. This is the
reason why we have neglected it in our simulations. However, we will study its effects
experimentally in the section 2.3.4.1.

Eq. (2.24) allows to write the system’s natural frequency ωrs as

ωrs =

√
Mgl
Jtot

(2.27)

When the pendulum is swinging at its natural frequency, motor torque is reduced to zero,
even in the presence of gearbox losses. This can be seen by introducing the system’s
natural frequency (2.27) into Eq. (2.26). This is however only true if there are no losses
before the gearbox. If there are, the motor will need to deliver some torque in order
to compensate for these losses; moreover, the losses will be amplified by the gearbox
efficiency.

Motor speed, finally, is given by

θ̇m = nθ̇ = n ·ωimp ·
√

2(cosθ − cosθ0) (2.28)

By introducing Eqs. (2.26) and (2.28) into Eq. (2.7), motor current and voltage can be
calculated as a function of ωimp at any point in time.
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Figure 2.4: Test set-up used for efficiency measurements on the Maxon motor and gear-
box. A torque sensor (b) and an encoder (c) are placed in between the pendulum load (a)
and the gearbox-motor (d), which allows for the calculation of the energy consumption at
this particular point.

2.3.2 Test setup

To validate the simulations, a simple test set-up was made (Fig. 2.4). Its physical prop-
erties, derived from a 3D CAD model, are listed in Table 2.3. The parameters of the

Mass (M) 1.568 kg
Moment of inertia in rotation axis (J) 0.102 kg m²

Distance from rotation axis to COG (l) 188.6 mm
Release angle (θ0) 45°

Table 2.3: Pendulum and gearbox properties.

set-up are presented in Table 2.3. The pendulum swings symmetrically around θ = 0°,
which corresponds to a vertical line. It is driven by an 80W Maxon DCX35L motor, of
which the specifications are listed in Table 2.2, in combination with a 338:3 ratio Maxon
GPX42 planetary gearbox (Table 2.3). An ETH Messtechnik DRBK torque transducer at
the primary shaft is used to measure the motor torque. It can measure up to 20Nm with
an accuracy of 0.5% and has an inertia of 136 gcm², which is also accounted for in the
simulations. US Digital E6 series optical encoders on the secondary and primary shaft
measure the angular position of the pendulum and the gearbox shaft. The encoders both
have a resolution of 2000 counts per turn and an inertia of 0.073 gcm² which, although
negligible, was also included in the simulations. For the current measurements, an Al-
legro ACS712 current sensor with measurement range from -5A to 5A and total output
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Figure 2.5: Controller architecture.

error of 1.5% was used, while the motor voltage was measured directly with a National
Instruments sbRIO 9626 board. Both measurements were conducted at the motor termi-
nals, i.e. converter losses are not measured. The resistance of the current sensor (1.2
mOhm) and the additional cables (0.228 Ohm) were also added to the simulation in order
to get a correct estimate of the Joule losses. At each swinging frequency, ten periods were
recorded by the sbRIO 9626 and subsequently averaged to obtain the final result.

The pendulum is position controlled by a Maxon EPOS2 controller, using the inte-
grated Maxon ENX16 EASY encoder with a resolution of 1024 counts per turn for posi-
tion feedback. It receives pre-computed position set values from the sbRIO 9626 through
a CAN bus. The controller consists of a high-speed (10 kHz) PI current control loop and a
low-speed (1kHz) PID position control loop with constant-gain velocity and acceleration
feedforward, as sketched in Fig. 2.5. The parameters of the PI and PID controller and the
feedforward gains are tuned using the EPOS2’s autotuning function. Finally, the EPOS2
controller and the motor are powered by two identical 12V lead-acid batteries placed in
series. The batteries not only deliver power to the drive, but also store any energy that
might be available from regeneration.

2.3.3 Simulations

The imposed trajectory is a periodic motion. Since the load is moving in a gravitational
field – a conservative force field – the amounts of negative and positive energy are equal,
and therefore no net mechanical energy input is required. The actuator will only need to
deliver some energy to compensate for energy losses. As a criterion for energy efficiency,
the energy consumption per cycle is used. To characterize the electrical losses, this value
will be compared to the following value

Emech =

ˆ

cycle

Pmechdt (2.29)
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Figure 2.6: Energy consumption per cycle as a function of pendulum frequency ωimp,
assuming zero drive inertia. When nearing 0 rad/s, the cycle time goes to infinity, and so
does the electrical energy consumption, which is heavily affected by the rapid decrease in
motor efficiency at low speeds.

in which the mechanical power Pmech is given by

Pmech = Tmθ̇m (2.30)

Emech is representative of the mechanical energy consumption of the motor during one
cycle of the pendulum. Unlike in [19], the results are not normalized by cycle time, and
are therefore expressed in J rather than in J/s.

2.3.3.1 Excluding drive inertia

In this paragraph, we will study the behavior of the system without drive inertia by set-
ting Jtr and Jm to zero. Fig. 2.6 shows the mechanical energy Emech and the consumed
electrical energy Eelec, both for one cycle of the pendulum, as a function of the imposed
pendulum frequency. The mechanical energy plot has one minimum at a pendulum fre-
quency of 5.3 rad/s, which corresponds to the pendulum’s natural frequency ωrl . At this
frequency, the actuator does not deliver any torque or power to the load. Any other fre-
quency will require a torque from the actuator; the further away from natural frequency,
the higher this torque will be, which consequently results in a higher power consumption.
Actuator speed is proportional to the imposed pendulum frequency ωimp, as shown by
Eq. (2.28). This explains the quick rise in energy consumption at high frequencies. The
large gap between the mechanical and electrical energy consumption at low frequencies
demonstrates the rapid decrease in motor efficiency at low speeds. Note that the energy
consumption per cycle is still significant at low frequencies because of the longer cycle
times.

Fig. 2.6 also shows how the load- and speed-dependency of motor efficiency affects
the performance of the actuator. It can be observed that the largest difference between
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Figure 2.7: Energy consumption per cycle as a function of pendulum frequency ωimp,
plotted for different gear ratios r. Drive inertia is assumed to be zero.

mechanical and electrical energy consumption, i.e. the worst efficiency, occurs at the
lowest pendulum frequencies. This corresponds to a low-speed high-torque operating
region, which, as already mentioned in section 2.2.3, is the most unfavorable region.
Once above the natural frequency, as the speed increases, the losses increase at a slower
rate than the power consumption, and efficiency improves as well.

Motor torque and speed are influenced by the gearbox, and consequently, so is motor
efficiency. Fig. 2.7 shows the energy consumption per cycle for different gear ratios.

• Low gear ratios lead to an increase in motor torque and a decrease in motor velocity.
As a result, the damping losses (proportional to velocity squared) will decrease
at the cost of increasing Joule losses (proportional to torque squared). There is
some benefit to low gear ratios near natural frequency ωrl , where torque is low and
Joule losses are negligible. However, they come at the cost of a strong increase in
electrical energy consumption away from natural frequency, where high torques are
demanded.

• High gear ratios achieve the opposite: they lead to a decrease in motor torque and
an increase in motor velocity, meaning that the contribution of Joule losses is de-
creased relative to damping losses. This results in high motor efficiencies at low
speeds at the cost of efficiency loss at higher speeds.

The effect of gear ratio choice can also be studied by plotting the operating trajectory
on the efficiency map of the motor. In Fig. 2.8, the operating points at which the motor
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Figure 2.8: Operating points at which peak power occurs for gear ratios of n=20 and
n=150, visualized on a motor efficiency map. A high gear ratio spreads the operating
points over a wider range of speeds, decreasing the torque and increasing the energy
efficiency. A small gear ratio demands high motor torques at low speeds, an unfavorable
situation in terms of motor efficiency.

consumes maximum power for various frequencies are plotted on the efficiency map of
the motor, for gear ratios of 20 and 150. Low gear ratios will push the motor’s operation
points into the low-speed high-torque region, where efficiency is lowest. High gear ratios
push the operation points towards better efficiency regions, although very low torques are
supplied less efficiently. This is in agreement with our previous findings.

From this discussion, it might seem that high gear ratios are more favorable. It is
worth noting though that, as discussed in section 2.2.2, high gear ratios require multiple-
stage gearboxes, which come at very poor efficiencies [99]. For this reason, a well-chosen
gear ratio is generally low, but still sufficiently high in order to allow the motor to operate
in a region with decent efficiency.

2.3.3.2 Effect of drive inertia

Designers will generally try to avoid large inertias because of the reduction in acceleration
capacity associated with them. Even though the inertias of the motor and gearbox are
rather small compared to that of the load they are driving, one must take into account
that their contribution to the acceleration torque is amplified by gear ratio squared (Eq.
(2.24)). Therefore, the effect of drive inertia certainly cannot be neglected for high gear
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Figure 2.9: Energy consumption per cycle for different pendulum frequencies ωimp, drive
inertia included. Except for the highest gear ratios r, a clear minimum is observed at the
pendulum’s natural frequency ωrl .

ratios. From Eq. (2.23), it can be derived that the optimum gear ratio in order to achieve
the maximum acceleration is

n =

√
CtrJ

Jm + Jtr
(2.31)

i.e. the gear ratio which matches the reflected drive inertia with the load inertia. In Eq.
(2.31), the load- and speed-dependent efficiency function Ctr is usually taken to be the
constant catalog efficiency ηtr (reverse drive) or its inverse (forward drive). Utilizing this
specific gear ratio not only maximizes acceleration capability [165]; it also has the benefit
of avoiding resonance problems ([57]). For these two reasons, this technique – known as
“inertia matchi ng” or “impedance matching” – is widely applied in the sizing of servo
applications. However, by increasing gear ratio, drive inertia is increased, which also has
an effect on energy consumption. The optimum gear ratio in terms of energy efficiency
may therefore be different from Eq. (2.31), something which was already pointed out in
[104].

Fig. 2.9 shows the simulated energies for different gear ratios, assuming a regener-
ative drive and including drive inertia into the calculations. Drive inertia does not lower
the frequency of minimum power consumption, which is still observed at the pendulum’s
resonance frequency ωrl . However, energy consumption clearly increases at higher pen-
dulum frequencies, while there is a slight decrease at low frequencies for high gear ratios.
This is because the system’s losses are roughly proportional to the powers flowing through
the system. As demonstrated in Fig. 2.10, an increasing drive inertia leads to a decrease
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Figure 2.10: Peak power as a function of pendulum frequency ωimp. If drive inertia is
neglected (green), minimum mechanical peak power will occur at the pendulum’s reso-
nance frequency ωrl . The addition of drive inertia decreases the resonance frequency of
the system, and consequently lowers the frequency at which minimum mechanical (blue
curve) and electrical (red curve) peak power occurs.
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Figure 2.11: Energy consumption of the pendulum considering different types of drive
circuitry (regenerative and non-regenerative). The mechanical energy curve represents
Emech as defined in Eq. (2.29); it comprises all energy losses except electrical losses.
As the amount of energy which can be regenerated increases, the frequency of minimum
energy consumption shifts from the entire system’s natural frequency, ωrs, to the natural
frequency of the pendulum alone, ωrl .

in the resonance frequency. This is associated with an increased peak power for high fre-
quencies, and consequently, increased losses. It is noteworthy that adding inertia to the
system is not necessarily undesirable from an energy efficiency point of view. It is well-
established that inertia, usually in the form of a flywheel, can be useful as a reservoir for
energy storage in periodic motions. The increased drive inertia has the exact same effect
as the addition of a flywheel, lowering the resonance frequency of the entire system. If
this resonance frequency matches the one of the imposed motion, no torque, hence no
power, will be required from the actuator, except for compensation of the losses. In this
way, the drive inertia can be used to tune the system for a more energy efficient perfor-
mance. As we will discuss in chapter 3, parallel springs – another energy storage method
– have a similar effect: they will increase the resonance frequency of the system.

2.3.3.3 Regenerative vs. non-regenerative drive circuitry

The previous simulations were conducted under the assumption that 100% of the negative
energy can be regenerated. But what consequences does full or partial dissipation of
this energy have for the total energy consumption? To answer this question, we have
simulated the pendulum’s energy consumption using Eqs. (2.16), (2.14), (2.15). The
results are plotted in Fig. 2.11.

• The mechanical energy consumption, which is calculated at the motor shaft, solely
consists of the energy needed to compensate for the gearbox losses. At the reso-
nance frequency ωrl , there is no torque and, since gearbox losses are modeled to be
proportional to torque, no power consumption.
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• In case of a non-regenerative drive, minimum energy consumption is achieved when
a minimum amount of energy is cycled through the motor. In other words, it is
imperative to keep the required power as low as possible at each moment. For
the pendulum problem, this corresponds to the frequency of minimum peak power,
which lies at the natural frequency of the entire system, ωrs. Any other frequency
will require some energy input in order to provide the positive power required for
the motion.

• In case of a regenerative drive with 100% regeneration efficiency, all of the neg-
ative energy available before the controller is recovered. The pendulum’s motion
itself requires no net energy input; only the losses contribute to the total energy
consumption. The optimal swinging frequency therefore lies at the point where the
electrical and mechanical losses are minimized. As mentioned before, the gearbox
losses demonstrate a clear minimum at ωrl . Motor losses are minimal at 2.9 rad/s,
which is far below ωrl = 5.3 rad/s. This minimum is, however, much less clear than
the minimum in gearbox losses, which is why the optimal frequency still tends to
lie close to ωrl . High gearbox efficiencies can lower the optimal frequency, and in
more general cases, one can expect the lowest energy consumption to occur at a
frequency slightly below ωrl .

• It must be noted that not all energy which is transferred to the power source can
be recovered. There are always some losses associated with a charging-discharging
cycle. For batteries, the losses depend on several factors such as the type of tech-
nology, charge/discharge rate and whether the battery is fully charged or not. Lead-
acid batteries such as those used in the test set-up have typical efficiencies of around
80% ([192], [209]). In order to take this into account, one can assign a battery effi-
ciency ηbattery by which the negative power is decreased. Source power would then
be calculated as:

Psource =

{
Pelec/ηdrive (Pelec > 0)
ηdriveηbatteryPelec (Pelec < 0)

(2.32)

Taking ηbattery to be 80%, the minimum already clearly shifts towards ωrs instead
of ωrl .

In conclusion, a regenerative drive consumes less energy than a non-regenerative one,
but the difference in energy consumption becomes smaller as the motion approaches the
system’s natural frequency ωrs, a point at which both perform equally well.

2.3.4 Experimental results

2.3.4.1 Empirical adjustments to the model

Figures 2.12, 2.13 and 2.14 show angle, speed, voltage, current, torque and power plots
for one pendulum period, at frequencies of 1 rad/s, 3 rad/s and 5 rad/s. While the measure-
ments at 1 rad/s and 3 rad/s match the model quite nicely, there are significant deviations
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Figure 2.12: Measurements at a swinging frequency of 1 rad/s. Modeled values are indi-
cated in blue, measurements in green. The gray curves indicate the 1 standard deviation
interval.
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Figure 2.13: Measurements at a swinging frequency of 3 rad/s. Modeled values are indi-
cated in blue, measurements in green. The gray curves indicate the 1 standard deviation
interval.
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Figure 2.14: Measurements at a swinging frequency of 5 rad/s. Modeled values are indi-
cated in blue, measurements in green. The gray curves indicate the 1 standard deviation
interval.
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in the torque and current signal at 5 rad/s because, at this speed, the coupling started slip-
ping, leading to high peaks in the torque signal. As the speed increases, the controller
also starts ringing more violently, i.e., oscillations in input torque occur.

Before discussing the peak power and energy measurements, we will first make two
empirical adjustments to the model. First, motivated by the measurements, a different
value is assigned to the gearbox efficiency in negative power flow. Second, two damping
terms are added to the model to represent the losses which have not yet been modeled,
such as bearing losses.

Directional efficiency of gearbox The gearbox (or any mechanical component induc-
ing losses) will convert some of the input energy to heat. If the motor is driving the load,
this can be accounted for by subtracting the gearbox losses from the motor torque. How-
ever, in case of the load driving the motor, these losses have to be subtracted from the load
torque instead of the motor torque, since it is the load which now supplies the input en-
ergy. This was accounted for in the simulations by Eq. (2.3), using the gearbox efficiency
or its inverse depending on the direction of power flow. Fig. 2.12 clearly demonstrates
how strongly the current is affected by this nonlinearity. The measurements follow the
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Figure 2.15: Difference between modeled and measured current at ωimp= 1 rad/s. The
catalog-based model (blue curve, Eq. (2.3)) assumes ηtr = 72% in both negative and
positive power flow, whereas in the adjusted model (magenta curve, Eq. (2.33)) ηtr is
reduced to 55% in negative power flow. In the positive power region, the difference in
current can almost completely be attributed to oscillations caused by the controller. In the
negative power regions, however, an offset is observed, which is corrected by the adjusted
model.

model quite well with respect to this phenomenon, although the drop is a bit sharper. A
possible explanation would be that the gearbox efficiency is in fact lower than the one
specified in the catalog. With the gearbox being loaded at less than 13% (1 rad/s) and 6%
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(4 rad/s) of its maximum continuous torque, this would be in accordance with our dis-
cussion on gearbox efficiency (section 2.2.2), where we mentioned the sharp decrease in
gearbox efficiency at low loads and speeds. The torque measurements remain unaffected
by the phenomenon, since they were taken before the gearbox. Another explanation can
be derived by looking at the difference between the measured and modeled current (e.g.
Fig. 2.15, at 2 rad/s). While the model seems to be quite accurate in positive power flow,
a difference of about 0.10A is observed in negative power flow. To improve the gearbox
model, we adjust the catalog-based gearbox efficiency model (2.3) by assigning different
gearbox efficiencies depending on the direction of power flow:

Ctr =

{
1/η

+
tr (load driven by motor)

η
−
tr (motor driven by load)

(2.33)

By setting the gearbox efficiency η
−
tr in reverse power flow to 55% and maintaining η

+
tr =

72% in forward power flow, the correspondence between measurements and model can be
increased significantly. The observation that gearbox efficiency is lower in the negative
direction of power flow is backed by theoretical and practical evidence in [237, 238],
where the author measured directional differences in power losses up to 17%.

Addition of friction losses Close to the pendulum’s natural frequency ωrl (low-torque
region), the measurements demonstrate a higher energy consumption, indicative of losses
proportional to speed. Such losses may occur due to bearing friction, or they may reflect
the speed-dependent losses of the gearbox. Whatever their cause, they can be represented
by the damping term in Eq. (2.17), which was previously omitted from our calculations.
Even though it is common not to take any damping into account in actuator design calcu-
lations, a damping term is often included in empirical models of structures. The reason
for this is that the damping coefficient is a very generalized measure of various hard-
to-quantify energy dissipating effects such as material hysteresis, bearing friction, joint
friction etc. This makes it very structure-dependent, hence hard to predict, and therefore
more suited for empirical rather than analytical modeling.

In order to determine to what extent damping can improve the model, the damping
term in Eq. (2.17) is no longer neglected:

Tl,ext = Jθ̈ +νd1θ̇ +Mgl sinθ (2.34)

The linearized version of this equation is a second order system, which is fairly accurate at
small angles and therefore often used to characterize the pendulum for control purposes
([20]). Continuing our quest for a more accurate model of the system, we will retain
the nonlinear form of Eq. (2.34) and attempt to calculate the damping coefficient νd1
empirically by fitting this equation onto the torque measurement. The measured output
angle and its first and second derivative are used as inputs to Eq. (2.34) rather than the
imposed angle, which will not give a close fit due to the deviation in torque caused by
controller ringing.

Eq. (2.34) still does not account for the bearing on the shaft between the torque sen-
sor and the gearbox. The equation for the motor current is therefore extended to include
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ωimp (rad/s) 1 2 3 4 5
Edamping1 0.058 J 0.061 J 0.064 J 0.060 J 0.052 J
Edamping2 0.544J 0.692 J 0.865 J 1.251 J 1.863 J

Edamping1/Etot 2.03% 2.43% 2.53% 2.33% 1.81%
Edamping2/Etot 18.9% 27.7% 34.0% 49.0% 64.8%

Table 2.5: Absolute and relative damping energy losses at different pendulum frequencies
ωimp ranging from 1 to 5 rad/s.

damping losses before the torque sensor:

Iext =
(Jm + Jtr)θ̈m + Ctr

n (Tl,ext +νd2θ̇)+νmθ̇m

kt
(2.35)

We can now attempt to fit Eq. (2.35) onto the current measurements in order to find
an estimate for νd2, as we did with the torque measurements in order to find νd1. The
results for both damping coefficients can be found in Table 2.4.

ωimp (rad/s) 1 2 3 4 5
νd1 0.032 0.017 0.012 0.008 0.006
νd2 0.295 0.188 0.156 0.172 0.201

R2(Tl,ext ) 0.9995 0.9938 0.9869 0.9793 0.5658
R2(Iext ) 0.9763 0.9788 0.9412 0.8127 0.8214

Table 2.4: Empirical estimates of the damping coefficients νd1 and νd2 as defined in Eq.
(2.34), for pendulum frequencies ωimp ranging from 1 to 5 rad/s. The R² value was added
in order to give an idea of the quality of the fit.

νd1 decreases slowly with pendulum frequency, although this is also true for the qual-
ity of the fit and, hence, the accuracy of the coefficients. The decreasing coefficients may
indicate that a damping term overestimates the speed-dependency of the losses between
the load and the torque sensor, which are mostly due to the bearing, and that another fric-
tion model (e.g. Coulomb friction) might be more suitable in this case. νd2 has a value of
around 0.17, which is reasonably constant except at 1 rad/s, where it reaches a value of
0.295.

By multiplying Eq. (2.34) by the output velocity and integrating over an entire period
of motion, one can obtain the total mechanical energy consumption per cycle Emech,ext
based on the extended model. The losses due to damping are given by

Edamping =

ˆ
νd θ̇

2dt (2.36)

Table 2.5 shows Edamping for different pendulum frequencies ranging from 1 to 5 rad/s,
for both damping coefficients. The measurements demonstrate a constant damping loss
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Figure 2.16: Measured and modeled energy consumption per cycle as a function of pen-
dulum frequency ωimp. Mechanical energy is plotted in green, electrical energy in red.
The measurements are indicated as dots and plotted alongside the catalog-based model
(full line) and the adjusted model (dashed line).

of around 0.06 J per cycle for the first damping coefficient. Relatively speaking, the
contribution of this damping term never exceeds 2.6% of the measured electrical energy
consumption. The second damping coefficient, however, does contribute largely to the
total energy consumption, with losses up to 65% at the highest speed. The bearing on
this side of the torque sensor, which is likely to be the main contributor to damping,
indeed runs quite roughly compared to its counterpart on the other side, which explains
the large difference in damping coefficients and their associated losses. In conclusion,
the measurements provide evidence for the presence of damping, and depending on the
construction of the setup, the addition of damping terms to the model may prove essential
to achieving a better estimate of the total energy consumption of the system.

2.3.4.2 Peak power and energy consumption

Fig. 2.16 presents the modeled and measured energy consumption per pendulum cycle,
both for the purely catalog-based model presented in sections 2.2-2.3 as for the empiri-
cally adjusted model (section 2.3.4.1). In the latter, the damping coefficients have been
set to constant values of νd1=0.01 and νd2=0.17 to simplify the calculations. Because
torque and speed measurements were taken before the gearbox, no net mechanical energy
consumption was expected. The measurements, however, indicate a more or less constant
loss of 0.06 J/cycle. This corresponds exactly to the energy loss we predicted in section
2.3.4.1 by adding the damping term νd1θ̇ to the catalog-based model. The mechanical en-
ergy consumption is, however, quite small, and the error made by the catalog-based model
is still acceptable. There is, however, a large difference between the electrical energy
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Figure 2.17: Measured and modeled peak powers as a function of pendulum frequency
ωimp. Mechanical power is plotted in green, electrical power in red. The measurements
(dots) are plotted alongside the catalog-based model (full line) and the adjusted model
(dashed line).

consumption obtained from the catalog-based model and the measurements. This differ-
ence, which clearly increases with pendulum frequency, can almost entirely be attributed
to damping. The adjusted model, which includes a damping term, indeed succeeds in
estimating the energy consumption quite accurately. It predicts the shift in resonance
frequency due to damping, and yields a maximum error of no more than 3.3%.

Looking at the peak powers (Fig. 2.17), one can see a close resemblance between
the measurements and the model, although the measurements are consistently higher due
to ringing of the controller. As predicted, the mechanical peak decreases near ωrl . The
catalog-based model predicted minimum electrical peak power at ωrs = 3.8 rad/s, but no
such minimum is seen in the measurements. However, the adjusted model follows the
same trend as the measurements, indicating that the absence of this minimum is due to
friction. These results demonstrate that the minimum mechanical peak power does not
necessarily occur at the same frequency as the minimum electrical peak power. This was
already noted in section 2.3.3.2, where drive inertia was identified as the cause for this
phenomenon. This inertia affects the electrical but not the mechanical energy measure-
ments, since the latter were taken before the gearbox. In conclusion, the measurements
clearly prove our claim that the acceleration of the drive’s inertia can have a significant
influence on the total power consumption of the actuator.

2.3.4.3 Electrical energy consumption and controller losses

Up till this point, we have measured the electrical power consumption at the motor ter-
minals, because it corresponds to the power calculated by means of the electrical mo-
tor model (2.7). However, the current and voltage profiles change radically when going



CHAPTER 2. MODELING THE POWER CONSUMPTION OF ACTUATORS 43

Mass (M) 2.439 kg
Moment of inertia in rotation axis (J) 0.224 kg m2

Distance from rotation axis to COG (l) 253.3 mm

Table 2.6: Pendulum parameters for the measurements presented in section 2.3.4.3 and
2.4.2.

through the controller, and depending on the control circuitry, so does the power profile.
As discussed in paragraph 2.2, there are some misconceptions regarding negative energy
in the robotics community. Since the Maxon EPOS2 50/5 controller allows for regener-
ation, it would be interesting to see to what extent the controller is able to recover the
energy provided by the load.

In this section, measurements were taken at a swinging frequency of ωimp=1 rad/s.
In order to obtain a higher power consumption, the weight of the pendulum was increased
to 2.439 kg, and the amplitude of the swing was increased to θ0 = 75°. Parameters of the
set-up can be found in Table 2.6. Because the Maxon EPOS2 controller utilizes the same
power source for the motor circuit and electronics, it is continuously drawing power from
the source in order to power the electronics. This power consumption is not mentioned
in the data sheet; it was measured to be 1.5W when the motor is not running. This was
included in the model in order to increase its accuracy. The sensors were carefully cali-
brated for the measurement range, paying special attention to the zero-point calibration of
the current sensor. Just like in the previous sections, ten periods were recorded and sub-
sequently averaged to obtain average measurements for one cycle. These are presented in
Fig. 2.18.

As mentioned earlier, the current and voltage profiles measured at the battery termi-
nals – or, equivalently, at the input of the controller – are very different from the ones
obtained from the model, since these were calculated at the output of the controller. The
torque-current and speed-voltage relationships no longer apply at the battery terminals.
Instead, voltage and current are related to the energy flowing from or to the battery. The
voltage remains close to the battery voltage of 25V; it will increase above this voltage
when energy is sent back to the battery and decrease when energy is consumed. Because
of the constant voltage, the current is much lower than the one at the controller output. Its
sign, as mentioned earlier, determines whether the battery is being charged or discharged.
This is exactly why a good zero-point calibration of the current sensor is so important for
this measurement.

The mechanical power measurements (Fig. 2.18) indicate that there is some negative
energy available from the motion (8.4 J per period). About one tenth of this energy is
dissipated in the gearbox, motor, bearings and controller, but the model predicts that there
should still be a small but significant amount left (0.85 J per period) which can be stored
in the battery. The measurements at the battery terminals clearly demonstrate zones of
negative current (up to 40 mA) and power (up to 1.0 W), i.e. charge flowing to the battery,
confirming that the available energy is sent back to the power source.



44 2.3 Case study: pendulum

0 2 4 6 8
−100

0

100

time(s)

an
gl

e 
(d

eg
re

es
)

0 2 4 6 8
−100

0

100

Time(s)

S
pe

ed
 (

de
gr

ee
s/

s)

0 2 4 6 8
−50

0

50

Time(s)

V
ol

ta
ge

 (
V

)

0 2 4 6 8
−10

0

10

Time(s)

T
or

qu
e 

(N
m

)

0 2 4 6 8
−5

0

5

Time(s)

C
ur

re
nt

 (
A

)

0 2 4 6 8
−5

0

5

Time(s)

M
ec

h.
 p

ow
er

 (
W

)

0 2 4 6 8
−20

0

20

Time(s)

E
le

c.
 p

ow
er

 (
W

)

Figure 2.18: Measurements conducted at the battery terminals, at a swinging frequency
of 1 rad/s. Modeled values are indicated in blue, measurements in green. The modeled
current and voltage waveform is the one observed at the motor terminals; this is why it
differs from the measurements conducted at the battery terminals.
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Figure 2.19: Overview of modeled and measured power losses for a pendulum swinging
at a frequency ωimp=1 rad/s. Pendulum properties as in Table 2.6.

2.3.4.4 Overview

Model vs. measurement Fig. 2.19 demonstrates how the different types of losses
contribute to the total energy consumption. Since the measurements were retrieved with
limited equipment, the loss distribution displayed in the figure is actually a semi-empirical
one, drawing all its information from torque, position, current and voltage measurements,
data sheets, and the damping coefficients obtained in section 2.3.4.1. The modeled en-
ergy consumption is based on the position imposed by the controller, and includes all
the contributions studied in this section which can be retrieved without having to build
the actual system, i.e. everything except damping. The predicted energy consumption of
35.1J was only 9.7% higher than the measured consumption of 31.7J. The fact that the
modeled energy consumption is higher than the measured energy consumption is some-
what unexpected. Tracking errors are the most likely cause for this observation. Indeed,
in Fig. 2.18, the measured mechanical energy consumption does not completely reach the
amplitude of the modeled energy consumption.

On a final note, it must be mentioned that the measurements itself do not allow to
distinguish between gearbox and motor losses, because this would require a torque sensor
in between both. The distribution is therefore an estimate based on the motor model.

Distribution of losses The motor (42% of modeled losses, 46% of measured losses)
is responsible for most losses, even though its maximum efficiency of 87.8% is higher
than the gearbox’s maximum efficiency of 72%. The reason for this observation is that
the gearbox is modeled with a constant efficiency, whereas a load- and speed-dependent
model was applied to the motor. As a result, the average efficiency of the motor will be
lower than its maximum efficiency, especially when the motor is operated far from its
rated values. Fig. 2.20 demonstrates that the motor is definitely not operated in high-
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Figure 2.20: Operating points on the motor efficiency map (white), for the pendulum
specified in Table 2.6, at 1 rad/s. Motor torque and speed are way below the rated values
(rated torque: 120 mNm, rated speed: 6640 rpm). Consequently, the motor is operating
mostly in low efficiency regions.

efficiency regions for most of the trajectory. In the measurements presented in this sec-
tion, on average, the motor is moving at 10.6% of the rated speed and delivering 32.4%
of the rated torque. The average motor efficiency was measured to be only 28.7%, con-
firming the theory. Gearbox losses are also load-dependent and, to a lesser extent, speed-
dependent. With the gearbox loaded 28.3% on average and operating at a low speed,
it will not leave the nearly-flat efficiency region for most of the motion; the estimated
gearbox losses can therefore be assumed to be fairly accurate.

The second source of energy losses, accounting for 39% of modeled and 29% of
measured power losses, is the controller. With the datasheet mentioning a controller ef-
ficiency of 94%, this may come as a surprise. The reason why its power consumption is
so high, is that it has supplementary electronics on board which continuously draw 60mA
(standby current). With a source voltage of 25V, this corresponds to 1.5W, or 4.5% of
the total losses. In low-power applications such as this one, controller electronics can
constitute a significant portion of the energetic cost. Of course, as most energy losses
are proportional to the power required to move the load whereas the consumption of the
controller electronics is nearly constant, the latter’s share in the total energy consumption
will quickly decrease. Moreover, by using a more dedicated controller than multi-purpose
Maxon EPOS2, the energetic cost could most likely be reduced significantly.

Damping is only a minor contributor to the total energy consumption (3%). Looking
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back at the results from section 2.3.4.2, where damping caused about 20% of the losses
at ωimp=1 rad/s, this may come as a surprise. The total amount of consumed energy is,
however, very different for both sets of measurements. In the measurements presented in
this section, the energy consumption at the motor terminals is 22.6J. In section 2.3.4.2,
only 2.87 J was consumed for the same output trajectory. Because damping losses depend
only on the output speed – which is identical in both cases – the energy lost through
damping is the same, but the relative losses are much lower when higher torques are
applied. Consequently, whether or not damping can be neglected in the model depends
not only on the construction of the actuator and the speed of the trajectory, but also on its
load.

Other losses account for the controller (ringing and insufficient tracking). They rep-
resent less than 0.4% of the measured energy consumption.

2.3.5 Discussion

From our simulations and measurements, we were able to construct a set of recommen-
dations regarding actuator modeling and the calculation of energy consumption:

• Negative power can be regenerated with a suitable choice of drive circuitry and
power source.

• The inertia of the motor and gearbox cannot be neglected in most dynamic applica-
tions, especially when the gears apply a substantial reduction.

• A speed- and load-dependent motor model is able to estimate the decrease in motor
efficiency in case of low torques and speeds. This is of great importance in robotics,
where the actuators often operate in exactly these areas.

• In low-power applications, the current needed to power the drive electronics can
provide a major contribution to the total power consumption.

• The introduction of friction terms can improve the quality of the model signifi-
cantly, especially for low-power applications at high speeds and low torques. From
a design point of view, this highlights the importance of a low-friction design in
this type of application.

The tests in this section have demonstrated that, if all the above recommendations are
taken into account, an accurate estimation of the energy consumption can be made. In
the low-speed high-torque test presented in section 2.3.4.4, the model overestimated the
actuator’s actual energy consumption by less than 10%. In section 2.3.4.2, in which the
motor was operated at high speeds and low torques, errors of less than 4% were obtained
provided if a damping coefficient was added to the model. Without this empirical im-
provement, errors could reach up to 63%. This indicates that a large part of the losses in
this operating regime are due to friction, and that the model needs to be adjusted accord-
ingly to generate satisfactory results.
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2.4 The influence of the actuator model

In the previous section, we have shown that accurate models may help to improve
the energy-efficiency of actuator designs by revealing load- and speed-dependent losses
which are generally overlooked. The aim of this section is to assess how less adequate
models affect the estimation of the energy consumption for a simple task - again, an 80W
geared DC motor applying a sinusoidal trajectory to a pendulum. In Section 2.4.1, we
present four models commonly found in literature, and we give some background about
the calculation of energy from power. An experimental comparison of the models, based
on the power profiles and energy consumptions they yield, is presented in Section 2.4.2.
Finally, we will discuss to what extent the models are suited to predict the energy con-
sumption of a geared DC motor, depending on the load and trajectory (Section 2.4.3).

The contents of this section are based on the journal paper Verstraten et al. (2016)
Energy Consumption of Geared DC Motors in Dynamic Applications: Comparing Mod-
eling Approaches. IEEE Robotics and Automation Letters, 1, pp. 524-530 [230].

2.4.1 Basic models

2.4.1.1 Catalog-based motor and gearbox models

First Quadrant Constant Efficiency approach (1QCE) In the first approach, we will
calculate the energy consumption as if the drive were operated at steady-state conditions
in the first quadrant of operation (positive torque and speed). The relation between the
torque at the gearbox shaft Tl and the torque at the motor shaft Tm can be calculated if
gearbox efficiency ηtr and gear ratio n are known:

Tl = nηtrTm (2.37)

Assuming that losses do not affect voltage but only current, we can estimate the motor
current I based on the motor’s torque constant kt and the catalog efficiency ηm:

Tm = ktηmI (2.38)

The motor’s voltage U is a function of the motor’s speed constant kb and motor speed
θ̇m = nθ̇l :

U = kbθ̇m (2.39)

= kbnθ̇l

Consequently, the consumed electrical power Pelec will be
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Pelec = UI (2.40)

=
kb

ktηm
θ̇mTm

=
1

ηmηtr
θ̇lTl

=
1

ηmηtr
Pmech

This last formula, which is correct if the motor is constantly operating at its maximum
efficiency, is perhaps the most common way of calculating the energy consumed by a
motor.

Four Quadrant Constant Efficiency approach (4QCE) In four-quadrant operation,
power can flow from the motor to the load (quadrants I and III) or vice versa (quadrants II
and IV). In the latter case, the load is driving the motor, and the losses must be deducted
from the energy of the load instead of the energy at the motor shaft. As proposed in [79],
this can be implemented by defining a gearbox efficiency function Ctr:

Ctr =

{
ηtr (load driven by motor)
1/ηtr (motor driven by load)

(2.41)

Equation (2.37) becomes
Tl =CtrnTm (2.42)

Similarly, we can define a motor efficiency function Cm to rewrite Eq. (2.38):

Cm =

{
ηm (load driven by motor)
1/ηm (motor driven by load)

(2.43)

Tm = ktCmI (2.44)

Motor voltage and electrical power can be calculated by applying equations (2.39) and
(2.40).

Four Quadrant Constant Efficiency approach with motor and gearbox Inertia
(4QCEI) The next step is to add the motor and gearbox inertia to the model. If gearbox
inertia Jtr is specified at the input shaft, the shaft torque becomes

Tm =
1

nCtr
·Tl + Jtrθ̈m (2.45)

and a term containing motor inertia Jm is added to Eq. (2.44):

I =
1

ktCm

(
Tm + Jmθ̈m

)
(2.46)
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Full DC Motor Model approach (FMM) In this approach, we will use a full DC motor
model instead of the motor efficiency function Cm. The equations for motor current (2.46)
and voltage (2.39) are replaced with the motor model proposed in Section 2.2.3, where,
for reasons stated there, the induced voltage due to inductance L is neglected:{

I = Tm+νmθ̇m
kt

U = RI + kbθ̇m
(2.47)

For the motor’s viscous damping coefficient νm, we will use the estimate

νm =
kt · Inl

ωnl
(2.48)

2.4.1.2 Controller losses

Because we are interested in the total energy consumption of the actuator, experiments
will be carried out by measuring the power consumption at the battery terminals. This
means that, in addition to the above model, the losses due to the controller need to be
calculated. As explained in section 2.2.4, these losses can be modeled as

Psource =CcPelec +Pstandby (2.49)

in which Pstandby corresponds to the continuous losses due to controller electronics and Cc
is the controller efficiency function, given by Eq. (2.14). This model will be applied for
the 4QCE, 4QCEI and FMM cases. Only in the 1QCE case, Cc will be set to 1/ηcontroller
at all time, consistent with the way efficiency is treated in the model.

2.4.1.3 Energy consumption models

Integration of power Following the basic relationship between power and energy, we
can calculate the electrical energy consumption Eelec from the source power Psource by
integration of the latter w.r.t. time:

Eelec =

ˆ
Psource(t)dt (2.50)

with the integration interval spanning the entire duration of the motion. This is the ap-
proach which is followed in most branches of physics and engineering, and which should
be applied to controllers which allow for regeneration.

Integrated absolute power model In robotics, it is common to make the assumption
that the energetic cost of absorbing power is as high as supplying power to the load.
Practically, this means that in Eq. (2.50) the integrand Psource should be replaced by its
absolute value:
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Eelec,abs =

ˆ
|Psource(t)|dt (2.51)

Physically, this formula states that, in case of negative power flow, the motor and the con-
troller are receiving energy from both the load and the power source. This would mean
that all the energy is dissipated somewhere in these components. While this is rather illog-
ical, the formula has the benefit of yielding a systematically higher energy consumption
than Eq. (2.50), which will consistently underestimate energy consumption if any loss
mechanisms are missing in the calculation of Psource. Consequently, the physically incor-
rect equation (2.51) may in some cases be closer to the actual energy consumption than
the physically correct equation (2.50). Nevertheless, as we will demonstrate in Section
2.4.2, Eq. (2.51) is also strongly dependent on the model which is used, and will therefore
produce more arbitrary results than Eq. (2.50).

Integrated positive power model A final approach, suggested in [188] but only fol-
lowed in a limited number of papers [84, 243], is the integration of positive power:

Eelec,pos =

ˆ
max(0,Psource(t))dt (2.52)

This approach would be most suitable if the controller does not allow for regeneration,
but braking is possible through the use of braking resistors, or if electronic circuitry is
preventing the controller from sending current into the battery. Such protection circuits
are common with high-end batteries such as Li-Ion batteries, which may get damaged or
even explode when overcharged [9].

Comparing Eq. (2.52) to Eqs. (2.50) and (2.51), one can easily prove that

Eelec,pos =
1
2
(
Eelec +Eelec,abs

)
(2.53)

In other words, Eelec,pos is simply the average of Eelec and Eelec,abs.

2.4.2 Tests

In order to assess the quality of the models established in Section 2.4.1, they are applied to
the setup described in 2.3.2. This time, the motor, again the 80 W Maxon DCX35L motor
with a planetary gearbox of ratio n=113 specified in Table 2.2), will impose a sinusoidal
trajectory to the output

θl = θ0 sin(ωt) (2.54)

with frequencies ω of 0.5, 1, 2 and 5 rad/s and an amplitude θ0 of 80°. This dynamic
task spans all four quadrants of operation and has a net mechanical energy consumption
of zero.
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The relation between the output angle θ and the gearbox output torque Tl is

Tl = Jθ̈ +Mgl sin(θ)+ sign(θ̇) ·TC +νθ̇ (2.55)

of which the relevant parameters can be found in Table 2.6. Friction is represented by
Coulomb friction sign(θ̇) ·TC and viscous friction νθ̇ , a generally accepted classic model
[158]. The values for TC and ν were obtained experimentally, and were found to be 0.064
Nm and 0.081 Nms/rad.

Finally, the mechanical output power can be obtained by multiplying the derivative
of Eq. (2.54) with Eq. (2.55):

Pmech = Tl θ̇ (2.56)

2.4.2.1 Mechanical output power

In order to validate the model of the setup, the power profile at the motor terminals was
measured. The results at 0.5 rad/s are shown in Fig. 2.21. The good match between
the measurement and the model indicate that the parameters of the setup (Table 2.6) are
estimated correctly, and that Eq. (2.55) and Eq. (2.54) describe the torque and position of
the output well. The symmetry of the curve also demonstrates that the amounts of negative
and positive work forced upon the load are nearly equal. This symmetry is maintained at
higher pendulum speeds.

2.4.2.2 Source power

We will now compare how well the modeled and measured source powers match. Fig.
2.22 shows the measured and modeled electrical power at the battery terminal, for a pen-
dulum swinging at 0.5 rad/s and 5 rad/s. Note that, unlike the mechanical power, none of
the electrical power profiles is symmetrical w.r.t. the power axis. This is mainly caused
by the - mostly constant - controller losses, which add an offset to the electrical power
curves.

At 5 rad/s, regeneration occurs between 0.1-0.3s and 0.7-0.9s. At 0.5 rad/s however,
negative power is completely consumed by the losses, so that none of it is left at the
battery terminals. This demonstrates how hard it can be to design a low-power system
which can recover energy from the load. To have a considerable amount of negative
power available at the load is, obviously, an important condition for energy regeneration,
but secondly, the system should also be designed to have a high efficiency, so that this
energy is not lost when power is flowing through the actuator. Only if both conditions are
met, the negative energy can be used to recharge the battery. A successful example can
be found in [199], where the authors performed an experiment in which they managed
to regenerate 63% of the negative work. Another example is the transfemoral prosthesis
presented in [212], where the authors regenerated approximately 50W of energy with their
knee actuator during the late swing phase of gait.

The discontinuity in the power profiles is not predicted by the 1QCE model because
the directionality of gearbox efficiency, which is the cause of this phenomenon, is not
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Figure 2.21: Measured and modeled mechanical power consumption at the output, for
one period of the pendulum at 0.5 rad/s. There is a good match between both, indicating
that the mechanical model of the setup is accurate.

incorporated into this model. The results obtained by using this model can therefore be
discarded, especially when low-efficiency gearboxes are used. The 4QCE and 4QCEI
models yield very similar power profiles at low speed (0.5 rad/s), because the gravita-
tional torque is rather high compared to the inertial torque caused by the motor’s accel-
eration. At higher speeds and accelerations (5 rad/s), however, the power model obtained
by the 4QCE model is far from accurate. The peak in electrical power in the 0.5 rad/s
measurement occurs at a later time in than predicted by the 4QCE and 4QCEI models,
and its amplitude is higher. The FMM model, in which the motor efficiency is load- and
speed-dependent, is able to predict this shift, even though it still does not fully match the
measurements. A possible cause is the load- and speed dependency of gearbox efficiency,
something which is not accounted for in any of the models. Finally, the notches predicted
by the FMM and 4QCEI models are not clearly visible in the 5 rad/s power measurement,
because the closed loop time constant was too low to track the discontinuity at this speed.
Nevertheless, the measurements clearly follow the general trend predicted by the FMM
and 4QCEI model. Both models do not differ much in this measurement, because here,
the motor operates mostly in regions with near-maximum efficiency. In any case, the
measurements indicate that load- and speed-dependent losses affect the input power of an
actuated system, and that they can be predicted provided that an adequate model is used.
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(b) 5 rad/s

Figure 2.22: Measured and modeled electrical power consumption at the battery termi-
nals for one period of the pendulum at (a) 0.5 rad/s and (b) 5 rad/s. While the disconti-
nuities in the power profile due to the gearbox efficiency (2.43) are clearly visible in the
measurements at 0.5 rad/s, they are hardly distinguishable in the 5 rad/s measurement.
This is due to the time constant of the closed loop system, which is too slow to track the
required discontinuous current at this frequency.
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0.5 rad/s 1 rad/s 2 rad/s 5 rad/s
measured 51.08 J 29.90 J 18.30 J 11.85 J

1QCE
Eelec 46.73 J 23.35 J 11.50 J 6.62 J

Eelec,abs 49.71 J 36.54 J 29.16 J 7.45 J
Eelec,pos 48.21 J 29.95 J 20.33 J 7.04 J

4QCE
Eelec 45.92 J 27.99 J 17.81 J 7.12 J

Eelec,abs 45.92 J 30.67 J 22.76 J 7.13 J
Eelec,pos 45.92 J 29.33 J 20.29 J 7.12 J

4QCEI
Eelec 45.73 J 27.57 J 16.91 J 9.66 J

Eelec,abs 45.73 J 29.99 J 20.44 J 16.75 J
Eelec,pos 45.73 J 28.78 J 18.68 J 13.20 J

FMM
Eelec 52.55 J 29.80 J 17.25 J 10.88 J

Eelec,abs 52.55 J 31.92 J 20.67 J 17.40 J
Eelec,pos 52.55 J 30.86 J 18.96 J 14.14 J

Table 2.7: Measured and modeled energy consumption for one pendulum period, at fre-
quencies of 0.5, 1, 2 and 5 rad/s.

2.4.2.3 Consumed energy

Although the comparison of power profiles already gives a lot of information, it is still
interesting to see how they translate to energy consumption. The measured and modeled
energy consumption of the pendulum at frequencies of 0.5, 1, 2 and 5 rad/s is displayed
in Table 2.7. Both equations (2.50) and (2.51) are used to derive the energy consumption
from the powers obtained by all models presented in Section 2.4.1.1.

Energy consumption decreases with frequency, as the measurements are increasingly
nearer to the pendulum’s resonance frequency (4.4 rad/s) at which energy consumption
will be minimal [232], and because the time for the pendulum to complete one period
increases as the frequency decreases. The measurements and all models confirm this gen-
eral trend. The energy consumed by the idle current of the controller is a linear function of
time, and so, at low speeds, it will represent a large portion of the energy consumption. At
0.5 rad/s, the idle current causes a loss of 18.6 J (36.4% of the total consumption), whereas
at 5 rad/s, this is only 1.9 J (15.7% of total energy consumption). This demonstrates that
an energy-efficient controller and, more generally, energy-efficient electronics, can also
contribute to the reduction of energy losses, especially in low-power applications.

We will now discuss more specific trends related to the models and the way energy
is calculated.

Eelec vs. Eelec,abs Comparing Eelec to Eelec,abs, we observe no difference at all at a fre-
quency of 0.5 rad/s, because the negative power from the load is entirely consumed by
the losses. The difference increases at higher frequencies, at which more negative power
is available. At 5 rad/s, the Eelec value obtained by the FMM model clearly provides the
best prediction.
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Table 2.7 demonstrates a striking trend in the way how modeled energy consump-
tion evolves as the complexity of the model increases. As we move from the simple yet
incorrect 1QCE model to the more complex FMM model, which contains more loss mech-
anisms, we see that, in general, the energy consumption predicted by Eelec is increasing.
The inertia of the motor and gearbox may counter this effect (as evidenced by compar-
ing the 4QCE and 4QCEI model at 0.5-2 rad/s) by slightly redistributing the power over
the pendulum cycle, but apart from this, there is a clear trend towards increasing energy
consumption with increasing model complexity. This is in line with what one would ex-
pect: the more losses are considered, the higher the predicted energy consumption will
be. Looking at Eelec,abs, however, there is little consistency in how energy consumption
evolves with model complexity. At 5 rad/s, Eelec,abs follows the logical trend of increas-
ing energy consumption with increasing model accuracy, whereas at 1 and 2 rad/s, the
opposite is true. The least accurate model, the 1QCE model, yields the highest energy
consumption Eelec,abs at 1 rad/s and 2 rad/s, overestimating the actual consumption by no
less than 22.2% and 59.3%. It is the combination of two inaccuracies that causes the pre-
dicted energy consumption to boom. First, Eq. (2.37) will lead to negative power losses
in negative power flow, increasing the amount of negative energy instead of reducing it.
This conflicts with the “passive sign convention”, which states that dissipated power is a
positive quantity [85]. Second, this error is amplified by the use of Eq. (2.51), which con-
verts the - overestimated - negative energy into a positive contribution to the total energy
consumption. In conclusion, the results presented in Table 2.7 prove that Eq. (2.51) can
lead to serious errors, especially if losses are modeled incorrectly in negative power flow.

Comparison between models The 1QCE model yields very inaccurate energy con-
sumption values, underestimating energy consumption (in case of Eelec) by up to 44.1%
at 2 rad/s, or overestimating it (in case of Eelec,abs) by up to 59.3% at 2 rad/s. This comes
as no surprise, as in Section 2.4.2.2 we already pointed out that the measured power pro-
file corresponded very badly with the one obtained from the 1QCE model.

The only difference between the 4QCE and 4QCEI models is the addition of gearbox
and motor inertia to the model. Inertia acts as an energy buffer, so intrinsically it does not
cause additional energy losses. This is why both models produce very similar energies,
especially at low frequencies. One can notice that, moving from the 4QCE to the 4QCEI
model, energy consumption decreases at 0.5, 1 and 2 rad/s, but increases at 5 rad/s. By
adding gearbox and motor inertia to the model, the total inertia of the modeled system
increases, and consequently its resonance frequency ω0, which is given by

ω0 =

√
Mgl

J+n2ηtr(Jm + Jtr)
(2.57)

for the linearized system, decreases. With ω0 = 4.4 rad/s in this particular setup, the
0.5, 1 and 2 rad/s measurements are performed below resonance frequency. In this case,
the lowered resonance frequency due to the additional inertias will lead to lower motor
currents and powers. The Joule losses being proportional to current squared, this in turn
will lead to lower energy losses. Conversely, if a frequency above resonance is imposed,
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as in the 5 rad/s measurement, the torques and powers will increase, and so will the energy
losses in the system.

Finally, there is the FMM model, which incorporates load- and speed-dependent mo-
tor losses and is by far the most detailed of the four models. Because the catalog efficiency
used in the other models is in fact the maximum efficiency ηm, the energy consumption
predicted by the FMM model will always be higher than the 4QCEI model, which as-
sumes a constant motor efficiency of ηm. Looking at Eelec, the FMM model produces
very decent results, with a maximum error of 8.1% at 5 rad/s. Its underestimation of
power consumption indicates that there is still some room for improvement by adding yet
unmodeled losses, e.g. speed- and load-dependent gearbox losses, or by improving the
current model, e.g. by modeling the influence of motor heating on the motor winding
resistance or by increasing the complexity of the friction model, as suggested in Section
2.3.2.

2.4.3 Discussion

The aim of this section was to study how well different modeling approaches commonly
found in literature can predict the energy consumption of a geared DC motor performing
a dynamic task. If one thing stood out clearly from the measurements presented in this
section, it is the importance of defining efficiency functions based on the direction of
power flow. If the equations which apply to the 1st quadrant of motor operation are
maintained - something which is all too often the case - this can lead to serious errors in
the estimated energy consumption. A DC motor model can help to cover more of the load-
and speed-dependent losses, and so may a load- and speed-dependent gearbox efficiency
model. The latter is more difficult to generate from datasheet information though, and for
this reason, it was not studied in this section. Gearbox and motor inertia have an impact
on the resonance frequency of the system, making them particularly relevant for systems
which require high accelerations at low torques. While the inertia itself does not cause
additional losses, it may cause the total system loss to drop or increase by changing the
current flowing through the motor.

Even though the motion demanded equal amounts of positive and negative work
to be done on the load, and even though the amount of negative work was substantial,
almost none of it was retained at the battery terminals in the slowest measurements. This
demonstrates how hard it can be to regenerate negative energy in a simple actuator system.
Calculating the energy consumption is by integrating the absolute value of power was
shown to be an unreliable method which produces inconsistent results depending on the
model which is used to calculate the losses. The physically correct approach of integrating
the power itself leads to consistently good results, provided that the system is modeled
sufficiently well.
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Description Dependency
Joule losses (motor) PJoule ∼ T 2

Gearbox losses Pgearbox ∼ Pmech = T θ̇

Friction losses – Coulomb PCoulomb ∼ θ̇

Friction losses – viscous Pviscous ∼ θ̇ 2

Table 2.8: Relationship between different loss mechanisms and the torque T and speed
θ̇ experienced by the component, based on the models presented in section 2.2 for an
actuator composed of a motor and planetary gearbox.

2.5 Modeling for energy optimizations

So far, the focus of this chapter was on obtaining accurate models. An important field
where these models are applied, is the field of optimization. In optimizations, a cost
function is minimized based on a model which – in the case of energy minimization
– will represent the actuator’s energy losses. The results from section 2.4 have clearly
indicated that the outcome of the optimization will depend strongly on the quality of the
model, as well as on the choice of the cost function. Before discussing the choice of the
cost function (section 2.5), we first look into an important characteristic of the actuator’s
losses: their relationship to the output speed and torque.

2.5.1 Speed- and torque-dependency of losses

In section 2.2, we gave an overview of the losses in a typical actuation system consisting of
an electric motor and gearbox. We related these losses to the components of the actuator,
and presented the models that can be used to describe them. All these models depend on
speed, torque, or a combination of both. Based on this observation, the power losses in
an actuator can be divided into four groups, summarized in Table 2.8.

In this table, T refers to the torque experienced by the component itself. This means
that losses downstream of the power flow path need to be added to this torque as well. For
example, the motor – which is the most upstream component if the motor is delivering
power to the output – will also need to provide a torque to compensate for the friction
losses in the system, which depend on the output speed. As a result, the Joule losses of
the motor are not only described by a term proportional to the square of the output torque,
but also to several mixed terms consisting of torque and speed. Although, in practical
cases, many of these mixed terms will have a negligible contribution to the overall Joule
losses, it illustrates how the total power consumption can become a very complex nonlin-
ear function of the output torque and speed, with dependencies on speed and torque that
are not yet listed in Table 2.8. Still, the four classes of losses listed in this table serve as
an excellent guideline for the choice of a cost function, which we will discuss below.
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2.5.2 Cost functions

For optimizations, a simple cost function is usually preferred. The two most common cost
functions are based on mechanical power (P2

mech) and motor torque (T 2
m), where friction

is usually neglected. If the imposed trajectory and torque are continuous, so are these
cost functions. This will facilitate the optimization, decreasing computational time. Fur-
thermore, friction parameters, component efficiencies etc. might be difficult to obtain,
especially for complex actuation systems, which makes a direct optimization of the elec-
trical power difficult. Based on the information in Table 2.8, however, actuator losses are
not simply proportional to the mechanical power or torque, but depend on various com-
binations of speed and torque. Below, we will discuss how this affects the quality of the
optimization.

2.5.2.1 Mechanical power flow reduction

The reduction of mechanical power flow is probably the most common criterion for en-
ergy reduction. Here, the output torque T and output speed ω are assumed to be known
based on the imposed output trajectory. This input trajectory is typically the subject of the
optimization, either in a direct way (trajectory optimization) or in an indirect way (opti-
mization of mechanism kinematics). The optimization cost function Πmech is then based
on the mechanical output power Pmech = T ω:

Πmech =

ˆ
P2

mechdt (2.58)

Sometimes, this cost function is said to minimize the mechanical energy which, by defi-
nition, is given by

Emech =

ˆ
Pmechdt (2.59)

and, as a result, can become negative. This is the case if, over the course of the task,
the load is returning its energy to the actuator. The cost function Πmech, however, does
not necessarily minimize the mechanical power consumption. Instead, it is a measure of
the power flow through the actuator, and mostly prevents high power peaks – negative
or positive, both are treated equally, even though negative power decrease the energy
consumption. This is why we chose to name this optimization strategy “mechanical power
flow reduction” rather than “energy reduction”, as it is often called.

In section 1.3.1, we already gave a brief conceptual explanation of how a reduction
of mechanical power flow can increase the energy efficiency of an actuator with energy
buffers. This explanation can now be elaborated in a more formal way. If the actuator
does not have an energy buffer, Pmech will correspond to the power required to move the
load, Pload . Conversely, if an energy buffer such as a spring is used to make the actuator
more efficient, the optimization’s objective will typically be to find the optimal design
parameters of the buffer (e.g. spring stiffness), and Pmech will be defined as the power at
the gearbox output:

Pmech = Pload +Pbu f f er
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In this case, the energy optimization will attempt to minimize the power flow through
the gearbox and motor by using the energy storage capability of the buffer. According
to Table 2.8, this would minimize the gearbox losses. Motor and friction losses, to some
extent, will also be reduced, because these depend on either torque or speed, and the
mechanical power flow is the product of both.

Based on this observation, one might roughly state that a component’s losses cor-
relate with the power flow through the component, and thus, ultimately, the electrical
energy consumption of an actuator depends on the mechanical power that flows through
its components. Therefore, the cost function Πmech can be expected to minimize the actu-
ator’s energy consumption as long as Pmech is a good representation of the internal power
flows. This assumption will hold if internal energy buffers such as inertias (e.g. motor or
gearbox inertia) and elasticities (e.g. cables, torsion stiffness of axles,...) are accounted
for in the model.

2.5.2.2 Joule losses reduction

Another common approach is to use the square of the motor torque Tm as a cost function:

ΠT =

ˆ
T 2

mdt (2.60)

According to Table 2.8, this cost function reduces the Joule losses, but completely ne-
glects speed-dependent losses in the motor. Furthermore, gearbox losses are usually ac-
counted for in Tm, but friction losses are often not.

Joule losses are often a major source of power losses [199, 174]. In such cases,
this cost function can be expected to give good results. Just like for the cost function
Πmech, and perhaps even more so, a correct model of all energy buffers is crucial towards
achieving good results. An important contribution, which is often neglected, is the inertia
of the motor and gearbox. The importance of the drivetrain inertia is was discussed in
section (2.3.3.2). It is evidenced by the principle of inertia matching, which states that,
for a purely inertial load the most energy-efficient design of a drivetrain is one where the
inertia of the load matches the reflected inertia of the actuator [104]. For more complex
loads typical in the field of robotics, the reflected inertia of the actuator is often even
higher than that of the output link [251]. Not taking it into account the drive inertia can
therefore lead to a serious underestimation of the motor torque and, consequently, the
Joule losses and the cost function ΠT .

2.5.2.3 Electrical power reduction

The goal of the optimization is to reduce the energy drawn from the power supply. There-
fore, from a conceptual point of view, the goal is most likely to be achieved if electrical
energy consumption itself is chosen as the optimization goal:

Πelec =

ˆ
Pelecdt (2.61)
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Note that, here, the cost function does not integrate the quadratic form of the power, but
corresponds to the actual definition of energy consumption. As explained in section (2.4),
an optimization based on the square of the electrical power would lead to an overestima-
tion of the actual power consumption.

The main challenge here is to model the electrical power Pelec. This is a non-trivial
task, because ideally, it requires an identification of all losses in between the load and
the batteries. As discussed in section (2.4), any unmodeled loss will lead to an underes-
timation of the energy consumption of the actuator. This is a major disadvantage with
respect to the cost functions Πelec and ΠT , which are less prone to modeling errors. Real-
istic loss models are also often discontinuous, and require continuous approximations to
work. Because of the more complex cost function, the optimization might also become
non-convex, such that a global minimum can no longer be guaranteed.

Despite all these disadvantages, with some effort, the cost function Πelec can capture
the influence of losses which are not directly proportional to power flow, but which rely on
complicated relationships with speed and torque. Coulomb friction, the main contributor
to friction in a realistic system, is an example of such an energy loss. Another important
advantage of this approach is that, with a realistic estimation of motor current and voltage,
motor limitations can be taken into account. As we will show in Section 3.5, this can have
a huge impact on the results of the optimization, especially if the system becomes more
complex.

2.5.3 Summary

When it comes to choosing the cost function for energy optimizations, there is no definite
answer as to what is the best option. If an accurate model of the actuator is available, a cost
function based on electrical energy can be expected to give the best results. Otherwise,
cost functions based on the motor torque or output power are more practical candidates.
The choice for one or the other depends on the relative contribution of the motor (Joule)
losses. If the motor needs to deliver relatively high torques – something which is highly
influenced by the gear ratio – Joule losses can be expected to dominate over other losses,
and a T 2

m cost function will most likely yield the most energy-efficient design. Conversely,
if the motor torque is relatively low in comparison to the speed, gearbox and friction losses
will be the dominant factor. In this case, a minimization of the mechanical power flow
will have the best chance of minimizing the overall energy consumption of the actuator.

2.6 Conclusion

There is a considerable amount of literature on model-based optimizations and analyses
of actuators for robotics. Obviously, the outcome of these works strongly depends on the
way how the actuators are modeled. This is particularly the case if the goal is to minimize
the energy consumption. Interestingly, authors often employ very different methods and
models for their optimizations.
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In this chapter, we have given an overview of different losses that occur in a geared
electric motor. This very basic drivetrain can stand alone as an actuator, but also often
constitutes the heart of more complex actuators and robotic systems. As a result of the
losses, the energy consumption of even such a simple actuator becomes a complex non-
linear function of the output torque and speed, with a strong relationship to the power
flow through its components and, especially, the direction of this power flow.

A series of experiments on a pendulum setup have revealed severing interesting ob-
servations regarding the energy-efficient design of actuators. Although the motor is a very
efficient component, its energy efficiency in robotic applications is very poor, because it
is rarely used in its most efficient working regions. Furthermore, the high gear reductions
that are often required in robotics add to the losses. An efficient selection of motor and
gearbox is therefore one of the keys to reducing energy consumption. Drivetrain inertia,
in particular, was shown to have a great influence on the energy consumption due to its
impact on the internal power flows in the system.

Finally, a surprisingly important component was found to be the drive. Drive elec-
tronics consume a fairly constant amount of power, which can become important in low-
power applications. Furthermore, if the application requires negative (reverse) power
flows, the capability of the drive to regenerate energy influences the optimal working
point of the actuator. This indicates that even losses way upstream have a considerable
the energy-efficiency of the actuator.

In short, a good understanding of the entire actuation unit, from load to battery, is
crucial to reduce its energy consumption. In the next chapters, this knowledge is applied
to the analysis of two energy-efficient actuation concepts.



Chapter 3
Series and Parallel Elastic Actuation 1

3.1 Introduction

Every structure exhibits some degree of elasticity. In an actuator, the elasticity acts as a
low-pass filter for the motor output, limiting the bandwidth of the actuator. For this reason,
actuators have traditionally been designed as stiff as possible with the goal of achieving
accurate, stable, high-bandwidth position control. In the past decades, however, robotics
has seen the emergence of fields such as prosthetics, exoskeletons, social robotics and
co-working robots. Here, other requirements like safe human-robot interaction, shock
resistance and energy efficiency are more important than accurate position control. These
are exactly the requirements stiff actuators struggle with.

To solve the problem, Pratt et al., in their classic 1995 paper [176], decided to turn
the “stiffness is better” paradigm around. They argued that series elasticity acts as a filter
not only for the actuator output, but also for the load. Series elasticity can therefore
be exploited to, for example, protect the gearbox from high forces on the gear teeth.
Additionally, Pratt et al. showed that a deliberate introduction of series elasticity can
make stable force control easier to achieve. The spring of such a Series Elastic Actuator
(SEA) – the name they gave to the concept – can also be used to transform the force
control problem into a position control problem, which can improve the accuracy of the
force control.

Series compliance can also improve the safety of robots interacting with humans.
The elastic element decouples the actuator’s inertia from that of the link, decreasing the
robot’s effective inertia and, as a result, the risk of injury upon collision [24, 251, 90].

1The contents of this chapter are based on the journal papers Verstraten et al. (2016) Series and Parallel Elastic
Actuation: Impact of Natural Dynamics on Power and Energy Consumption. Mechanism and Machine Theory,
102, pp. 232-246 [227], Beckerle et al. (2017) Series and Parallel Elastic Actuation: Influence of Operating
Positions on Design and Control. IEEE/ASME Transactions on Mechatronics, 22, pp. 521-529 [18] and
Verstraten et al. (2016) Series and Parallel Elastic Actuation: Impact of Natural Dynamics on Power and
Energy Consumption. Mechanism and Machine Theory, 102, pp. 232-246 [227].
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Consequently, compliant joints have become an integral part of many of today’s state-
of-the-art anthropomorphic arms for human-robot co-operation [123, 89] and humanoid
robots designed to operate in human environments [216, 215, 181].

Other benefits can be traced back to the ability of the elastic element to store energy.
By loading a spring and then releasing all of its energy at once, an elastic actuator can
achieve very high speeds for a short period of time. This property can be exploited in
explosive tasks such as hammering [76], kicking [77], throwing [31, 30] and jumping [93,
220]. Another important area of application for SEA designs are active ankle prostheses,
where series springs are used to decrease the peak power demand of the motor [164, 95],
allowing for more compact motors to be used. A spring’s energy storage capability also
enables the actuator to be more efficient in cyclic tasks, which is what we will discuss in
this chapter.

In recent years, several authors have put forward another way of introducing the
elastic element: placing it in parallel with the drivetrain. The so-called Parallel Elastic
Actuators (PEA) do not have a decoupled link and motor inertia, and are therefore more
comparable to rigid actuators in terms of safety and force controllability. The benefits
related to energy storage remain, although they manifest itself in a slightly different way.
While a SEA’s compliance can enhance the actuator’s maximum speed, the compliant
element of the PEA enables to decrease the torque demand of the motor. Just like for the
SEA, this leads to a decrease in peak power and energy consumption as well [212, 73,
240, 144, 226, 114].

An important issue of PEAs is the direct relationship between the torque of the elas-
tic element and the position of the controlled link. For this reason, it is very important
to tune the parallel spring to the task-specific requirements, not only by selecting an ap-
propriate spring stiffness, but also by setting the appropriate equilibrium angle [60, 144].
If the task requires versatility from the actuator or if the load does not match the spring
characteristic well, the torques delivered by the parallel elastic element may counteract
the motion during parts of the task and, as a consequence, increase the actuator’s torque
requirement instead of decreasing it [97]. To solve this issue, some authors have included
clutches in their PEA designs [92, 174]. These clutched PEAs engage the clutch when
the actuator benefits from the parallel spring, and disengage it when the spring would
counteract the motion.

This chapter provides an extensive discussion on how series and parallel elastic el-
ements influence the peak powers and energy consumption of actuators. We start by ex-
plaining the basic characteristics of the series and parallel configuration in a quasi-static
analysis (section 3.2). Next, we move to dynamic motions. In section 3.3, we discuss
how springs influence the natural dynamics of the system, and which consequences this
has for the actuator’s peak power and energy consumption, both mechanically and elec-
trically. The influence of static loads is analyzed in section 3.4. In section 3.5, we study
the usage of springs in a real-world application: an active ankle prosthesis. A final com-
parison between series and parallel elastic elements is given in section 3.6.
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3.2 Quasi-static analysis

In the previous chapter, we provided an extensive discussion of the energy efficiency of
rigid actuators consisting of an electric motor and a planetary gearbox. Here, a direct
relationship exists between the motor torque Tm and the output torque Tload

Tm =
C
n

Tload (3.1)

as well as between the motor speed θ̇m and the output speed θ̇ :

θ̇m = nθ̇ (3.2)

where we assumed that the motor speed is reduced by a gearbox with gear ratio n and
efficiency function C, as defined in section 2.2.2. When springs are introduced to the
system, the relationship between the motor and the output becomes more complex. This
opens up possibilities for energy reduction.

3.2.1 Idealized system

Let us first start by analyzing an idealized system, i.e., a completely linear system with no
losses. An ideal torsion spring with linear stiffness k delivers a torque Tspring proportional
to its deflection. This torque is defined by Hooke’s law:

Tspring = k∆θ (3.3)

The spring can be introduced to the drivetrain in two ways2: in series or in parallel with
the motor. These two topologies are depicted in Fig. 3.1. If a spring with stiffness kp is
placed in parallel with the load with equilibrium angle θeq (Fig. 3.1a), we obtain a Parallel
Elastic Actuator (PEA). In this case, the torque required from the motor is reduced by the
spring:

Tm,PEA =
1
n
[Tload− kp(θ −θeq)] (3.4)

whereas the output speed remains equal to the reduced motor speed, according to Eq.
(3.2).

Another option is to place the spring in between the motor and the load. This arrange-
ment is called a Series Elastic Actuator (SEA). In contrast to the PEA, the motor torque is
not affected by the spring, but remains the same as for a rigid actuator (Eq. (3.1)). What
changes is the motor speed which, with a series spring of stiffness ks, becomes

θ̇m,SEA = n
(

θ̇ − Ṫload

ks

)
(3.5)

2Technically, other topologies are possible. The spring can, for example, be placed in between housing of the
gearbox and the ground [198]. The series and parallel topology shown in Fig. 3.2 are, however, the most
common by far.
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Figure 3.1: Actuator topologies.
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The conclusion from this short and simple analysis is that series elasticity has an impact
on the motor speed, while parallel elasticity changes the motor torque.

Now how does this help to reduce an actuator’s energy consumption? Let us assume
that the task is such that a linear relationship exists between Tload and θ , i.e.,

Tload = c1θ + c2 (3.6)

According to Eq. (3.4), a PEA’s motor torque Tm can be reduced to zero by tuning the
spring stiffness kp and its equilibrium angle θeq to

kp = c1 (3.7)

θeq =−
c2

c1
(3.8)

Similarly, based on Eq. (3.5), the SEA’s motor speed can be reduced to zero by choosing
a series stiffness

ks = c1 (3.9)

Because the mechanical power of the motor is the product of its speed and torque, i.e.,

Pmech = Tmθ̇m (3.10)

it is easy to understand that a reduction of motor torque or speed has a positive influ-
ence on an actuator’s power consumption. We can thus conclude that an actuator can be
made more energy-efficient by introducing well-tuned elastic elements, provided that the
required output torque has a linear relationship with the desired output position.

An important note is that mechanical springs have a stiffness k>0. Considering that,
according to Eqs. (3.4) and (3.5), the ideal spring stiffness for both PEA and SEA is c1,
elastic elements should only be used if c1 > 0. If the task were to compress a mechan-
ical spring with stiffness kL, for example, c1 = kL < 0 since Eq. (3.6) is defined from a
motor perspective. An SEA or PEA would therefore not lead to a reduction in energy
consumption for this specific type of load.

3.2.2 Impact of motor efficiency and friction

Even if springs can reduce the mechanical power to zero, the previous chapter has taught
us that this is not necessarily the optimal solution in terms of the electrical power. This
places the above results in a completely different light. Imagine, for example, an SEA
of which the spring is tuned perfectly to the load, such that θ̇m = 0 throughout the entire
motion. Because the series spring has no effect on the motor torque, the motor – assuming
that the gearbox is 100% efficient – would need to deliver a torque

Tm =
1
n

Tload (3.11)
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Inserting this into the motor model specified by Eq. (2.7), the motor voltage would be{
I = 1

nkt
Tload

U = R
nkt

Tload
(3.12)

resulting in an electrical power consumption of

Pelec =
R

(nkt)
2 T 2

load (3.13)

which corresponds to the Joule losses of the actuator. This means that, even if the SEA
does not need to provide any mechanical output power, it still needs to deliver energy to
compensate for the heat dissipated in the motor windings. Because this loss is propor-
tional to the square of the output torque, these losses can become very high when high
torques are required.

A perfectly tuned PEA, on the other hand, would still need to compensate for the
speed-dependent losses of the motor. If we model these as a combination of Coulomb
and viscous friction, the resulting in an energy consumption would be

Pelec =
R
k2

t

[
nνmθ̇ +TCmsign

(
θ̇
)]2

+n2
νmθ̇

2 +nTCm
∣∣θ̇m
∣∣ (3.14)

i.e., the sum of the speed-dependent losses and the Joule losses they cause. Again, the
electrical power consumption is not zero. Eq. (3.14) does, however, not depend on the
output torque. This makes a PEA the more energy efficient alternative if the tasks requires
high torques at relatively low speeds.

3.3 Natural dynamics and efficiency

The quasi-static analysis from the previous section already provides a basic understand-
ing about the working principles of SEAs and PEAs. However, aspects such as drivetrain
inertia, friction and motor/gearbox losses can have a considerable influence on the energy
consumption, as discussed in chapter 2. These were not covered in the quasi-static anal-
ysis, although recent works have shown their importance for the energy consumption of
SEAs of PEAs [19, 21, 64, 184, 106].

In this section, we study the natural dynamics of rigid actuation (RA), PEA, and
SEA, as well as its effect on their power/energy characteristics. To investigate mechan-
ical and electrical energy, the dynamics of the whole system comprising load, actuator,
kinematics/gear boxes and electronics are considered, according to the methods and con-
clusions presented in chapter 2. In this regard, it is an extension of the work presented by
Beckerle et al., where the relationship between the natural dynamics and power/energy
consumption of SEA and PEA was investigated in the mechanical domain [19].

In this section, we first describe the investigated actuator types and their dynamics
(section 3.3.1). A power and energy analysis based on simulations is given in Section
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Figure 3.2: Considered actuator topologies: (a) Rigid actuator, (b) Parallel Elastic Ac-
tuator, (c) Series Elastic Actuator. A frontal view of the pendulum is shown in Figure
(d).

3.3.2 to identify favorable operation modes and compare the different concepts at variable
operating frequencies and stiffnesses. Experimental investigations on the pendulum test
setup from chapter 2 are then used to evaluate the simulation results on a real system
(section 3.3.3). The results are discussed and summarized in sections 3.5.5 and 3.3.5.

The section is based on the journal paper Verstraten et al. (2016) Series and Paral-
lel Elastic Actuation: Impact of Natural Dynamics on Power and Energy Consumption.
Mechanism and Machine Theory, 102, pp. 232-246 [227].

3.3.1 Actuator types and their dynamics

Figure 3.2 presents schematics of the three studied actuator topologies, actuating a one
degree of freedom pendulum with a mass M and a length l (the distance between the
rotation axis and the center of mass). Combined actuator and gearbox inertia is denoted
as Jm + Jtr. The load inertia is Jl and angular positions of the pendulum are equal to
those at the gearbox output in the RA and PEA cases. Pendulum motion corresponds to
the reduced motor motion θ = n−1 θm, where θ and θm are the positions of the output
and motor, respectively, and n is the gear ratio. The frontal view of the pendulum given in
Figure 3.2d defines the direction of θ as well as its maximum and minimum values±θmax
equal to the amplitude of the motion θa . Motor torque Tm, as defined in Figure 3.2a-c, is
the sum of the torque available at the motor shaft and the torque required to accelerate the
rotor inertia Jm.

The stiffness of the parallel elasticity in the PEA (Figure 3.2b) is given by kp. In a
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SEA with series stiffness ks (Figure 3.2c), inertias Jl1 and Jl2 are separated by the elastic
element, and as a result, the positions of pendulum θ and gearbox output n−1 θm differ.

3.3.1.1 Rigid actuation

For the RA topology given in Figure 3.2a, the system’s equations of motion are given by

Tm = (Jm + Jtr)nθ̈ +
C
n

Tload (3.15)

where Tload is defined as

Tload = Jl θ̈ +Tc,lsign
(
θ̇
)
+νl θ̇ +Mgl sinθ (3.16)

The first term on the right side of Eq. (3.15) represents the inertial torque due to rotating
components in the gearbox and motor. Tload represents the torque due to the motion of the
pendulum. Essentially, it includes the gravitational and inertial pendulum loads as well
as Coulomb and viscous friction, characterized by their respective coefficients Tc,l and νl .
The term is scaled by the gear ratio n and the gearbox efficiency function C:

C =

{
1/ηtr (load drivenbymotor)
ηtr (motor drivenbyload)

(3.17)

For RA and PEA, Tload θ̇ designates whether the motor is driving the load or vice versa. If
Tload θ̇ ≥ 0, the power through the gearbox is positive and the load is driven by the motor,
so C = 1/ηtr. Conversely, if Tload θ̇ < 0, the motor is driven by the load and C = ηtr.

As discussed in the previous chapter, the natural behavior of actuation systems is cru-
cial for achieving energy efficient operation. At resonance frequency, a system with one
degree of freedom requires nearly no torque3 to perform an oscillating motion, regard-
less of the desired amplitude. Consequently, an actuator which operates near resonance
can potentially be designed to incorporate smaller motors and will consume only a small
amount of power.

The resonance frequency is calculated from the equations of motion of the linearized,
frictionless system. Rewriting Eq. (3.15) as such, and transforming it to the frequency
domain, we find

Tm (θ) = (Jm + Jtr)nω
2
θ +

1
n

(
Jlω

2
θ +Mglθ

)
(3.18)

The resonance frequencies can then be found by imposing Tm (θ) = 0 and solving for ω .
This results in

ωrs,RA =±

√
Mgl

Jl +n2(Jm + Jtr)
(3.19)

3The motor still needs to deliver some torque to compensate for the energy losses.
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There is only one resonance frequency, since the system given by Eq. (3.18) is of second
order. We can, however, find more resonance frequencies by looking at different subsys-
tems of the actuator. As discussed in section 2.3.3.2, another resonance frequency is of
importance in rigid actuators. It is retrieved from the torque on the gearbox shaft, given
by Eq. (3.16). After linearizing and removing friction terms, we find

T ∗load = Jl θ̈ +Mglθ (3.20)

which yields the resonance frequency of the link subsystem

ωrl,RA =±

√
Mgl
Jl

(3.21)

3.3.1.2 Parallel Elastic Actuation

If the actuator is equipped with a parallel elastic element, the required motor torque can
be calculated with

Tm = (Jm + Jtr)nθ̈ +
C
n
[Tload + kpθ ] (3.22)

This equation is identical to that of a stiff actuator (Eq. (3.15)), except for the additional
spring term kpθ , in which kp is the spring constant of the parallel spring. The single
resonance frequency of this second-order system is:

ωrs,PEA =±

√
Mgl + kp

Jl +n2(Jm + Jtr)
(3.23)

Similarly, we can associate a resonance frequency with the torque at the gearbox shaft:

ωrl,PEA =±

√
Mgl + kp

Jl
(3.24)

These formulas demonstrate that parallel stiffness can be used to increase the pendulum’s
natural frequency. Note that, if kp = 0, we retrieve the same resonance frequency as that
of the stiff system (given by Eq. (3.19)).

3.3.1.3 Series Elastic Actuation

Due to the decoupling of motor and gearbox inertia, the equations of motion of the Series
Elastic Actuator are more sophisticated than the ones presented previously. The spring
introduces a relationship between the output angle and the motor angle which depends on
the load torque. Defining the load torque Tload,SEA of the SEA as

Tload,SEA = Jl2θ̈ +νl2θ̇ +Tc,l2sign(θ̇)+Mgl sinθ (3.25)
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where νl2 and Tc,l2 represent to the viscous and Coulomb friction coefficients of output
shaft, the relationship between the motor angle θm and output angle θ can be written as

θm = n
(

Tload,SEA

ks
+θ

)
(3.26)

The equations of motion are given byTload,SEA− ks

(
θm
n −θ

)
= 0

(nJm +nJtr + Jl1)
θ̈m
n + C

n

[
ks

(
θm
n −θ

)
+Tc,l1sgn( θ̇m

n )+νl1
θ̇m
n

]
= Tm

(3.27)

Here, Tc,l1 and νl1 are the Coulomb and viscous friction coefficients of the shaft connected
to the gearbox output. The first equation represents the dynamics of the link, the second
those of the motor. The gearbox efficiency function C is still defined as in Eq. (3.17), but
here, the case where the motor is driving the load is designated by

θ̇m
(
Tm− (Jm + Jtr)θ̈m

)
= 0

meaning that the power through the gearbox is positive.

Removing all friction terms and linearizing, we can combine both equations of (3.27)
to

(nJm +nJtr + Jl1)
θ̈m

n
+

1
n

(
Jl2θ̈ +Mglθ

)
= Tm (3.28)

Note that the inverse dynamic calculation of motor torque Tm would require differentiation
of (3.26). This function is generally discontinuous because of Coulomb friction, leading
to the appearance of Dirac pulses in the first derivative [56]. Because such pulses cannot
be dealt with in inverse dynamic calculations, the derivatives of Coulomb friction were
neglected in the simulations.

Replacing θ̈m in Eq. (3.28) by the second derivative of Eq. (3.26) and transforming
it to the frequency domain, we find a transfer function

G(ω) =
θ

Tm
=

ks

c4ω4 + c2ω2 + c0
(3.29)

with coefficients 
c4 = (nJm +nJtr + Jl1)Jl2

c2 =−(nJm +nJtr + Jl1)(Mgl + ks)− ks
n Jl2

c0 = ks
1
n Mgl

(3.30)

The poles of this fourth-order transfer function correspond to the two resonance fre-
quencies ωr1,SEA and ωr2,SEA of the system. They are given by (λ = 1,2)

ωrλ ,SEA =±

−c2±
√

c2
2−4c4c0

2c4

1/2

(3.31)
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Alternatively, by rewriting Eq. (3.55) as a function of θm and transforming it to the fre-
quency domain, we find the transfer function

H(ω) =
θm

Tm
=
−nJl2ω2 +n(Mgl + ks)

c4ω4 + c2ω2 + c0
(3.32)

with coefficients c4, c2 and c0 as defined in Eq. (3.30). The zeros of this transfer function,

ωa,SEA =

√
ks +Mgl

Jl2
(3.33)

correspond to the antiresonance frequencies of the system, at which the output can oscil-
late while the input (motor) is standing still. Since mechanical power is proportional to
speed, antiresonance can be expected to be an advantageous operating point, just like res-
onance. Note the similarity between Eq. (3.33) and Eq. (3.24), the only difference being
the exclusion of the gearbox shaft’s inertia in Eq. (3.33). Since Jl2 is bigger than Jl1 in
most practical systems, Jl ≈ Jl2 and thus ωa,SEA ≈ ωrl,PEA for identical spring stiffnesses
ks and kp.

3.3.1.4 Motor model

To calculate the electrical power consumption, we follow the approach outlined in the
previous chapter. The electrical power consumption Pelec is calculated as follows:

Pelec =UI (3.34)

In this equation, the motor voltage U and current I can be calculated by using the DC
motor model from section 2.2.3:{

I = Tm+νmθ̇m
kt

U = L dI
dt +RI + kbθ̇m

(3.35)

In this equation, R is the winding resistance and L is the terminal inductance. kt and
kb represent the torque and speed constants of the motor and have equal values. All
these parameters are readily available from the manufacturer’s datasheet. As suggested
in section 2.2.3, the motor’s damping coefficient νm is calculated from the no-load speed
ωnl and the no-load current Inl by applying the formula

νm =
kt · Inl

ωnl
(3.36)

Influence on natural system dynamics The DC motor also introduces electrical dy-
namics to the system. Before discussing these dynamics, some simplifications can be
made to facilitate the analysis. Regarding voltage, the motor’s terminal inductance L is
generally several orders of magnitude smaller than its winding resistance R, meaning that
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Gearbox shaft inertia Jl1 1.31e-4 kgm²
Output shaft inertia Jl2 1.57e-1 kgm²

Mass M 1.85 kg
Distance from rotation axis to COG l 0.241 m

Coulomb friction coefficient Tc,l1 0.049 Nm
Coulomb friction coefficient Tc,l2 0.064 Nm

Damping coefficient νl1 0.044 Nms/rad
Damping coefficient νl2 0.079 Nms/rad

Table 3.1: Pendulum properties

the L dI
dt term can be neglected unless the application requires extreme variations in cur-

rent. Furthermore, the term RI is a few orders of magnitude smaller than the back-EMF
kbθ̇m, except at very low speeds. Consequently, for the majority of the motor’s operating
range, U = kbθ̇m, the dynamics of motor voltage U are similar to that of motor speed θ̇m,
except for an additional gain and an additional pole at ω = 0. The minimum voltage can
therefore be expected to coincide with the antiresonance frequency.

Regarding current, the νmθ̇m term in Eq. (3.35) can be significant when low torques
are commanded. Throughout the rest of the operating region, however, Tm will dominate.
Consequently, the dynamics of motor current (θ/Im) will roughly correspond to that of
motor torque (θ/Tm), and resonance frequencies will lead to a reduction in motor current.

3.3.2 Power and energy analysis

As in the previous chapter and previous works by Vanderborght et al. [221] and Beckerle
et al. [19], a pendulum setup is used to evaluate the performance of the actuator. The
actuator, which is identical to the one in chapter 2, can be mechanically modified to a SEA
or a PEA. It imposes a sinusoidal trajectory with variable frequency around an equilibrium
position θ = 0°, which corresponds to a vertical line. The amplitude of the motion is 30°,
which is significantly larger than in the aforementioned works by Vanderborght et al.
[221] and Beckerle et al. [19], where the amplitude was limited to 10°. Consequently,
the nonlinear equations of motion need to be considered without making a small-angle
assumption.

The physical properties of the pendulum, derived from a CAD model, are listed
in Table 3.1. For the properties of the motor and gearbox we refer back to Table 2.2.
Note that, for RA and PEA, the Coulomb friction coefficients and damping coefficients
are lumped together because of the rigid connection between the load shaft and gearbox
shaft: {

Tc,l = Tc,l1 +Tc,l2

νl = νl1 +νl2
(3.37)

The simulations are based on the equations established in Section 3.3.1. The imposed
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trajectory is assumed to be tracked perfectly by both actuators, i.e. the angle θ can be
replaced by the time-dependent function

θ(t) = θ0 sin(ωt) (3.38)

The amplitude θ0 is restricted to 30° because of limitations on the maximum extension of
the springs on the physical setup, something which is especially critical for the PEA. This
way, the SEA and the PEA can impose the same motion to the load without reaching the
physical limits of the system, such that a fair comparison between both is obtained.

3.3.2.1 Mechanical peak power

Figure 3.3 shows mechanical peak power for the PEA (left) and SEA (right), as a function
of frequency and spring stiffness. The power is calculated as the product of motor speed
θ̇m and motor torque Tm (taking into account the inertia at the motor itself).

Apart from the obvious minimum at ω = 0, the PEA only demonstrates one mini-
mum in the peak power plot, occurring at the resonance frequency ωrs,PEA. For the SEA,
there are two minima: one at the first resonance frequency ωr1,SEA (local minimum, less
distinct) and one at antiresonance ωa,SEA (global minimum, very distinct). The second
resonance frequency ωr2,SEA does not lead to a clear minimum, which is in line with
the results obtained with another test rig [17]. The plots thus suggest that the optimal
operating points in terms of mechanical peak power lie at the SEA’s antiresonance fre-
quency ωa,SEA and at the PEA’s resonance frequency ωrs,PEA. As seen in Figure 3.3, the
PEA requires higher stiffnesses than the SEA in order to operate at its optimal frequency,
confirming the results from [19].

For kp→ 0 and ks→ ∞, we find that ωrs,PEA and ωr1,SEA both converge to the same
resonance frequency of 3.9 rad/s, which corresponds to the rigid system’s resonance fre-
quency ωrs,RA given by Eq. (3.19). The introduction of a series spring hardly affects this
resonance frequency, except at very low stiffnesses. However, such compliant springs
may compromise the operation of the SEA due to the large spring extensions required,
possibly demanding excessive speeds from the motor. In the PEA, on the other hand,
the presence of the spring moves the resonance frequency to higher values. This can
be exploited in the design of the PEA to decrease peak power. Note that, the stiffer the
parallel spring is, the lower the decrease in mechanical peak power at resonance will be.
This is because the mechanical power is the product of torque and speed, of which only
the former is decreased at resonance, and the latter increases with frequency. As seen in
Figure 3.3, frequency is positively related to stiffness at resonance, and therefore energy
consumption increases with stiffness as well. Conversely, in the SEA at antiresonance,
the speed is decreased instead of the torque. As a result, the mechanical peak power is
largely unaffected by an increase in frequency, and low peak powers can still be achieved
at high frequencies.

Finally, comparing the theoretical resonance and antiresonance lines to the actual
minima of the plot, one observes that optimal peak power occurs at a slightly lower stiff-
ness than expected for PEA. Conversely, for the SEA, optimal stiffness is slightly higher
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Figure 3.3: Mechanical peak power for (a) PEA and (b) SEA, for varying swinging
frequencies and spring stiffnesses. Minimal mechanical peak power for the PEA ap-
proximately corresponds to the system’s resonance frequency ωrs,PEA. For the SEA, the
minimum occurs at the antiresonance frequency ωa,SEA, but a decrease is also observed at
the resonance frequency ωr1,SEA.
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than predicted by the ωa line. These deviations are due to the combination of nonlineari-
ties and friction.

3.3.2.2 Energy consumption

Essentially, the power is the sum of two contributions Pload and Ploss:

P = Pload +Ploss (3.39)

where Pload represents the power consumed by the load (i.e. the power consumed by
the lossless system) and Ploss the power losses. The latter can be attributed to bearing
and gearbox friction (mechanical losses) and the motor’s winding resistance (electrical
losses), as discussed in section 2.5.1. Throughout most of the motion, the power con-
sumed by the load will be the dominant factor; as a result, power is strongly related to the
motion and the properties of the output link.

By definition, energy is calculated as

E =

ˆ
Pdt

=

ˆ
Ploaddt +

ˆ
Plossdt (3.40)

= Eload +Eloss

In the specific case studied in this paper, Eload equals zero because the imposed motion
is a cyclic motion applied to a conservative force field. Consequently, the total energy
consumption E is equal to the system’s energy losses Eloss. In contrast to power, energy
consumption will therefore be dictated by the energy losses rather than the motion of the
load itself. Of course, losses being closely related to torque an speed, energy losses can
also be expected to be somehow related to the output link and its motion. Nevertheless,
there are some differences between the peak power of SEAs and PEAs and their – me-
chanical or electrical – energy consumption. Those differences are the subject of this
section.

Mechanical energy consumption Figure 3.4 shows mechanical energy consumption
for the PEA (left) and SEA (right), as a function of frequency and spring stiffness. Me-
chanical energy is calculated as the integral of the mechanical power. As in section
3.3.2.1, mechanical power is the product of speed and torque at the motor (including
the torque due to the acceleration of the motor’s own inertia). Consequently, it is the me-
chanical energy required to complete one entire pendulum cycle at a specific frequency.

For the PEA, mechanical energy is minimal at link resonance ωrl,PEA (i.e. resonance
without motor inertias). This is a significant difference with the results in mechanical
peak power, where the minimum occurred at motor resonance ωrs,PEA. At ωrs,PEA, motor
torque is reduced, leading to minimal (electrical) motor losses. However, as explained in
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Figure 3.4: Mechanical energy consumption per cycle for (a) PEA and (b) SEA, for vary-
ing swinging frequencies and spring stiffnesses. The PEA consumes the least amount of
mechanical energy at the link’s resonance frequency ωrl,PEA. For the SEA, minimum
energy consumption occurs at antiresonance ωa,SEA, and another decrease in energy con-
sumption is also observed near ωrl,RA.
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section 2.3, gearbox torque is nonzero at this frequency because of the inertia of the motor,
which adds an inertial torque. Gearbox losses, which are proportional to the torque going
through it, are instead minimized at the resonance frequency of the output link ωrl,PEA.
The minimum in mechanical energy consumption, which is dominated by the gearbox
losses, therefore lies at ωrl,PEA instead of ωrs,PEA.

For the SEA, the global minimum still occurs at antiresonance. The second reso-
nance frequency, again, does not lead to a reduction in mechanical energy consumption.
A local minimum is present at about 5 rad/s, a slightly higher frequency than the first
resonance frequency ωr1,SEA. The reasons for this shift are the same as those for the PEA:
for minimal mechanical power consumption, gearbox losses need to be minimized, which
is the case at ωr1,RA instead of ωr1,SEA (minimal motor losses).

As was the case for mechanical power, we observe that, if the SEA is operated at an-
tiresonance, energy consumption is low regardless of the frequency. For the PEA, higher
frequencies demand higher mechanical energy input, because speed is not reduced by
the parallel spring. Also note that, as explained in Section 3.3.1.3, ωrl,PEA and ωa,SEA
are nearly identical. Hence, for minimizing the mechanical energy consumption, there is
almost no difference between the optimal spring stiffness of the SEA and PEA.

Electrical energy consumption Figure 3.5 shows electrical energy consumption for
the PEA (left) and SEA (right), as a function of frequency and spring stiffness. Electrical
energy is calculated as the integral of electrical power, given by Eq. (3.34). As predicted
in Section 3.3.1.4, the plots are very similar to those for the mechanical energy, but the
results are more pronounced due to the addition of the Joule and gearbox losses, which
are both very dependent on torque.

For the PEA (left of Figure 3.5), minimum electrical energy consumption occurs
in between gearbox resonance ωrl,PEA (gearbox losses minimized) and motor resonance
ωrs,PEA (Joule losses minimized). Neither of both lines provides a good approximation
of the optimum by itself. In this case, the minimum is closer to gearbox resonance, but
this observation cannot be generalized to any actuator system. The location of the actual
minimum depends entirely on the system’s losses. If most losses are due to the gearbox,
the minimum will be closer to ωrl,PEA; if motor losses dominate, the minimum will be
closer to ωrs,PEA. Therefore, the optimal stiffness needs to be calculated based on the full
equations of the system, including friction factors, gearbox efficiency and a motor model.

For the SEA (right of Figure 3.5), antiresonance can serve as a good approximation
to calculate the optimal spring stiffness. There is a clear minimum in the electrical energy
consumption, which does not deviate much from the theoretical antiresonance line. En-
ergy consumption is also lowered at a frequency slightly higher than resonance, but the
reduction is not as pronounced as at antiresonance.

Again, we notice that the PEA’s electrical energy consumption rises at higher fre-
quencies due to the increased speed required from the motor. The SEA maintains low
energies up to higher frequencies. However, unlike in the mechanical power and energy
plots, electrical energy of the SEA also increases at higher frequencies. This is due to the
proximity of the resonance frequency ωr2,SEA which reduces motor torque, and the link’s
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Figure 3.5: Electrical energy consumption per cycle for (a) PEA and (b) SEA, for varying
swinging frequencies and spring stiffnesses. Minimal electrical energy consumption for
the PEA occurs somewhere in between the resonance frequencies ωrs,PEA and ωrl,PEA.
The SEA has a distinct minimum at antiresonance ωa,SEA.
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resonance frequency ωrl,RA, at which gearbox torque is minimized. As ωr2,SEA, ωa,SEA
and ωrl,RA approach each other at low stiffnesses, a simultaneous reduction of torque and
speed occurs, and energy consumption will drop to rather low values. At higher stiff-
nesses, the SEA still profits from the decrease in speed, but the torque-reducing influence
of ωr2,SEA and ωrl,RA is less strong, leading to an increased energy consumption.

In conclusion, minimum mechanical peak power, minimum mechanical energy and
minimum electrical energy all occur at different frequencies for the PEA. This makes
the calculation of its optimal spring stiffness a difficult task, which is highly dependent
on the model being used. For the SEA, the calculation is a lot simpler, since in good
approximation all minima can be traced down to the antiresonance frequency. Moreover,
in this set of simulations, the SEA at antiresonance outperforms the PEA in terms of peak
power and, especially, energy consumption.

3.3.2.3 Comparison with rigid actuation

In this section, we will compare the energy consumption of the PEA and the SEA to that
of rigid actuation. The relative difference is calculated as

e =
E−ERA

ERA
(3.41)

where E stands for the energy consumption of the PEA or SEA, depending on which type
of actuation is considered for the comparison. The results for different frequencies and
stiffnesses are shown in Figure 3.6.

In this case study, elastic elements do not yield energetic advantages below 5 rad/s.
For the PEA, the most distinct reduction in energy consumption is focused around ωrl,PEA.
The favorable region includes this frequency completely, while ωrs,PEA does not yield a re-
duction in energy consumption at frequencies close to ωrl,RA. As expected, antiresonance
marks the greatest energy reduction for the SEA. Reduced energy consumption covers
a certain area around this frequency. Hence, tuning for antiresonance is advantageous,
even if the model does not fit the real system perfectly. The resonances lie outside the
beneficial areas for the SEA and should therefore be avoided [17]. In fact, the resonance
frequency ωr2,SEA approximately matches the upper boundary of energetic advantage of
the SEA. The lowest frequency at which an energetic advantage is achieved with series
springs is ωrl,RA = 5.3 rad/s; for any frequency below this value, RA will perform better.
Note that, at kp = 0, the PEA transforms into a system equivalent to RA, hence e = 0.
Consequently, in contrast to the SEA, there is no practical lower boundary on the spring
stiffness of the favorable region for the PEA.

3.3.3 Experimental evaluation

In order to evaluate the conclusions from the power and energy analysis, the electrical
energy plots were obtained experimentally from a physical setup matching the properties
of the simulated system. In this section, the physical test set-up is described along with the
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Figure 3.6: Relative difference between the energy consumption of the rigid actuator
compared to (a) PEA and (b) SEA. The black lines denote the combinations of frequencies
and stiffnesses at which RA and PEA (RA and SEA) perform equally well. The highest
relative differences are situated around ωrl,PEA (PEA) and ωa,SEA (SEA). At any frequency
below ωrl,RA = 5.3 rad/s, RA performs best. Note that RA corresponds to the cases of zero
parallel stiffness (kp = 0 Nm/rad in the plot to the left) or infinite series stiffness (ks→ ∞

in the plot to the right).
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(a) PEA (b) SEA

Figure 3.7: Setups used for experiments. 1. Motor-gearbox, 2. Gearbox shaft encoder,
3. Torque sensor, 4. Springs, 5. Output shaft encoder

corresponding control algorithms. Subsequently, the experimental results are presented,
discussed and compared to the simulations.

3.3.3.1 Test setup

The tests are performed on the setup presented in section 2.3.2, which was modified to
accommodate series and parallel springs in accordance with section 3.3.1. The param-
eters of the setup are given in Table 3.1 and are identical to those that are used for the
simulations in Section 3.3.2. The actuator consists of a 80 W Maxon DCX35L motor
and a Maxon GPX42 338:3 planetary gearbox (1), of which the parameters are listed in
Table 2.2. The compliant elements are implemented by means of two antagonistic tension
springs (4), which are mounted on one of both sides of the pendulum to yield a PEA (Fig-
ure 3.7a) or a SEA (Figure 3.7b). Additionally, the springs can be replaced to change the
stiffness of the actuator in discrete steps between the experimental trials. The resulting
rotational stiffness values can be varied between 2 Nm/rad and 10 Nm/rad for the SEA
and between 0.3 Nm/rad and 2.3 Nm/rad for the PEA. By removing the parallel springs
and making the series connection rigid, the RA case can be investigated as well.

A torque sensor (3) and an encoder (2) are placed on the gearbox shaft to measure
the mechanical energy consumption. The torque sensor is an ETH Messtechnik DRBK
torque transducer (range 20 Nm, accuracy 0.5%) while positions are acquired using a US
Digital E6 series optical encoder with 2000 counts per turn. To measure the output shaft
angle of the SEA, another unit of this encoder type (5) is placed on a measurement shaft,
which is connected to the load shaft with a pulley (1:1 ratio). The inertial properties of the
torque sensor (136 gcm²) and the encoder wheels (0.073 gcm²) are included in the simu-
lation, despite their insignificance with respect to the total inertia of the system. To assess
electrical energy consumption, the voltage at the motor terminals and the motor current
are measured. To sense current, an Allegro ACS712 current sensor with a range from -5 A
to 5 A, a total output error of 1.5%, and a resistance of 1.428 mΩ is used. All sensors and
the resistance of the cables in between the motor and the controller (0.228 Ω) are consid-
ered in the system model in order to obtain an appropriate comparison of simulations and
experiments.
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Figure 3.8: General control architecture

The sensory data is acquired with a National Instruments sbRIO 9626 board, which
is also used to implement the control algorithms. For every measurement, at least ten
pendulum periods are recorded after start-up transients receded. The measurement is then
decomposed into separate sine periods, which are averaged with respect to one another in
order to reduce noise and other non-reproducible effects.

3.3.3.2 Control algorithm

As demonstrated in Section 3.3.1, the equations of motion for the actuated pendulum are
nonlinear. For small angles, the equations for the stiff actuator and the PEA can easily be
linearized, and a PID controller can deliver a satisfactory control performance. For the
SEA, however, the missing collocation due to the elastic coupling has to be taken into
account [58], and the resulting fourth-order dynamics can no longer be controlled by a
simple PID system. Because of its ability to handle these nonlinearities and collocation
issues, the model-based control strategy of feedback linearization [205] provides a suit-
able solution for this type of problem. This control strategy, which will be employed for
all actuator types, results in the controller architecture sketched in Figure 3.8.

The control law for the PEA (and RA) compensates the second-order nonlinear dy-
namics by applying the motor current

Im,PEA =
1
kt

[(
nJm +nJtr +

Jl

n

)
yPEA +

1
n

Mgl sin(θ)+
1
n

kpθ

]
(3.42)

It consists of a feedforward term that is based on Eq. (3.22) in combination with feedback
motion control by the auxiliary input yPEA. This is chosen to be

yPEA = θ̈d +P(θd−θ)+D
(
θ̇d− θ̇

)
(3.43)

where P and D are the proportional and differential control parameters [203] and θ̈d , θ̇d ,
θd are the desired angular accelerations, velocities, and positions of the pendulum. In the
experiments, the P and D coefficients are tuned by hand.

To tackle the fourth order dynamics of the SEA presented in Eq. (3.55), the control
law is extended to
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Im,SEA =
Jdrive

kt

(
Jl2ySEA +Mgl(cosθθ̈ − sinθθ̇ 2)

ks
+ θ̈

)
+

1
nkt

(
Jl2θ̈ +Mgl sinθ

)
(3.44)

in which we defined the drive side inertia Jdrive as

Jdrive = nJm +nJtr + Jl1 (3.45)

The auxiliary control input ySEA in Eq. (3.44) is

ySEA =
....
θ d +R0 (θd−θ)+R1

(
θ̇d− θ̇

)
+R2

(
θ̈d− θ̈

)
+R3 (

...
θ d−

...
θ ) (3.46)

as suggested in [205]. In this equation, the feedback control parameters R0, R1, R2, R3 are
related to the errors on pendulum position, velocity, acceleration, and jerk which define
the system state. In both cases, these control parameters are manually tuned for each
investigated combination of frequency and stiffness. This way, the best possible tracking
for a sound comparison of power and energy characteristics is assured.

3.3.3.3 Experimental results

The experimentally obtained energy consumption of PEA and SEA is presented in Fig-
ure 3.9. Due to limitations on spring extension and permissible speed of the motor, the
frequency range is limited to 7 rad/s for both actuators, and the stiffness is limited to
2.3 Nm/rad for the PEA and 10 Nm/rad for the SEA. Comparing the measured (green
dots) and simulated (blue wiregrid) energy profiles shows that the consumption of PEA
is slightly overestimated by the models. Yet, the model yields a good prediction of the
global actuator behavior. In the SEA case, the experimental results show good accordance
with the analytical ones, except for overestimating the consumed energy at combinations
of low frequencies and low stiffness values. However, those combinations are not of in-
terest for practical SEAs, because energy consumption is rather high at these operating
points.

The results for the PEA (left of Figure 3.9) are generally in accordance with the
minimum area found in the simulations, although the experiments do not allow to exactly
trace the minimum to the resonance frequencies of either the system or the link due to the
limited frequency resolution. Furthermore, the PEA suffers from possible inaccuracies
due to the setting of the equilibrium angle, which is of no concern for the SEA. Never-
theless, the experiments confirm that the PEA can be operated in a favorable region by
adjusting its stiffness.

The experimental energy profile of the SEA (right of Figure 3.9) shows that operation
at antiresonance leads to minimum energy consumption. As observed in the simulation,
the region of reduced energy consumption covers a certain area around antiresonance:
lowest energy consumption values are 0.45 J for 1.4 Nm/rad and 0.70 J for 2 Nm/rad
considering operation at 6 rad/s. For 7 rad/s, minimum values are 1.4 J for 2 Nm/rad and
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Figure 3.9: Electrical energy consumed by the (a) PEA and (b) SEA at different frequen-
cies and stiffnesses. Measurements are indicated as green dots, while simulated energies
are shown as a blue wiregrid. As predicted in the simulations, for the SEA, a distinct
minimum exists around antiresonance. For the PEA, the region of low energy consump-
tion is more spread over the range of frequencies. Note that the experiments for the RA
correspond to the experimental results for the PEA at kp = 0 Nm/rad.
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RA PEA SEA
Frequency Eelec Eelec Eelec

1 rad/s 2.4 J 2.4 J
(0 Nm/rad)

3.1 J
(10 Nm/rad)

2 rad/s 1.8 J 1.8 J
(0 Nm/rad)

2.6 J
(8 Nm/rad)

3 rad/s 1.4 J 1.4 J
(0 Nm/rad)

2.2 J
(8 Nm/rad)

4 rad/s 1.5 J 1.5 J
(0 Nm/rad)

1.9 J
(8 Nm/rad)

5 rad/s 1.8 J 1.6 J
(0.3 Nm/rad)

1.9 J
(6 Nm/rad)

6 rad/s 2.0 J 2.0 J
(1.3 Nm/rad)

0.45 J
(1.4 Nm/rad)

7 rad/s 2.4 J 2.0 J
(2.3 Nm/rad)

0.57 J
(4 Nm/rad)

Table 3.2: Measured electrical energy consumption Eelec of RA, SEA and PEA for vari-
ous frequencies. For SEA and PEA, the lowest value across all stiffnesses is shown. The
corresponding spring stiffness is mentioned in brackets.

0.57 J for 4 Nm/rad. Hence, the conclusion that tuning the SEA for antiresonance yields
good results, even if the model is not ideal, is confirmed experimentally. Conversely,
very little energetic benefit is obtained by matching the operating points to the resonance
frequency. The first resonance frequency, ωr1,SEA, does not show a clear reduction of
electrical energy consumption, as predicted analytically. The second resonance, ωr2,SEA,
is located outside the investigated frequency-stiffness combinations.

The experimental energy requirements for frequencies ranging from 1 to 7 rad/s are
also presented in Table 3.2. For the SEA and PEA, only one result is shown for every
frequency. This result corresponds to the experiment with smallest energy consumption;
the corresponding spring stiffness is mentioned between brackets. Consistent with our
findings in section 3.3.2.3, at frequencies below the link’s resonance ωrl,RA = 5.3 rad/s,
the SEA performs worse than the RA. As a logical result, the optimal stiffness of the SEA
is pushed up to high values in order to obtain a behavior which is as close as possible to
the RA. Similarly, the PEA’s optimal stiffness at low frequencies is zero, such that the
PEA becomes identical to the RA. In accordance with Figure (3.6)a in Section (3.3.2.3),
Table 3.2 shows that 5 rad/s is the lowest frequency at which a parallel spring becomes
beneficial.

Besides the increasing energy requirement with rising frequency above ωrl,RA, it
becomes distinct that the PEA always demands more energy than the RA operated at this
specific point. This is consistent with our findings in Section 3.3.2.2. Still, the PEA can be
beneficial if stiffness is modified to match varying trajectory frequencies, as can be seen
from the results for 6 rad/s (same energy consumption) and 7 rad/s (energy consumption
lowered by 20%). In contrast to the PEA, the SEA at antiresonance exhibits significantly
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lower energy requirements than the RA operated at resonance, with reductions up to 78%
at 6 rad/s. Note that, both for SEA and PEA, the optimal stiffnesses in Table 3.2 depend
on the discrete set of available springs for the test setup. Higher reductions can most likely
be obtained if the spring stiffness could be matched exactly to the theoretically optimal
stiffness. Anyhow, these results give a clear indication that, for a 1-DOF link swinging
above its resonance frequency, a properly tuned SEA is superior to the PEA in terms of
energy consumption.

3.3.4 Discussion

As mentioned in the introduction of Section 3.3.2.2, the energy consumption of the stud-
ied system depends completely on the system’s energy losses. These losses can roughly
be classified into three major categories: bearing losses, gearbox losses and motor losses.
As explained in section 2.5.1, bearing losses are related to speed, motor losses (mostly)
to torque, and gearbox losses to both.

In sections 3.2 and 3.3.2, we established that the optimal operation of PEA and SEA
relies on very different principles. In PEA and RA, the resonance frequency can be ex-
ploited, reducing the torque on the motor and gearbox. Consequently, motor and gearbox
losses are minimized, resulting in a more energy-efficient operation. SEA, on the other
hand, relies on the exploitation of antiresonance to decrease motor speed. Smaller motor
speeds lead to a reduction in friction losses, while gearbox and motor losses remain un-
affected. Since, in the actuator system studied in this paper, the latter are responsible for
the majority of the losses, one would expect the usage of a PEA to lead to better overall
efficiencies. The simulations, however, reveal some additional considerations which need
to be taken into account when comparing SEA to PEA. Firstly, as discussed in Section
3.3.2.2, gearbox and motor losses cannot be minimized simultaneously because they cor-
respond to different resonance frequencies, and optimal stiffness for the PEA is a trade-off
between both. Consequently, even at the optimal stiffness, a significant amount of energy
will still be lost in the gearbox and motor. Secondly, the dynamics of the SEA demonstrate
a very interesting feature: the antiresonance frequency ωa,SEA (minimal motor speed), the
resonance frequency ωr2,SEA (minimal motor torque) and the link’s resonance frequency
ωrl,RA (minimal gearbox torque) approach each other for ks → 0. As a result, an SEA
operated at antiresonance does not only take advantage of the reduced motor speed, it
also enjoys a slight reduction of motor and gearbox torque. While the torque reduction is
not as distinct as in the PEA – the PEA’s resonance frequencies ωrs,PEA and ωrl,PEA being
much nearer to each other – the combination of reduced motor speed and motor torque
provides an energetic advantage to the SEA which cannot be rivaled by the PEA. In other
words, the favorable dynamics of the SEA allow it to outperform the PEA in terms of
energy consumption, at least for this case study.

3.3.5 Summary

Consistent with the findings of earlier work [17], we found that SEAs should be tuned
to antiresonance, regardless of whether peak power or energy consumption is considered.
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For PEAs, the optimal tuning is case-dependent. Minimum mechanical peak power oc-
curs at the resonance frequency ωrs,PEA, whereas minimum mechanical energy consump-
tion corresponds to the resonance frequency ωrl,PEA of the gearbox subsystem. Minimum
electrical energy consumption, finally, is not defined by any of these frequencies, but oc-
curs somewhere in between depending on how the losses are distributed between gearbox
and motor. Consequently, finding the energy-optimal stiffness of a PEA requires a de-
tailed system model, whereas for the SEA, the antiresonance frequency already provides
an excellent estimate.

Comparing the energy consumption of SEA and PEA to RA, energy can be reduced
at frequencies above the link’s resonance frequency ωrl,RA. The highest reductions are
situated around the antiresonance frequency for the SEA and around the resonance fre-
quency ωrl,PEA for the PEA. In a resonance-tuned PEA, however, energy consumption
rises with increasing stiffness; consequently, its energy consumption can never be lower
than that of the rigid actuator (kp = 0) at resonance. Conversely, the antiresonance-tuned
SEA consistently demonstrates lower energy consumption than the rigid system at any
frequency above ωrl,RA. The drop is significant, with experimental results indicating gains
in energy consumption of up to 78%.

In conclusion, these results show that natural dynamics can be exploited to achieve
efficient operation for RA, PEA, and SEA. Beyond the link’s resonance frequency, PEA
and SEA allow to decrease the energy consumption with respect to RA. In this respect,
the SEA clearly outperforms the PEA thanks to its more favorable dynamics.

3.4 Influence of static loads

In the previous section, we compared the PEA and SEA by imposing a sinusoidal trajec-
tory, symmetrical around a vertical line θo = 0. In this section, an offset will be added to
the sinusoidal trajectories:

θ = θa sin(ωt)+θo (3.47)

This results in an additional static torque Mglθo that will need to be provided by the
motor:

Tload ≈ Jl θ̈ +Mglθ

≈
(
Mgl− Jlω

2)
θa sin(ωt)+Mglθo (3.48)

The goal of this section, which is based on the journal paper Beckerle et al. (2017) Series
and Parallel Elastic Actuation: Influence of Operating Positions on Design and Control.
IEEE/ASME Transactions on Mechatronics, 22, pp. 521-529 [18], is to evaluate how well
the SEA and PEA concept can deal with this static torque.



90 3.4 Influence of static loads

𝜃𝑚𝑎𝑥 

−𝜃𝑚𝑎𝑥 

𝜃𝑒𝑞 
𝜃𝑜 

𝑔 

𝜃 

Figure 3.10: Frontal view of the pendulum with definition of angles.
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3.4.1 Dynamic modeling

3.4.1.1 Parallel Elastic Actuation (PEA)

The frontal view of the pendulum is given in Figure 3.10. It presents the direction of
θ , the operating position offset θo with its maximum and minimum values θmax, and the
static equilibrium angle θeq. This is the angle to which the pendulum returns if no external
load is applied to the PEA. Literature indicates that the equilibrium angle of the parallel
spring can be an important design parameter with respect to energy efficiency [60, 144].
Including this angle in the nonlinear dynamics model from section 3.3.1.2, the required
motor torque can be calculated by

Tm = n(Jm + Jtr) θ̈ +
C
n
(Tload + kp (θ −θeq)) (3.49)

in which Tload represents the load torque in the elastic element given by

Tload = Jl θ̈ +Tcsign
(
θ̇
)
+νθ̇ +Mgl sinθ (3.50)

Eq. (3.49) corresponds to Eq. (3.22) for θeq, as required. Linearizing Eq. (3.49) using
a Taylor series to analyze the natural dynamics at a certain operating position offset θo
yields

∆Tm = n(Jm + Jtr)∆θ̈ +
C
n

(
Jl∆θ̈ +ν∆θ̇ +Mgl cosθo∆θ + kp∆θ

)
(3.51)

which describes small motions ∆θ = θ −θo of the pendulum around this position. Note
that this the equation corresponds to (3.22) if θo = 0. Eq. (3.51) shows that the offset
angle θo does not affect this behavior, nor does Coulomb friction, which only influences
the amplitude.

Neglecting friction and gearbox losses, the single resonance frequency of this
second-order system is

ωrs,PEA =±

√
kp +Mgl cosθo

Jl +n2 (Jm + Jtr)
(3.52)

Comparing this to the model given in section 3.3.1.2 indicates that the operating position
offset θo does affect the dynamic behavior. A similar influence is found when calculating
the resonance frequency of the link only with the torque at the gearbox shaft:

ωrl,PEA =±

√
kp +Mgl cosθo

Jl
(3.53)

The resonance frequency of the link is an important characteristic frequency because, as
discussed in Section 3.3, the mechanical energy consumption is minimal at this frequency
for offset-free sinusoidal motions.
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Analyzing the steady state behavior of the PEA can shed light on the influence of
the offset angle θo. In terms of energy consumption, the favorable equilibrium angle θeq
for this specific position offset is found if no torque is required to hold the static position,
i.e., Tm(θo) = 0. It can be calculated by substituting the operating position offset θo to the
static part of Eq. (3.49) [205]:

θeq = θo +
Mgl sinθo

kp
(3.54)

Here, modeling gives an important design indication since this favorable equilibrium an-
gle θeq is not equal to the operating position offset θo. Still, it can be calculated analyt-
ically without simplifying the nonlinear dynamics of the system. Functionally, this me-
chanical implementation corresponds to a feed-forward compensation of the gravitational
effect. This brings the system to the offset position θo in the steady state.

3.4.1.2 Series Elastic Actuation (SEA)

Because of the relation between link and motor position (3.26), an equilibrium angle as in
the PEA case cannot be defined. Therefore, the equations of motion from section 3.3.1.3
remain unchanged.

Linearizing and combining Eq. (3.27) while neglecting friction yields

[n(Jm + Jtr)+ Jl1]
∆θ̈m

n
+

1
n

(
Jl2∆θ̈ +Mgl cosθo∆θ

)
= ∆Tm (3.55)

The natural dynamics are analyzed based on the transfer function found by rewriting Eq.
(3.55) as a function of θm:

H(ω) =
∆θm

∆Tm
=

cn2ω2 + cn0

cd4ω4 + cd2ω2 + cd0
(3.56)

with the coefficients

cn2 =−nJl2

cn0 = n(Mgl cosθo + ks)

cd4 = (nJm +nJtr + Jl1)Jl2

cd2 =−(nJm +nJtr + Jl1)(Mgl + ks)− ks
n Jl2

cd0 = ks
1
n Mgl

(3.57)

The transfer function H(ω) is identical to the one in section (3.3.1.3), except for the
coefficient cn0, which now contains the operating position offset θo. The zeros of this
transfer function determine the antiresonance frequency of the system, now given by

ωa,SEA =

√
ks +Mgl cosθo

Jl2
(3.58)
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The two resonance frequencies of the system are calculated by (λ = 1,2):

ωrλ ,SEA =±

−cd2±
√

c2
d2−4cd4cd0

2cd4

1/2

Compared to the natural frequencies from section (3.3.1.3), we see that the antiresonance
frequency exhibits a dependency on the operating position offset θo, while the resonance
frequencies ωrλ ,SEA remain unchanged.

3.4.2 Power and energy analysis

To analyze the influence of static torques on the pendulum’s energy consumption, we
will impose the sinusoidal trajectory with offset defined in Eq. (3.47). The amplitude θa
of this trajectory is 15° and the offset θo is varied between 0° to 25°. The small-angle
approximation is not applied, but the full nonlinear equations of motion are considered
in the simulations. The results from the simulations are obtained from inverse dynamics,
assuming perfect tracking of the trajectory at the output. The physical properties of the
setup are the same as in section 3.3; they are listed in Tables 3.1 (pendulum) and 2.2
(motor).

3.4.2.1 Parallel Elastic Actuation

Figure 3.11 presents the results obtained by inverse dynamics analysis of mechanical peak
power as well as mechanical and electrical energy consumption of PEA. The relations of
those quantities to the natural dynamics and equilibrium angle are indicated by the grey,
black, and white lines which represent system resonance, link resonance, and the offset
to which the system is tuned. Globally, mechanical peak power increases with rising fre-
quency and is reduced to about 0.6W and 2.8W at the resonance frequencies of the system
ωrs,PEA (grey line) and the link ωrl,PEA (black line), respectively. The equilibrium angle is
set to the favorable value of 17.3° for operation at 10° which is indicated by the white line.
For operation around this favorable value, over a large range of frequencies, a significant
reduction of peak power is observed. Furthermore, a distinct minimum is observed when
operating at the favorable offset slightly above the system resonance frequency ωrs,PEA
since the torque of the motor is minimal at this point.

The results for mechanical energy consumption show a very distinct reduction when
operating at the favorable equilibrium angle as well. In contrast to mechanical peak power,
a minimum occurs near the intersection of the lines representing operation tuned with
respect to the offset and the link resonance frequency ωrl,PEA. The latter is due to the
dominance of gearbox losses when it comes to mechanical energy, as explained in section
3.3.2.2. The optimum is observed at a frequency of 7.9rad/s, slightly lower than the
theoretical resonance frequency of 8.1rad/s. This is due to friction losses proportional to
speed, which tend to lower the optimal frequency (see section 3.3.2.2).
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Figure 3.11: Mechanical peak power, mechanical, and electrical energy consumption
obtained by inverse dynamics calculations of PEA with kp = 4.5Nm/rad. Grey, black,
and white lines represent system resonance, link resonance, and the offset to which the
system is tuned.
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Figure 3.12: Mechanical peak power, mechanical, and electrical energy consumption
obtained by inverse dynamics calculations of SEA with ks = 4Nm/rad. Grey, black, and
white lines represent first resonance and second resonance as well as antiresonance.
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The minimal electrical energy consumption is located around the operating position
offset θo for which the system is tuned. Energy consumption is generally high when
not operating at the favorable angle. In this case, the actuator needs to deliver a higher
torque, leading to an increase in Joule losses. In terms of frequency, the optimum is found
at 7.0rad/s. This is in between the system and link resonances ωrs,PEA = 6.0rad/s and
ωrs,PEA = 8.1rad/s which, as discussed in section 3.3.2.2, is typical for PEA. Compared
to the mechanical energy consumption, the minimum of the electrical energy is even more
pronounced. The area of low energy consumption due to adjustment of the equilibrium
angle θeq covers a wide range of frequencies. Hence, this parameter seems to be an
important tool to cancel out the static torque caused by the operating position offset. The
tuning of the PEA can further be extended by changing the stiffness of the elastic element,
as studied in the previous section.

3.4.2.2 Series Elastic Actuation

The mechanical peak power as well as the mechanical and electrical energy consump-
tion found for SEA are presented in Figure 3.12. A distinct minimum of the mechanical
peak power is found at antiresonance frequency ωa,SEA (white line) that is warped by the
influence of the operating position offset. For higher offsets, the analytically predicted
curvature of antiresonance is more distinct than that of the power minimum in the simula-
tions (between 7.3 and 7.1rad/s). This is caused by the relatively high value of the offset
compared to the amplitude of the movement and the fact that the small angle approxima-
tion loses accuracy. However, the minimum can roughly be predicted analytically using
linear models. Generally, mechanical power is rather low if θo = 0rad, which corresponds
to static equilibrium for the pendulum. At non-zero offsets, an additional static torque is
required. The SEA, unlike the PEA, cannot compensate for this static torque by means of
tuning the equilibrium angle. As a result, its energy consumption increases at non-zero
offsets.

A less distinct minimum is found around zero offset and 3.7rad/s which is close to
the first resonance ωr1,SEA (grey line). The second resonanceωr2,SEA (black line) does not
lead to any observable minimum. Consequently, power requirements rise monotonically
with increasing frequency beyond antiresonance (see section 3.3.2.2)

Mechanical energy consumption shows a minimum at antiresonance ωa,SEA which
is even more pronounced than in mechanical peak power. It resembles the analytically
determined lines almost perfectly. As in the previous section, no minima are observed
at first resonance ωr1,SEA and second resonance ωr2,SEA since the gear box speed is min-
imal at antiresonance while gear box torque is minimal close to the link resonance of
the rigid system (which corresponds to ωrl,PEA for kp = 0Nm/rad). As for mechanical
power, reduced energy consumption is found around zero offset because the SEA cannot
compensate for a static torque.

The electrical energy consumption shows the same trends as the mechanical energy.
Energy consumption is minimal around antiresonance ωa,SEA and at low offsets θo. Com-
paring Figure 3.11 and Figure 3.12 shows that the energy requirements of the SEA at
antiresonance are still lower than those of the PEA within the investigated offset range
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Figure 3.13: Effect of offset θo on the electrical energy consumption of PEA and SEA.
PEA is tuned with respect to the offset angle and system resonance ωrs,PEA while SEA is
operating at antiresonance ωa,SEA.

even if the latter is tuned with respect to the offset. Yet, the minimum energy consump-
tion area of the offset-adjusted PEA covers a wider frequency range. For SEA, energy
consumption is more sensitive to frequency variation. This might be an issue for certain
applications, to the point where a variable stiffness mechanism would be required. In
contrast, the PEA might not require stiffness variation for tasks with a fixed offset and a
limited frequency range. However, both effects depend on the value of the offset which is
investigated in detail further ahead.

3.4.2.3 Effects of arbitrary offsets

As shown above, antiresonance-adjusted SEA can outperform PEA in terms of electrical
energy consumption in the investigated offset range, even if the PEA is tuned by setting
the equilibrium angle to the optimal value. To find out whether this is a general effect
or the advantage of SEA disappears for larger offsets, energy consumption is calculated
for offsets of 0 ◦, 15◦, 30◦, and 45◦. The springs of the PEA and SEA are optimally
designed, i.e, stiffness is tuned to the system resonance ωrs,PEA (PEA) or antiresonance
ωa,SEA (SEA), and the equilibrium angle of PEA is set according to Eq. (3.54). The
curves of the minimum electrical energy consumptions depending on the offset are fitted
using second order polynomials and given in Figure 3.13. The results indicate that SEA
performs better for low offsets, whereas PEA is beneficial for trajectories with offsets
higher than 36 ◦. This is due to the static gravitational torque that can be compensated by
changing the equilibrium angle of the spring. It must be noted that PEA consumption is
slightly overestimated since its real optimum would be found below system resonance as
described in Section 3.4.2.1. Nevertheless, the advantages of PEA at higher offsets are
obvious.
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3.4.3 Experimental evaluation

To evaluate the insights regarding power and energy, electrical energy consumption is
experimentally validated with the setup specified in Section 3.3.3.1. The experimentally
obtained electrical energy consumption data are presented in Fig. 3.14a for the PEA and
in Fig. 3.14b the SEA. For PEA, the experimental results (green circles) are in good
accordance with those from simulation (blue grid). The experiments confirm that lowest
energy consumptions occur at an offset of θo = 10◦ for which the actuator was tuned.
Global minima of 0.89J (ω = 5rad/s, θo = 10 ◦) and 0.86J (ω = 6rad/s, θo = 15 ◦) are
found in the experiment. If measurements would be taken continuously and not in a
discrete grid, the actual optimum would have been found between those frequencies as
discussed in Section 3.4.2.1, i.e., slightly below the intersection of the optimal offset and
system resonance ωrs,PEA = 5.6rad/s. Obviously, energy consumption is on a rather low
level in the proximity of the measured minima and thus their accuracy and comparison is
affected by experimental deviations. Still, the experiment demonstrates that the analytic
expression (3.54) can be used to adapt the equilibrium angle of a PEA to the trajectory
offset. During the trials at 7rad/s, one of the cables was observed to sag due to the highly
dynamic loads. For this reason, the results at this frequency are not entirely reliable which
may explain their deviation from the calculated values.

Considering the results for the SEA shown in Fig. (3.14)b, the measurements match
the simulations similarly well as for PEA. An area of low energy consumption is found at
offsets of θo = 0 ◦ confirming the simulation results. The global energy consumption min-
imum of 0.25J is found at 7rad/s and 0°. The frequency of 7rad/s roughly corresponds
to the theoretical antiresonance frequency ωa,SEA = 7.4rad/s, which is the energy-optimal
operating point for the SEA.

Fig. (3.14)a and Fig. (3.14)b demonstrate that the minimum of the SEA (0.24J) is
lower than that of the PEA (0.9J). This confirms the analytical finding of lower energy
consumption in an antiresonance-tuned SEA. However, this advantage of the SEA should
disappear at higher offsets as shown in the simulation in Section 3.4.2.

3.4.4 Discussion

In section 3.3, we established that a SEA was considerably more energy-efficient than
a PEA in performing a sinusoidal motion with zero offset. When a static component is
added to the load by adding an offset, the advantages of SEAs start to disappear. Con-
versely, a PEA can compensate the static torque by tuning its equilibrium angle. In our
simulations and experiments, a PEA with resonance and offset-tuning showed a roughly
constant energy consumption for offsets between 0° and 45° while the requirements of an
antiresonance-tuned SEA clearly increased with the offset value.

While these simulations and experiments correspond to a simple case study, the re-
sults regarding the impact of static loads are highly relevant for design and control of
elastic actuators. They provide a guideline for the selection of an elastic actuator topol-
ogy with respect to the fraction of static loads. Furthermore, they give insight into the
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analytical calculations (blue grid) and experiments (green circles).
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setting of spring stiffness and, in the PEA case, equilibrium angle. The results demon-
strate the capability of PEAs to exploit natural behavior and to bear static loads with very
low power consumption.

3.5 Elastic elements for an active ankle prosthesis

In the previous sections, we have analyzed the performance of series and parallel elastic
elements on a pendulum setup. On such a setup, the sinusoidal motions we have applied
so far require torque from the motor which is fairly linear (sinusoidal) with its position.
In section 3.2, we demonstrated that this type of load can, theoretically, reduce the me-
chanical motor power requirement to zero. Additionally, the only external force on the
pendulum is gravity, which can be derived from a conservative force field. This means
that, aside from dissipation in the drivetrain, there is no net energy gain or loss over a
closed cycle. A spring – which is nothing but an energy buffer – is able to store and re-
lease energy over the course of a cycle, but if the cycle is closed, it always has to return
to its initial state. As a result, springs can never inject or absorb a net amount of energy
over a closed cycle. They are, in other words, energy-neutral, just like the task itself.

Based on these two observations, we can conclude that the case studies so far have
been a perfect match for SEA and PEA. But what happens if the actuator is required to
provide a more random, nonlinear trajectory? And what if the task is no longer energy-
neutral, but the actuator needs to inject or absorb energy?

To answer these questions, we will analyze a realistic application where series and
parallel elasticity are often applied: an active ankle prosthesis. More specifically, we will
discuss how the operating range of the selected motor, the gear ratio, the drivetrain inertia
and the springs influence one another. We will do this by optimizing the gear ratio and
parallel/series elasticity of an actuated prosthesis, taking into account the constraints of
the selected motor and, as in the rest of this work, its energy losses.

The section is based on the journal paper Verstraten et al. (2017) Optimizing the
power and energy consumption of powered prosthetic ankles with series and parallel elas-
ticity. Mechanism and Machine Theory, 116, pp. 419 - 432 [231].

3.5.1 Active ankle prostheses

Conventional prosthetic ankles are simple devices, enabling amputees to perform basic
tasks. In recent years, they have evolved to advanced powered prostheses, approximating
as closely as possible the biomechanical behavior of a healthy ankle. The aim is to reduce
the problems associated with lower limb loss and amputees using the rest of their body to
compensate for this loss. Amputees tend to walk slower and require a larger amount of
energy to walk than able-bodied persons [241]. They also show asymmetric gait and joint
pains which can be attributed to compensatory behavior at the sound limb [155]. Joint
motion, torque and power generation increase at the healthy ankle of amputees when
walking [155], effects which lead to a higher susceptibility to develop osteoarthritis in the
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contralateral limb [206]. By adding active elements in ankle prostheses and being able to
provide the same amount of energy of a healthy limb, the metabolic energy of walking
can be reduced, as has been shown by Au et al. [12] for the powered ankle-foot prosthesis.
Consequently, many active prostheses have been developed in recent years [42].

When looking at the compensatory strategies however, studies have shown the active
prosthesis may not lead to a reduction, on the contrary. Ferris et al. suggest that this
might be linked to the increased ankle power [68]. Adding active elements to prostheses
also increases the weight, which is known to increase the energy cost and asymmetry of
the gait cycle [138]. It is therefore necessary to reduce the weight of the actuation unit,
which is possible by using series and parallel elasticity for power amplification [164] and
energy storage. If the prosthesis were actuated by a geared motor, it would need to deliver
a peak output power of about 250 W for a 75 kg person [244]. This requirement can
be reduced by adding series elasticity, as applied in the SPARKy prosthesis [95] and the
CYBERLEGs prosthesis [71]. With a combination of series and parallel elasticity, the
peak torque can be reduced in addition to the peak power, like in the Powered Ankle
Prosthesis [12]. Simulations show that series elastic actuation has the potential to reduce
the ankle peak power by almost 80%, while parallel elastic actuation can reduce peak
power by 66% and RMS power by 50% [240].

But what is the optimal combination of parallel and series elasticity in an actuated
prosthetic ankle? This is a difficult question, because the optimal stiffness of the series
and parallel elastic element are strongly linked, not only to each other, but also to the
gear ratio [11]. An extensive analysis was performed by Grimmer et al., who optimized
the springs for energy consumption and peak power [86] for various walking and running
speeds. They found that parallel springs can be combined with series springs to reduce
peak powers, but series springs alone are better for energy reduction. Eslamy et al. pre-
sented a similar analysis which also included unidirectional parallel springs [60]. They
concluded that a configuration with series spring and unidirectional parallel spring can
further decrease the energy demand. However, the optimization in these two works was
based on mechanical energy consumption and mechanical peak power, measured on the
motor shaft. It therefore disregards motor limitations, drivetrain dynamics and electrical
losses. As demonstrated in section 3.3, neglecting these effects can lead to suboptimal
results in terms of electrical energy consumption. Motor inertia, for example, can have
a significant impact on SEAs for prosthetic limbs [95] and, more specifically, on their
optimized stiffness [21]. Farah et al. also observed the importance of the drivetrain in
their simulations of the open and closed loop response of an elastically actuated prosthe-
sis [64]. An evaluation of the drivetrain characteristics is therefore gradually becoming
an integral part of the design process of powered prosthetic feet [239][78].

3.5.2 Methods

In this section, we study the optimal design of Series Elastic Actuator (SEA) equipped
with a unidirectional parallel spring. This actuator concept, sketched in Figure 3.15, is
similar MIT’s Powered Ankle-Foot Prosthesis [11] and the one studied by Eslamy et
al. [60]. The difference is that, in these works, linear compression springs are used.
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Consequently, the spring stiffness also depends on the choice of the lever arm. We used
torsion springs in order remove this dependency. For the analysis presented here, we will
work with a 150W RE40 Maxon motor. Our calculations showed that this is the smallest
suitable motor from Maxon’s brushed DC motor range. The same motor was used in
MIT’s Powered Ankle-Foot prosthesis [12] and ASU’s SPARKy 1 [95].

Using inverse dynamics, of which the equations are presented in section 3.5.2.1, we
optimize the stiffnesses of the springs, as well as the equilibrium angle of the parallel
spring. The optimization is performed with a parameter sweep, such that a global mini-
mum is guaranteed. The series spring stiffness, parallel spring stiffness and equilibrium
angle are varied within a range of 50 to 2000 Nm/rad, 0 to 1000 Nm/rad and -25 to 0 de-
grees, respectively, with steps of 10 Nm/rad, 10 Nm/rad and 0.5 degrees, respectively.
Power and energy consumption are calculated from the inverse dynamics for each com-
bination of series spring stiffness, parallel spring stiffnesses and equilibrium angle. We
also impose several constraints based on mechanical and electrical limitations on the driv-
etrain. Any results which do not satisfy these constraints, specified in section 3.5.2.2, are
discarded. The optimal results with respect to peak power and energy, both mechanical
and electrical, are retained. These optimization objectives are defined mathematically in
section 3.5.2.3.

We assume that the actuator is able to perfectly track the natural trajectory and torque
of a sound human ankle. Ankle data was taken from Winter [244], for an able-bodied
person of 75 kg walking at a natural cadence (105 steps per minute). The discrete dataset
was carefully filtered in order to get smooth first and second order derivatives of the ankle
torque and angle.

3.5.2.1 Equations

The torque on the gearbox Tl can be calculated as the sum of the required output torque
T and the parallel spring torque Ts

Tl = T +Ts (3.59)

The parallel spring (stiffness kp) is unidirectional, i.e. it is only engaged when the ankle
reaches a certain equilibrium angle θeq. The torque it provides, Ts, can be written as

Ts =

{
kp (θ −θeq) (θ ≥ θeq)

0 (θ < θeq)
(3.60)

The ankle angle θ and the equilibrium angle θeq are defined in Fig. 3.15. As mentioned
earlier, we assume that the required ankle torque T and ankle position θ perfectly match
the biological ankle data from Winter for an able-bodied person of 75 kg [244].

Equation (3.60), however, creates a problem at θ = θeq, because it is not differen-
tiable at this angle. Instead of this simple and intuitive equation, we therefore use the
more numerically favorable

Ts =
1
2

kp

(
θ −θeq +

√
s2 +(θ −θeq)

2
)

(3.61)
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Figure 3.15: Schematic of the actuator with angle definitions. The actuator consists
of a Series Elastic Actuator (red) and a unidirectional parallel spring (orange), which is
engaged when θ ≥ θeq. The ankle angle θ is zero when the foot is perpendicular to the leg
(denoted by a dashed line). A plantarflexed ankle, as depicted in the figure, corresponds
to a negative value of θ . Note that, for clarity of the presentation, the elastic elements
are drawn as compression springs in the figure, although they are modeled as torsional
springs in the work.
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Torque constant kt 30.2 mNm/A
Speed constant kb 3.155 mV/rpm

Friction coefficient νm 5.21e-6 Nms/rad
Terminal resistance R 0.299 Ω

Terminal inductance L 0.0823 mH
Motor inertia Jm 142 gcm²

Gearbox inertia Jtr 9.4 gcm²
Gearbox efficiency ηtr 68 %

Table 3.3: Motor and gearbox parameters for 150W RE40 Maxon motor and GP52 gear-
box. Gear ratios below n = 165 did not produce any feasible results in our optimizations.
Gearbox efficiency varies with the gear ratio, but above n = 156, its value remains constant
in the data sheet. This justifies the constant value for gearbox efficiency.

This function is differentiable for any θ . The factor s determines how smooth the engage-
ment of the parallel spring will be. The lower this value, the closer Eq. (3.61) resembles
Eq. (3.60). We chose s = 0.01 rad.

The torque on the motor shaft Tm is given by

Tm =
C
n

Tl (3.62)

Here, n is the gear reduction ratio, and C is the gearbox efficiency function given by Eq.
(3.17). Motor speed θ̇m is influenced by the stiffness of the series spring ks, and is given
by

θ̇m = n ·
(
Ṫl/ks + θ̇

)
(3.63)

Finally, the electrical power consumption Pelec is the product of motor current (I) and
voltage (U). These are obtained by applying the motor model{

I = 1
kt

(
(Jm + Jtr) θ̈m +Tm +νmθ̇m

)
U = Lİ +RI + kbθ̇m

(3.64)

which requires knowledge of several motor and gearbox parameters. These are defined
in Table 3.3, along with their values for the motor and gearbox used in our optimiza-
tion. Notice the additional contributions to the torque due to motor and gearbox inertia
(Jm + Jtr) θ̈m and viscous friction νmθ̇m. The viscous friction coefficient is derived from
the motor’s no-load speed and no-load current, based on Eq. (3.36).

3.5.2.2 Constraints

Most optimizations only consider torque and speed at the gearbox shaft. In reality, how-
ever, the output torque and speed are limited by mechanical and electrical constraints. A
good controller design should therefore ensure that the motor’s speed and torque saturate
whenever it reaches its limits, preventing failure of one or more components. The trade-
off is a decrease in dynamic performance, since the actuator will not be able to provide
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the required torque or speed to follow the desired output trajectory. Therefore, setting ap-
propriate constraints in the optimization is equivalent to setting a performance threshold
for the actuator.

Here, we will only consider constraints related to the motor, although other com-
ponents in the drivetrain may impose additional constraints. The Maxon GP52 gearbox,
for example, can only handle 30 Nm continuously and 45 Nm intermittently (i.e. for a
duration of one second), according to the manufacturer’s datasheet. In order to not reduce
the range of potential solutions too much, these constraints were omitted from the opti-
mization. From our practical experience, we know that the proposed maximum values are
very conservative, and may be exceeded at the potential cost of reduced lifetime.

The constraints applied in our optimization are listed below.

Max. motor speed (mechanical) While motor speed can be pushed up by increasing
the supply voltage, the lifetime of the motor and gearbox bearings puts a practical upper
limit θ̇max on the motor speed:

∣∣θ̇m
∣∣< θ̇max (3.65)

The speed limit θ̇max can be obtained from the motor and gearbox catalogs. This restric-
tion can be considered a soft restriction, because motor speed can easily be limited by
the controller. Even if the maximum speed is occasionally exceeded by a small amount,
this should not directly lead to failure, but at worst to a slightly reduced lifetime. The
main issue is the actuator’s reduced capability of following the desired output speed. It is
up to the designer to decide whether this could have an adverse effect on the prosthesis’
performance. In this analysis, we set θ̇max to the maximum motor speed specified in the
data sheet, 12 000 rpm.

Max. motor torque (thermal - mechanical) Overheating of the motor can occur due
to high RMS currents (long-term heating) or high peak currents (short term). Motor
manufacturers typically specify a maximum continuous torque Tm,max,cont , below which
overheating should not occur. This leads to the following constraint for long-term heating

[kt I]RMS < Tm,max,cont (3.66)

We consider the long-term heating constraint to be a hard restriction: if Eq. (3.66)
is not satisfied, it indicates that the actuator is not properly designed for the required
loads. The maximum continuous torque can be found in the motor datasheet (Tm,max,cont =
177 mNm).

Short-term heating is more difficult to handle. A detailed calculation would rely on
parameters such as the motor’s thermal resistance and thermal time constant, as well as
the ambient temperature. Very often, however, the motor’s peak torque and current will be
determined by the strength of the gearbox or the maximum current output of the controller,
which can be characterized by a single torque value. Instead of the thermal calculation,
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we therefore define a maximum torque Tm,max,int which satisfies these limitations, and
write the following constraint for peak torque:

|kt I|< Tm,max,int (3.67)

Whether the peak torque constraint should be considered a hard or soft restriction,
depends on the case. Exceeding the controller’s maximum current output, for example,
can be tolerated in inverse dynamic optimizations, since the current will in practice be lim-
ited by the controller, only leading to a reduced performance of the actuator. The torque
should, however, not cause mechanical failure of any components. In the optimizations,
we used the controller’s maximum output current of 30 A as the most restrictive case for
peak torque, so Tm,max,int = 30A · kt = 0.9Nm for the 150 W Maxon motor considered in
this work. As explained earlier, the limitation on the gearbox output torque (45 Nm) is
not taken into consideration for practical reasons.

Max. motor torque (due to available voltage) The higher the voltage available from
the power supply, the higher the torque that can be delivered at a certain speed. If Umax is
the maximum available motor voltage, the relationship between torque, speed and voltage
becomes ∣∣∣∣Tm +(Jm + Jtr) θ̈m +

(
ν +

kbkt

R

)
θ̇m

∣∣∣∣<Umax
kT

R
(3.68)

This is, again, a soft constraint: if the power source cannot supply the required voltage,
this will simply result in a decreased output torque. In our optimizations, we assumed
Umax = 48 V.

3.5.2.3 Optimization objectives

We consider four relevant optimization objectives, all very common in literature:

MPP: minimal mechanical peak power Mechanical peak power is the highest value
of |Pmech| during a gait cycle. The mechanical power Pmech is calculated from the torque
and speed at the output of the gearbox,

Pmech =
1
n

Tl θ̇m (3.69)

Pmech is thus affected by the springs, but not by gearbox losses and drivetrain inertia.

MEC: minimal mechanical energy consumption In most works, the mechanical en-
ergy consumption is calculated as the integral of the absolute value of the mechanical
power Pmech :

Emech,abs =

ˆ
|Pmech|dt (3.70)
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By definition, however, energy should be calculated without absolute value, and (3.70)
therefore does not represent the actual mechanical energy. As explained in section 2.5,
the concept behind this cost function is that power losses are proportional to the power
flow through the components. It is assumed that, by reducing the power flowing in and
out of the actuator, the energy losses will be minimized. This method does, however,
not account for differences in loss mechanisms between the individual components of the
actuator, which could potentially shift the actual minimum.

EPP: minimal electrical peak power Electrical peak power is the highest value of
|Pelec| during a gait cycle. The electrical power Pelec can be calculated by multiplying the
motor current I and voltage U :

Pelec =UI (3.71)

EEC: minimal electrical energy consumption Electrical energy consumption is cal-
culated as

Eelec =

ˆ
Pelecdt (3.72)

This energy corresponds to the energy available at the motor terminals.

3.5.3 Optimization of spring stiffness

In this section, we present a thorough analysis of the optimization and its results. We
discuss how different optimization criteria influence the optimal series and parallel spring
stiffness. Analyses of power flows and the power loss profile are presented to provide
a better understanding of the results. In this section, a fixed gear ratio of n = 250, the
energy-optimal choice, is assumed. The influence of the gear ratio on the results will be
evaluated in section 3.5.4.1.

3.5.3.1 Optimization results

The optimization results are summarized in Table 3.4. For comparison, the powers and
energies of the rigid actuator, i.e. the same geared DC motor without springs, are also
shown. These values are hypothetical since, unlike for the actuator designs with series
and parallel compliance, the rigid actuator would not be able to satisfy the optimization
constraints. It can only follow the imposed ankle trajectory if it is overpowered, which
is only possible for a limited amount of time. This demonstrates how the capabilities of
an actuator can be augmented by adding series and/or parallel springs. Furthermore, the
SEA with unidirectional parallel spring yields much lower energy consumption and peak
powers than a rigid actuator. Electrical energy, for example, can be reduced by almost 40
%, and electrical peak power by no less than 63%.

In general, electrical peak powers are typically 2-3 times higher than the mechanical
ones. This indicates that a great deal of power is lost in the drivetrain. Nevertheless,
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Rigid MPP EPP MEC EEC
ks (Nm/rad) ∞ 1350 1780 2000 2000
kp (Nm/rad) 0 280 300 640 590

θeq N/A -9° -8.5° -0.5° -1°
|Pmech| (W) 252 87.2 89.1 229 220
|Pelec| (W) 615 305 235 475 459

Emech,abs (J) 35.4 26.5 26.2 20.3 20.3
Eelec (J) 64.3 41.0 40.9 35.2 35.2

Table 3.4: Optimization of an SEA (series spring stiffness ks) with unidirectional parallel
spring (stiffness kp, equilibrium angle θeq) for an active ankle prosthesis. The prosthesis is
designed to mimic the ankle of an able-bodied person weighing 75 kg, at natural walking
speed. Results are presented for four different optimization criteria: mechanical peak
power (MPP), electrical peak power (EPP), mechanical energy consumption (MEC) and
electrical energy consumption (EEC). Peak powers and energy consumption of a rigid
actuator (i.e. no springs) is shown for reference.
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Figure 3.16: Torque-angle plot of the ankle, with optimized unidirectional parallel
springs for electrical peak power (red) and electrical energy (blue). At angles below
the equilibrium angle θeq, the parallel spring does not contribute to the output torque. At
angles above θeq, torque increases linearly with increased dorsiflexion. Optimizing for
electrical energy consumption (EEC) yields a higher spring stiffness than an optimization
for electrical peak power (EPP), indicated by the steeper slope in the EEC case. Higher
stiffness is accompanied by a higher θeq, in order to keep the spring stiffness profile closer
to the angle-torque characteristic of the ankle.

whether the optimization is performed based on the mechanical or electrical properties of
the system does not make much of a difference. Results mainly depend on whether the
objective is peak power or energy reduction. Energy reduction requires the series spring to
be as stiff as possible, whereas some series compliance is desired in order to minimize the
peak power. In the latter case, the parallel spring should be relatively compliant and tuned
to very negative equilibrium angles. This is visualized in a torque-angle plot (Fig. 3.16).
For EPP, the spring is engaged from mid-swing to late pre-swing for EPP4. Conversely,
when energy consumption is minimized (EEC), the prosthesis should be equipped with a
stiff parallel spring with an equilibrium angle close to zero. This way, the spring will only
be active during stance and the early pre-swing phase.

How well do these results match with tests on actual prototypes? Little experimental

4Mid-swing and pre-swing are part of the swing phase of the gait cycle. For definitions, we refer to [170].
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data is reported in literature, but there is one comparable work by Sup et al. [212]. The
actuation concept in this analysis is the same as the one suggested by our MEC and EEC
optimizations, i.e. a rigid actuator with unidirectional parallel spring. Sup et al. reported
an average electrical power of 45 W, which corresponds to an electrical energy consump-
tion of approximately 31 J. This value is very comparable to our optimal value of 35.2 J.
The small difference with our results can easily be explained by the different drivetrain
designs.

3.5.3.2 Power flow analysis

The power balance for the ankle prosthesis can be defined as

Pbio +Pinertia +Ploss = Pp +Ps +Pelec (3.73)

where Pbio stands for the biological (output) power requirement, Pelec for the electrical
power, Pp for the power of the parallel spring, Ps for the power of the series spring, and
Pinertia for the power delivered by the inertia of the gearbox and motor. These power flows,
resulting from the electrical peak power (EPP) and electrical energy (EEC) optimizations,
are plotted in Fig. 3.17. From this figure, we can learn several things: the importance
of drivetrain inertia in the swing phase5, the influence of optimization objectives on the
equilibrium angle of the parallel spring, and the emergence of power peaks due to the
interaction between the series spring and the unidirectional parallel spring. These topics
are discussed below.

The importance of drivetrain inertia during swing Because of the relatively low in-
ertia of the foot, the biological power during swing phase is close to zero. The motor,
however, still consumes a significant amount of power in this phase, especially when op-
timized for electrical peak power. Most of it is due to its own reflected inertia, which tends
to be bigger than the inertia of the foot due to the high gear ratios typical of prosthetics.
This phenomenon has also been observed in electrical measurements on the SPARKy 1
prosthesis [95] and the CYBERLEGs prosthesis [78]. Note that the inertial torque is not
included in the optimizations based on mechanical power and energy. Consequently, these
types of optimization are likely to be suboptimal in case of high accelerations and high
drivetrain inertia.

Equilibrium angle of the parallel spring Looking at the parallel spring, we observe
that it provides a power to the output which roughly follows the required biological output
power. The main difference between the electrical peak power (EPP) and the electrical
energy (EEC) optimization is the equilibrium angle of the parallel spring. As shown pre-
viously in Fig. 3.16, this equilibrium angle is a lot more negative in the EPP optimization
(θeq = -8.5°) than in the EEC optimization (θeq = -1°). This manifests itself in two power
bumps at mid-stance (73-83% gait cycle) and terminal swing (88-97%) for the EPP ob-
jective, but not for EEC, where the parallel spring is disengaged. In an electrical energy
5The swing phase is the part of the gait cycle during which the foot is off the ground.
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Figure 3.17: Power flows optimized for electrical peak power (a) and the electrical energy
(b). The biological power profile Pbio (blue) and the electrical power profile Pelec (green)
are plotted along with three power flows responsible for the most significant power shifts:
the parallel spring (Pp, red), the series spring (Ps, yellow) and the inertia of the gearbox
and motor (Pinertia, purple). Positive powers indicate that power is injected into the envi-
ronment, i.e. all powers are defined from a motor perspective. The high inertial power
peak is caused by the interaction between series and parallel spring, when the latter is
engaged. This is reflected in the electrical power as well.
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optimization, such bumps are to be avoided, since motors are generally inefficient at deliv-
ering low powers. Conversely, these bumps are completely irrelevant for the peak power
optimization as long as they are not higher than the peak power during the stance phase.
For this reason, the optimization engages the parallel spring at a more negative angle in
order to further reduce the peak power during stance, even though this is unfavorable dur-
ing the swing phase. Also notice that, despite the distinct difference in equilibrium angles,
the power profile of the parallel spring in stance is still quite similar for both objectives.
This is achieved by lowering the spring stiffness for more negative equilibrium angles. In
Section 3.5.4.1, we will show that this is a general trend.

Power peaks due to interacting springs Another important issue is the strong power
peak at around 55% gait cycle, which is caused to the interaction between the unidirec-
tional spring and the series spring. The engagement of the unidirectional parallel spring
is modeled by Eq. (3.61). The second derivative of this equation, T̈s, resembles a pulse at
θ = θeq. Since the acceleration of the motor is given by

θ̈m = n ·
(

T̈ + T̈s

ks
+ θ̈

)
(3.74)

maintaining a continuous output speed at the moment of engagement requires a high
acceleration from the motor, and thus a powerful burst of torque. In Fig. 3.17, this
presents itself as a strong peak in Pinertia and in the electrical motor power Pelec at 57% gait
cycle (EPP) and 54% (EEC). Furthermore, according to Eq. (3.74), the power peak should
increase as the series spring gets more compliant. The optimization therefore yields high
series stiffness values to minimize its influence on the actuator dynamics. Indeed, in Fig.
3.17, the power attributed to the series spring is nearly zero for both objectives.

3.5.3.3 Power loss analysis

Figure 3.18 gives a clearer view on how the springs affect the power losses. The EPP
objective yields power losses which do not exceed 75 W, while the EEC objective, at
its peak, causes almost 170 W to be lost between 40-60% gait cycle. Nevertheless, the
power losses of the EEC objective are very low over the rest of the gait cycle. In the EPP
power profile, multiple peaks of approximately 40 W appear, which add up to a greater
overall energy loss than the EEC objective. Two of these peaks, which are not present
in the EEC optimization, indeed occur in the swing phase, as indicated in our previous
discussion. This confirms that preventing their appearance is one of the keys to reducing
energy consumption.

3.5.4 Influence of drivetrain

In this section, we discuss the influence of the selected motor and gearbox on the optimal
stiffnesses and the resulting peak powers and energy consumption. First, the gear ratio is
varied to study its effect on the selection of springs and the resulting power and energy
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Figure 3.18: Power losses over a gait cycle. The blue line corresponds to the electrical
peak power (EPP) optimization, the red line to the electrical energy (EEC) optimization.
Despite the peak loss of almost 170 W, the latter is the more efficient solution because the
average power loss is smaller.
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consumption (subsection 3.5.4.1). Next, we repeat the analysis with drivetrain inertia
reduced by 50%, in order to evaluate its influence on the results.

3.5.4.1 Influence of gear ratio

An important consideration in any actuator design is the choice of the gearbox. High gear
ratios can be used to match high-speed motors to the required output characteristics, but in
general, they come at poor efficiencies. Furthermore, they increase the reflected inertia of
the motor, which can be a problem for a high-speed application such as prosthetic ankles.
Well-chosen series and parallel springs may provide a solution, because they allow to
reduce the speed and/or torque required from the motor, such that the gear ratio can be
decreased. Below, we will discuss the influence of the gearbox on the feasible stiffness
combinations as well as the resulting power and energy consumption.

Influence on motor constraints Figure 3.19 shows which constraints are violated for
various combinations of series and parallel stiffness. The gear ratio was fixed to n = 180
(Fig. 3.19a) and n = 360 (Fig. 3.19b), two values on either side of the range of gear ratios
that lead to feasible solutions. The figures give insight into how the gear ratio influences
the choice between parallel and series springs. Two main conclusions can be drawn. First,
with high gear ratios, more compliant parallel springs can be used, but the constraint on
motor speed is more easily exceeded. Conversely, low gear ratios make the design more
likely to exceed the peak torque, such that high accelerations cannot be achieved. In both
cases, series springs are not allowed to be very compliant. Second, optimizations that do
not take motor constraints into account easily lead to designs that violate these constraints.

As explained in section (3.5.2.2), the most important motor limitation is the maxi-
mum continuous torque. Figure 3.19 shows that most spring combinations fail to respect
this constraint. Parallel springs can be helpful in this regard, because well-tuned parallel
springs allow to decrease the torque on the motor. Indeed, within a certain range of par-
allel stiffnesses, several combinations of series and parallel springs appear which lead to
a feasible design. For high gear ratios (n = 360, Fig. 3.19b), the range of parallel spring
stiffnesses is quite wide, spanning from 900 Nm/rad down to low values of 200 Nm/rad.
Compliant parallel springs can be used because the torque output of the geared DC motor
is increased by the gearbox, reducing the need for high torques from the parallel spring.
The disadvantage is that the gearbox also reduces the attainable output speed, leading to
the appearance of a large area where the motor’s maximum speed is exceeded. Speed is
no longer a problem at low gear ratios (n = 180, Fig. 3.19a), but the geared motor’s out-
put torque is decreased, meaning that the motor’s maximum torque (or current) is reached
more easily. This is especially a problem at low series stiffnesses, due to the peak in
motor acceleration that appears whenever the parallel spring is engaged or disengaged.
As explained in section 3.5.3.2, motor acceleration increases when more compliant se-
ries springs are used, causing higher peak torques. This explains why, in Fig. 3.19a, the
maximum peak torque is exceeded for series stiffnesses between approximately 500-700
Nm/rad.



CHAPTER 3. SERIES AND PARALLEL ELASTIC ACTUATION 115

200 400 600 800 1000 1200 1400 1600 1800 2000

Series Stiffness (Nm/rad)

0

100

200

300

400

500

600

700

800

900

1000

P
ar

al
le

l S
tif

fn
es

s 
(N

m
/r

ad
)

Feasible region

Max. continuous torque
exceeded

Max. peak torque
exceeded

(a) n = 180

200 400 600 800 1000 1200 1400 1600 1800 2000

Series Stiffness (Nm/rad)

0

100

200

300

400

500

600

700

800

900

1000

P
ar

al
le

l S
tif

fn
es

s 
(N

m
/r

ad
)

Feasible region

Max. speed
exceededMax. continuous torque

exceeded

(b) n = 360

Figure 3.19: Feasibility of the motor and for gear ratios of (a) n = 180 (b) n = 360. The
equilibrium angle θeq is tuned to the optimal value for every combination of series and
parallel stiffness. The optimal stiffness combinations found by minimizing mechanical
peak power (red) or mechanical energy consumption (green), not taking into account the
motor constraints, are indicated as dots. For both gear ratios, these stiffness combinations
fail to respect the maximum continuous torque that can be delivered by the motor.
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Figure 3.20: Influence of gear ratio on spring selection for different optimization objec-
tives. The optimal series spring stiffness ks (top), parallel spring stiffness kp (middle)
and equilibrium angle θeq (bottom) are plotted as a function of the different gear ratios
n. Optimization objectives are mechanical peak power (MPP, blue), electrical peak power
(EPP, red), mechanical energy (MEC, yellow) and electrical energy (EEC, purple).

Also plotted on Fig. 3.19 are the optimal stiffness combinations found by minimiz-
ing mechanical peak power (red) or mechanical energy consumption (green), not taking
into account the motor constraints. The results are consistent with those from Grimmer
et al. [86] for bidirectional springs: MEC optimization yields an SEA without parallel
spring, whereas MPP optimization yields a combination of series and parallel elastic-
ity. Interestingly, neither of both results fit within the motor’s operating range for the two
gear ratios presented above. Twice, the violated constraint is the continuous motor torque.
This could have detrimental consequences: if these optimized stiffnesses would be used
in combination with the RE40 motor, the windings would burn up within a number of
cycles. The only solution is to select a more powerful motor, leading to a heavier and
bulkier design, or to settle for decreased actuator performance by lowering the demanded
output torques or speeds. By already selecting a motor in the optimization phase and
setting appropriate constraints, such problems can be avoided.

Influence on optimal spring stiffness Figure 3.20 shows how the optimal spring stiff-
nesses ks and kp and the optimal equilibrium angle θeq evolve with the chosen gear ratio.
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This figure confirms the strong influence of optimization constraints on the optimized
spring stiffnesses. We notice a strong preference for stiff series springs for all objectives
except MPP. The optimal stiffness of the parallel spring depends on whether peak power
or energy consumption is minimized. In the former case, compliant parallel springs can
be used, while the latter objective requires stiff springs.

In the previous section, we already demonstrated the strong effect of the optimization
constraints on the optimal solution for two extreme values of the gear ratio. Figure 3.20
shows that this can be extended to the entire range of gear ratios. Gear ratio does not
affect the MPP or MEC objectives, and therefore one might expect a single value for the
optimized springs stiffnesses and equilibrium angle. Yet, the optimized springs show a
clear dependence on the chosen gearbox due to the constraints. This confirms limitations
of the drivetrain and controller as a dominant factor in the design.

In general, the series spring is required to be relatively stiff in order to prevent power
peaks. In fact, all optimization objectives except MPP demand the series spring to be as
stiff as possible for most gear ratios. This is in contrast with the parallel spring, especially
for the energy optimization objectives MEC and EEC. Here, the parallel spring’s stiffness
is fairly constant, at a relatively high value of approximately 600 Nm/rad. For the peak
power objectives EPP and MPP, the parallel spring is only required to be this stiff at the
lowest gear ratios. As the gear ratio increases, the geared DC motor is able to deliver
more torque to the output, and the need for the parallel spring decreases. This is reflected
in the gradually decreasing parallel stiffness values.

Finally, the optimal equilibrium angle θeq (bottom of Fig. 3.20) shows a trend which
is nearly identical to that of parallel stiffness. High parallel stiffnesses kp come with
small θeq while low kp comes with higher θeq. As explained in section 3.5.3.2, this is
required for the parallel spring to deliver the optimal amount of power during stance
without causing power peaks during swing.

Influence on optimization objectives Figure 3.21 demonstrates the effect of different
optimization objectives on the optimal gear ratio.

Achieving low mechanical peak power demands sufficiently high gear ratios. The
gradual decrease in MPP as the gear ratio increases to 280 reflects the movement towards
a broader operating region of the motor. Between n = 280 and n = 320, the selected
spring stiffnesses remain roughly the same (see previous section), and the mechanical
peak power converges to its optimal value. Conversely, electrical peak power exhibits a
minimum at a lower gear ratio, approximately at n = 260. This is explained by the growing
torque due to the motor’s reflected inertia, which increases with gear ratio. This inertial
torque, which does not affect mechanical peak power, leads to an increase in electrical
peak power at high gear ratios.

When it comes to electrical energy consumption, there is no clear difference between
the MEC and EEC objective. This is consistent with our findings in previous sections. In
section 3.5.3, we drew the same conclusion for a fixed gear ratio of n = 250, and in
section 3.5.4.1, the optimized spring stiffnesses were similar for both objectives. If the
springs are optimized for peak power instead of energy consumption, the electrical energy
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Figure 3.21: Influence of choice of gear ratio on mechanical and electrical peak power
and energy consumption. The values in this graph correspond to the optimal settings
of spring stiffness and equilibrium angle. Optimization objectives are mechanical peak
power (MPP, blue), electrical peak power (EPP, red), mechanical energy (MEC, yellow)
and electrical energy (EEC, purple). The mechanical energy consumption plot shows the
net mechanical energy input required for walking (16.5 J). It is independent of the gear
ratio and optimization objective, since springs are only a medium of energy storage; they
do not have the ability to dissipate or generate energy over an energy cycle.
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consumption will be much higher. This also proves that both objectives are not necessarily
related, as previously remarked by Grimmer et al. [86].

3.5.4.2 Influence of actuator inertia

In section 2.3.3.2, we presented an extensive discussion on how the inertia of the motor
and gearbox affects the choice of gear reduction. We derived that, with a pendulum as a
load, the optimal gear ratio of the actuator is found by matching the load inertia Jload to
the reflected drivetrain inertia n2 (Jm + Jtr). The resulting gear ratio,

n =

√
Jload

Jm + Jtr
(3.75)

maximizes the actuator’s acceleration capability [165] and energy efficiency [104]. This
principle, called “inertia matching”, implies that the optimal drivetrain design is defined
as soon as the load is known.

Unfortunately, a simple analytical solution as Eq. (3.75) does not exist for prosthe-
ses. Here, the load is far from purely inertial, since most of the torque on the ankle joint
results from interaction with the environment. The only way to study the effect of inertia,
is to repeat the optimization with a different drivetrain inertia. In this section, we reprise
the analysis presented in sections 3.5.4.1 and 3.5.4.1 with Jm and Jtr reduced by 50%.

Influence on optimization objectives Figure 3.22 presents the peak powers and energy
consumptions as a function of gear ratio, with reduced drivetrain inertia. Comparing
these results to the ones obtained with full actuator inertia (Figure 3.21), the minimal
mechanical peak power remains roughly the same (100 W). This is logical: mechanical
output power does not depend on drivetrain inertia; it only affects the MPP optimization
results through its impact on the constraints. In contrast, electrical peak power is strongly
influenced by the decreased inertial torque. At the optimal configurations, it is reduced
from 234 W to 113 W for the optimal value. The impact of decreased inertia is not as
strong in terms of electrical energy consumption (decrease from 35 J to 32 J). Recall that
inertia itself is an energy-neutral element, i.e. it does not dissipate energy. The reduced
energy losses are a secondary effect of the decrease in inertial torque, which results in less
Joule losses.

Influence on optimized spring stiffnesses In Figure 3.23, the optimized spring stiff-
nesses are plotted as a function of gear ratio with drivetrain inertia reduced by 50%. A
major difference with the results in Figure 3.20 is the increased usage of the series spring,
especially for the MPP and EPP objectives. The parallel spring design remains roughly
the same for the MEC and EEC objectives. The MPP and EPP objectives, however,
yield very different parallel spring designs. With reduced inertia, the equilibrium angle
is lowered to the point where the spring is engaged throughout the entire gait cycle. In
agreement with our results from the previous paragraphs, the parallel spring stiffness is
lowered accordingly.
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Figure 3.22: Influence of choice of gear ratio on mechanical and electrical peak power
and energy consumption, when actuator inertia is reduced by 50%. The values in this
graph correspond to the optimal settings of spring stiffness and equilibrium angle. Opti-
mization objectives are mechanical peak power (MPP, blue), electrical peak power (EPP,
red), mechanical energy (MEC, yellow) and electrical energy (EEC, purple).
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Figure 3.23: Influence of gear ratio on spring selection for different optimization ob-
jectives, when actuator inertia is reduced by 50%. The optimal series spring stiffness ks
(top), parallel spring stiffness kp (middle) and equilibrium angle θeq (bottom) are plotted
as a function of the different gear ratios n. Optimization objectives are mechanical peak
power (MPP, blue), electrical peak power (EPP, red), mechanical energy (MEC, yellow)
and electrical energy (EEC, purple).
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Influence on optimal gear ratio Equation (3.75) predicts an increase in gear ratio when
the drivetrain inertia is reduced. Indeed: the range of gear ratios has clearly shifted to
higher values in figures 3.22 and 3.23. The same applies to the optimal gear ratios. Min-
imal electrical power consumption, for example, was previously achieved for n = 250.
With half of the drivetrain inertia, the optimal gear ratio has shifted to n = 310. This can
also be interpreted in terms of reflected inertias. While drivetrain inertia was decreased
by 50%, the reflected inertia only decreased by 23% percent. This demonstrates that, as
predicted by the inertia matching principle, a change in motor inertia will be opposed by
a change in gear ratio.

Note that the efficiency of gearboxes decreases with their gear ratio. This may cancel
out the energetic benefits gained from the decreased inertial torque.

3.5.5 Implications for the design of prosthetic ankles

The results presented in this section teach us several important things regarding the design
and optimization of prosthetic ankles with series and parallel elements.

A first aspect that was discussed, is the difference between electrical and mechanical
power flows. Based on the biological power profile, nearly no power would be required
during the swing phase. Nevertheless, accelerations in the swing phase - as well as in
late stance - are high. This leads to surprisingly high power peaks in these phases, since
the motor needs to accelerate its own inertia as well as that of the gearbox. Failing to
provide the required accelerations may, however, compromise ground clearance6. This
must be carefully assessed, because ground clearance prevents the user from stumbling
and falling, the most important task during swing [22]. It is therefore recommendable to
take the inertia of the drivetrain into consideration in a design phase.

Another goal was to evaluate the effect of different objectives on the optimization.
As one may expect, peak power-based and energy consumption-based optimizations lead
to very different results, because the former only applies to a single point in the gait
cycle, whereas the latter takes the entire cycle into account. Whether the optimization is
performed in the mechanical or electrical domain makes less of a difference. The common
assumption that (electrical) energy consumption can be minimized by minimizing the
(mechanical) power flow in the drivetrain, as specified by Eq. (3.70), thus seems to be
valid in this specific case. This is a valuable insight because, as discussed in section 2.5.2,
the latter cost function is much easier to apply.

Regarding the selection of springs, our results demonstrated a general trend of favor-
ing designs with only parallel elasticity. On a superficial level, this result confirms that
of Eslamy et al. [60]. Nevertheless, the approach followed here is very different from
that in Eslamy et al. Our analysis has demonstrated that the optimal design strongly de-
pends on the choice of the motor – something which was not taking into account in the
aforementioned work. Resulting from the interaction between the series spring and the
unidirectional parallel spring, designs combining series and parallel elasticity were found

6Ground clearance, also referred to as “foot clearance” or “toe clearance”, is the minimum vertical distance
between the ground and the lowest point of the foot during the swing phase of gait.
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to require torques beyond the motor’s limits. Such solutions were discarded in our opti-
mization, which is the reason why our optimized series springs tend to be stiff. Not taking
motor limits into account in the design phase, like in the approach followed by Eslamy et
al., may lead to selecting a larger motor than strictly necessary. A more effective strategy
would be to choose the motor first, and then optimize the springs within the operating
range of the selected motor. Of course, this may require several iterations in order to find
the smallest possible motor.

Finally, the choice of gearbox mainly depends on the required output torques and
speed, but the optimal gear ratio is also influenced by the inertia of the drivetrain. Choos-
ing a correct gear ratio is important, because it will determine the range of stiffnesses
available for a certain motor. Springs can therefore only be exploited if a matching gear
ratio is chosen. Gearboxes, however, have several disadvantages. Firstly, they increase the
reflected inertia of the drive. As mentioned earlier, prosthetic ankles require considerable
accelerations, which can lead to high inertial torques caused by the inertia of the motor
and gearbox. Secondly, gearbox efficiency decreases with increasing gear ratio. This is
particularly relevant when the inertia of the drivetrain is low, because, as our results have
shown, low-inertia drivetrains will require higher gear ratios. In that case, the most energy
efficient design could well be one with suboptimal springs in combination with a smaller,
more efficient gearbox. The gear ratio should therefore just as much be considered a part
of the optimization as the springs themselves.

3.6 Conclusion

In this chapter, we have analyzed how series and elastic elements can reduce the peak
power and energy consumption of an actuator. This topic has been the subject of several
works already, although most of these works focus on one specific application or task.
Moreover, the analysis is often confined to the mechanical peak power and energy con-
sumption. The aim of this chapter was to extend the discussion to the electrical domain
and to analyze the influence of various loads.

It is widely known that series elastic elements can be used to decrease the motor
speed, while parallel elastic elements reduce the torque required from the motor. As we
have shown in section 3.2, this applies when the external load exhibits a reasonable degree
of linearity with respect to the output angle. The human ankle and knee joint exhibit such
behavior during walking, which is why elastic elements are very common in ankle and
knee prostheses and exoskeletons. Several works have proven the great potential of these
elastic elements for the reduction of peak power and energy reduction.

An interesting aspect of human walking is that it consists of two distinct phases: a
stance phase, dominated by the force exerted by the body weight, and a swing phase,
which is governed by the inertia of the links. While the stance phase is described fairly
well by its torque-angle relationship, inertial effects make the swing phase a lot more com-
plicated to study. In spite of the low mechanical powers required during the swing phase,
these effects can still cause high peaks in electrical power. This observation illustrates the
need for a more detailed study on elastic elements applied to inertial loads.
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An extensive analysis on a pendulum – an inertial load in a gravitational field, just
like the human leg in swing – added some new insights to the “parallel elements for torque
reduction, series elements for speed reduction” paradigm. At a first glance, this principle
is confirmed by the fact that optimally designed parallel springs exploit a system’s reso-
nance frequency while series springs work optimally at antiresonance. An SEA in highly
dynamic systems, however, is also able to achieve a torque reduction through a reduction
of the acceleration of the motor. Moreover, because the torque experienced by the motor
and the gearbox is different, the stiffness selection of the PEA will be a trade-off between
a reduction of gearbox losses and a reduction of motor losses, while the SEA can achieve
both at once through a reduction of the speed. As a result, the SEA was found to be much
more efficient in exciting oscillations on a pendulum.

A PEA, on the other hand, has the advantage that it can compensate for a static
torque by a correct tuning of the equilibrium angle. In applications which require high
static torques, an SEA will suffer high Joule losses and, consequently, be very inefficient.
As explained in section 3.4, a PEA gains the upper hand over the SEA in such cases.

The discussion above illustrates how strongly the load profile affects the efficiency
of both topologies. Additionally, series and spring elements both have a very different
impact on the motor selection. In section 3.5, the optimal spring configuration for an
active ankle prosthesis was shown to be inextricably tied to the selected motor and gear-
box. While decoupling the design of spring and drivetrain facilitates the design process,
our results indicate that a there is a great potential for improvement in terms of energy
efficiency and compactness when both are optimized simultaneously.

On a final note, we would like to emphasize the great difference between SEA and
PEA in terms of dynamics. Many of the advantages that served as a motivation for the
development of SEA – safety in human-robot interaction, improved force control, shock
tolerance – do not apply to the PEA architecture. On the other hand, the PEA still allows
for accurate position control because its bandwidth is not affected by the elastic element,
unlike in SEA. For the majority of applications, these considerations will most likely
determine the choice between both topologies. Whenever energy consumption is the main
concern, however, the conclusions from this chapter can serve as a guideline for anyone
who wants to minimize the true energy consumption of an actuator by introducing elastic
elements.



Chapter 4
Redundant actuation1

4.1 Introduction

Electric motors offer very high efficiencies at their nominal working point. A motor’s
efficiency, however, varies strongly with speed and torque [217, 232]. This is an issue in
robotics, where actuators are required to operate at a wide range of working points. As
a result, their motors tend to be used very inefficiently. In the MIT Cheetah robot, for
example, up to 68% of the total energy was consumed by heating of the motor windings
[199]. Designs focusing on the reduction of motor losses can significantly improve the
overall efficiency of a device. With such an approach, Brown and Ulsoy managed to
decrease the energy consumption of a passive-assist device by 25%. No less than 90% of
the energy savings was attributed to a more efficient use of the motor [34].

A well-chosen transmission can help by mapping the expected working points as
closely as possible to energy-efficient part of the motor’s operating range. Nevertheless,
transmissions with fixed reductions can only do so much when the working points are
widely spread over the operating range. This is a typical problem of robots interacting
with their environment. Tasks such as turning knobs or manipulating high payloads often
require high torques from the robot’s actuators at low output speeds. As a consequence,
the actuators will consist of strong motors with high reductions. When the payload is
removed and the manipulator is brought back to its initial position, however, the require-
ment changes to delivering high speeds at low torques. The speed with which the arm
can move will then be limited by the high reflected inertia resulting from the high-torque
design [14].

The conflicting torque-speed requirements resulting from a loaded and a no-load
phase are also a problem in legged robotics. During the stance phase, the leg needs to carry
1The contents of this chapter are based on the journal papers Verstraten et al. (2017). Modeling and design of an
energy-efficient dual-motor actuation unit with a planetary differential and holding brakes. Mechatronics, 49,
pp. 134 - 148 [228] and Verstraten et al. (2017). Kinematically redundant actuators: a solution for conflicting
torque-speed requirements. The International Journal of Robotics Research (submitted Oct. 2017) [229].
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the robot’s weight, requiring high motor torques. When the foot is lifted from the ground
(i.e. during the swing phase of gait), the required motor torque drops considerably since
the leg is now only moving its own inertia, but the motors need to work at higher speeds.
This has serious consequences for the sizing and energy efficiency of the actuators. A
human ankle, for example, requires hardly any power during the swing phase of walking
gait, but when a motor performs the same motion, it displays considerable peak powers
in this phase, even if springs are used to alleviate the requirements [95, 231].

A potential solution to these problems is to use variable transmissions [211] or, more
generally, to actuate a joint with not one, but two motors. The second motor then creates
an additional, redundant, degree of freedom, which can be exploited to distribute the
power requirements among both motors in the most energy-efficient way. As we will
show in this chapter, with a proper design and proper control, the overall quasi-static
efficiency of such an actuator can be better than that of a single motor with gear reducer.
In dynamic tasks, however, the inertia of the drivetrain has a strong influence on the power
flow through the motor and may lead to high Joule losses [173]. This issue is very relevant
for redundant actuators, considering that it consists of not one, but at least two motors.
How this affects their energy consumption and the ideal power distribution between the
motors, is another question we will try to answer here.

We start this chapter by giving a concise state-of-the art of redundant actuator con-
cepts (section 4.2). Next, in section 4.3, we present the concept of a kinematically redun-
dant actuator based on a planetary differential, along with the equations that describe such
an actuator. We then provide a theoretical analysis of the actuator for constant torques and
speeds (section 4.4) and for dynamic loads (section 4.5), complemented with experimen-
tal results (section 4.6). Finally, in section 4.7, we discuss the potential of the dual-motor
actuator architecture with a special focus on the differences between static and dynamic
loads.

4.2 Types of redundant actuators

Redundancy on robot-level is a well-studied topic, with a vast array of literature on over-
actuated robotic arms. Redundancy on joint-level has received little attention in compari-
son. In this section, we provide an overview of existing concepts for redundant actuators.
We divide them into four classes: statically redundant actuators, kinematically redundant
actuators, Variable Stiffness Actuators and actuators with Variable Transmissions.

4.2.1 Statically redundant actuators

In a statically redundant actuator, an infinite number of input motor torques result in the
same output torque [150]. This can be achieved in a very simple way, by coupling multiple
motors to the same driveshaft. In such an arrangement, the output torque is the sum of
both motor-gearbox torques. The torque that can be delivered by a motor increases with
its mass to the power 1.25 [91]. Consequently, using one large motor will generally lead
to a more compact and lightweight design than two smaller motors on the same driveshaft.
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Despite their unfavorable scaling with mass, statically redundant actuators may have
benefits in terms of control performance and energy consumption. In the Parallel-Coupled
Micro-Macro actuator concept proposed by Morell et al. [149], a small motor is coupled
directly to the load, in addition to a larger motor coupled through a compliant transmis-
sion. This actuator exhibited a good force control bandwidth and excellent force fidelity.
Peak impact force, force distortion and backdrivability were also found to be better than a
single-motor actuator. When combined with springs and locking mechanisms, statically
redundant actuators can also offer considerable benefits in terms of energy consumption.
An example is the +SPEA actuator proposed by Mathijssen et al., which consists of four
motors with series springs, connected to a single output shaft. Controllable brakes allow
the motors to be locked, such that springs in series with the motors act as parallel springs
on the output shaft. In a blocked output experiment, this actuator managed a fourfold
decrease in energy consumption compared to a single-motor alternative [134].

4.2.2 Kinematically redundant actuators

An actuator is kinematically redundant if its output speed is not uniquely determined by
the speeds of the input motors [150]. One way of achieving this is to couple two motors
to a single output through a differential. In this case, the output speed θ̇out is a linear
combination of the input speeds θ̇1 and θ̇2:

θ̇out = R1θ̇1 +R2θ̇2 (4.1)

with coefficients R1 and R2 depending on the design of the differential. The static output
torque, however, is divided over both inputs in a fixed ratio, determined by design.

In principle, any type of differential can be chosen to couple both motors. Differ-
ential mechanisms that have been proposed include a bevel gear differential [100, 72], a
two-stage planetary gear differential [66, 75] and a differential based on harmonic drives
[214, 245]. The most common concept by far is one that employs a planetary differen-
tial. Here, the output and the two inputs of the actuator can be assigned to any of the
three output shafts of the differential. Assuming that the motors are grounded, this can be
done in three possible ways. If one of the motors is allowed to be mounted to a movable
component, however, 12 more actuator topologies can be created [14].

To the authors’ knowledge, the first roboticists to suggest the use of a kinematically
redundant actuator were Ontañon-Ruiz et al., with the aim of reducing stiction [159].
Here, the carrier and the sun of the planetary differential were used as inputs, and the load
was coupled to the output. Several important theoretical contributions about this specific
configuration were made by Rabindran and Tesar. In their analysis of power flows and
efficiency [179], they concluded that the efficiency of this type of actuator decreases when
the reduction ratio of the planetary differential increases. Furthermore, they found that the
reflected inertia of the actuator has no upper bound, while it can never be lower than the
inertias of both input actuators. Another study [178] discussed the cross-coupling in the
inertia matrix. The authors argued that the coupling should be minimized by design,
because it causes the actuators to fight each other’s acceleration. In addition to these
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theoretical works, Rabindran and Tesar also showed the potential of the concept in terms
of safe response to collisions [180].

Another configuration places the load on the carrier, and uses the sun and ring as
inputs. This topology was used for the first time by Kim et al., where one motor was used
to control the output position and the other to control the stiffness [115, 116]. Later, Lee
and Choi [122] explored the possibility of shaping the actuator’s operating range more
favorably than that of a regular motor. In their concept, worm gears were used to prevent
the motors from being backdriven. This makes their concept unsuitable for applications in
robotics, where backdrivability is generally desired. More recently, Girard and Asada [81]
presented a similar actuator where the worm gears were replaced by controllable brakes.
For this actuator, they developed several control strategies to divide the required power
over the motors and to deal with the holding brakes [82, 83]. Much work has also been
done on impedance control [152]. A problem with these actuators in impedance control is
that, in order to obtain high bandwidths, motors are required that are able to deliver high
torques while having low inertias. In order to meet these contradicting requirements, Na-
gai et al. proposed to equip one of both motors with a parallel spring [151]. Nevertheless,
the usage of springs in kinematically redundant actuators is quite rare, with the exception
of variable stiffness actuators.

4.2.3 Variable Stiffness Actuators

Variable Stiffness Actuators (VSAs) are a variant of Series Elastic Actuators, where the
stiffness can be varied. In case of a rotational actuator, they can be represented by follow-
ing idealized equation:

θout = θ1 +
Tout

k (θ2)
(4.2)

where θout and Tout represent the output position and torque, and θ1 and θ2 are the input
positions of the primary and secondary motor. Equation (4.2) shows that variable stiffness
k (θ2) changes the kinematic relationship between the primary motor and the output. The
variable stiffness k (θ2) is thus the redundant degree of freedom. Several mechanisms
exist for the variation of stiffness [219]. Although exceptions exist, the vast majority
requires a secondary motor for the regulation of the stiffness [88].

VSAs can be classified as kinematically redundant actuators if the output torque
uniquely defines the torques required from the input motors. For most VSA designs, this
is not the case. For an extensive overview of VSA designs and their advantages, we refer
to the review papers by Vanderborght et al. [219] and Tagliamonte et al. [213].
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4.2.4 Variable transmissions

Another way to add a redundant degree of freedom is to use a variable transmission. The
actuator can then be described with following equations:

θout =
θ1

n(θ2)
(4.3)

Tout = n(θ2)T1 (4.4)

In this type of actuator, the variable gear ratio – which we assume to be controlled by
a secondary motor – creates the redundant degree of freedom. The variable gear ratio
affects both the torque and speed, resulting in coupled kinematic and static redundancy.

Over the years, variable transmissions have proven their potential to reduce the en-
ergy consumption of cars [38] and wind turbines [132]. These results have sparked inter-
est from researchers in robotics. Variable transmissions show great potential in the field
of legged locomotion, prosthetics and exoskeletons. They can be used to shape a mo-
tor’s speed-torque curve more favorably for its use in ankle prostheses, enabling a more
compact actuator design [211]. Combined with energy buffers such as springs [210] or
flywheels [53], they can also form very energy efficient actuation units. Simulations have
shown that a knee actuator consisting of an IVT with a flywheel could reduce the actua-
tor’s energy consumption by 85% in walking [6]. Similar reductions have been reported
for an IVT combined with a spring [148]. In addition to the improved energy efficiency,
variable transmissions can also help to reduce the weight of knee prostheses [124].

The most common CVT types, belt and chain CVTs and toroidal CVTs, tend to
have issues with rapid changes in gear ratio [207], while also being heavy and bulky
[63]. Small-size CVTs exist, but often have the disadvantage of having a limited range
of motion. Furthermore, they are often friction-based, limiting their torque transmission
capability [63]. Consequently, the search for the ideal CVT for robotics is still an ongoing
research topic [23, 63, 124, 112, 55].

4.3 Equations

4.3.1 Concept

A regular single-stage planetary gearbox consists of a sun gear, a ring gear, planetary
gears and a carrier. In order to achieve the highest gear ratio, the sun is typically used
as the input and the carrier as output, while the ring is grounded. By using the ring
as an additional input, however, the planetary gearbox can be turned into a planetary
differential. This component is the basis of the dual-motor actuator presented in this
work. The basic schematic of the dual-motor actuator (DMA) is shown in Fig. 4.1. Two
input drivetrains are coupled to the sun and ring gear of a planetary differential, while, just
like in a regular planetary gear, the output is coupled to the carrier. This topology offers
the highest reductions between the inputs and the output (see Table 4.1). As a result,
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RING DRIVETRAIN 

Planetary 
gearbox 

Holding 
brake 

𝜃 R, TmR 𝜔R, ToR 

SUN DRIVETRAIN 

Planetary 
gearbox 

Holding 
brake 

𝜃 S, TmS 𝜔S, ToS 

LOAD 

Motor 

Motor 

𝜔o, To 

Figure 4.1: Dual-motor actuator setup. The actuator consists of two drivetrains, coupled
to the ring and sun gear of a planetary differential. The load is coupled to the carrier gear,
just like in an ordinary planetary gear. Holding brakes, placed in between the motors
and their gearboxes, can be controlled to lock the torque, upon which the motor can be
switched off.
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Inputs Output Kinematic relationship

Sun, ring Carrier ωo =
1

1+ρ
ωS +

ρ

1+ρ
ωR

Sun, carrier Ring ωo =
1+ρ

ρ
ωC− 1

ρ
ωS

Ring, carrier Sun ωo = (1+ρ)ωC−ρωR

Table 4.1: Kinematic relationships for different configurations of a planetary differential.
The output speed is denoted by ωo, carrier speed by ωC, sun speed by ωS and ring speed by
ωR. The planetary differential ratio ρ is defined in Eq. (4.8). For a single-stage planetary
differential, 1 < ρ ≤ 9. In this case, a configuration where the sun and ring gear are used
as inputs yields the highest overall reduction.

the reductions offered by the planetary differential are exploited in the best possible way,
leading to the most efficient design in terms of space.

The input drivetrains each consist of a motor and gearbox with a holding brake.
When it is engaged, the motor can be switched off, so that no electrical power is con-
sumed. An additional advantage is that the brakes can hold higher torques than the motor,
which is limited by the maximum current it can provide. Without brakes or any other
locking mechanism, the maximum torque that can be provided by the actuator would be
determined by the weakest motor, as we will explain in section 4.3.3. Having a locking
mechanism is therefore essential in order to make the actuator’s operating range as large
as possible.

Previously presented concepts have used a cam-based clutch [115] or worm gears
[122][14] as locking devices. Worm gears can be designed such that they lock when
backdriven, without any need for actuation. With worm gears on both branches, however,
the entire actuator becomes non-backdrivable. This makes the actuator less suitable for
robotics where, in many cases, backdrivability is desired. For this reason, we used con-
trollable brakes instead of worm gears, like in Girard et al. [81]. The brakes are positioned
on the motor shafts, rather than directly on the ring and sun gears. The main advantage of
this approach is that the required braking torque is scaled down through the gearbox, so
that a smaller brake can be used.

4.3.2 Design equations

A schematic of the DMA, along with definitions of the torques T and speeds ω , is given
in Fig. 4.2. The signs of the torques and speeds follow the passive sign convention [85],
i.e. input powers TSωS and TRωR are positive, while output power Toωo is negative.

The actuator has one static and two kinematic degrees of freedom (DoF). Imposing
a certain motion to a load uses up one static and one kinematic DoF, leaving us with
one redundant kinematic DoF. We will thus be able to choose the way how both motors
contribute to the output speed, while – in steady state – their torques are completely
determined by the output torque.
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ToR,wR
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wP
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wo

Figure 4.2: Planetary differential with definitions of torque and speed. Definitions respect
the passive sign convention.

4.3.2.1 Speeds

The ring and sun drivetrains consist of a geared DC motor. We can thus write

θ̇λ = nλ ωλ (4.5)

where nλ (λ = R,S) are the gear ratios of the planetary gearboxes in the ring and sun
drivetrain, respectively. Because of the redundant kinematic DoF, the ring motor angular
velocity θ̇R and the sun motor angular velocity θ̇S can be chosen independently. We define
the speed ratio i as

i =
ωR

ωS
=

θ̇R/nR

θ̇S/nS
(4.6)

The speed ratio i is the degree of freedom which we would like to control, in such a way
that the most energy-efficient operation is achieved. Note that the definition given by Eq.
(4.6) becomes undefined for ωS = 0. In static operation, this is not much of an issue, as
the sun brake will be engaged in this case. In dynamic operation, however, zero sun speed
also occurs when the brake is disengaged. For this reason, we define an alternative speed
ratio γ

γ =
1

nR

ρ

1+ρ

θ̇R

θ̇o
(4.7)

which will be used instead of i in our discussions on dynamics and control. Here, we
defined the planetary differential ratio ρ as

ρ =
rR

rS
(4.8)

This ratio is related to the gear ratio with locked ring nPG (i.e. the differential is used as
an ordinary planetary gearbox) by

ρ = nPG−1 (4.9)
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Geometry dictates that rR > rS, so ρ > 1. Because of size limitations on the sun gear,
practical values of ρ are between 2 and 9 [99].

The velocity ωo = θ̇ o of the carrier, which serves as the output, is a linear combina-
tion of the sun and ring motor velocities:

ωo = J
[

θ̇S
θ̇R

]
(4.10)

with
J =

[
1
nS

1
1+ρ

1
nR

ρ

1+ρ

]
(4.11)

Combining Eqs. (4.6) and (4.10), we can write the input speeds of the planetary differen-
tial as a function of the output speed:[

θ̇S
θ̇R

]
=

[
nS(1+ρ)

1+ρi
nR(1+ρ)i

1+ρi

]
ωo (4.12)

or, as a function of γ , [
θ̇S
θ̇R

]
=

[
nS (1+ρ)(1− γ)

nR
(1+ρ)

ρ
γ

]
θ̇ o = Qθ̇ o (4.13)

By differentiation of 4.13 we find the motor accelerations

[
θ̈S
θ̈R

]
= Qθ̈ o +

[
−nS (1+ρ)

nR
(1+ρ)

ρ

]
θ̇ oγ̇ (4.14)

as a function of γ , θ̇o and θ̈o. Note that a second term appears in Eq. (4.14) because γ is
allowed to vary in time.

4.3.2.2 Efficiency of planetary differential

Consider the planetary geartrain displayed in Fig. 4.2. We assume that all friction is
caused by the meshing of the gear teeth. If both sun and ring are delivering power to the
planets, i.e.

ToS (ωS−ωC)> 0 (4.15)

ToR (ωR−ωC)> 0 (4.16)

the meshing efficiency for the planets with the sun (ηSP) and the ring (ηRP) can be found
by dividing the output power by the input power:

ηSP =
−T (S)

P (ωP−ωC)

ToS (ωS−ωC)
(4.17)
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ηRP =−
T (R)

P (ωP−ωC)

ToR (ωR−ωC)
(4.18)

T (S)
P and T (R)

P are the torques on the planets due to meshing with the sun and ring gear,
respectively. In the above equations, the speeds with which we multiply the torques are
relative to the carrier, as if it is fixed. Indeed: if the sun or ring gear is not moving with
respect to the carrier, the gear teeth will not move with respect to each other, and there
will be no power transfer. Also note that, if one of the conditions (4.15) or (4.16) is false,
the nominator and denominator need to be reversed in the corresponding equation (4.17)
or (4.18).

The torque balance is given by

ToS +ToR = TC (4.19)

and the power balance, in a reference frame attached to the rotating carrier, by

ηSPToS (ωS−ωC)+ηRPToR (ωR−ωC) = 0 (4.20)

Note that we could also have found this equation by stating the power equilibrium in a
single planetary gear, i.e.

T (S)
P (ωP−ωC) = T (R)

P (ωP−ωC) (4.21)

Indeed, with a fixed carrier and zero planetary inertia, the only powers through the plane-
tary gears are the powers accepted from the ring and sun.

Inserting the speed equation (4.10) into Eq. (4.20), we find (after some small calcu-
lations)

ηSPToSrR−ηRPToRrS = 0 (4.22)

Combining this with Eq. (4.19), we find the relationship between the torque on the carrier
(output) and the sun and ring torques:

TC =

(
ηSPrR

ηRPrS
+1
)

ToS (4.23)

TC =

(
ηRPrS

ηSPrR
+1
)

ToR (4.24)

The speed equation (4.10) shows that the output speed is a linear combination of the ring
and sun speed with positive coefficients. In other words, the output speed is a weighted
average of the sun and ring speed, and will lie somewhere in between these speeds. Fur-
thermore, ToS, ToR and TC are defined in such a way that they always have the same sign.
Combining these two facts, we can easily see that

sign [ToS (ωS−ωC)] =−sign [ToR (ωR−ωC)] (4.25)
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It is therefore sufficient to check only one of the two conditions (4.15) and (4.16); if
one is false, the other one is true. As a result, ηRP and ηSP will appear as a product
in all equations, regardless of which power flow case we are in. We can thus define
ηPG = ηRPηSP and write

TC =

(
rR

rS
η

sign[TC(ωS−ωC)]
PG +1

)
ToS (4.26)

TC =

(
rS

rR
η

sign[TC(ωR−ωC)]
PG +1

)
ToR (4.27)

4.3.2.3 Torques - static

The meshing efficiency of the planetary gear differential ηPG can be used in the efficiency
function CPG of the planetary differential:

CPG = η
sign[To(ωS−ωo)]
PG (4.28)

To make this function more convenient, it can be rewritten as a function of i:

CPG = η
sign

[
1−i

1+ρi Toωo

]
PG (4.29)

With this function, we can rewrite Eqs. (4.26) and (4.27) as

TC = (ρCPG +1)ToS (4.30)

TC =

(
1

ρCPG
+1
)

ToR (4.31)

Eqs. (4.30) and (4.31) demonstrate that the torques on the ring and sun gear are fully
determined by the required output. By combining these equations, we can find

ToR = ρCPGToS (4.32)

indicating that, by design, the torque in the ring branch will be higher than that in the sun
branch.

The relationships between the motor torques Tmλ and the torques on the sun or ring
gear of the planetary differential Toλ (λ = R,S) are given by

Tmλ = Bλ (ωo,To) ·
[

Cλ

nλ

Toλ +TCλ sign
(
θ̇λ

)
+νλ θ̇λ

]
(4.33)

where we introduced a friction torque composed of Coulomb and viscous friction, with
friction coefficients TCλ (Coulomb friction) and νλ (viscous friction). CR and CS represent
the efficiency function of the gearbox, defined as

Cλ = η
−sign(Toλ ωλ )
λ

(4.34)



136 4.3 Equations

where ηλ represents the catalog efficiency of the respective gearbox (λ = R,S). The
torque on the motor shaft is multiplied by the braking function Bλ (ωo,To), defined as

Bλ (ωo,To) =

{
0 (brake engaged)
1 (brake disengaged)

(4.35)

By combining motor equation (4.33)with torque equations (4.30) and (4.31), we obtain

TmS = BS (ωo,To) ·
[

CS

nS

1
1+ρCPG

TC +TCSsign
(
θ̇S
)
+νSθ̇S

]
(4.36)

TmR = BR (ωo,To) ·
[

CR

nR

ρCPG

1+ρCPG
TC +TCRsign

(
θ̇R
)
+νRθ̇R

]
(4.37)

Furthermore, the losses between the carrier and the output, which are mostly due to bear-
ings, can be modeled by a combination of Coulomb friction and viscous friction, yielding
the following equation for the output torque To:

To = TC−TCCsign(ωo)−νCωo (4.38)

4.3.2.4 Dynamics

The static torque equations can easily be extended to dynamic equations. Defining the
input vector in dual-motor operation as T2m = (TmS, TmR)

T , with TmS and TmR the motor
torques of the sun and ring motor, respectively, we can write

T2m = [Aẋ+Bx+Csign(x)+D(To +TCCsign(Jx))] (4.39)

where To is the output torque, x the state vector

x =
[

θ̇S
θ̇R

]
(4.40)

and

A =

[
JS 0
0 JR

]
+ JCD

[
1
nS

1
1+ρ

1
nR

ρ

1+ρ

]

B =

[
νS 0
0 νR

]
+νCD

[
1
nS

1
1+ρ

1
nR

ρ

1+ρ

]

C =

[
TCS 0
0 TCR

]

D =

 CS
nS
(ρCPG +1)−1

CR
nR

(
1

ρCPG
+1
)−1
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Here, JS, JR and represent the inertias of the sun and ring, respectively. This includes not
only the inertia of the gears themselves, but also that of the motor, gearbox, shaft and
couplings on that specific branch. The inertia of the carrier is denoted by JC. The inertia
of the planetary differential’s planets is assumed to be negligible compared to that of the
sun, ring and carrier, the two former of which have an entire drivetrain attached to them.
Friction coefficients were obtained experimentally, as explained in section 4.6.

For convenience, the brake function was omitted in the formulas above. It can be
included by pre-multiplying Eq. 4.39 with a matrix containing the brake functions:

T
′

2m =

[
BS (ωo,To) 0

0 BR (ωo,To)

]
T2m (4.41)

4.3.2.5 Electrical

The following model can be applied to find the motor currents Iλ :

Iλ =
1

kT λ

Tmλ (4.42)

In this equation, kT λ represents the torque constant of the respective motor. Furthermore,
motor voltages Uλ can be calculated with

Uλ = kT λ ωλ +Rλ Iλ (4.43)

with Rλ the winding resistance of the motor. The electrical powers Pelec,λ are given by

Pelec,λ =Uλ · Iλ (4.44)

Finally, the total electrical power Pelec consumed by the actuator is simply the sum of both
motor powers:

Pelec = Pelec,S +Pelec,R (4.45)

Here, we neglect the power consumed by the brakes. Whether this assumption is justified,
depends entirely on the type of brake that is being used. Bi-stable brakes, for example,
do not consume any energy while they are engaged or disengaged; energy input is only
required to change their state [140]. If the application requires the brake to switch only
sporadically between its engaged and disengaged state, such a bi-stable brake will indeed
consume a negligible amount of power. In other cases, novel concepts such as statically
balanced brakes [172] and electroadhesive clutches [51] can be used to hold the drive-
train’s position at a low energy cost.

4.3.3 Constraints and limitations

Any drivetrain is subject to electrical and mechanical limitations. In this section, we
discuss how these affect the design of a DMA.
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4.3.3.1 Maximum speed

Typically, a maximum speed is specified on the datasheets of the motor and gearbox.
Denoting the maximum motor speeds by θ̇S,max (sun) and θ̇R,max (ring), we find that the
maximum achievable output speed ωo,max is given by (dual-motor operation)

ωo,max =
1

1+ρ

(
θ̇S,max

nS
+ρ

θ̇R,max

nR

)
(4.46)

Inherently, the ring branch will thus contribute more to the output speed.

4.3.3.2 Maximum continuous torque

High torques lead to high currents in the motor windings. To prevent the windings from
burning up, motor manufacturers specify a maximum continuous torque Tλmax,cont (λ =
R,S) for the motor. This leads to following constraint:

RMS(Tλ )< Tλmax,cont (4.47)

4.3.3.3 Maximum peak torque

In addition to the rms value of the torque, the peak motor torque is also limited. The
maximum motor and gearbox torque, as specified by the manufacturer, must be respected
in order to avoid damage or reduced lifetime of the components. Furthermore, the maxi-
mum output current of the controller’s power stage may also limit the achievable torque.
We will denote the maximum torque that can be provided by the motors, regardless of its
cause, with TS,max and TR,max for the sun and ring branch, respectively. We can then write
the constraint as

|Tλ |< Tλ ,max (4.48)

If the actuator is to provide a constant torque, the maximum continuous torques Tλmax,cont
(λ = R,S) will set the limit for the maximum torque that can be provided.

4.3.3.4 Maximum voltage

The motor voltage Uλ cannot exceed the voltage Uλ ,max (λ = R,S) available from the
power source:

|Uλ |<Uλ ,max (4.49)

According to Eq. (4.43), the motor voltage links the motor torque to the motor speed.
Hence, Eq. (4.49) limits the output speed that can be achieved at certain output torque.
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4.3.4 Optimal control

In steady-state conditions, the optimal speed distribution between both motors can be
found with a simple parameter sweep. For dynamic problems, this approach is too sim-
plistic. They require solving an optimal control problem (OCP), which can be formulated
as:

min
u

(
Π =
´ t f

t0
g(x,u, t)dt

)
ẋ = f (x,u, t)
h(x,u, t) = 0

cmin ≤ c(x,u, t)≤ cmax

(4.50)

The goal is to find the control set u = (ImS, ImR)
T which minimizes the cost Π, defined as

the integral of the cost function g(x,u, t) with the state x defined by Eq. (4.40), spanning
over time window of

[
t0, t f

]
. In this work, we wish to optimize the efficiency of the DMA

with respect to a reference drivetrain. The cost function is thus the total electrical power,
which can be written as:

g(x,u, t) = xT Ku+uT
[

RS 0
0 RR

]
u

K =

[
kT S 0
0 kT R

] (4.51)

The system has two constraints. First, there is the dynamics of the system, which can be
expressed as a set of differential equations ẋ = f (x,u, t) . The dynamics of the system
were given by Eq. (4.39) and can be rewritten as

ẋ = A−1 (Ku−Bx−Csign(x)−D(To(t)+TCCsign(Jx))) (4.52)

Second, a path constraint is also present to respect the kinematics of the DMA h(x,u, t) =
0. The path constraint is derived from Eq. (4.10):

h(x,u, t) = θ̇o(t)−
[

1
nS(1+ρ)

ρ

nR(1+ρ)

]
x = 0 (4.53)

Finally, we would like to ensure that the control set does not lead to a saturation of the
actuator. We will thus add inequality constraints of the form

cmin ≤ c(x,u, t)≤ cmax (4.54)

where

c(x,u, t) =

 x
Ku

Kx+Ru

 (4.55)
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contains, respectively, the maximum motor speeds, maximum motor torques, and maxi-
mum output voltages (see 4.3.3). The vectors cmin and cmax are given by

cmax =−cmin =



θ̇S,max
θ̇R,max√

2 ·TSmax,cont√
2 ·TRmax,cont

US,max
UR,max

 (4.56)

To apply constraint (4.47) it was assumed that the motor torque follows a sinusoidal tra-
jectory. In that case, the peak torque will be

√
2 times higher than the RMS torque.

Therefore, by limiting the motor torques to
√

2 ·Tλmax,cont , we effectively limit the RMS
torque to Tλmax,cont . As we will show in section 4.6, where optimal control is applied, the
assumption of a sinusoidal motor torque (current) is justified.

The OCP was solved using GPOPS-II [166]. This software transcribes the OCP into
a large scale nonlinear programming problem (NLP) and the problem is then solved by
using the NLP solver IPOPT [25].

4.4 Steady-state analysis

4.4.1 Maximum output torque

According to Eq. (4.32), the torques of the sun and ring motor are linked to each other.
This has implications for the maximum torque that can be delivered by the actuator.

The maximum torque depends on the operation mode of the actuator. We will discuss
single-motor operation and dual-motor operation separately.

4.4.1.1 Single-motor operation

When one of the branches is locked, the maximum output torque is fully determined by
the active branch. If the active branch is the sun, we obtain a maximum output torque
To,max,S given by

To,max,S = (ρCPG +1)
nS

CS
TS,max (4.57)

For the ring, the maximum output torque To,max,R is

To,max,R =

(
1

ρCPG
+1
)

nR

CR
TR,max (4.58)

4.4.1.2 Dual-motor operation

In dual-motor operation, both branches are active at the same time. While their speeds
can be controlled independently, their torques cannot. In static operation, they are fully
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determined by the required output torque, as shown by Eqs. (4.30) and (4.31). As a
consequence, the weakest branch effectively limits the output torque. The maximum
output torque in dual-motor operation, To,max,D, can thus be written as

To,max,D = min [To,max,S;To,max,R] (4.59)

In order to maximize the dual-motor operating region, where redundancy can be ex-
ploited, the gear ratios must therefore be chosen such that To,max,S = To,max,R. This yields

nS

nR
=

1
ρCPG

CS

CR

TR,max

TS,max
(4.60)

If similar or identical motors are used, and neglecting the efficiency of the planetary dif-
ferential, we find

nS

nR
=

1
ρ

(4.61)

Consequently, in order to get the most out of the dual-motor operation, the ring branch will
need to deliver higher torques at lower speeds compared to the sun branch. Nevertheless,
it might be interesting to make one branch stronger than the other. Such a design would
result in an actuator which can deliver high torques at low speeds, as well as high speeds at
low torques. Certain applications, such as actuated ankle prosthetics, could benefit from
such an actuator design [211].

4.4.2 Maximum efficiency

Robotic tasks typically require an actuator to deliver varying torques at varying speeds.
The high-power operating points can be expected to have the strongest influence on the
overall energy consumption. While the efficiencies of actuators vary over their operating
range, motors and gearboxes tend to operate close to their maximum efficiency when
they are delivering high powers. Maximizing the maximum efficiency of the actuator is
therefore a first step towards maximizing the overall efficiency of the actuator.

To simplify the problem, the maximum efficiency of the sun and ring branch will be
defined as ηSb and ηRb. This efficiency includes the motor and gearbox losses, as well as
friction losses. Defining the efficiency function of each branch as

Cλb = η
−sign(Toλ ωλ )
λb (4.62)

the electrical power can be written as

Pelec =CRbTmRθ̇R +CSbTmSθ̇S (4.63)

which, after some small calculations, and neglecting losses in the planetary differential
and on the output shaft, can be rewritten as a function of the output torque and speed:

Pelec =

(
CRb

ρi
1+ρi

+CSb
1

1+ρi

)
Toωo (4.64)
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When both motors are in forward drive, we can write this equation as

ηtot =
Toωo

Pelec
=

1+ρi(
ρi

ηRb
+ 1

ηSb

) (4.65)

As expected, the efficiency of the actuator depends on the speed ratio i. The optimal speed
distribution puts the most power demand on the branch with the most efficient drivetrain.
A high speed ratio, for example, corresponds to a high ring speed and, consequently, high
power in the ring branch. Eq. (4.65) shows that, in this case, the ring branch efficiency
dominates the overall efficiency. Note that the planetary gear radius ratio ρ and the speed
ratio i appear in couples ρi. This suggests that the parameter ρ – values between 1 and
9 for a one-stage planetary geartrain [99] – is not that important, because it can to some
extent be corrected by the speed ratio i. However, ρ also has a significant influence on
the torques and speeds that need to be delivered by the motors, and consequently on the
gearbox choice. A high ρ corresponds to a high planetary differential reduction, leading
to a decreased need for high gearbox reductions on the sun and ring motor. Considering
that smaller gearbox reductions are, in general, more efficient [49], a higher ρ may allow
for a more efficient design of the separate branches. As we will see in section 4.4.4.1, this
improves the overall efficiency of the actuator as well.

Eq. (4.65) also shows one very important property of the DMA design: the efficiency
in dual-motor operation can never be higher than that of the most efficient branch. This
means that, if the actuator is intended to replace a conventional motor with gear reducer,
this will only be an improvement in terms of energy consumption if at least one of both
branches can be made more energy-efficient than the initial motor-gearbox combination.

Finally, if both drives are identical, i.e. ηRb = ηSb = η , the maximum efficiency
becomes

ηtot = η (4.66)

In other words, with identical drives, the design of neither the planetary gear nor the speed
ratio influence the maximum achievable efficiency of the actuator.

4.4.3 Power flows

In a conventional geared motor, the imposed motion and the friction losses determine the
power required from the motor. For overactuated systems such as the DMA, the user can
choose how to distribute the powers over both motors. To do this in an energy-efficient
way is not a straightforward task, because the internal power flows have a strong influence
on the gear losses inside the actuator.

The power flows that may occur can be divided into eight types, as shown in Fig. 4.3.
Which type of power flow occurs, depends on two things: the direction in which power
is transferred to the load, as well as the speed ratio. This has important implications for
the design, because the power flows influence the efficiency function of the planetary
differential and the planetary gearboxes in both branches. The values of the efficiency
functions CS, CR and CPG are listed in the figure for each of the power flow types.
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Toωo<0
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i > 10 < i < 1-1
ρ < i < 0i < -1
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CS=1/ƞS CS=ƞS CS=ƞS CS=ƞS
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CPG=ƞPG CPG=ƞPGCPG=1/ƞPG CPG=1/ƞPG

γ < 0 0 < γ < 
ρ

(1+ρ)γ > 1
ρ

(1+ρ) < γ < 1

Figure 4.3: Possible power flows in a DMA configuration based on a planetary differ-
ential. The power flows are represented by green arrows, where wider arrows represent
higher powers. There are eight types of power flow, all of which can be characterized by
the output power Toωo and the speed ratio i (or γ). The values of the efficiency functions
CS, CR and CPG depend on the power flow type; their values are listed for each of the eight
cases.
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The transitions between the different power flow types shown in Fig. 4.3 deserve
special interest, because each corresponds to a specific way of using the actuator.

• The extreme case of i = ∞ corresponds to zero speed of the sun branch. At zero
speed, friction losses are eliminated, and the only remaining losses are the Joule
losses in the motor. These can also be eliminated by engaging a locking device, if
is available on the branch.

• At i = 1, the sun, ring and carrier move at exactly the same angular velocities
(ωS = ωR = ωo). This type of motion is known as “block motion” [168]. The
efficiency function CPG, given by Eq. (4.29), becomes

CPG = η
sign(0)
PG = 1 (4.67)

Meshing losses are completely eliminated, because the gear teeth of the planets no
longer move with respect to those of the sun and the ring.

• At i = 0, the ring branch is standing still. By engaging a locking device, the losses
in this branch can be eliminated completely, just like in the i = ∞ case.

• For a speed ratio i=−1/ρ , both input branches may turn at a certain speed, but will
nonetheless combine to an output speed of zero. Obviously, this type of operation
is not very efficient for stationary applications. The better option is to lock both
branches, so that they can deliver a reaction torque which combines to the required
output torque.

4.4.4 Case study: replacing a 250W drivetrain

In this section, a reference drivetrain (a 250W Maxon RE65 DC motor with 51:1 planetary
gearbox) is replaced by a more energy efficient dual-motor actuator design. In order to
make both designs comparable, we will attempt to shape the DMA’s operating range in
such a way that it resembles that of the 250W motor. We chose to work with a Maxon
150W RE40 DC motor, one of the most efficient in the Maxon catalog, and combine it
with a 90W Maxon RE35 DC motor. In terms of size, this is the smallest combination of
motors that is able to span the same operating range as the 250W motor. The parameters
of these motors, as well as the reference motor, are listed in Table 4.2. The motors of
the DMA are equipped with planetary gearboxes from the Maxon GP42 range, which fits
both motors. The gear ratios are chosen in such a way that the DMA covers most of the
reference drivetrain’s operating range. If similar solutions are available, the most energy
efficient solution is used. Finally, since the friction coefficients are unknown, we will
assume TCC = 0, νC = 0, TCR = 0 and TCS = 0. All friction is assumed to present itself
as viscous friction in the sun and ring branch. The corresponding friction coefficients are
derived from the motors’ no-load speed and no-load current:

νλ =
kT λ Inlλ

ωnlλ
(4.68)

With this formula, we obtain friction coefficients νS = 5.2E-6 Nm/(rad/s) and νR = 6.1E-6
Nm/(rad/s).
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Maxon RE65 Maxon RE40 Maxon RE35
Nominal power 250 W 150 W 90 W
Nominal speed 3710 rpm 6940 rpm 7000 rpm

Nominal torque Tmax 485 mNm 177 mNm 101 mNm
Max. speed ωmax 3000 rpm 12000 rpm 12000 rpm

No-load speed ωnl 3960 rpm 7580 rpm 7740 rpm
No-load current Inl 665 mA 137 mA 169 mA

Max. efficiency ηmax 83% 91% 86%
Terminal resistance R 0.0821 Ohm 0.299 Ohm 0.583 Ohm

Torque constant kt 55.4 mNm/A 30.2 mNm/A 19.4 mNm/A
Speed constant kb 172 rpm/V 317 rpm/V 328 rpm/V

Table 4.2: Parameters of the Maxon motors used in this section.

Design 1 Design 2 Design 3 Design 4

DMA Ring
Pnom 150 W 90 W 150 W 90 W
nR 113 156 126 216
ηR 72% 72% 72% 72%

DMA Sun
Pnom 90 W 150 W 90 W 150 W
nS 113 66 26 15
ηS 72% 72% 81% 81%

Differential ρ 1.5 1.5 9 9
ηPG 94% 94% 94% 94%

Efficiency mean 59% 48% 61% 63%
max. 67% 64% 68% 71%

Table 4.3: Overview of DMA designs and their performance. Speed- and torque-
dependent efficiencies are calculated with the equations presented in Section 4.3. They
include the losses in the motor, gearbox and differential, but not in the additional bear-
ings needed to construct the DMA. The mean efficiency is taken over the entire range
of torques and speeds that can be achieved with the actuator; the maximum efficiency is
the highest efficiency over the entire operating range. The reference drivetrain, a Maxon
RE65 250W with 51:1 reduction, has a maximum efficiency of 64% and a mean efficiency
of 51%. Note that the gearbox used in the sun branch of design 3 and 4 has one stage less
than the one used in design 1 and 2, making it more efficient.

4.4.4.1 Energy-efficient design

Table 4.3 shows several DMA solutions which cover a similar operating range as the
reference drivetrain. In this table, two critical design parameters are varied: the planetary
differential ratio ρ and the placement of the two motors. Except for design 2, all designs
lead to a higher efficiency than the reference drivetrain. The highest gains in efficiency
occur for ρ=9. A high ρ will allow decreasing the gear ratio of the sun drivetrain and
increase the ring drivetrain gear ratio, as predicted by (4.60). Decreasing the gear ratio of
a planetary gearbox is particularly interesting if it leads to a reduction of the number of
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Weight Volume
Reference drive 5.8 kg 1.13 dm³
Dual-motor actuator 2.6 kg 0.512 dm³

Ring drive 0.62 kg 0.145 dm³
Sun drive 0.94 kg 0.186 dm³
Differential 1.0 kg 0.180 dm³

Table 4.4: Estimated weight and volume of the reference drive and the dual-motor actu-
ator, based on the datasheets of off-the-shelf components. The structure to hold the dual-
motor actuator is not included in this calculation, so the estimated weight and volume can
be considered as a lower bound. The additional weight can, however, be compensated
to some extent by eliminating parts of the separate off-the-shelf components through an
integrated design.

gearbox stages, since this will greatly improve gearbox efficiency. Indeed, the gearboxes
in the sun branch in designs 3 and 4 (ρ=9) have one stage less compared to designs 1
and 2 (ρ=1.5), resulting in much higher gearbox efficiencies ηS. As a result, these high-ρ
designs also result in a better overall efficiency. A high value of ρ can thus be considered
as a must for an energy-efficient dual-motor design.

The placement of the ring and sun motor is a more difficult subject, because it is
closely related to the way the operating range is shaped – something which can be influ-
enced through the choice of the gear ratios of both drivetrains and the way the holding
brakes are used. In this regard, Eq. (4.32) can again serve as an important guideline.
Knowing that the sun branch can easily be made efficient because it benefits more from
the reduction offered by the planetary differential, it makes sense to exploit this branch
as much as possible in single-motor operation. This means that the operating range of
the sun motor must be maximized, which can be accomplished by choosing a motor with
high nominal power. In Table 4.3, design 4, where the 150W motor is used in the sun
branch, is indeed the most efficient.

4.4.4.2 Weight, volume and operating range

Reducing energy consumption was the main goal of our optimization. Nevertheless, vol-
ume and weight can also be reduced by a dual-motor architecture. The estimated weights
and volumes for the reference drivetrain and the DMA are shown in Table 4.4. The weight
and volume of the reference drivetrain are almost twice as high as those of the DMA. Even
though the estimated weight does not account for the weight of the structure, there appears
to be a lot of margin for adding components. An integrated design, which combines the
reductions of the individual motors and the planetary differential in a single housing, can
also lead to a considerable reduction in weight and volume [81]. The width of the DMA
will, however, tend to be larger than that of the single-motor equivalent. The sum of the
diameters of the DMA’s composing drivetrains is 84 mm, while the reference drivetrain
has a diameter of 81 mm.

Furthermore, we designed the DMA to match the operating range of a conventional
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(a) Reference motor (b) Dual-motor actuator

Figure 4.4: Efficiency maps of (a) the reference drivetrain and (b) dual-motor actuator
design 4, according to Table 4.3. The dual-motor actuator has a higher efficiency over a
broad range, and performs particularly better at low torques.

drivetrain. Several applications in robotics, however, do not require high speeds at high
torques and, consequently, do not use the full operating range of the motor [211]. One of
the main advantages of the DMA is that its operating range can be turned into an L-shape,
i.e. with a high-speed low-torque region and a high-torque low-speed region [122]. As
explained in chapter 2, these are exactly the regions in which a DC motor is inefficient.
With an L-shaped operating range, the DMA can be optimized for operation in these
regions, pushing up the efficiency to even higher values. Furthermore, by eliminating
the unused part of the operating range, the DMA can be composed of smaller motors,
reducing the overall size and weight [81].

To summarize, the analysis in this work already shows the potential of a dual-motor
design compared to a regular motor with gear reducer. However, the benefits in terms of
efficiency, weight and compactness can only be fully unlocked when the design, and more
specifically the operating range, is optimized for a specific application.

4.4.4.3 Efficiency maps

In chapter 2, we introduced efficiency maps as a tool to visualize an actuator’s torque- and
speed-dependent efficiency in its entire operating region. Figure 4.4 shows the efficiency
map of the most energy-efficient design, design 4, and the reference drivetrain. The map
is obtained by means of a parameter sweep on the speed ratio i. Figure 4.4 shows that
the DMA not only has a higher maximum efficiency, but is also able to operate close to
its maximum efficiency in a larger part of its operating range. Furthermore, the DMA is
much more efficient than the reference motor at low powers. This is where the losses in
the drivetrain have the highest impact, because they are high relative to the total output
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(a) Design 3. (b) Design 4.

Figure 4.5: Optimal operating modes and speed ratios i for designs 3-4, as specified
in Table 4.3. Dark blue denotes single-motor operation with locked ring (i=0); yellow
denotes single-motor operation with locked sun (i = ∞). In dual-motor operation, the
speed ratio is shown. Dual-motor operation is preferred when the required output torque
is low compared to the required speed. At high torques and low speeds, single-motor
operation is a more efficient choice. For these specific designs, a locked ring is preferable
over a locked sun. This applies especially to design 4.

power. In fact, when an actuator is backdriven by the load, it may still need to deliver
energy if the actuator’s energy losses are higher than the energy flowing in from the load
(see section 2.3). In Fig. 4.4, this type of operation is characterized by an efficiency
of zero, which corresponds to the dark blue zones at high-torque low-speed and high-
speed low-torque. A large part of the reference motor’s operating range consists of such
zero-efficiency regions. The DMA, however, is much more efficient in these areas. To
understand why, we have to look at the operating modes of the actuator.

4.4.4.4 Operating modes and speed ratio i

Energy-efficient operation of the DMA depends on two crucial elements: a good choice of
the operating mode (dual-motor or single-motor operation) and, in dual-motor operation,
a well-selected speed ratio. The optimal speed ratio i and the brake functions Bλ (ωo,To)
complement each other2, and can be mapped together as a function of torque and speed.
Such maps are shown in Fig. 4.5, for designs 3 and 4 from Table 4.3.

For both designs, single-motor operation covers a large part of the operating range.
In this case, all power will be provided by the unlocked drivetrain. If this drivetrain can
be made highly efficient, very high efficiencies can be obtained in single-motor operation.

2As we explained in section 4.4.3, the usage of the brakes can be related to the speed ratio. Locking the ring
branch corresponds to a speed ratio of i = 0, while braking the sun branch corresponds to i = ∞.
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This explains the success of design 4, which, as illustrated by the large blue regions in
Fig. 4.5, strongly exploits single-motor operation by locking the ring branch.

It appears that dual-motor operation becomes interesting when the demanded torque
is low w.r.t. the demanded speed. In dual-motor operation, the speeds can be distributed
over both motor branches, significantly lowering the viscous friction losses. At low
torques and high speeds, the Joule losses (proportional to torque squared) and the gear-
box losses (proportional to the power flow) are less crucial than the viscous friction losses,
which are proportional to speed squared. This explains why dual-motor operation is pre-
ferred in this region. At lower speeds, however, the decrease in viscous friction losses
does not outweigh the additional Joule losses in the second motor branch. It then be-
comes more interesting to only use one motor and to have the second torque delivered
statically by a brake.

Another interesting observation is that the speed ratio never drops below zero. Re-
ferring to Fig. 4.3, i < 0 corresponds to a situation where one motor acts as a motor while
the other works as a generator is not energy-efficient. Indeed: the internal power flow
that arises only lead to additional energy losses. Hence, as far as steady state operation is
concerned, this type of operation should be avoided.

Finally, it can be noted that, in design 4, the sun brake is only used in a very limited
region. In order to save weight, it can be left out of the design, with only a minimal loss
of efficiency.

4.5 Dynamic analysis

In the previous section, we showed that the DMA could statically deliver high torques
(20 Nm) at high speeds (100 rpm) while being lighter and more compact than a traditional
motor with gear reducer. But how does the actuator perform in dynamic applications? In
order to answer this question, we again compare a specific DMA design to reference driv-
etrain composed of a motor with gear reducer. This time, the DMA has a 150 W DC
motor with 15:1 reduction (sun) and a 90 W DC motor with 129:1 reduction (ring) as
inputs, in accordance with the design that was used for the experiments (section 4.6). The
reference drivetrain, a 250 W DC motor with 35:1 gear reduction, is designed to cover ap-
proximately the same steady-state operating range while respecting the constraints listed
in Section 4.3.3. In all these calculations, the supply voltage Umax is assumed to be 30 V
for all motors. Parameters of the drivetrains are listed in Table 4.5. The parameters of the
planetary differential used in the DMA is listed in Table 4.6.

We start this section by comparing the operating ranges of the two motors. Next,
we provide a theoretical discussion of the reflected inertia of a DMA and its impact on
the maximum output acceleration that can be achieved with the actuator. We conclude
the section by comparing the DMA’s efficiency to that of the reference actuator, in a task
where sinusoidal oscillations are applied to an inertial load.
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Ref. drivetrain Sun drivetrain Ring drivetrain
(λ = re f ) (λ = S) (λ = R)

Jλ 1.38e-4 kg m2 1.6e-5 kg m2 9.5e-6 kg m2

νλ 1.0e-3 Nm/(rad/s) 1.5e-5 Nm/(rad/s) 1.5e-12 Nm/(rad/s)
TCλ 0.040 Nm 0.0080 Nm 0.0061 Nm

Motor Maxon RE65 Maxon RE40 Maxon RE35
Pnom 250 W 150 W 90 W

Tλmax,cont 485 mNm 177 mNm 101 mNm
ωλmax 3000 rpm 12000 rpm 12000 rpm

Rλ 0.0821 Ohm 0.299 Ohm 0.583 Ohm
kT λ 55.4 mNm/A 30.2 mNm/A 19.4 mNm/A

Gearbox Maxon GP82 Maxon GP42 Maxon GP42
nλ 35 15 129
ηλ 70 % 81 % 68 %

Table 4.5: Parameters for the drivetrains of the dual-motor actuator and for the reference
drivetrain specified in section 4.5. Friction parameters were obtained from steady-state
measurements, as described in section 4.6. The inertias JS, JR and Jre f were obtained from
datasheet information and CAD drawings.

ρ 9
Efficiency of planetary differential ηPG 88 %

Carrier inertia JC 12e-6 kg m2

Carrier viscous friction νC 1e-3 Nm/(rad/s)
Coulomb friction of carrier TCC 0.1033 Nm

Table 4.6: Parameters for the dual-motor actuator. Friction parameters were obtained
from steady-state measurements, as described in section 4.6. The inertia JC was retrieved
from datasheet information and CAD drawings.
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4.5.1 Operating range

The operating range of a drivetrain consisting of a motor and gearbox is limited by the
constraints listed in section 4.3.3. All of these constraints are a function of speed and
torque, which is why the operating range is typically represented on a speed-torque plane.
Figure 4.6 shows the operating range of the dual-motor actuator and the reference driv-
etrain it is being compared to. As we will explain in section 4.6, it is not energetically
favorable to use the brakes when the DMA is performing dynamic motions. For this rea-
son, Fig. 4.6 is constructed with the brakes disengaged at all times, unlike in section
4.4.4.4.

While previous works [122, 81] have reported on the working range in quadrant
I, we also offer a view on the negative power quadrants II and IV, which are also of
importance in the field of robotics. The main difference between those quadrants is the
role of friction and gearbox losses. In the positive power quadrants, these losses increase
the torque demanded from the motor. When power is flowing from the load to the motor,
however, friction and gearbox losses relieve the motor’s torque requirement by absorbing
some of the incoming negative power. For example, due to the gearbox alone, a motor
equipped with a gearbox with efficiency ηtr can deliver 1/η2

tr times more torque in the
negative power quadrants II and IV than in the positive quadrants I and III. This is also
visible in Figure 4.6b where, in the negative power quadrants, the reference motor can
reach torques that are approximately 1/η2

re f = 2 times higher than in the positive power
quadrants.

Because the voltage is sufficiently high, the torque-speed line does not limit the
operating range of the reference actuator. As a result, the operating range is square in
each of the four quadrants, restricted by only the maximum continuous torque Tre f ,max,cont
and the maximum speed θ̇re f ,max. The operating range of the DMA is quite similar in size
and shape, except for two additional areas in quadrants I and III, marked in dark grey in
Figure 4.6a. The appearance of these areas can be understood by looking at the optimal
speed ratio (Figure 4.7). This figure shows that, in the grey areas, the speed ratio γ is
just below zero. According to Eq. (4.7), this implies that the ring speed has the opposite
sign of the sun and output speeds. Because, according to the definitions in Figure 4.2,
all torques on the planetary differential have the same sign, the power flow in the ring
will be negative. As explained before, this has the advantage that the ring drivetrain –
which would otherwise limit the DMA’s output torque – can deliver higher torques to the
output. We thus conclude that the operating range can be increased by creating an internal
power flow between the sun motor and the ring motor. Although the operating range of
kinematically redundant actuators has been analyzed before, this interesting observation
has never been reported, because back-driving of motors was prevented by design [122]
or simply not considered [81]. Nevertheless, we believe that this is an important feature
that can potentially be exploited as an advantage.
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Figure 4.6: Operating range of the (a) dual-motor actuator, compared to (b) the reference
motor. Specifications of the actuators are listed in Tables 4.5 and 4.6. The constraints
associated with the boundaries are indicated on the figure. The reference drivetrain was
designed to cover roughly the same operating range. The dual-motor actuator, however,
is capable of delivering high torques at low speeds (dark zones), where the reference
drivetrain cannot be used. This is made possible by exploiting internal power flows in the
dual-motor actuator.
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Figure 4.7: Optimal speed ratio in steady-state conditions. The map is obtained by means
of a parameter sweep on the ring speed (step size 1 rpm) through its entire range of
permissible speeds. All speed ratios are between 0 and 1, except for the dark blue zone,
where the speed ratio is just below zero. The optimal speed ratio is close to one in a large
part of the operating range, indicating that the ring drivetrain is more efficient than the sun
drivetrain. For high speeds, the optimal speed ratio drops, as the ring motor alone cannot
provide the required output speed.



154 4.5 Dynamic analysis

Reference Sun Ring
Motor 1290 gcm² 142 gcm² 79.2 gcm²

Gearbox 88 gcm² 15 gcm² 15 gcm²
Differential (est.) - 1.42 gcm² 0.87 gcm²

Total 1.38e-4 kgm² 1.6e-5 kgm² 9.5e-6 kgm²

Table 4.7: Inertias of the drivetrains and their individual components, reflected to the
motor. Because the differential was constructed from an off-the-shelf gearbox, only the
total inertia of the differential is known; the separate inertias of the ring and sun were
estimated based on datasheet information and design considerations.

4.5.2 Reflected inertia

The inertia of the drivetrain has an important influence on the energy consumption of
an actuator performing a dynamic task. An overview of the inertias of the drivetrain
components in the DMA design and the reference drivetrain is listed in Table 4.7. This
table shows that the contribution of the planetary differential to the total inertia in the
dual-motor drivetrains is negligible since, in both sun and ring branch, it is attenuated by
the gear ratios of the gearbox in that branch. Furthermore, the inertias of the sun and ring
branch are an order of magnitude lower than that of the reference drivetrain.

The inertias of the individual drivetrains, of course, do not reveal much about the
overall performance of the DMA. This is best represented by the reflected inertia w.r.t.
the input (motor side) and the output (load side), which are discussed below.

4.5.2.1 Inertia reflected to motors

The inertia matrix A, defined in section 4.3, contains the inertia reflected to the motors:

A =

 JS +
CS
n2

S

1
1+ρCPG

1
1+ρ

JC
CS

nSnR
1

1+ρCPG

ρ

1+ρ
JC

CR
nRnS

ρCPG
1+ρCPG

1
1+ρ

JC JR +
CR
n2

R

ρCPG
1+ρCPG

ρ

1+ρ
JC

 (4.69)

The inertia matrix contains coupling terms. Neglecting gearbox losses, the coupling terms
are identical and given by

1
nSnR

ρ

(1+ρ)2 JC (4.70)

There are several ways to make the coupling terms disappear: nSnR→ ∞, JC→ 0, ρ → 0
or ρ → ∞. Considering that, for a single-stage planetary differential, 1 < ρ , ρ → 0 is not
realistic. Furthermore, the inertia of the load, if any, will need to be included in JC. The
carrier inertia JC can therefore not be neglected either. Consequently, the only practical
way to reduce the coupling effect is to use high gear reductions nS, nR and ρ , although
ρ cannot exceed a value of 9 for a single-stage planetary differential [99]. High gear
reductions, however, comes at the cost of a lower efficiency for the respective planetary
gearbox, especially if stages need to be added.
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Figure 4.8: Inertia reflected to load for the DMA (JDMA,re f l , blue) and the 250W reference
motor (Jre f ,re f l , red). The contributions of the sun (JS,re f l) and ring (JR,re f l) are also
indicated with dotted lines. For the DMA, the inertia reflected to the load is a quadratic
function of the speed ratio γ .

4.5.2.2 Inertia reflected to output

If power losses are neglected, the total inertia reflected to the output, JDMA,re f l , can be
found by stating that the sum of the system’s kinetic energies should be equal to the
kinetic energy of the reflected inertia rotating at the output speed:

1
2

JDMA,re f l θ̇
2
o =

1
2

JCθ̇
2
o +

1
2

JSθ̇
2
S +

1
2

JRθ̇
2
R (4.71)

Finding JDMA,re f l would require an inversion of Eq. (4.10). Due to the kinematic redun-
dancy, this is impossible to achieve. As a workaround, we introduced the speed ratio γ ,
yielding the inverted relationships (4.13) and (4.14). This results in the following expres-
sion for the reflected inertia:

JDMA,re f l = JC + JS,re f l + JR,re f l (4.72)

with
JS,re f l = n2

S (1+ρ)2 (1− γ)2 JS (4.73)

JR,re f l = n2
R
(1+ρ)2

ρ2 γ
2JR (4.74)

The inertia of a dual-motor actuator is a quadratic function of the speed ratio γ . The
dependence is visualized in Figure 4.8 for the dual-motor actuator studied in this work.
The minimal reflected inertia is
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Jtot,min =
(1+ρ)2

1
JSn2

S
+ ρ2

JRn2
R

+ JC (4.75)

and occurs at
γ =

1

1+ JRn2
R

ρ2JSn2
S

(4.76)

Interestingly, the minimal reflected inertia is lower than the reflected inertia at γ = 0,
where the speed is completely delivered by the ring motor, and at γ = 1, where the speed
is completely delivered by the sun drivetrain. This shows that, in terms of reflected inertia,
a dual-motor actuator architecture is not bounded by the inertia of its separate branches.
Because the kinetic energy of a drivetrain is proportional to the square of the speed, and
the output speed of the DMA is divided linearly over both actuators (Eq. (4.10)), one
would expect the dual-motor architecture to be advantageous in applications where high
accelerations are required. This will be studied in section 4.5.3.

Nevertheless, even the lowest reflected inertia of the DMA is still slightly higher than
that of the reference motor. A disadvantage of the DMA is that it consists of more rotating
components than a conventional actuator. In particular, the ring gear and the couplings
required to attach the motors to the differential all add inertia to the actuator. This is,
however, not the reason for the higher reflected inertia, since the contribution of these
components to the total inertia is negligible compared to the inertias of the sun and ring
drivetrains. The real reason is the additional reduction through the planetary differential.
Although the inertias of the branches themselves are smaller than that of the reference
drivetrain (Table 4.7), the reduction from the differential causes their inertia, reflected to
the output, to be approximately 4 times (ring) and 2 times (ring) higher than that of the
reference drivetrain.

Still, it must be noted that this analysis did not consider the efficiency of the actuator,
which also has an impact on the reflected inertia. In this regard, it is important to note
that the dual-motor actuator was designed to have a high average efficiency throughout its
operating range (see section 4.4.4). The higher efficiency can compensate somewhat for
the increased reflected inertia. Furthermore, the reflected inertia was not considered in the
design phase. By doing so, it might be possible to conceive a design with lower reflected
inertia, without compromising on efficiency.

4.5.3 Maximum acceleration

So far, we have established that the DMA has a slightly larger operating range, but a higher
reflected inertia. We will now discuss how this translates to the maximum achievable
output acceleration.

A common metric to assess the acceleration capability is the ratio between the maxi-
mum torque Tmax and the rotor inertia Jm. An analysis similar to the one presented in [91]
shows that this metric scales with the motor ’s length lm and its radius rm as

Tmax

Jm
∼ l0

mr−3/2
m (4.77)
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The relationship is in line with catalog data, which exhibits a scaling of Tmax/Jm ∼ r−1.6
m

[242]. A motor’s acceleration capability is thus independent of its length, and decreases
with its radius according to r−3/2

m . In other words, smaller motors can deliver relatively
higher accelerations. This appears to be a favorable situation for the DMA where, in
essence, we replaced a large motor with two smaller ones. However, the DMA also links
the accelerations and torques of the output to those of the motors, which complicates the
discussion. Consequently, a more detailed analysis is required to assess whether a DMA
really can really reach higher accelerations.

In accordance with Eq. (4.10), the maximum output acceleration is simply the sum
of the maximum accelerations of the sun and ring branch:

θ̈max = J
[

θ̈Smax
θ̈Rmax

]
(4.78)

In order to relate the maximum acceleration to the design, we simplify the motor torque
(4.39) by neglecting friction:

T2m = Aẋ+DTo (4.79)

There are two contributions to the motor torque that must be taken into account. The first
part is related to the accelerations of the motors which is strongly influenced by γ . The
second part is related to the desired output torque To. This torque is divided over both
motors according to Eq. (4.39), and consumes current from both motors. The distribution
over the motors is determined by the design (parameter ρ) and, in contrast to the other
term, cannot be influenced by the speed ratio γ – except indirectly, through manipulation
of the speed-related friction terms.

The maximum acceleration for a specific static output torque is achieved when both
motor torques saturate. Defining the vector of saturated motor torques,

T2max =

[
TSmax
TRmax

]
=

[
kT SISmax,peak
kT RIRmax,peak

]
(4.80)

Eq. (4.79), at saturation, can be rewritten as

A−1 (T2max−DTo) =

[
θ̈Smax
θ̈Rmax

]
(4.81)

Left multiplication with Q gives

JA−1 (T2max−DTo) = θ̈ max (4.82)

This equation defines the maximum acceleration θ̈ max for a specific output torque To. If
we neglect the efficiencies CPG, CS and CR and assume that both motors are identical
(TSmax = TRmax , Tmax and JS = JR , Jm), we find the maximum acceleration

θ̈ max (To) =

1
1+ρ

(
1
nS
+ ρ

nR

)
Tmax− 1

(1+ρ)2

(
1
n2

S
+ ρ2

n2
R

)
To

Jm +
(

1
n2

S

1
(1+ρ)2 +

1
n2

R

ρ2

(1+ρ)2

)
Jo

(4.83)
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where we replaced the carrier inertia JC with Jo, the combined inertia of the carrier and
load:

Jo = JC + Jload (4.84)

Compare to a regular DC motor with gear reducer:

θ̈ max (To) =
1
n Tmax− 1

n2 To

Jm + Jo
n2

In Eq. (4.83), it is not the sum of actuator inertias JS +JR ≈ 2Jm but the inertia of a single
motor (Jm) that appears. This implies that the maximum acceleration scales favorably
with the inertias of the DMA drivetrains. On the other hand, if

n =
1

1+ρ

(
1
nS

+
ρ

nR

)
then

n2 >
1

(1+ρ)2

(
1
n2

S
+

ρ2

n2
R

)
The static output torque and load inertia are thus reduced more strongly by the conven-
tional solution of a motor with gear reducer. This means that, if the DMA and the con-
ventional actuator are designed to deliver the same static torque output, the conventional
actuator will perform better dynamically at high output torques or with high inertial loads.
However, as demonstrated in Table 4.7, the inertia Jm of the DMA’s motors can be made
smaller than that of a single drivetrain. As a consequence, the DMA starts off with a
higher acceleration capability, which nonetheless declines more rapidly with increasing
Jo and To than that of the reference drivetrain. This is visualized in Fig. 4.9.

4.5.4 Energy consumption

In order to evaluate the energy efficiency of the actuator, we calculate the electrical energy
consumption in a task where the actuator applies a sinusoidal speed to a variable load. The
trajectory is given by

θ̇imp = θaΩsin(Ωt) (4.85)

with fixed amplitude θa = 60° and variable frequency Ω. The variable load consists of a
variable static torque To and a constant inertial load Jload = 11.7 gm2:

Tload = T0 + JloadθaΩ
2 cos(Ωt) (4.86)

Based on the inertia matching principle (refer to section 2.3.3.2 or [165]), the refer-
ence drivetrain design would be ideal for an inertial load of Jload = 0.17 kgm2. The actual
inertial load is more than ten times lower to reflect the problem of performing dynamic
motions with drivetrains designed for high torques, explained in the introduction of this
chapter.
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Figure 4.9: Influence on the maximum acceleration of (a) load inertia Jo and (b) static
torque To. In Fig. (a), To = 0 Nm, and in Fig. (b), Jo = 0 kgm2. There is an inverse
quadratic relationship between θ̈ max and Jo, and an inverse linear relationship between
θ̈ max and To. The DMA can achieve much higher accelerations than the reference actuator
at low loads. However, the output torque and, especially, the load inertia have a much
stronger effect on the DMA. For high values of Jo, the maximum achievable acceleration
of the DMA approaches that of the reference actuator, and will eventually drop below it.
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Figure 4.10: Average electrical power per cycle required by (a) the dual-motor actuator
and (b) the reference motor to complete the cyclic task given by Eqs. (4.85) and (4.86).
The speeds are calculated with optimal control, as specified in Section 4.3.4. The dual-
motor actuator maintains more of its acceleration capability at high static loads. Further-
more, its energy consumption is generally lower than that of the single-motor solution.

By varying the static torque To and the frequency Ω, we can evaluate the actuator’s
energy consumption for combined static and dynamic loads. The results are shown in Fig.
4.10. In the absence of a static load, the reference drivetrain is capable of reaching slightly
higher frequencies than the DMA, but the difference is rather small. Conversely, the DMA
is much more capable of dealing with static torques. In accordance with the results from
section 4.5.1, the reference drivetrain can only deliver torques of up to 10 Nm at low
frequencies, whereas the DMA can reach more than 20 Nm. What also sets both actuators
apart, is their energy consumption, presented in Fig. 4.10 as the average electrical power
over a cycle. At low frequencies, the electrical energy consumption is quite similar, but
the difference increases fast with increasing frequency. At frequencies approaching 2 Hz,
the average power of the reference drivetrain easily exceeds 100 W, while the average
power of the DMA is only around 30 W. In conclusions, these calculations demonstrate
that the better quasi-static efficiency of the DMA outweighs the slight increase in reflected
inertia.

4.6 Experimental validation

4.6.1 Test setup

A prototype of the DMA, shown in Fig. 4.11, was constructed using mostly off-the shelf
components. The planetary differential consists of a commercial Neugart PLFE 064 plan-
etary gearbox (ηPG=94%) with a reduction ratio of 10:1 (i.e., ρ=9). Instead of fixing the
casing of the gearbox to the structure, a ball bearing is used to constrain the gearbox ra-
dially, while allowing it to rotate around its axis. Additionally, a spur gear is mounted on
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Figure 4.11: (a) Close-up view of the DMA. (b) Exploded view of the DMA with deno-
tation of the components.
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REFERENCE ACTUATOR 
Ring drivetrain 

Sun drivetrain 

Torque sensor 

 
Planetary 

differential 

DUAL-MOTOR ACTUATOR 

Figure 4.12: Test setup used to validate the case study presented in section 4.4.4. The
reference drivetrain (left) and the dual-motor actuator (right), designed with the intention
of covering the same operating range as the reference motor, are coupled back-to-back
with a torque sensor in between.

the casing (i.e., the ring), which is driven by the ring drivetrain through a 3:1 reduction.
In this way, a planetary differential as depicted in Fig. 4.1 is created. The ring drivetrain
is a 90W Maxon RE35 motor with a 43:1 Maxon GP42C gearbox (ηR=72%); the sun
drivetrain is a 150W Maxon RE40 motor with 15:1 Maxon GP42C gearbox (ηR=81%).
Both motors are equipped with Maxon AB24 holding brakes (24V, 0.4Nm). This design
is the same as the one studied in section 4.5, and is equivalent to design 4 in Table 4.3,
except for the ring gear ratio nR. The overall ring reduction is thus 129:1, approximately
half of the 216:1 reduction specified in Table 4.3. This difference only has a marginal
effect on the DMA’s ability to cover the reference motor’s operating range.

Fig. 4.12 shows the test setup that is used to study the actuator concept experimen-
tally. A 250W Maxon RE65 motor with 51:1 Maxon GP81A gearbox, which served as
the reference drivetrain in section 4.4.4, is coupled to the DMA with a ETH Messtechnik
DRBK-50 torque sensor in between, so that the torque provided by the drivetrains can
be measured. The positions and speeds are obtained from Maxon HEDL 5540 encoders
(500 CPT) mounted on each of the motors. A Maxon EPOS3 70/10 controller imposes
a constant torque on the 250W motor, while a constant speed is imposed on the DMA’s
ring motor (by means of a Maxon MAXPOS 50/5) and sun motor (by means of a Maxon
EPOS3 70/10). The motor currents are retrieved from the EPOS3 and MAXPOS con-
trollers, while the voltage at the motor terminals is obtained from a custom-made differ-
ential amplifier circuit board. The available sensors thus allow for a direct measurement
of the mechanical and electrical power consumption of the actuators.
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Figure 4.13: Power consumption of the dual-motor actuator and the reference motor
studied in section 4.4, for a range of constant speeds and torques. The dual-motor actuator
consumes less energy than the reference motor, especially at high speeds.



164 4.6 Experimental validation

Efficiency of planetary differential ηPG 88 %
Efficiency of sun gearbox ηS 81 %
Efficiency of ring gearbox ηR 68 %

Sun drivetrain viscous friction coefficient νS 1.5e-5 Nm/(rad/s)
Ring drivetrain viscous friction coefficient νR 1.5e-12 Nm/(rad/s)

Carrier viscous friction νC 1e-3 Nm/(rad/s)
Coulomb friction of sun drivetrain TCS 0.0080 Nm
Coulomb friction of ring drivetrain TCR 0.0061 Nm

Coulomb friction of carrier TCC 0.1033 Nm

Table 4.8: Empirical friction coefficients for the DMA design.

4.6.2 Steady-state experiments

4.6.2.1 Power consumption

First, we would like to verify whether the proposed actuator actually succeeds in decreas-
ing the energy consumption, compared to the 250W geared DC motor. To do so, we
imposed a range of speeds and torques within the operating ranges of the actuators. The
speed ratio was then hand-tuned to its optimal value. Fig. 4.13 shows the experimentally
obtained electrical power consumptions for speeds of -20, 20, -50 and 50 rpm, for various
torques within the actuator’s operating range. Throughout most of the operating range, the
DMA is indeed more efficient than the reference motor. The decrease in electrical power
consumption is small for low speeds (+/-20 rpm), but increases for higher speeds (+/-50
rpm), where the DMA consumes approximately 20 W less than the reference motor.

4.6.2.2 Validation of the theoretical model

As mentioned at the beginning of this section, the model described in section 4.3 con-
tains many a priori unknown friction coefficients. With the available experimental data,
however, we can estimate these unknown coefficients.

We imposed a range of randomly distributed speeds and torques, and calculated the
expected currents based on Eq. (4.42) with the imposed output speed and torque as input.
These values were then fitted onto the steady-state current measurements, with the fric-
tion coefficients TCγ , νγ , ηλ (γ = R,S,C) and ηPG as fitting parameters. The resulting
parameters are listed in Table 4.8 and the fit is shown in Fig. 4.14. There is a good match
between the measurements and the fitted model, especially when the drivetrains are in
forward drive. The model proposed in section 4.3 can therefore be considered adequate
for steady-state operation.

4.6.2.3 Optimal speed ratio

Based on the improved model with empirically-defined friction coefficients, we can find
the real optimal speed ratios for the actuator. This is done by performing a parameter
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Figure 4.14: Currents obtained from experiments and the theoretical model, for various
operating points. There is a good correspondence between the model and the measure-
ments.

Figure 4.15: Optimal operating modes and speed ratio, based on the empirical model of
the tested actuator. Dark blue denotes single-motor operation with locked ring; yellow
denotes single-motor operation with locked sun. In dual-motor operation, the speed ratio
is shown. This result demonstrates that, in the presence of Coulomb friction and/or low
gearbox efficiencies, single-motor operation should be exploited as much as possible.

sweep on i. The resulting speed ratios and operating modes are shown in Fig. 4.15.

The differences with the tentative catalog-based model, of which the results were
presented in Fig. 4.5, are considerable. Regarding the ring brake, little has changed. It is,
again, used throughout a large part of the region, especially where the torque is relatively
high compared to the speed. The sun brake, however, is used much more extensively.
In fact, dual-motor operation is limited to those operating points that cannot be reached
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Figure 4.16: Experimental test setup for the dynamic measurements.

with a single motor. This can be explained by the friction from additional drivetrain
components.

Recall that, in the theoretical model, the friction in the ring and sun branch was
modeled as viscous friction, with friction coefficients of a similar order of magnitude.
The actual friction coefficients, listed in Table 4.8, are very different. The additional
bearings that are required in a DMA design, as well as the spur gear used to couple the
ring drivetrain to the planetary differential, add to the total friction in the system. This
friction presents itself mostly as Coulomb friction. Furthermore, according to Table 4.8,
Coulomb friction is fairly evenly distributed over the ring and sun branch. This is not the
case for viscous friction, which is much more present in the sun branch. Knowing that
viscous friction causes power losses proportional to ω2, while Coulomb friction losses
are only proportional to ω1, it becomes obvious that the sun branch should be avoided
at high speeds. This explains why, in Fig. 4.15, the sun drivetrain is locked whenever
the output speed is relatively high compared to the output torque. Furthermore, the speed
ratios in the dual-motor region are much higher than in Fig. 4.5. This means that, here
too, the ring motor is used more extensively in order to reduce viscous friction losses in
the ring branch.

4.6.3 Dynamic experiments

In order to validate the results from the dynamic analysis, the experimental test setup was
modified by replacing the load motor with a flywheel (Figure 4.16). The flywheel has an
inertia of Jload = 11.7 gm², the same as in Section 4.5.4. The DMA is still the same as
in section 4.6.1. In these experiments, the holding brakes were constantly open, leaving
the motor shaft to rotate freely. The ETH Messtechnik DRBK-50 torque sensor remains
mounted between the actuator and the load, but a US Digital E6 encoder (2000 CPT) is
added to the setup to measure the output position.
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The imposed speeds are obtained from optimal control, as explained in section 4.3.4.
A sinusoidal speed is imposed at the output, according to the specifications in Section
4.5.4. Imposed frequencies are 0.25, 0.5, 1 and 1.5 Hz.

Interestingly, none of the solutions to the optimal control problem made use of the
brakes. This suggests that, for dynamic motions, brakes are no asset for the DMA. A
likely explanation is that, upon disengagement of the brakes, high accelerations will be
needed to bring the motor up to speed again, causing high Joule losses.

4.6.3.1 High-frequency measurement

We first present a high-frequency measurement in order to gain a better understanding of
how the DMA works, and to demonstrate the validity of the model. Figure 4.17 shows
the speed, currents and electrical power consumption for the measurement at 1.5 Hz.

Speed distribution The speed trajectories of the sun and ring are roughly sinusoidal,
their frequency in line with that of the imposed trajectory. Between 0.14-0.2 s and 0.48-
0.53 s, the ring speed is capped at approximately 10 000 rpm. This is due to saturation
of the voltage, which was limited to 30 V (see section 4.3.3). To ensure that the correct
output speed is still reached, the sun delivers a slightly higher speed during these time
intervals, giving its speed profile a sawtooth-like appearance.

Higher-frequency components are avoided in order to prevent additional accelera-
tions, which are the cause of most of the torque delivered by the motors. This means
that the speed ratio γ should roughly be constant throughout most of the cycle. Indeed,
in Fig. 4.18, which shows the (imposed) speed ratio over a range of cycles with different
frequencies, we observe that γ tends to stay close to a single value for most of the cycle.
For frequencies of 0.5 Hz and below, γ = 1 at all times, meaning that the sun is held still
and all speed is being delivered by the ring branch – the most efficient branch in the de-
sign. Because, at this low frequency, the dynamics can be neglected, this result can be
found by tracing the required combinations of output torque and speed on the map with
the optimal speed ratio (Fig. 4.7). With a peak output torque of 0.12 Nm and a maximum
output speed of 30 rpm for the 0.5 Hz measurement, it is easy to see that the speed ratio
γ = 1 indeed corresponds to the optimal speed ratio according to the map. At higher fre-
quencies, the average value of γ decreases towards the value that minimizes the reflected
inertia, as discussed in section 4.5.2.

Another interesting observation is that, at zero speed, i.e., when the acceleration is
maximal, the speed ratio briefly exits the range [0,1]. As remarked in section 4.4.4.4 and
illustrated in Figure 4.3, speed ratios outside of this range give rise to internal power flows.
This is another example of how, in highly dynamic motions, the decrease of individual
motor speeds and accelerations dominates the choice of the optimal speed distribution.

Current Many of the conclusions in this work are derived from the dynamic actuator
model presented in section 4.3. Its validity is proven by the excellent agreement between
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Figure 4.17: Modeled (red) and measured (blue) speeds, voltages, currents and electrical
powers in the ring and sun branch, for a sinusoidal output speed with a frequency of 1.5
Hz. The measured values are averages over at least ten cycles. The 3σ confidence interval
is shown as a grey fill.
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Figure 4.18: Imposed speed ratio γ over a range of sinusoidal cycles with different fre-
quencies. At low frequencies, only the ring branch – the most efficient branch – is used,
corresponding to a speed ratio of γ = 1. When the frequency is increased, γ takes on
an average value between 0 and 1 in order to reduce the reflected inertia. Upon velocity
reversals (0%, 50% and 100% of cycle), γ can take on values above one or below zero to
smoothen the acceleration profiles of the individual motors.
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the measured currents (blue) and the currents estimated from Eqs. (4.39)-(4.42) (red).
The currents in both drivetrains are dominated by the inertial torque of the respective
drivetrain, and therefore follow their acceleration pattern.

Electrical power Fig. 4.17 shows that the peak electrical power in the ring branch is
approximately three times higher than that of the sun branch. But how much of this power
makes its way to the load, and how much is lost as heat? To gain a better understanding of
the power consumption, we present four important contributions to the electrical power
in Fig. 4.19: the power related to the inertia of the load (Jload θ̇oθ̈o), the power related
to the inertia of the drivetrain (Jλ θ̇λ θ̈λ ), the Joule losses (Rλ I2

λ
) and the friction losses,

which include the power lost through viscous and Coulomb friction, as well as the gearbox
losses.

The power flow related to the load is almost negligible compared to the power flows
related to the inertia of the branches. In both branches, most of the input power is used to
move the inertia of the drivetrain itself. This is a result of using a drivetrain designed for
high torques to perform dynamic motion. Such drivetrains are composed of high torque
motors and/or high gear reductions, leading to drivetrain inertia which is much higher
than the inertia of the robot’s links. When the payload is removed, most power will move
back and forth from the motor to the drivetrain inertia.

Inertia acts as an energy buffer, and therefore, the net energy consumption of these
power flows, however big they are, is zero. They do, however, have an influence on the
required motor torque and, consequently, on the Joule losses. These are much higher
in the ring branch, where the acceleration is the highest. The winding resistance in
the ring branch (RR = 583 mΩ ) is also almost twice as high as that of the sun branch
(RS = 299 mΩ ).

The other source of losses is friction. Friction losses are related to the speed of the
drivetrains, and therefore are not affected by the drivetrain inertia. The losses are similar
in the sun and ring branch, but their contribution relative to the total power flow is clearly
higher in the sun branch, which has the highest friction coefficients (see Table 4.8).

4.6.3.2 Energetic comparison

The measurements also allow for a direct comparison with the simulated energy con-
sumption in Section 4.5.4. The calculated average power over a cycle is shown in Figure
4.20 and compared to the measurements on the setup. The measured values are slightly
higher than the predicted values, indicating that there are still some unmodeled losses in
the system. Nevertheless, the quantitative behavior is similar. Figure 4.20 also provides a
good visualization of the difference between the reference drivetrain (red) and the DMA
(blue). The energy consumption of the reference drivetrain rises much more quickly than
that of the DMA. At a frequency of 1.5 Hz, the DMA only consumes 18 % of the energy
consumed by the reference drivetrain.
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Figure 4.19: Power flows for a sinusoidal oscillation at 1.5 Hz, averaged out over ten
cycles. The power flows were estimated from the position and current measurements.
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4.7 Discussion

In this chapter, we studied a dual-motor actuation concept with a planetary differential
and holding brakes. This actuator is potentially more efficient than a conventional motor-
gearbox solution because of two reasons. First, the actuator has a redundant kinematic
degree of freedom, meaning that output speed is a weighted sum of the two motor speeds.
This redundancy can be exploited by distributing the speeds in such a way that the overall
efficiency of the actuator is the highest. A second option is to use the holding brakes to
lock one of the two branches. In this case, the locked branch no longer contributes to
the output speed, but the losses in this branch are also completely eliminated. What we
end up with by using the brakes, is equivalent to an actuator which can be sized to the
operating point, and is therefore more efficient.

4.7.1 Influence of friction and usage of brakes

An important finding is that the results depend strongly on the amount of viscous and
Coulomb friction and the way they are distributed over the branches. This was not dis-
covered in previous research, where friction was systematically neglected to simplify the
analysis. In our setup, an approach where single-motor operation is maximized, turned
out to be the most energy-efficient solution for steady-state operation. In this case, the
sun, which exhibited high viscous friction, would be locked at high speeds, while the ring
branch (lower gearbox and motor efficiency) is locked at high torques. When viscous
friction is high in both branches, however, dual-motor operation could be a better strategy
at high speeds.

With dynamic loads, this strategy no longer applies. In simulations where optimal
control was applied to find the optimal speed distribution for a sinusoidal output trajec-
tory, the brake was left completely unused. The logical explanation is that, any time a
brake is disengaged, high startup currents would be needed from the motor. Instead, the
preferred strategy is to keep both motors in motion, minimizing their required accelera-
tion. This was clearly visible in our experiments, where optimal control always yielded
the smoothest possible speed trajectories for both motors. Brakes would most likely only
be used if they can be engaged during the entire motion, something which is only possible
if a single motor can perform the motion on its own.

4.7.2 Internal power flows

The usage of the brakes also affects the power flows in the actuator. In stationary opera-
tion, internal power flows – characterized by a negative speed ratio i – cause unnecessary
losses, and should therefore be avoided. This is a well-known principle which many
researchers use as a guideline. With a dynamic load, however, this is no longer necessar-
ily true. Firstly, at output speed reversals, short internal power flows may reduce motor
accelerations. But more importantly: internal power flows can extend the steady-state
operating range in the absence of brakes. If the power flow in the most loaded branch is
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reversed, friction can be used to absorb a part of the output power, lowering the torque
requirement from the motor. By exploiting this phenomenon, the DMA is capable of pro-
viding high torques at low speeds, where the single-motor alternative is not. In previous
analyses, the benefit of internal power flows in terms of operating range was not discov-
ered because internal power flows were a priori prevented by non-backdrivable elements,
or because the actuator was only used in steady-state operation.

4.7.3 Dynamic performance

An interesting feature of the DMA is that the speed ratio γ can be chosen in such a
way that the inertia of the actuator, reflected to the output, is smaller than that of its
composing drivetrains. Nevertheless, we also found the reflected inertia of our DMA
design to be slightly higher than that of a single-motor alternative. This does not have to
be a disadvantage in terms of dynamic performance, though. The maximum acceleration
of the DMA was shown to be higher than the single-motor reference drivetrain, although
the advantage declines with the inertia of the load. The DMA, thanks to its extended
operating range, was also able to provide higher accelerations when a static torque was
added to the load. Furthermore, its energy consumption is considerably lower than that of
its single-motor equivalent.

If the accelerations are low, most power will go through the branch with the least
amount of friction, just like in steady-state operation. For higher accelerations, the opti-
mal speed ratio tends to move towards the speed ratio that minimizes the reflected inertia.
In all our trials with sinusoidal output speeds, γ remained fairly constant, indicating that
rapid changes in γ should be avoided because of the additional energetic costs that would
result from the high accelerations related to the high-frequency motion.

4.7.4 Reliability

A well-known potential advantage of redundant actuators, which has not been discussed
so far, is their damage-tolerant behavior (reliability). Failure of one of the drivetrain com-
ponents is catastrophic for traditional actuators, which typically consist of a single motor
and gearbox. Although failure of an individual component is more likely in redundant
actuators, which consist of a higher number of components, the redundant branch(es) can
compensate for the loss of one branch. Although the actuator will not be able to operate
at its full capabilities, it may be able to maintain its functionality. This is a crucial aspect
for actuators in safety critical systems (e.g. airplanes) or remote robotic missions.

The effectiveness of this approach however depends on the type of redundancy and
on the way how the branches fail. An overview is given in Table 4.9. If failure of a
branch leads to its output being blocked, the output motion of a kinematically determinate
actuator will be limited by the elasticity of the coupling between the failed branch and
the output. If this coupling is rigid, the actuator will not be able to move at all. By
introducing kinematic redundancy, the output will be able to move, albeit with reduced
speed. Conversely, if the branch disconnects, e.g., because of a broken coupling or a failed
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Statically redundant Kinematically redundant
Kinematically determinate Statically determinate

Branch blocked Output blocked Output speed reduced
Infinite output torque Output torque unaffected

Branch disconnected Output speed unaffected Freely moving output
Output torque reduced No output torque

Table 4.9: Failure modes and their impact on the output of the actuator. The DMA fits in
the second column, as it is a kinematically redundant and statically determinate actuator.

power supply, a statically determinate actuator will no longer be capable of providing an
output torque. Such a failure would be unacceptable for robots which lift major payloads.
For this reason, robotic manipulators are often equipped with normally closed holding
brakes. An alternative solution would be to introduce static redundancy: here, the parallel
motor units will still be able to provide a part of the required output torque, so that the
payload can be put down gently.

From the perspective of fault-tolerance, the choice between both types of redun-
dancy will also be affected by the application. Kinematically redundant actuators such
as the DMA could, for example, be the preferred actuation for performance-augmenting
exoskeletons, where a restriction of the user’s movements is more of a concern than the
loss of actuator torque. On the other hand, humanoid robots would most likely benefit
more from statically redundant actuators, since a disconnected motor in a kinematically
redundant actuator would cause the robot to collapse under its weight.

4.7.5 Challenges and limitations

Kinematically redundant actuators have numerous potential benefits, but these benefits do
not come without a cost. Additional components bring extra possibilities, but also extra
design parameters and constraints. The result is a much more complex design process
which, if not performed correctly, can easily lead to an ineffective actuator design. If
individual components are not being used in the most optimal way, the greater number
of components will inevitably result in a higher cost, weight and volume, and possibly
even a lower energy efficiency. Making components work together in harmony, taking
advantage of each component’s strength while minimizing the effect of its weakness, is
the key to successful redundant actuator designs.

An important part of the dual-motor actuator is the differential that connects both
motors to the output. In section 4.4.1, we explained how this component also links the
motor torques and, consequently, the constraints of the two motors. As a result, it is easy
to lose a part of a motor’s working range in a redundant actuator design. For constant
and well-defined loads, the input drivetrains can be designed to have a matching torque
limitation in order to get the most out of the actuator. Dynamic loads, however, are more
complicated to deal with, because the differential’s kinematic and static constraints also
affect the motor’s capability to accelerate to certain speeds. This makes the optimal design
of the actuator very task-dependent, with reduced versatility as an inevitable consequence.
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Another important challenge is the control of redundant actuators. For well-defined
tasks such as the ones we imposed in this chapter, optimal control can be used to find
the optimal power distribution offline. More complex tasks may however require more
advanced controllers with state feedback. Applying this type of control to a redundant
actuator is not a straightforward task. In chapter 5, we will discuss this issue in further
detail.

4.8 Conclusion

The goal of this chapter was to assess how redundancy can be implemented on an actuator-
level, with the aim of making the actuator more energy-efficient, more compact and
lighter. To answer this question, we focused on a simple concept in which two motors
are coupled to a single output through a planetary differential. This dual-motor actuator
(DMA) was then subjected to an extensive theoretical and experimental analysis, covering
both steady-state and dynamic operation. We succeeded in building a DMA which was
more efficient than a reference drivetrain in steady-state operation, thanks to the possibil-
ity of directing the working points of the two motors to more energy-efficient regions on
the motors’ efficiency maps. Furthermore, the theoretical analysis indicated that a DMA,
like a variable transmission, can adapt its reflected inertia to the task. As a result, a DMA
can be designed to deliver high torques with high energy-efficiency, while still being able
to reach high accelerations. Such requirements are typical of robots which interact with
their environment, but are very hard to meet by conventional actuator designs.

A downside of the concept is that the additional motor, the mechanism linking both
inputs – a differential, in this specific case – and, possibly, the brakes, also introduce new
constraints. Moreover, the design links the constraints of both motors to each other. The
result is an complex design process, where poor design choices can have a large impact
on the actuator’s operating range and, consequently, its versatility. The analysis presented
in this chapter gives some rough guidelines on how to deal with this intricacy, but specific
design rules are nearly impossible to devise for this class of actuators. Consequently, the
design of a redundant actuator will most likely remain a complicated, iterative process.

In conclusion, our results indicate that, with some effort, the DMA can be used as an
energy-efficient alternative to a classic drivetrain consisting of a motor with speed reducer.
Its capability of providing higher torques at low speeds, combined with its ability to divide
the acceleration over two motors, makes it a very suitable solution for applications which
require a wide range of torques, speeds and accelerations.





Chapter 5
Series Elastic Dual-Motor Actuation

5.1 Introduction

In the previous chapters, we have discussed the potential of series elasticity and redun-
dancy for the energy-efficient actuation of robots. The logical continuation of this research
is to combine both concepts in a single actuator. Rather than the actual design, the biggest
challenge is to find a control architecture for such an actuator. The controller’s task is
not only to use the degree of freedom in the most optimal way, but also to deal with the
decoupling of the actuator and load dynamics induced by the spring. In this chapter, we
will present a control framework for this type of problem and apply it to a hopping robot.
State-of-the-art control approaches for hopping and series elastic actuation are combined
with an actuator-specific control allocation algorithm, which aims at exploiting the re-
dundancy to reduce the electrical power consumption of the actuator. The applicability of
our controller is proven by implementing it on a hopping robot consisting of a two-link
segmented leg, similar to the human leg.

The contents of this chapter are based on the journal paper Verstraten et al. (2017).
Control Framework for a Hopping Robot driven by a Series Elastic Dual-Motor Actuator.
Bioinspiration & Biomimetics (in preparation).

5.1.1 Redundant actuation for hopping robots

A remarkable amount of research on hopping robots has been performed over the past
half-century [195]. The interest in this topic is explained by the fact that hopping can be
seen as a subtask of legged locomotion [202]. The first studies on hopping were, in fact,
a part of the Raibert’s well-known work on legged robots [182]. Several insights from
hopping can be transferred to walking robots, prosthetics and exoskeletons, applications
which have gained in importance in recent years. Despite years of research in these fields,
the agility with which humans and animals are able to move, is still unrivaled by current
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state-of-the-art robotic systems [93]. Our exceptional capabilities are, at least partially,
explained by the way how our muscle-tendon complex is built up.

A key feature of the human muscle is the elasticity of tendons, which act as a spring
in series with our motor units. These elastic tissues play a crucial role in jumping motions
[28, 7]. By using the elasticity of the tendons, the hopping motion – and locomotion in
general – can be performed in a much more energy-efficient way [5]. For this reason, sev-
eral researchers have implemented springs in hopping robots [194, 129, 93, 16]. Based
on the notion that the knee joint needs to stiffen as it is flexed more in order to ensure
stable hopping [201, 186], the stiffness of the knee actuator is often nonlinear in compli-
ant designs [220]. The ability to vary stiffness is also an important feature, because the
stiffness of the leg determines the hopping frequency [65] and varying stiffness allows us
to adapt to the surface stiffness [69]. Motivated by these observations, Variable Stiffness
Actuators have been implemented in several robotic hoppers [220, 235].

Another remarkable feature of the human muscles are their motor units. These con-
sist of multiple muscle fibers, which can be activated according to the need [94, 128]. In
contrast to series elasticity, redundancy on joint-level has only been researched to a lim-
ited extent in the field of robotics. Nevertheless, redundancy – introduced by continuously
variable transmissions (CVTs) – has been very successful in the automotive sector [146].
Several authors have demonstrated that biomechanical applications, such as exoskeletons
and prosthetics, can also benefit from such concepts, especially when combined with en-
ergy buffers such as springs and flywheels. In ankle prosthetics, for example, a variable
transmission with spring can be used to shape the motor’s speed-torque curve to the bi-
ological ankle profile in walking [211]. Simulations show that the energy requirement
of knee prosthetics for walking can be reduced by up to 85% by combining an infinitely
variable transmission (IVT) with a flywheel [6]. Similar reductions are obtained when the
IVT is used in conjunction with a spring [148]. In spite of the great energetic advantages
predicted by these works, practical proof for the energy-efficiency of these systems is still
missing. Building redundant actuation units that combine variable transmissions with en-
ergy buffers is difficult, especially if they need to be compact and energy-efficient [63].
Furthermore, energy-efficient online control of such complex actuators is a very tough
problem, which is still largely unsolved [125].

5.1.2 Control allocation for dynamic systems

Over-actuated or redundant systems are very common in aeronautics and aerospace engi-
neering. In such systems, the redundant degrees of freedom must work together to ensure
a correct operation of the aircraft or spaceship, posing a challenging control problem.
The field of study that deals with the control of such systems is called “control alloca-
tion” [109]. Multiple decades of research on this topic have yielded several methods and
algorithms to combine the multiple inputs to a single output, possibly with the aim of re-
ducing a certain performance metric. These algorithms have been studied thoroughly and
their advantages and disadvantages are well-known [161]. However, nearly all of these
methods are based on the assumption that the actuator dynamics do not have an influence
on the control allocation problem. As a consequence, traditional control allocators have
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difficulties with rapidly varying control commands [125, 160].

In recent years, several researchers in the field of robotics have taken up an interest
in redundant actuation on joint-level. The additional redundant degree(s) of freedom can
be used for practical reasons, e.g. overcoming transmission nonlinearities [159], but they
can also be exploited to achieve more advanced goals such as increased energy efficiency
[122, 134]. The problem with robotics is that, unlike in aeronautics, usually the actuator
dynamics cannot be neglected. This is especially the case for highly geared actuators,
where the reflected inertia of the drivetrain has a strong impact on the required torque
[199]. As a result, traditional control allocation algorithms often lead to unsatisfactory
results when applied to problems in robotics [125]. Control allocation for such applica-
tions is an active field of research, and custom solutions that suit a particular system are
still the most common [109].

Another approach is to pre-compute the inputs offline using optimal control theory.
This strategy has been applied to redundant actuators on many occasions [127, 173, 32].
The method is suitable for well-defined applications with cyclic motions, but fails when
the actuator interacts with an unknown environment or when robustness to perturbations is
required. Hopping robots are a good example of such an application, as the hopper needs
to be able to adapt to changes in, for example, the stiffness or the height of the ground
[136, 111, 145]. Furthermore, the optimization problem is typically solved with the square
of the mechanical power (P2

mech) or the square of the torque (T 2
m) as cost functions [82].

These cost functions do, however, do not take the nonlinear dynamics of gearbox and,
especially, bearing friction into account. Instead, it is assumed that either gearbox losses
(P2

mech approach) or Joule losses (T 2
m approach) are dominant. For simple actuators, this

is often the case, but in the context of complex actuators with many components, the
assumption can be questioned. Here, the losses of the components add up and, moreover,
affect each other. Consequently, the power taken from our energy source – which is,
ultimately what we really want to minimize – becomes a complex function of the speeds
and torques in the system (see section 2.5). Motivated by these considerations, we put
forward the hypothesis that a cost function based on the electrical power (Pelec) can lead
to better results, even if small approximations are required for implementation in a high-
speed online controller.

5.1.3 Outline of the chapter

The chapter is structured as follows. In section 5.2, we describe the Series Elastic Dual-
Motor Actuator (SEDMA), which adds a series elastic element to the DMA presented in
chapter 4. We also introduce the Marco Hopper II setup, a robotic hopper which will
be used to test the proposed controller. In section 5.3, we establish the equations that
describe the SEDMA. The actual control framework and its different layers are explained
in section 5.4. In section 5.5, we present experiments on the Marco Hopper II, which
prove the applicability of the SEDMA and the proposed control architecture. The control
allocator, a crucial layer of the control framework, is compared to other state-of-the art
solutions in section 5.6. After discussing possible improvements (section 5.7), the chapter
is concluded in section 5.8.
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5.2 Test setup

5.2.1 Series Elastic Dual-Motor Actuator (SEDMA)

A schematic of the actuator, which we will name Series Elastic Dual-Motor Actuator
(SEDMA), is depicted in Figure 5.1a. It consists of a dual-motor actuator (DMA) like the
one presented in chapter 4, combined with a series spring. The main purpose of the spring
is to protect the DMA’s planetary differential from the impacts at touchdown, which can
be several times higher than the robot’s weight [110]. Furthermore, the spring can relieve
the motor by absorbing energy during knee flexion and re-injecting it during the extension
phase of the jump.

The design of the DMA is identical to the one presented in chapter 4, except for
the ring drivetrain, which now consists of a 200W Maxon EC-4pole motor with a 15:1
reduction provided by a planetary gearbox. The additional 3:1 reduction provided by the
spur gear pair that couples the drivetrain to the planetary differential’s ring is maintained.
The sun drivetrain, consisting of a 150W Maxon RE40 DC motor with a planetary gear
reducer of ratio 15:1, is unchanged with respect to the design from chapter 4.

5.2.2 MARCO Hopper II

In order to validate the control approach, the SEDMA was implemented on the MARCO
Hopper II test bench (Figure 5.1b). The setup, introduced in [157], represents a human
leg with an actuated knee. The robotic leg is approximately half the size of the human leg.
Two links of equal length (ll = 250 mm, mass ml = 0.17 kg) correspond to the shank and
thigh. A mass mh = 1.8 kg is attached to the hip joint in order to mimic the trunk; a mass
m f = 0.30 kg represents the foot. A cable between the hip and the foot has two functions:
it prevents overextension of the knee, but also transfers kinetic energy from the hip to the
foot to enable hopping. Furthermore, the hip and foot are mounted on a linear bearing to
ensure a purely vertical motion.

The leg is actuated through a Bowden cable, connected to a pulley (radius
rpulley = 4.3 cm) at the knee joint (mass mk = 0.23 kg). With this configuration, only an
extension torque can be applied to the knee – flexion torques are not required for hopping
to match to the Spring-Loaded Inverted Pendulum (SLIP) model [27]. The other end of
the Bowden cable is connected to the series spring of the SEDMA, described previously.
An overview of the setup’s parameters is given in Table 5.1.

The hopper is equipped with Bï¿œrster potentiometers (S/N 8709-5250) measuring
the distance between the hip and foot, as well as the position of the foot relative to the
ground. The extension of the spring is measured with another Bürster potentiometer (S/N
8709-5150). A SCAIME ZF100 sensor is used to sense the force in the Bowden cable.
Finally, the position and speed of the spindle is inferred from the two incremental encoders
(500 CPT) on the motors of the SEDMA.
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Mass of hip mh 1.8 kg
Mass of knee mk 0.23 kg
Mass of foot m f 0.30 kg
Mass of link ml 0.17 kg
Length of link ll 250 mm

Pulley radius rpulley 4.3 cm

Table 5.1: Parameters of the Marco II setup.

5.3 SEDMA equations

The proposed control strategy separates the DMA from the spindle and the spring. For this
reason, we will derive the equations of these two subsystems separately in this section.

5.3.1 Spring and spindle

The relationship between the output of the DMA θC and xo, the output position of the
SEDMA, is determined by the series spring (stiffness ks = 19.87 N/mm) and the spindle
(gear ratio nsp = 314 rad/m), leading to following equation:

xo =
θC

nsp
− F

ks
(5.1)

The output force of the SEDMA, F , appears in this equation as a result of Hooke’s law.
The spindle relates this force to the carrier torque TC:

F =CspnspTC (5.2)

where we defined the efficiency function of the spindle

Csp = η
sign(F ·ẋo)
sp (5.3)

with ηsp = 85% the efficiency of the spindle, obtained from its datasheet.

5.3.2 Dual-Motor Actuator (DMA)

In this section, we will shortly reprise the equations of motion of the DMA from chapter
4. For the schematic of the planetary differential with definitions of torques and speeds,
we refer to Fig. 4.2.

5.3.2.1 Speeds

The relationship between the carrier speed θ̇C and the input speeds θ̇S and θ̇ R of the sun
and ring motor, respectively, is given by

θ̇C =Cθ

[
θ̇S
θ̇ R

]
(5.4)
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Cθ =
[

1
nS(1+ρ)

ρ

nR(1+ρ)

]
(5.5)

where nS and nR are the reductions of the planetary gearboxes on the sun and ring branch,
respectively, and ρ defined by Eq. (4.8). Utilizing the speed ratio i, defined by Eq. (4.6),
we can invert the speed equation (5.4), yielding[

θ̇S
θ̇R

]
=

[
nS(1+ρ)

1+ρi
nR(1+ρ)i

1+ρi

]
θ̇C (5.6)

By differentiation, we find the accelerations

[
θ̈S
θ̈R

]
=

[
nS(1+ρ)

1+ρi
nR(1+ρ)i

1+ρi

]
θ̈C +

 − nS(1+ρ)ρ

(1+ρi)2

nR(1+ρ)

(1+ρi)2

 θ̇C i̇ (5.7)

5.3.2.2 Torques

The relationship between the state vector q =
(

θ̇S θ̇R
)T and the input vector Tm =

(TmS, TmR)
T can be written as

Tm = Jq̇+Bq+Csign(q)+D(TC +TCCsign(Cθ q)) (5.8)

with

J =

[
JS 0
0 JR

]
+ JCD

[
1
nS

1
1+ρ

1
nR

ρ

1+ρ

]
B =

[
νS 0
0 νR

]
+νCD

[
1
nS

1
1+ρ

1
nR

ρ

1+ρ

]
C =

[
TCS 0
0 TCR

]

D =

 CS
nS
(ρCPG +1)−1

CR
nR

(
1

ρCPG
+1
)−1


The efficiency functions are defined by Eqs. (4.34) and (4.29). The inertias of the sun
and ring branch are denoted with JS, JR. They represent the inertia of the entire branch,
i.e., they include the inertia of the motor and gearbox, but also the inertia of the gears
inside the planetary differential and, in the case of the ring, the spur gear transmission
between the ring branch and the differential. Similarly, JC consists of the inertia of the
carrier, but also includes the inertia other parts in the output drivetrain, most notably the
spindle. Friction is modeled as a combination of viscous friction (coefficients νS,νR, νC)
and Coulomb friction (coefficients TCS,TCR, TCC) on the sun and ring branch, as well as
on the output of the DMA, i.e. the carrier. These coefficients, along with other relevant
parameters, are listed in Tables 5.2 and 5.3. The friction coefficients are the ones that
were obtained experimentally in chapter 4, where we also showed that the proposed model
of the DMA provides a very good fit to dynamic measurements.
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ρ 9
Efficiency of planetary differential ηPG 88 %

Inertia of the output (carrier) JC 12e-2 kg m²
Carrier viscous friction νC 1e-3 Nm/(rad/s)

Coulomb friction of output (carrier) TCC 0.1033 Nm

Table 5.2: Parameters for the planetary differential.

Sun drivetrain Ring drivetrain
(λ = S) (λ = R)

Drivetrain inertia Jλ 1.4e-7 kg m2 8.7e-8 kg m2

Viscous friction coefficient νλ 1.5e-5 Nm/(rad/s) 1.5e-12 Nm/(rad/s)
Coulomb friction coefficient TCλ 0.0080 Nm 0.0061 Nm

Motor Maxon RE40 Maxon EC-4pole 30
Nominal power Pnom 150 W 200 W

Nominal torque Tλnom = Tλmax,cont 177 mNm 135 mNm
Max. speed ωλmax 12 000 rpm 25 000 rpm

Terminal resistance Rλ 0.299 Ohm 0.102 Ohm
Torque constant kT λ 30.2 mNm/A 13.6 mNm/A

Gearbox Maxon GP42 Maxon GP42
Gear ratio nλ 91/6 91/6

Gearbox efficiency ηλ 81 % 81 %

Table 5.3: Parameters of the drivetrains of which the DMA is composed. The inertias JS,
JR and Jre f were obtained from datasheet information and CAD drawings.
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5.3.2.3 Electrical domain

The total electrical power consumed by the DMA is the sum of the electrical powers of
both motors:

Pelec =US · IS +UR · IR (5.9)

with voltages Uλ and currents Iλ given by

Iλ =
1

kT λ

Tmλ (5.10)

Uλ = kT λ θ̇λ +Rλ Iλ (5.11)

In these equations, kT λ is the torque constant of the motor and Rλ is the motor’s winding
resistance.

5.3.2.4 Constraints

The DMA has several limitations, which must be respected by the controller.

Maximum speed The motor speeds θ̇S and θ̇R should not exceed the maximum speeds
specified in the motor datasheet: ∣∣θ̇S

∣∣< 12 000 rpm∣∣θ̇R
∣∣< 25 000 rpm

Maximum motor torque Another constraint is the maximum motor torque, which is
limited for several reasons. First, motor manufacturers often specify a maximum (peak)
torque to avoid mechanical damage to the motor. Second, the power stage of the controller
has a current limit, which may impose an even stricter constraint on the torque.

And finally, high motor torques (above the maximum continuous torque) may lead
to failure through excessive heat generation in the windings if they are sustained for a
long period of time, even if they are below the motor’s maximum peak torque. While the
commercial Maxon EPOS3 drive in the last stage of our controller has a built-in protection
against overheating, this issue should already be considered in the design of the control
allocator in order to obtain the most optimal results. Based on these considerations, the
motor torques TmS and TmR were limited to following values:

|TmS|< 350 mNm

|TmR|< 250 mNm

which roughly corresponds to twice the maximum continuous torque Tλmax,cont of the
respective motor.
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Figure 5.2: Control schematic.

Maximum voltage The voltage output of the power source puts a limit on the motor
voltage US and UR:

|Uλ |< 48 V(λ = R,S)

Following Eq. (5.11), this constraint limits the speed that can be reached at certain torque.

5.4 Control framework

The control framework, represented schematically in Fig. 5.2, consists of two main parts.
The first is the high-level virtual model control, which calculates the desired force to be
generated by the actuator, with the aim of mimicking human hopping. The second is a
force controller, which ensures that the SEDMA generates the force required for hopping.
This controller calculates the required currents for both motors, based on the desired
output force. In this section, we explain how the control framework was implemented on
the Marco Hopper II test bed.

5.4.1 Virtual Model Control

The MARCO Hopper II is controlled by means of Virtual Model Control (VMC) [177].
In this control strategy, the dynamics of the hopper are replaced with that of a single-mass
harmonic oscillator. It is commonly accepted that this model, known as the spring-loaded
inverted pendulum (SLIP) model, describes the dynamics of running and hopping well
[27]. In previous work, the VMC-based control strategy was successfully applied to the
MARCO Hopper II with a traditional motor-gearbox as actuator [157]. In this work, we
use the same VMC controller as high-level controller to calculate the force required from
the SEDMA. This is the top level of our control architecture.

The controller is implemented as a state machine. It distinguishes between the flight
phase and the stance phase, which is split into two parts: an extension phase and a com-
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Figure 5.3: State machine used for the Virtual Model Control. Transition from stance to
flight occurs when lleg (the distance between hip and foot, i.e. the length of the virtual
harmonic oscillator) approaches its maximum value, which is limited by the knee stop.
The stance phase is initiated when the position of the foot x f approaches the ground
(threshold x f = 5 mm). The transition between the compression and extension phase
of stance is made when lleg < x0, a threshold which can be chosen arbitrarily, but with
physical limitations of the setup in mind.

pression phase, named after the state of the virtual spring1. A schematic of the state
machine, along with the equations governing the state transitions, is depicted in Figure
5.3.

In the flight phase, the hopper is allowed to move freely, and the commanded force
is zero. As soon as it reaches the stance phase, the VMC is activated. The commanded
spring force, derived in [157], is

Fd =
2ll cos

(
φ

2

)
rpulleyCcable

[
mh +

1
2 ml

mv
kv
(
l0− lleg

)
+

1
2

mlg

]
(5.12)

where l0 = 40 cm is the maximum (extended) length of the virtual spring, lleg is the
distance between the hip and foot, φ is the knee angle as defined in Fig. 5.1, and Ccable an
efficiency function for the Bowden cable, defined as

Ccable =

{
ηcable (stance-extension)
1/ηcable (stance-compression)

with ηcable = 85% (a value derived from experimental data). Other parameters were de-
fined in section 5.2. The mass of the virtual harmonic oscillator mv is set to 1 kg, leaving
1During the compression phase, the hip and the foot move towards each other, causing the virtual spring to store
energy (compress). During the extension phase, the virtual spring releases its energy by extending, causing the
foot and hip to move away from each other.
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the virtual stiffness kv to determine the hopping pattern. According to [157], the minimum
virtual stiffness required for hopping is

kv >
2mvg

l0− x0
= 140 N/m (5.13)

where x0 = 26 cm is the length of the virtual spring at its maximum compression2. This
stiffness corresponds to the value of kv for which the ground reaction force of the equiva-
lent single-mass oscillator becomes zero at its apex point, enabling the oscillator to leave
the ground. In our experiments, we met the requirement set by Eq. (5.13) by choosing
kv = 175 N/m.

5.4.2 SEDMA force control

The force control of the SEA is performed with a cascaded controller, consisting of an
inner speed loop and an outer force loop. This is a well-established control approach for
SEAs [35], which works well even when friction is high [247].

The force control loop takes the desired spindle force Fd from the VMC, given by Eq.
(5.12), as a set value. The measured spindle force F̂ , which is estimated from the mea-
sured motor positions (found by integrating the state measured vector q̂ =

[
θ̇S θ̇R

]T )
and the measured output position of the SEDMA (x̂o) using equations (5.1) and (5.4),
serves as feedback. The error Fd − F̂ is then fed into a PI controller, which generates a
desired speed for the DMA. This is handled by the inner speed loop, which consists of
a control allocator and a low-level controller. The control allocator translates the desired
DMA output speed into desired speeds for the individual motors, q̇d . The desired speeds
are then used as setpoints for the low-level controller which, using a feedback lineariza-
tion scheme, generates current commands for the individual motors. The details of the
control allocator and the low-level control are explained below.

5.4.2.1 Control allocation

The purpose of the control allocator is to translate the desired output speed θ̇C,d to motor
speeds θ̇S and θ̇R. We calculate the optimal speed distribution offline and implement it in
a three-dimensional lookup table.

The electrical power consumption Pelec, as modeled in Section 5.3, can be written as
a function of 5 variables: θ̇C, θ̈C , i, i̇ and TC. This means that the optimal speed ratio
depends not only on the output, but also on the previous speed ratio. To simplify the
problem, we propose to approximate the acceleration of the sun and ring motor, given by
Eq. (5.7), as follows: [

θ̈S
θ̈R

]
=

[
nS(1+ρ)

1+ρi
nR(1+ρ)i

1+ρi

]
θ̈C (5.14)

2l0 and x0 correspond to the highest and lowest position of the hip during the ground contact phase.
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We thus neglect the rate of change of the speed ratio i, making the speed ratio inde-
pendent of previous solutions. As a result of this approximation, the electrical power Pelec
becomes a function of only the output variables θ̈C, θ̇C and TC, as well as the speed ratio
i. This simplifies the problem considerably, but the approximation needs to be validated.
We assess the validity of the approximation in section 5.5.3, and discuss the implications
on the control allocation in section 5.7.

By minimizing the Pelec with respect to i, we can thus find an optimal speed ratio

iopt = f
(
θ̈C, θ̇C,TC

)
(5.15)

which is only a function of the DMA’s output. Combining this function with Eq. (5.6),
we have a relationship between the motor speeds and the output speed. Consequently, the
control allocation problem is solved.

In practice, the function (5.15) is implemented as a 30x30x30 lookup table (LUT)
with evenly spaced speed, torque and acceleration breakpoints. The lookup table is cal-
culated with a parameter sweep on θ̇R (step size 1 rpm), where each solution is checked
against the constraints specified in Section 5.3.2.4. We chose θ̇R as a parameter rather
than i, because the latter does not have a finite range of possible values. In the control
algorithm, linear interpolation and extrapolation is used to calculate intermediate points.
The desired speed θ̇C,d and the resulting acceleration θ̈C,d are fed to the LUT, along with
the estimated output torque T̂C. This implicitly assumes perfect tracking at the output, but
allows the controller to adapt to changes in output torque. The output of the LUT, the ring
speed θ̇R, is then used to calculate the sun speed θ̇S by means of Eq. (5.4). Consequently,
the vector qd , which serves as the input for the low-level controller, is completely defined.

5.4.2.2 Feedback linearization

The equations for feedback linearization are derived from the SEDMA’s equations of
motion (5.8), where we consider q as the control variable and the vector Tm = (TmS, TmR)

T

as the input. Defining the control error as

e = q̇d− ˆ̇q

we can write the suggested control law

Tm = Jq̇d +Pe+ I
ˆ

edt +Bqd +Csign(qd)+D
(
T̂C +TCCsign(Cθ qd)

)
(5.16)

with P and I 2x1 matrices which contain the controller gains. This controller combines
feedforward acceleration and friction compensation with feedback of the sensed torque
T̂o, which is calculated from the estimated force F̂ by means of Eq. (5.2). Finally, the
torques obtained from Eq. (5.16) are used as set points for the Maxon EPOS3 controllers
in the sun and ring branch, which are both operated in Cyclic Synchronous Torque mode.
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Figure 5.4: Foot and hip position for the MARCO II hopping robot. Hopping is initiated
from a squat position (hip height 200 mm), meaning that the virtual spring is loaded at the
beginning of the trial. After a short transient, the hopping height converges to a constant
value of 24 mm, at a hopping frequency of 1.02 Hz.

5.5 Experiments

In this section, the control approach suggested in section 5.4 is applied to the Marco Hop-
per II test setup presented in section 5.2. We start by discussing the hopping pattern that
was generated in experiments. Next, we examine the measured speeds and accelerations
that resulted from the control allocation algorithm. We finish by comparing the allocated
speeds from the experiments to those that would be generated by an optimal control algo-
rithm.

5.5.1 Hopping pattern

Figure 5.4 shows the first ten seconds of a hopping trial. A constant hopping height of
24 mm could be achieved after only a short transient. This height is in line with the
experiments previously presented by Oehlke et al. [157], although the hopping frequency
is lower (1.02 Hz compared to 1.5 Hz). This is most likely due to the way how friction
is compensated in Oehlke et al., i.e., by increasing the virtual spring stiffness during the
upward motion. The resulting energy injection may be higher than strictly needed for
compensating the friction, and lead to an increase in hopping frequency.

The preferred hopping frequency of humans corresponds to approximately half of
the bouncing system’s resonance frequency [40]. For humans, the preferred frequency is
between 2 Hz and 2.3 Hz [65, 187]. Based on the antiresonance frequency – the energy-
optimal frequency of a Series Elastic Actuator [227] – the optimal hopping frequency for
the Marco Hopper II with SEDMA would be 1.34 Hz, which is higher than the selected
frequency of 1.02 Hz. At frequencies below the optimal frequency, a low turning point is
needed to achieve an appreciable hopping height, resulting in a higher flexion of the knee
joints [13]. Consequently, the hops start to resemble a series of squat jumps. This is the
case for the measurements in Fig. 5.4.
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Figure 5.5: (a) Speeds of the sun, ring and carrier; (b) Speed ratio. The speed of the
carrier, which serves as the output of the dual-motor actuator, is a weighted sum of the sun
and ring speeds (see Eq. (5.4)). In the configuration under study, the latter is dominant.

While the hopping frequency can be increased by raising the virtual stiffness kv [27],
it actually makes sense to hop at a lower frequency from a biomechanical point of view.
In low-frequency hopping, the knee has a higher contribution to the total hopping torque
[119, 96]. At higher frequencies, relatively more torque is required from the ankle. Taking
into consideration that the knee is the only actuated joint on the hopping robot, low-
frequency hops can be considered more natural for the MARCO Hopper II.

5.5.2 Online speed distribution

Figure 5.5 shows how the output speed is distributed between the sun and ring. We em-
phasize that this behavior is not pre-programmed, but merely a result of the online control
algorithm. The speeds of the ring and carrier converge quickly to a stable cycle, after a
small transient at the start. According to the speed equation (5.4), the ring contributes
ρ = 9 times more to the output speed than the sun. This is evident in Figure 5.5a, where
the ring speed almost follows that of the output. The sun mostly serves to make the over-
all motion more energy-efficient and to provide speeds and accelerations beyond the ring
drive’s capabilities.

In terms of speed ratio (Figure 5.5b), we see both negative and positive speed ra-
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Figure 5.6: Estimated and actual acceleration during a hopping trial. The acceleration of
the ring is very similar to that of the output. As a consequence, the estimated acceleration
strongly resembles the actual acceleration. The sun, however, follows a very different
acceleration pattern, leading to a poorer approximation.

tios appearing. This means that, at some time instants, one motor is delivering power
while the other is absorbing it. While such internal power flows are generally not con-
sidered energy-efficient [3], in section 4.5, we have proven that this can be different in
strongly dynamic applications. Preventing internal power flows might lead to high motor
accelerations, which also come at an energetic cost in the form of additional Joule losses.
Allowing a negative speed ratio may thus help to decrease these Joule losses, potentially
outweighing the cost of additional dissipation due to the internal power flow.

5.5.3 Accelerations

In section 5.4.2.1, we proposed a simplification to the equation for the acceleration (Eq.
5.7). In this subsection, we will examine the validity of this approximation by comparing
the estimated accelerations to the actual accelerations during the hopping experiment. The
results are shown in Figure 5.6.

Notable in these plots are the strong deviations that occur when θ̇S ≈ 0. Because of
the way how the speed ratio i was defined (Eq. (4.6)), the optimal speed ratio i then makes
a step from +∞ to −∞ or the opposite. This can also be seen in Figure 5.5b, where the
speed ratio jumps from +10 to -10 approximately every 0.5 s. The strong variations in i
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lead to a strong contribution of the neglected term in Eq. (5.14), which is proportional
to the variation of the speed ratio i̇. Nevertheless, the approximation is quite smooth
throughout most of the motion.

As mentioned in the previous section , the ring’s contribution dominates the output
speed, and this also applies to the acceleration in Figure 5.6. The acceleration of the
ring is nearly the same as that of the output - albeit scaled by the planetary differential
with a ratio of 9:10. As a consequence, the approximation of the ring acceleration is
quite good, too, because the simplified formula for the acceleration essentially assumes
that the accelerations of the individual motors are proportional to the output acceleration.
Conversely, acceleration profile of the sun is very different from that of the output. This
results in an estimated acceleration which is only good at very low accelerations. At
higher accelerations, the neglected term, which is proportional to the output speed θ̇ ,
becomes significant, making the approximation invalid.

5.5.4 Comparison to optimal control

In the suggested control architecture, the limited accuracy of the approximation has an
influence on the speed distribution, but not on the actual output speed. As a consequence,
the accuracy of the hopping controller is not affected. But what are the consequences for
the optimality of the speed distribution? In an attempt to answer this question, we took the
measured output speed and torque of the DMA, and optimized the speed distribution of-
fline, allowing us to take the exact dynamics into account. Using the commercial software
package GPOPS [166], we applied optimal control (OC) with three cost functions:

1. Sum of mechanical powers (ToRωR)
2 +(ToSωS)

2: This cost function aims at reduc-
ing the gearbox losses in both branches. Friction and gearbox losses are neglected
in the calculation of the torques ToR and ToS.

2. Sum of motor currents I2
mR + I2

mS: This cost function, which in traditional actuators
corresponds to torque squared, aims at reducing the Joule losses in both motors.
Friction and gearbox losses are neglected in the calculations.

3. Electrical power Pelec: This cost function includes all friction coefficients and works
with the exact value of the acceleration. In the OC formulation, it is given by

Pelec = kT Sθ̇SImS +RSI2
mS + kT Rθ̇RImR +RRI2

mR (5.17)

If the model is exact, this equation yields the exact electrical energy consumption
of the actuator.

The first and second strategy are common in literature and have the advantage of not re-
quiring prior knowledge of friction coefficients. The third strategy is equivalent to the
online controller, but uses the exact acceleration instead of the approximation. Consid-
ering that this approach uses the complete model of the actuator, which was shown to
represent the actuator dynamics in an accurate way, the results from this optimization
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Figure 5.7: Optimal speed distributions, calculated with three different offline optimiza-
tion strategies: optimal control with a T 2 cost function, with a P2

mech cost function and
with a Pelec cost function. The output torque and output speed of the DMA, as measured
during the experimental trial presented in Figs. (5.4), (5.5) and (5.6), was used as input
data for the optimization. The three resulting speed distributions are compared to the
measured speed distribution from the online controller (yellow).
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should reflect the actual energy-optimal distribution well, and can therefore be used as a
baseline.

In Figure 5.7, the optimal speed distributions resulting from the three optimizations
are compared to the speed distribution obtained from the online controller. An interesting
observation is that, among the different controllers, the ring speeds look more alike than
the sun speeds. This is due to the specific design of the DMA, where the ring contributes
much more to the output speed. For this reason, the ring speed tends to resemble the out-
put speed, especially when the output speed is close to the maximum that can be reached
by the actuator. Conversely, because the sun has less impact on the output speed, there is
more room for changes in its speed profile.

The ring speeds obtained from the online controller and from the optimal control
based on torque are quite close to the ones obtained from optimal control based on elec-
trical power, which we take as the reference for the energy-optimal speed distribution. In
contrast, optimal control based on mechanical power makes more use of the sun branch,
of which the speed is brought to saturation for large parts of the cycle. This solution is the
furthest from the energy-optimal solution (OC - Pelec). This comes as no surprise, con-
sidering that the hopping motion requires high speeds and accelerations from an actuator
that was, in fact, designed for high torques at relatively low speeds (see chapter (4)). In
such cases, the T 2 cost function, which includes the inertia of the drivetrains, performs
better than the P2

mech cost function, which does not.

Apparently, the OC - Pelec optimization yields a solution where the sun branch is not
used. This situation arises when the required speed can be delivered by a single motor,
and accelerations are insufficiently high to make a distributing the speeds over the two
branches favorable. In this case, only the most efficient branch – the ring branch – is used
(see section 4.5). The T 2 cost function follows this trend by yielding low sun speeds.
When P2

mech is used as cost function, however, the sun speed is consistently brought to sat-
uration, the most energy-inefficient solution. The measured speed profile lies somewhere
in between, but displays an additional oscillation during the upward motion. The acceler-
ation that results from this oscillation have an adverse effect on the energy consumption.
In fact, Table 5.4 shows that the online controller has a higher energy consumption than
any of the considered optimal control strategies. This is partially explained by the approx-
imation of the acceleration, but also by the fact that the online controller does not predict
future states. Unlike the optimal control optimizations, where the entire timespan of the
task is taken into account, the online controller brings the speed distribution to the optimal
value for that specific point in time. Consequently, the resulting speed distribution may
drift to high accelerations. This is a major disadvantage of the proposed control allocator.

5.6 Comparison with related work

The idea behind the control allocator proposed in this work is to generate an optimality
map offline and implement it into the offline controller. The concept was proposed earlier
by Girard and Asada [82], where the authors used dynamic programming (value iteration)
to generate a 2D optimality map in state space, which was subsequently approximated
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Energy per cycle (J)
OC - Pelec 26.7
OC - T 2 26.7

OC - Pmech 83.4
Measurement 85.0

Table 5.4: Energy consumption for different cost functions. Optimal control (OC) with
electrical power (Pelec) as a cost function yields the best results, and can be seen as a
reference. If the square of the motor torque (T 2) is used, a similar energy consumption
is obtained. The measured energy consumption, which was obtained with the online
controller, is the highest. It is slightly higher than the energy consumption that would
result from optimal control with Pmech cost function.

through linear regression. The value iteration algorithm, however, relies on a (linearized)
model of the actuated system. An accurate ground contact model would be needed to
apply it to a hopping robot, and even then, optimality might be compromised by the
different linearizations. Nevertheless, this approach is very suitable and hard to beat when
applied to robots that do not interact with their environment.

Another solution, proposed in [81], is based on nullspace projection. Despite its ele-
gance, this approach has several downsides. First, nullspace projection can yield solutions
that violate the actuator’s limits, causing one of the motors to saturate. Additional action
is required to prevent this from happening; for example, the control allocator’s output
could be post-processed to respect the constraints. In our approach, the LUT can easily
be programmed to not yield solutions that do not respect the limitations, provided that
such a solution exists. The proposed solution will also be the most energy-efficient out
of all feasible options, something which is difficult to guarantee with a post-processed
nullspace projection. Second, nullspace projection demands linear equations. Its perfor-
mance is therefore affected by the nonlinearities of (gearbox) friction. Conversely, in our
approach, the system’s nonlinearities can be taken into account when the LUT is calcu-
lated.

One of the main advantages of the proposed control allocator is that it is based on a
detailed model of the electrical energy consumption. We hypothesized that the resulting
controller can be more energy-optimal compared to those based on a traditional T 2 opti-
mization (e.g. [82, 83]) or P2

mech optimization, where electrical losses and gearbox losses
are not taken into account. This was verified in simulation, taking our experimental data
as an input. Unfortunately, the online controller came out as the worst solution, yield-
ing a higher energy consumption than any of the offline optimal control optimizations.
This result might, however, be related to the fact that the entire trajectory is optimized at
once, so that accelerations can be anticipated. If the T 2 or P2

mech minimization would be
implemented online, the results might be different. Furthermore, in applications where
the required accelerations are small or where the inertia of the drivetrain components is
low, the impact of the error on the approximated acceleration will decrease. The online
controller will then outperform the T 2 or P2

mech optimal control approaches thanks to the
detailed model of friction in the drivetrain. Another interesting advantage of the online
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controller is w.r.t. offline optimal controller is that the optimality is not affected by un-
known output forces, because torque feedback is used as an input to the control allocator.
We can conclude that the control allocator can definitely be improved, but the overall con-
trol framework achieves its goal of enabling stable hopping in unknown environments.

5.7 Challenges and future work

The control architecture presented in this chapter enables stable closed-loop hopping with
the SEDMA, while concurrently distributing the control effort over both actuators in an
online fashion. One of the main issues with the proposed control allocator is the approx-
imation of the acceleration, which is required to make the optimal solution independent
of the past states. This enables to map the optimal speed distributions in a 3D lookup
table instead of a 4D lookup table, which would be much more computationally expen-
sive. The approximation loses its validity at high accelerations, resulting in a less optimal
speed distribution. Furthermore, the proposed control allocator cannot anticipate future
accelerations of the motors, which may lead the controller to drift towards excessively
high motor accelerations. A control allocation strategy which deals with these issues in
an effective way would be a major improvement to the controller.

Another aspect which was not addressed in this chapter is the selection of the series
spring. Finding the (energy-)optimal spring stiffness for a hopping robot is, however, not
an easy task. A work by Pelc et al., where a hopping robot was controlled with an artifi-
cial neural oscillator, proved that there is a clear relationship between a system’s natural
frequencies and the optimal spring stiffness [167]. A potential strategy would therefore be
to choose the stiffness of the spring such that the natural frequency of the system – reso-
nance for parallel elastic actuators, antiresonance for series elastic actuators – is matched
to the desired hopping frequency. Vu et al. tested this strategy on a hopping robot with
a variable parallel elastic element on the knee joint, but found that the optimal hopping
frequency was consistently higher than the resonance frequency [235]. The strong lin-
earizations and other simplifications that are needed to calculate the theoretical resonance
frequency could be a cause for this discrepancy.

On the Marco Hopper II, we selected the most compliant spring that would fit in
the setup, taking the maximum deflection of the spring into consideration. The selected
spring stiffness of 20 N/mm is much higher than the spring stiffness corresponding to an
antiresonance frequency of 1.02 Hz, the hopping frequency of our experiments: depend-
ing on the way how the problem is simplified, a stiffness of around 8-12 N/mm would be
required. It is therefore possible that better results could be obtained with a more compli-
ant spring, although more research (simulations) would be needed to confirm the optimal
spring stiffness.

Still, there was another issue with the setup. The linear bearings on the Marco II
exhibited a lot of friction. As a consequence, during the downward motion of the hopper,
a lot of the potential energy was dissipated. This energy, which could otherwise be stored
in the spring, could no longer be used to reduce the motor’s speed requirements. Due to
the speed limitations of the motors, the hopper was only able to reach hopping frequen-
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cies of around 1.3 Hz. At the experimental hopping frequency of 1 Hz, jumps resembled
a squat jump. Literature indicates that, in human squat jumps, the contractile elements
(motor units) need to deliver more power, because they need to compensate for the po-
tential energy that could not be stored on the elastic elements [7, 65]. Interestingly, this
corresponds exactly to the behavior of the SEDMA on the Marco Hopper II, demonstrat-
ing that the hopping behavior generated by the controller actually follows the patterns in
biomechanics.

Unfortunately, the inefficient use of the spring that resulted from the setup’s issues
did not allow us to draw conclusions about the energy-efficiency of the SEDMA, which
was one of the project’s initial goals. With more energy-efficient bearings and, perhaps,
an adapted choice of spring stiffness, the spring could effectively be used to reduce the
energy consumption, and the true energetic benefits of a combination of springs and re-
dundancy could be evaluated. With the current setup, this was impossible. Nevertheless,
the disappointing results once again illustrate the importance of matching the actuator
to the load. Moreover, they demonstrate how difficult it can be to achieve this with a
complex actuator, whose components not only interact with the load, but also with each
other.

5.8 Conclusion

In this chapter, we have demonstrated that the principles of series elastic actuation and
redundancy can be combined in a single actuator. We proposed a control framework to
tackle the complex control problem of dealing with the separated dynamics of the load
and the motor, as well as distributing the power requirements over the redundant de-
grees of freedom. The control framework was validated on a physical test setup, where
a series elastic dual-motor actuator was used to actuate the knee joint of a robotic hop-
per. The results show that the controller is able to generate a repetitive hopping behavior
while distributing the power over the two motors. Considering that hopping is a subtask
of legged locomotion, this work paves the way for series elastic redundant actuation of
legged robots, prostheses and exoskeletons.
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Discussion and future work

6.1 Discussion of research questions

Below, we give a summary of the main research questions and their answers.

How does the drivetrain affect the energy consumption of actuators in robotics?

Actuators in robotics deliver rapidly changing torques at varying speeds, and their operat-
ing points often lie all four motor quadrants. As a result, the modeling of a robot’s energy
consumption becomes a very complicated task. Gearbox efficiency and Coulomb friction,
for example, lead to nonlinearities in the motor torque and power consumption. Motor ef-
ficiency also varies over the motor’s operating range. Most of the time, it is lower than the
maximum efficiency specified in the catalog. Moreover, the inertia of the drivetrain often
causes a motor’s torque requirement to be higher than the load torque itself. And finally,
drive electronics can consume a surprisingly high amount of energy. For all these reasons,
which were explained in more detail in chapter 2, the electrical energy consumption of
an actuator is typically much higher than its mechanical energy output. In conclusion,
the drivetrain often has a very strong impact on an actuator’s energy consumption, and
therefore deserves a lot of attention during the design of energy-efficient actuators.

What is the role of negative power in robotics?

Unlike in many other applications, actuators in robotics experience both negative and
positive power flows. Unfortunately, strong misconceptions exist about negative power
flows. An often-used but false claim is that “the absorption of energy requires an (equal)
amount of energy from the motor”. This is fundamentally untrue: electric motors can be
used as generators, and examples exist in robotics where energy is effectively regenerated.
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This is confirmed by our findings in chapter 2, where we managed to regenerate a small
amount of negative energy from the motion of a pendulum.

If the intention is to store this energy in a battery, a 4-quadrant controller is needed;
otherwise, this energy will be dissipated in a braking resistor. Furthermore, an energy-
efficient actuator design is very important to maximize the amount of energy that can
be regenerated. A DC motor, for example, will not be able to regenerate energy at high
torques and low speeds, because the Joule losses are higher than the power supplied to
the motor by the load. As a consequence of such losses, the amount of energy that can be
regenerated by robots is often small and does not justify the cost of additional electronics.
This is a strong motivation for the use of (mechanical) energy buffers such as springs,
which allow recycling this energy in a more efficient way.

How complex must the model of the actuated system be in order to provide a rea-
sonable estimate of the power and energy consumption?

The energy consumption of an actuator can be found through integration of its (electrical)
power. Following our discussion on the role of negative power, it is incorrect to calculate
the energy consumption with the integral of the absolute value of power – something
which is not uncommon in robotics. The difficulty in obtaining a good estimate of energy
consumption lies in capturing all the losses of the system. Any unmodeled loss will lead
to an underestimation of the actual energy consumption.

The direction of power flow is a very important consideration in robotics, and this
should be reflected in the model. Nonlinearities in the power profile can only be predicted
with Coulomb friction and, more importantly, a nonlinear gearbox efficiency function.
Gearbox and motor inertia also play a very important role. When accelerations are high
and torques are low, the inertia of the drivetrain may, in fact, dominate the power profile.
It must be noted that the inertia itself does not cause additional losses. It does, however,
have an influence on the current flowing through the motor and, consequently, on the
Joule losses, which are often the most important source of losses in an actuator.

Can the efficiency of actuators be improved by applying motor and gearbox models
in model-based optimizations?

One of the main contributions of this work was the assessment of motor and gearbox
losses in various actuator types. As explained above, these losses have a strong impact on
the electrical energy consumption of an actuator. Based on this observation, we hypothe-
sized that model-based optimizations yield better results when electrical energy consump-
tion is applied as a cost function, instead of cost functions based on mechanical power and
motor torque.

Interestingly, a cost function based on the square of mechanical power was shown to
result in a similar spring configuration for an active ankle prosthesis with elastic elements
(section 3.5). Additionally, in our tests on the Marco Hopper, we found that the opti-
mal speed distribution of the SEDMA, obtained by applying optimal control with a cost
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function based on the square of the motor torque, was similar to the one obtained with
electrical energy as a cost function (section 5.5). These results indicate that simple cost
functions may suffice if the power consumption is dominated by the mechanical output
power (ankle prosthesis) or by the Joule losses of the motor (SEDMA).

In other cases, the better option is to take motor and gearbox losses into account. In
section 3.3.2, for example, we observed that the optimal stiffness of the PEA in terms of
mechanical energy consumption does not coincide with the optimum in terms of electri-
cal energy consumption. A suboptimal spring stiffness can easily lead to a much lower
efficiency, and therefore, a model of the electrical power consumption is definitely rec-
ommendable for the optimization of parallel elastic actuators.

How can elastic elements contribute to energy efficiency?

Elastic elements have the capability of reducing the speed and torque requirements of an
actuator by exchanging power directly with the load. Practically, springs can be arranged
in series or parallel with the drivetrain. If the resulting elastic actuator delivers a torque
that matches the torque-angle characteristic of the spring, a series arrangement decreases
the motor speed, while a parallel spring decreases the torque required from the motor. In
dynamic motions, the speed reduction enjoyed by a Series Elastic Actuator is combined
with a slight decrease in torque, resulting in a very high energy efficiency for this type
of actuator. On the other hand, Parallel Elastic Actuators can be used to compensate
for static torques. Considering that the torque-related Joule losses are often the most
important source of dissipation in an actuator, parallel elastic elements can provide huge
energetic benefits for many actuator designs. It is, however, important to tune the design
of the elastic element to the imposed load and motion, and to select a matching motor
and gearbox. Failure to do so may result in strongly reduced actuator bandwidth, range
of motion or torque output.

Can redundancy be exploited to make actuators more energy-efficient?

Redundant actuators allow dividing the required output power over different motors so
that, on average, the motors are used more efficiently. Furthermore, if its input drivetrains
are equipped with locking mechanisms, a motor can be shut down during operation when
it is not needed. The results from chapter 4 confirm that such a redundant actuator can
be designed to deliver constant torques and speeds more efficiently than a traditional mo-
tor with gear reducer. In dynamic applications, kinematically redundant actuators were
shown to make better use of the motors’ acceleration capability by dividing the accel-
eration requirement over the motors. Thanks to this feature, an actuator sized for high
torques can still deliver high accelerations. However, the higher number of drivetrain
components and the redundant power flow paths also complicate the design and control
of redundant actuators. This complexity needs to be dealt with in order to get the most
out of the concept in terms of cost, weight, volume, energy efficiency and bandwidth.
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Can series elasticity be combined with redundancy in legged robots?

In chapter 5, we presented experiments where a series elastic dual-motor actuator was im-
plemented on a hopping robot. The control framework that was proposed in this chapter
was successful in generating repetitive closed-loop hopping. The main challenge in com-
bining elasticity with redundancy is to manage the interaction between the load, spring
and the motors. The energy efficiency of the series elastic dual-motor actuator strongly
depends on the selected spring and the effectiveness of the control allocation algorithm –
but getting these aspects right is not straightforward. In conclusion, our results prove that
series elasticity and redundancy can be combined, but they also demonstrate the difficulty
in achieving energy efficiency with such an actuator.

6.2 Future work

While the extensive analyses presented in this dissertation have already led to many in-
teresting insights regarding elastic and redundant actuators, several topics still deserve
further attention. Below, we discuss several possible extensions to this work.

6.2.1 Complexity of the loss models

The loss models that were introduced in chapter 2 and employed throughout this disserta-
tion are simplified representations of reality. A few examples:

• Friction was represented as a combination of viscous friction and Coulomb friction.
This model does not account for the dynamics of friction and neglects the Stribeck
effect.

• In reality, gearbox efficiency is both speed- and, especially, load-dependent. Never-
theless, in this work, gearbox losses were assumed to be proportional to the output
power of the gearbox. This assumption may lead to an overestimation of the actu-
ator’s efficiency at low powers, as gearbox efficiency tends to drop with decreasing
torque [49].

• The motor losses were modeled as a combination of Joule loss and viscous friction,
sometimes with an additional Coulomb friction term. While this model provide
a good description of the foremost loss mechanisms (Joule loss, eddy current and
remagnetization loss), improvements are possible. Heating, for example, can have
a strong impact on the winding resistance and, consequently, on the resulting Joule
losses. Furthermore, the torque constant of the motor may drop due to demagne-
tization of the permanent magnets [80]. The efficiency of gearboxes also exhibits
temperature-dependence [48].

The use of simplified models is motivated by the desire of getting a good overall view of
the loss distribution in an actuator. More elaborate models exist, but require more param-
eters, which are not specified for most commercial components and therefore need to be
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determined empirically for each specific component. This can take a lot of time and, more
importantly, will not necessarily lead to a better insight into the loss distribution, as dif-
ferent components typically share similar speed- and torque-dependent loss mechanisms.
This justifies the simplified models used in this thesis.

6.2.2 Combination of series and parallel elasticity

Most of our analysis in chapter 3 focused on designs with a single elastic element, either
in series or in parallel. Combined series and parallel elasticity was briefly addressed in
the discussion on elastic elements for an ankle prosthesis (section 3.5). The conclusion
from this theoretical discussion was that, in terms of energy consumption, an actuator
with series and parallel elastic elements does not perform better than a simple parallel
elastic actuator. There is very little fundamental research on combined parallel and series
elasticity – a rare example can be found in [19] – and practical examples of such actuators
are also scarce. They have been implemented in active prostheses [12, 78, 108], robotic
hands [183] and warehouse robots [135], but these examples cover most of the state of the
art. For a good assessment of the advantages and disadvantages of combined series and
parallel elasticity, more fundamental research is needed, and more research prototypes
need to be built and tested for a wide range of applications.

6.2.3 Other forms of redundancy

In chapter 4, we explored the potential of redundancy by studying a specific actuator:
a kinematically redundant actuator with a single-stage planetary differential as linking
mechanism. To generalize the results of this chapter, more designs should be studied.
Multi-stage or compound differentials, for example, open up new possibilities to decrease
the energy consumption even further. Another option would be to exploit static redun-
dancy instead of kinematic redundancy. While, in dynamic applications, kinematically
redundant actuators have several benefits (section 4.5) that do not apply to statically re-
dundant actuators, the latter may have specific advantages of their own. The evaluation of
statically redundant actuators and other topologies, such as motors combined with a CVT
or IVT, can therefore be seen as another interesting research track.

6.2.4 Combining elasticity and redundancy

In chapter 5, we presented the “Series Elastic Dual-Motor Actuator” which combined
series elasticity with kinematic redundancy. The main goal of this chapter was to demon-
strate that such an actuator can be controlled on an actual robotic system. Still, many
research options are left open regarding the combination of elasticity and redundancy.
Elastic elements could, for example, be used in parallel to the redundant actuator. They
could also be integrated into the redundant actuator design, e.g. by combining an elastic
actuator with a rigid actuator or by connecting one of the components of a multi-stage
differential to a compliant element. Several examples can already be found in literature:
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springs have been implemented in statically redundant actuators [134], kinematically re-
dundant actuators [151], variable stiffness actuators [213, 219] and with CVTs [124, 148].
In short, there are many ways to combine elasticity and redundancy, and a study of differ-
ent concepts could very well lead to some new interesting actuation concepts.

6.2.5 Locking mechanisms

Locking mechanisms and clutches are receiving an increased amount of attention in the
robotics community. They are especially known to be a powerful tool for controlling the
energy flows between a spring and the load [175], which is why they have appeared in
several elastic actuator designs [134, 190, 174], often with the goal of (dis)engaging a
parallel spring [51, 92, 130].

In this dissertation, locking mechanisms – in the form of holding brakes – were a
part of the dual-motor actuator that was presented in chapter 4. Our results showed that
the holding brakes were, indeed, very useful for reducing the energy consumption when
the load was static (section 4.4). Interestingly, with dynamic loads, the holding brakes
were left unused in our optimizations, indicating that they do not contribute to a higher
energy efficiency (section 4.5). The question remains whether this conclusion can be
extended to other mechanisms and other loads, especially if springs are implemented in
the redundant actuator. To gain an understanding of how locking mechanisms should
be used in redundant actuators, and in which cases they can lead to energy reduction in
dynamic applications, more fundamental research is needed.

6.2.6 Control of redundant actuators

The challenging problem of controlling redundant actuators in highly dynamic systems
was explained and illustrated in practice in chapter 5, where we designed a controller
for a robotic hopper. While the controller succeeded in achieving stable hopping – the
task of the high-level control – the simple control allocator proposed in this chapter did
not entirely meet the secondary objective of distributing the power over the motors in
the most energy-efficient way. Since the benefit of having multiple motors is determined
entirely by the ability to achieve a more efficient power distribution, the development of
energy-efficient control allocation schemes can be considered a research priority for the
development of redundant actuation concepts.

6.2.7 Extension to multiple degrees of freedom

In this work, we assumed that the torques and speeds that should be delivered by the ac-
tuator are known. This is, for example, the case for actuated prosthetics and humanoid
robots, where the aim is to imitate the motion of a human leg. In many applications, how-
ever, a robot’s task is simply to perform a motion from point a to point b in a certain time,
but the exact path to follow is undefined. This opens up the possibility of choosing the
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motion of the robot and its individual motors in such a way that the overall energy con-
sumption is as low as possible. Energy-efficient path planning or motion planning, as this
is called, has been the subject of several works throughout the years [234, 70, 243, 142],
and can be considered as the first step towards energy-efficient actuation. Despite its
importance, motion planning was not considered within the scope of this work. Never-
theless, considerable benefits can be obtained by coupling motion planning to actuator
design, especially when elastic elements are involved. Motion planning can then aim at
generating joint motions that excite the actuators’ natural dynamics, which can be tuned
by selecting the correct spring stiffnesses. Several authors have successfully applied such
an approach to robotic arms [218, 153, 137] and humanoids [216, 196, 246] with elastic
actuators.

Furthermore, robots typically consist of multiple motors, which can make a robot
redundant with respect to a certain task1. By carefully planning the trajectories of the
joints, a kinematically redundant manipulator, just like a redundant actuator, can use its
motors in a more energy-efficient way. Moreover, the redundant manipulator only requires
one additional motor to obtain a lower energy reduction for all motors. Conversely, a
redundant actuator relies on an additional motor to reduce the energy consumption of
only the specific joint it is actuating. This thought raises several important questions. Is
redundancy on a joint-level actually more beneficial than redundancy on a robot-level?
Could both be combined in a single robot? And if so, what is the optimal configuration,
and how does it depend on the robot’s degrees of freedom and the design of the redundant
actuator? These questions could not be answered within the scope of this work, but are
very relevant for the assessment of redundant actuation concepts.

1In robotics, actuated joints are referred to as a robot’s ”degrees of freedom”. If the number of degrees of
freedom of a robot exceeds the number of degrees of freedom needed for the task, the robot is said to be
redundant.





Chapter 7
Conclusion

In this work, we have explored different ways of increasing an actuator’s efficiency in the
field of robotics. Unlike many other works, the whole drivetrain was taken into account to
ensure that the electrical energy consumption is minimized. We focused on two actuation
paradigms: the introduction of springs and the creation of redundant degrees of freedom.
The two proposed solutions have one obvious downside: they consist of adding compo-
nents to a drivetrain, each of which bring along additional cost, weight, volume, energy
losses and design complexity. Fortunately, the increased complexity can be turned into
an advantage, because it opens up new possibilities for using the components in a more
effective way.

Generally speaking, compliant and redundant actuators owe their energy efficiency
to the manipulation of power flows. Springs enable temporary energy storage in an energy
buffer, while redundant actuators rely on the creation of new power flow paths to other
active elements. Both concepts open up the possibility of diverting power flows away
from components which are less efficient for a specific part of the task. Practically, this
will result in a decrease of speed or torque in one or more components of the actuator –
possibly at the cost of increasing it in another component. Considering that each compo-
nent has its own characteristic loss mechanisms, which make it better at either delivering
high torques or working at high speeds, the challenge is to make all these components
work together in the most optimal way. A well-designed compliant or redundant actua-
tor will thus harmonize the components, playing each on its strengths while avoiding its
weaknesses. The result is an actuator in which the components are smaller, lighter and
more energy-efficient – but also more numerous.

The obvious question is whether the benefits gained from the introduced components
actually outweigh the additional costs. Based on the energetic analyses presented in this
thesis, the answer is yes. In our experiments on the pendulum setup, for example, a Series
Elastic Actuator (SEA) yielded reductions in energy consumption of up to 78% compared
to a conventional motor with gearbox. However, this specific case study presented the
SEA with the ideal circumstances to exploit its full potential: a load which can be com-
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pensated perfectly by the actuator’s well-chosen spring. If the SEA was forced to deliver
a static load, its performance dropped considerably, to the point where a parallel spring
arrangement became the more energy-efficient choice. This example highlights the strong
connection between elastic actuators and the loads they are facing.

Redundant actuators present a possibly more versatile alternative, because their op-
erating range can be shaped by design, independent of the load. The typical L-shaped
operating range of kinematically redundant actuators is particularly interesting. Their ca-
pability of delivering very high torques at low speeds while being able to reach very high
speeds at low torques corresponds exactly to the requirements of many robotic systems.
Usually, these requirements are met by large motors, which are underpowered for most of
the task and struggle with their own reflected inertia. Kinematically redundant actuators,
being a much better match for such tasks, can be much more efficient than these large
motors.

To summarize, compliant and redundant actuators obtain their energy efficiency by
closely matching the design to the application. A loss of versatility is an inevitable side-
effect, which must be taken into consideration when such actuators are selected for a
certain application. Nevertheless, with the right match-up between the task and the ac-
tuator, remarkable energetic benefits can be achieved. For this reason, we believe that
compliant elements and redundant actuation structures will be an integral part of tomor-
row’s energy-efficient actuators.
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1. Moltedo, M., Baček, T., Verstraten, T., Rodriguez-Guerrero, C., Vanderborght, B.
and Lefeber, D. (2018). Active ankle-foot orthoses: the effects of the assistance
on healthy and impaired users during walking. Journal of NeuroEngineering and
Rehabilitation (submitted Jan. 2018).

2. Convens, B., Dong, D., Furnémont, R., Verstraten, T., Cherelle, P., Lefeber, D.
and Vanderborght, B. (2018). The Ankle Mimicking Prosthetic Foot 4+: a Semi-
Active Energy-Efficient Propulsive Ankle Prosthesis with a Clutched Series Elastic
Actuator. IEEE/ASME Transactions on Mechatronics (submitted Jan. 2018).

3. Verstraten, T., Furnémont, R., Lopez-Garcia, P., Rodriguez-Cianca, D., Vander-
borght, B. and Lefeber, D. (2017). Kinematically redundant actuators: a solution
for conflicting torque-speed requirements. The International Journal of Robotics
Research (submitted Oct. 2017).

4. Verstraten, T., Furnémont, R., Lopez-Garcia, P., Rodriguez-Cianca, D., Cao, H-
L., Vanderborght, B. and Lefeber, D. (2018). Modeling and design of an energy-
efficient dual-motor actuation unit with a planetary differential and holding brakes.
Mechatronics, 49, 134-148.

5. Verstraten, T., Geeroms, J., Mathijssen, G., Convens, B., Vanderborght, B. and
Lefeber, D. (2017). Optimizing the Power and Energy Consumption of Powered
Prosthetic Ankles with Series and Parallel Elasticity. Mechanism and Machine
Theory, 116, 419 - 432.

6. Mathijssen, G., Furnémont, R., Verstraten, T., Espinoza, C., Beckers, S. and
Lefeber, D. and Vanderborght, B. (2017). Study on electric energy consumed in
intermittent series-parallel elastic actuators (iSPEA). Bioinspiration & Biomimet-
ics, 12, 036008.

209



210

7. Beckerle, P., Verstraten, T., Mathijssen, G., Furnémont, R., Vanderborght, B. and
Lefeber, D. (2017). Series and Parallel Elastic Actuation: Influence of Operating
Positions on Design and Control. IEEE/ASME Transactions on Mechatronics, 22,
521-529.

8. Verstraten, T., Beckerle, P., Furnémont, R., Mathijssen, G., Vanderborght, B. and
Lefeber, D. (2016). Series and Parallel Elastic Actuation: Impact of Natural Dy-
namics on Power and Energy Consumption. Mechanism and Machine Theory, 102,
232-246.

9. Terryn, S., Mathijssen, G., Brancart, J., Verstraten, T., Van Assche, G. and Van-
derborght, B. (2016). Toward self-healing actuators: a preliminary concept. IEEE
Transactions on Robotics, 32, 736-743.

10. Verstraten, T., Furnémont, R., Mathijssen, G., Vanderborght, B. and Lefeber, D.
(2016). Energy Consumption of Geared DC Motors in Dynamic Applications:
Comparing Modeling Approaches. IEEE Robotics and Automation Letters, 1, 524-
530.

11. Furnémont, R., Mathijssen, G., Verstraten, T., Vanderborght, B. and Lefeber, D.
(2016). Bi-directional Series-Parallel Elastic Actuator and overlap of the actuation
layers. Bioinspiration & Biomimetics, 11, 016005.

12. Verstraten, T., Mathijssen, G., Furnémont, R., Vanderborght, B. and Lefeber, D.
(2015). Modeling and dimensioning of geared DC motors for energy efficiency:
Comparison between theory and experiments. Mechatronics, 30, 198 - 213.

International conference papers

1. Mathijssen, G., Furnémont, R., Verstraten, T., Lefeber, D. and Vanderborght, B.
(2015). Cylindrical cam mechanism for unlimited subsequent spring recruitment
in Series-Parallel Elastic Actuators. In 2015 IEEE International Conference on
Robotics and Automation (ICRA). (pp. 857-862). Washington, United States.

2. Mathijssen, G., Furnémont, R., Verstraten, T., Brackx, B., Premec, J., Jimenez
Fabian, R. E., Lefeber, D. and Vanderborght, B. (2016). +SPEA introduction: dras-
tic actuator energy requirement reduction by symbiosis of parallel motors, springs
and locking mechanisms. In 2016 IEEE International Conference on Robotics and
Automation (ICRA). (pp. 676-681). Stockholm, Sweden.

International conference and symposium abstracts

1. Verstraten, T., Mathijssen, G., Geeroms, J., Flynn, L., Vanderborght, B. and
Lefeber, D. (2017). On the Importance of a Motor Model for the Optimization of



SEA-driven Prosthetic Ankles. In: González-Vargas J., Ibáñez J., Contreras-Vidal
J., van der Kooij H., Pons J. (eds) Wearable Robotics: Challenges and Trends.
Biosystems & Biorobotics, vol 16. Springer.



212



Bibliography

1. AREUS - Automation and Robotics for European Sustainable Manufacturing.
http://www.areus-project.eu. Accessed: 15-09-2017.

2. Innovationsallianz ”Green Carbody Technologies”. http://www.greencarbody.
de. Accessed: 15-09-2017.

3. A. Abate, J. W. Hurst, and R. L. Hatton. Mechanical antagonism in legged robots.
In Robotics: Science and Systems, 2016.

4. F. Al-Bender and J. Swevers. Characterization of friction force dynamics. IEEE
Control Systems, 28(6):64–81, Dec 2008.

5. R. M. Alexander. Three uses for springs in legged locomotion. The International
Journal of Robotics Research, 9(2):53–61, 1990.

6. R. Aló, F. Bottiglione, and G. Mantriota. An innovative design of artificial knee joint
actuator with energy recovery capabilities. Journal of Mechanisms and Robotics,
8(1):011009–011009, Aug. 2015.

7. F. C. Anderson and M. G. Pandy. Storage and utilization of elastic strain energy
during jumping. Journal of Biomechanics, 26(12):1413 – 1427, 1993.

8. N. E. Anderson and S. H. Loewenthal. Spur-gear-system efficiency at part and full
load, volume 79. National Aeronautics and Space Administration, Scientific and
technical Information Office, 1980.

9. D. Andrea. Battery Management Systems for Large Lithium Ion Battery Packs.
Artech House, 2010.

10. B. Armstrong-Hélouvry, P. Dupont, and C. C. D. Wit. A survey of models, analysis
tools and compensation methods for the control of machines with friction. Automat-
ica, 30(7):1083 – 1138, 1994.

11. S. K. Au and H. Herr. Powered ankle-foot prosthesis. IEEE Robotics Automation
Magazine, 15(3):52–59, September 2008.

213

http://www.areus-project.eu
http://www.greencarbody.de
http://www.greencarbody.de


214 BIBLIOGRAPHY

12. S. K. Au, J. Weber, and H. Herr. Powered ankle–foot prosthesis improves walking
metabolic economy. IEEE Transactions on Robotics, 25(1):51–66, Feb 2009.

13. G. P. Austin, D. Tiberio, and G. E. Garrett. Effect of frequency on human unipedal
hopping. Perceptual and Motor Skills, 95(3):733–740, 2002. PMID: 12509167.

14. V. Babin, C. Gosselin, and J.-F. Allan. A dual-motor robot joint mechanism with
epicyclic gear train. In Intelligent Robots and Systems (IROS 2014), 2014 IEEE/RSJ
International Conference on, pages 472–477, Sept 2014.

15. R. S. Barbosa and J. A. T. Machado. Describing function analysis of systems with
impacts and backlash. Nonlinear Dynamics, 29(1):235–250, Jul 2002.

16. Z. Batts, J. Kim, and K. Yamane. Design of a hopping mechanism using a voice
coil actuator: Linear elastic actuator in parallel (leap). In 2016 IEEE International
Conference on Robotics and Automation (ICRA), pages 655–660, May 2016.

17. P. Beckerle. Human-machine-centered design and actuation of lower limb prosthetic
systems. PhD thesis, Technische Universität Darmstadt, 2014.

18. P. Beckerle, T. Verstraten, G. Mathijssen, R. Furnémont, B. Vanderborght, and
D. Lefeber. Series and parallel elastic actuation: Influence of operating positions
on design and control. IEEE/ASME Transactions on Mechatronics, 22(1):521–529,
Feb 2017.

19. P. Beckerle, J. Wojtusch, S. Rinderknecht, and O. von Stryk. Analysis of system
dynamic influences in robotic actuators with variable stiffness. Smart Structures
and Systems, 13(4):711–730, 2014.

20. P. Beckerle, J. Wojtusch, J. Schuy, B. Strah, S. Rinderknecht, and O. Von Stryk.
Power-optimized stiffness and nonlinear position control of an actuator with variable
torsion stiffness. In Advanced Intelligent Mechatronics (AIM), 2013 IEEE/ASME
International Conference on, pages 387–392, July 2013.

21. P. Beckerle, J. Wojtusch, A. Seyfarth, O. V. Stryk, and S. Rinderknecht. Analyzing
and considering inertial effects in powered lower limb prosthetic design. In Rehabil-
itation Robotics (ICORR), 2015 IEEE International Conference on, pages 325–330,
Aug 2015.

22. R. Begg, R. Best, L. Dell’Oro, and S. Taylor. Minimum foot clearance during walk-
ing: Strategies for the minimisation of trip-related falls. Gait & Posture, 25(2):191
– 198, 2007.

23. J. T. Belter and A. M. Dollar. A passively adaptive rotary-to-linear continuously
variable transmission. IEEE Transactions on Robotics, 30(5):1148–1160, Oct 2014.

24. A. Bicchi and G. Tonietti. Fast and "soft-arm" tactics. IEEE Robotics Automation
Magazine, 11(2):22–33, June 2004.



BIBLIOGRAPHY 215

25. L. Biegler and V. Zavala. Large-scale nonlinear programming using IPOPT: An inte-
grating framework for enterprise-wide dynamic optimization. Computers & Chem-
ical Engineering, 33(3):575 – 582, 2009. Selected Papers from the 17th European
Symposium on Computer Aided Process Engineering held in Bucharest, Romania,
May 2007.

26. A. Bittencourt, E. Wernholt, S. Sander-Tavallaey, and T. Brogardh. An extended
friction model to capture load and temperature effects in robot joints. In Intelligent
Robots and Systems (IROS), 2010 IEEE/RSJ International Conference on, pages
6161–6167, Oct 2010.

27. R. Blickhan. The spring-mass model for running and hopping. Journal of Biome-
chanics, 22(11):1217 – 1227, 1989.

28. M. F. Bobbert, P. A. Huijing, and G. J. van Ingen Schenau. An estimation of power
output and work done by the human triceps surae musle-tendon complex in jumping.
Journal of Biomechanics, 19(11):899 – 906, 1986.

29. W. Bolton. Mechatronics: electronic control systems in mechanical and electrical
engineering. Pearson Education, 2003.

30. D. J. Braun, M. Howard, and S. Vijayakumar. Exploiting variable stiffness in explo-
sive movement tasks. In Robotics: Science and Systems VII, page 25. MIT Press,
2012.

31. D. J. Braun, M. Howard, and S. Vijayakumar. Optimal variable stiffness control:
formulation and application to explosive movement tasks. Autonomous Robots,
33(3):237–253, Oct 2012.

32. D. J. Braun, F. Petit, F. Huber, S. Haddadin, P. van der Smagt, A. Albu-Schäffer,
and S. Vijayakumar. Robots driven by compliant actuators: Optimal control under
actuation constraints. IEEE Transactions on Robotics, 29(5):1085–1101, Oct 2013.

33. W. Brown and A. Ulsoy. A passive-assist design approach for improved reliabil-
ity and efficiency of robot arms. In Robotics and Automation (ICRA), 2011 IEEE
International Conference on, pages 4927–4934, May 2011.

34. W. Brown and A. Ulsoy. A maneuver based design of a passive-assist device for
augmenting active joints. Journal of Mechanisms and Robotics, 5(3):031003, 2013.

35. A. Calanca, R. Muradore, and P. Fiorini. A review of algorithms for compliant
control of stiff and fixed-compliance robots. IEEE/ASME Transactions on Mecha-
tronics, 21(2):613–624, April 2016.

36. Q. Cao and I. Poulakakis. On the energetics of quadrupedal bounding with and
without torso compliance. In Intelligent Robots and Systems (IROS 2014), 2014
IEEE/RSJ International Conference on, pages 4901–4906, Sept 2014.

37. B. L. Capehart, W. C. Turner, and W. J. Kennedy. Guide to energy management.
The Fairmont Press, Inc., 2006.



216 BIBLIOGRAPHY

38. G. Carbone, L. Mangialardi, and G. Mantriota. Fuel consumption of a mid class
vehicle with infinitely variable transmission. In SAE Technical Paper. SAE Interna-
tional, 09 2001.

39. F. Casolo, S. Cinquemani, and M. Cocetta. On active lower limb exoskeletons actu-
ators. In 2008 5th International Symposium on Mechatronics and Its Applications,
pages 1–6, May 2008.

40. G. A. Cavagna and M. A. Legramandi. Running, hopping and trotting: tuning step
frequency to the resonant frequency of the bouncing system favors larger more com-
pliant animals. Journal of Experimental Biology, 2015.

41. L. Chang, Y.-R. Jeng, and P.-Y. Huang. Modeling and analysis of the meshing losses
of involute spur gears in high-speed and high-load conditions. Journal of Tribology,
135(1):011504, 2013.

42. P. Cherelle, G. Mathijssen, Q. Wang, B. Vanderborght, and D. Lefeber. Advances
in propulsive bionic feet and their actuation principles. Advances in Mechanical
Engineering, 6, 2014.

43. H. P. Crowell III, A. C. Boynton, and M. Mungiole. Exoskeleton power and torque
requirements based on human biomechanics. Technical report, Army Research Lab-
oratory, Aberdeen Proving Ground, 2002.

44. P. R. Dahl. A solid friction model. Technical Report TOR-0158 (3107-18)-1,
Aerospace Corp El Segundo, CA, 1968.

45. M. P. de Looze, T. Bosch, F. Krause, K. S. Stadler, and L. W. O’Sullivan. Ex-
oskeletons for industrial application and their potential effects on physical work
load. Ergonomics, 59(5):671–681, 2016. PMID: 26444053.

46. C. C. de Wit, H. Olsson, K. J. Astrom, and P. Lischinsky. A new model for control
of systems with friction. IEEE Transactions on Automatic Control, 40(3):419–425,
Mar 1995.

47. J. M. del Castillo. The analytical expression of the efficiency of planetary gear
trains. Mechanism and Machine Theory, 37(2):197 – 214, 2002.

48. S. Derammelaere, S. Dereyne, P. Defreyne, E. Algoet, F. Verbelen, and K. Stock-
man. Energy efficiency measurement procedure for gearboxes in their entire operat-
ing range. In 2014 IEEE Industry Application Society Annual Meeting, pages 1–9,
Oct 2014.

49. S. Dereyne, P. Defreyne, E. Algoet, S. Derammelaere, and K. Stockman. Efficiency
measurement campaign on gearboxes. In Energy Efficiency in Motor Driven Systems
(EEMODS), 2015 International Conference on, 2015.

50. S. Dereyne, K. Stockman, S. Derammelaere, and P. Defreyne. Adjustable speed
drive evaluation using iso efficiency maps. In Energy Efficiency in Motor Driven
Systems (EEMODS), 2011 International Conference on, 2011.



BIBLIOGRAPHY 217

51. S. Diller, C. Majidi, and S. H. Collins. A lightweight, low-power electroadhesive
clutch and spring for exoskeleton actuation. In 2016 IEEE International Conference
on Robotics and Automation (ICRA), pages 682–689, May 2016.

52. E. Dlala, M. Solveson, S. Stanton, Z. Tang, M. Christini, R. Ong, and B. Peaslee.
Efficiency map simulations for an interior PM motor with experimental comparison
and investigation of magnet size reduction. In 2013 International Electric Machines
Drives Conference, pages 23–29, May 2013.

53. D. Dresscher, T. J. A. de Vries, and S. Stramigioli. Inertia-driven controlled passive
actuation. In ASME 2015 Dynamic Systems and Control Conference, number 57267,
pages V003T45A002–, 2015.

54. D. Dresscher, T. J. A. de Vries, and S. Stramigioli. Motor-gearbox selection for
energy efficiency. In 2016 IEEE International Conference on Advanced Intelligent
Mechatronics (AIM), pages 669–675, July 2016.

55. D. Dresscher, M. Naves, T. J. A. de Vries, M. Buijze, and S. Stramigioli. Power split
based dual hemispherical continuously variable transmission. Actuators, 6(2):15,
2017.

56. P. E. Dupont. The effect of coulomb friction on the existence and uniqueness of the
forward dynamics problem. In Proceedings 1992 IEEE International Conference
on Robotics and Automation, pages 1442–1447 vol.2, May 1992.

57. G. Ellis. Control System Design Guide. Academic Press, Burlington, third edition
edition, 2004.

58. P. Erler, P. Beckerle, B. Strah, and S. Rinderknecht. Experimental comparison of
nonlinear motion control methods for a variable stiffness actuator. In Biomedical
Robotics and Biomechatronics, 2014 IEEE RAS EMBS International Conference
on, pages 1045–1050, Aug 2014.

59. M. Eslamy, M. Grimmer, S. Rinderknecht, and A. Seyfarth. Does it pay to have a
damper in a powered ankle prosthesis? a power-energy perspective. In 2013 IEEE
13th International Conference on Rehabilitation Robotics (ICORR), pages 1–8, June
2013.

60. M. Eslamy, M. Grimmer, and A. Seyfarth. Effects of unidirectional parallel springs
on required peak power and energy in powered prosthetic ankles: Comparison be-
tween different active actuation concepts. In Robotics and Biomimetics (ROBIO),
2012 IEEE International Conference on, pages 2406–2412, Dec 2012.

61. European Standard EN-50110-1. Operation of electrical installations - part
1: General requirements. https://www.nbn.be/nl/catalogue/standard/

nbn-en-50110-1-1, 2013. Accessed: 19-09-2017.

https://www.nbn.be/nl/catalogue/standard/nbn-en-50110-1-1
https://www.nbn.be/nl/catalogue/standard/nbn-en-50110-1-1


218 BIBLIOGRAPHY

62. C. Everarts, B. Dehez, and R. Ronsse. Variable stiffness actuator applied to an active
ankle prosthesis: Principle, energy-efficiency, and control. In Intelligent Robots and
Systems (IROS), 2012 IEEE/RSJ International Conference on, pages 323–328, Oct
2012.

63. C. Everarts, B. Dehez, and R. Ronsse. Novel infinitely variable transmission allow-
ing efficient transmission ratio variations at rest. In Intelligent Robots and Systems
(IROS), 2015 IEEE/RSJ International Conference on, pages 5844–5849, Sept 2015.

64. O. B. Farah, Z. Guo, C. Gong, C. Zhu, and H. Yu. Power analysis of a series elastic
actuator for ankle joint gait rehabilitation. In 2015 IEEE International Conference
on Robotics and Automation (ICRA), pages 2754–2760, May 2015.

65. C. T. Farley, R. Blickhan, J. Saito, and C. R. Taylor. Hopping frequency in humans:
a test of how springs set stride frequency in bouncing gaits. Journal of Applied
Physiology, 71(6):2127–2132, 1991.

66. P. Fauteux, M. Lauria, B. Heintz, and F. Michaud. Dual-differential rheological
actuator for high-performance physical robotic interaction. IEEE Transactions on
Robotics, 26(4):607–618, Aug 2010.

67. C. M. Fernandes, P. M. Marques, R. C. Martins, and J. H. Seabra. Gearbox power
loss. part III: Application to a parallel axis and a planetary gearbox. Tribology
International, 88:317 – 326, 2015.

68. A. E. Ferris, J. M. Aldridge, C. A. Rábago, and J. M. Wilken. Evaluation of a pow-
ered ankle-foot prosthetic system during walking. Archives of Physical Medicine
and Rehabilitation, 93(11):1911–1918, 2012.

69. D. P. Ferris and C. T. Farley. Interaction of leg stiffness and surface stiffness during
human hopping. Journal of Applied Physiology, 82(1):15–22, 1997.

70. G. Field and Y. Stepanenko. Iterative dynamic programming: an approach to mini-
mum energy trajectory planning for robotic manipulators. In Proceedings of IEEE
International Conference on Robotics and Automation, volume 3, pages 2755–2760
vol.3, Apr 1996.

71. L. Flynn, J. Geeroms, R. Jimenez-Fabian, B. Vanderborght, N. Vitiello, and
D. Lefeber. Ankle-knee prosthesis with active ankle and energy transfer: Devel-
opment of the CYBERLEGs alpha-prosthesis. Robotics and Autonomous Systems,
73:4 – 15, 2015. Wearable Robotics.

72. M. Fumagalli, S. Stramigioli, and R. Carloni. Analysis of a variable stiffness dif-
ferential drive (VSDD). In 2014 IEEE International Conference on Robotics and
Automation (ICRA), pages 2406–2411, May 2014.

73. F. Gao, Y. Liu, and W. H. Liao. A new powered ankle-foot prosthesis with compact
parallel spring mechanism. In 2016 IEEE International Conference on Robotics and
Biomimetics (ROBIO), pages 473–478, Dec 2016.



BIBLIOGRAPHY 219

74. L. Gao, R. A. Dougal, and S. Liu. Power enhancement of an actively controlled
battery/ultracapacitor hybrid. IEEE Transactions on Power Electronics, 20(1):236–
243, Jan 2005.

75. P. Gao, A. Ren, and W. Zong. Study on a variable stiffness actuation with differential
drives. In 2016 IEEE International Conference on Cyber Technology in Automation,
Control, and Intelligent Systems (CYBER), pages 249–254, June 2016.

76. M. Garabini, A. Passaglia, F. Belo, P. Salaris, and A. Bicchi. Optimality principles
in variable stiffness control: The VSA hammer. In Intelligent Robots and Systems
(IROS), 2011 IEEE/RSJ International Conference on, pages 3770–3775, Sept 2011.

77. M. Garabini, A. Passaglia, F. Belo, P. Salaris, and A. Bicchi. Optimality principles
in stiffness control: The VSA kick. In 2012 IEEE International Conference on
Robotics and Automation, pages 3341–3346, May 2012.

78. J. Geeroms, L. Flynn, R. Jimenez-Fabian, B. Vanderborght, and D. Lefeber. Design
and energetic evaluation of a prosthetic knee joint actuator with a lockable parallel
spring. Bioinspiration & Biomimetics, 12(2):026002, 2017.

79. H. Giberti, S. Cinquemani, and G. Legnani. Effects of transmission mechanical
characteristics on the choice of a motor-reducer. Mechatronics, 20(5):604 – 610,
2010.

80. J. Gieras. Permanent Magnet Motor Technology: Design and Applications. Electri-
cal and Computer Engineering. Taylor & Francis, 2011.

81. A. Girard and H. H. Asada. A two-speed actuator for robotics with fast seamless
gear shifting. In Intelligent Robots and Systems (IROS), 2015 IEEE/RSJ Interna-
tional Conference on, pages 4704–4711, Sept 2015.

82. A. Girard and H. H. Asada. A practical optimal control approach for two-speed
actuators. In 2016 IEEE International Conference on Robotics and Automation
(ICRA), pages 4572–4577, May 2016.

83. A. Girard and H. H. Asada. Leveraging natural load dynamics with variable gear-
ratio actuators. IEEE Robotics and Automation Letters, 2(2):741–748, April 2017.

84. A. G. Gonzalez-Rodriguez, A. Gonzalez-Rodriguez, and F. Castillo-Garcia. Im-
proving the energy efficiency and speed of walking robots. Mechatronics, 24(5):476
– 488, 2014.

85. D. Y. Goswami. The CRC handbook of mechanical engineering. CRC press, 2014.

86. M. Grimmer, M. Eslamy, S. Gliech, and A. Seyfarth. A comparison of parallel- and
series elastic elements in an actuator for mimicking human ankle joint in walking
and running. In Robotics and Automation (ICRA), 2012 IEEE International Confer-
ence on, pages 2463–2470, May 2012.



220 BIBLIOGRAPHY

87. M. Grimmer, M. Eslamy, and A. Seyfarth. Energetic and peak power advantages
of series elastic actuators in an actuated prosthetic leg for walking and running.
Actuators, 3(1):1, 2014.

88. S. S. Groothuis, R. Carloni, and S. Stramigioli. Single motor-variable stiffness ac-
tuator using bistable switching mechanisms for independent motion and stiffness
control. In 2016 IEEE International Conference on Advanced Intelligent Mecha-
tronics (AIM), pages 234–239, July 2016.

89. E. Guizzo and E. Ackerman. The rise of the robot worker. IEEE Spectrum,
49(10):34–41, October 2012.

90. S. Haddadin, A. Albu-Schaeffer, A. De Luca, and G. Hirzinger. Collision detection
and reaction: A contribution to safe physical human-robot interaction. In Intel-
ligent Robots and Systems, 2008. IROS 2008. IEEE/RSJ International Conference
on, 2008.

91. S. Haddadin, N. Mansfeld, and A. Albu-Schaffer. Rigid vs. elastic actuation:
Requirements & performance. In Intelligent Robots and Systems (IROS), 2012
IEEE/RSJ International Conference on, pages 5097–5104, 2012.

92. D. F. B. Haeufle, M. D. Taylor, S. Schmitt, and H. Geyer. A clutched parallel elastic
actuator concept: Towards energy efficient powered legs in prosthetics and robotics.
In Biomedical Robotics and Biomechatronics (BioRob), 2012 4th IEEE RAS EMBS
International Conference on, pages 1614–1619, June 2012.

93. D. W. Haldane, M. M. Plecnik, J. K. Yim, and R. S. Fearing. Robotic vertical
jumping agility via series-elastic power modulation. Science Robotics, 1(1), 2016.

94. E. Henneman. Relation between size of neurons and their susceptibility to discharge.
Science, 126(3287):1345–1347, 1957.

95. J. K. Hitt, T. G. Sugar, M. Holgate, and R. Bellman. An active foot-ankle prosthesis
with biomechanical energy regeneration. Journal of Medical Devices, 4(1):011003,
2010.

96. H. Hobara, T. Muraoka, K. Omuro, K. Gomi, M. Sakamoto, K. Inoue, and
K. Kanosue. Knee stiffness is a major determinant of leg stiffness during maxi-
mal hopping. Journal of Biomechanics, 42(11):1768 – 1771, 2009.

97. M. A. Holgate, J. K. Hitt, R. D. Bellman, T. G. Sugar, and K. W. Hollander. The
SPARKy (Spring Ankle with Regenerative Kinetics) project: Choosing a DC mo-
tor based actuation method. In 2nd IEEE/RAS-EMBS International Conference on
Biomedical Robotics and Biomechatronics, pages 163–168. IEEE, 2008.

98. J. M. Hollerbach, I. W. Hunter, and J. Ballantyne. A comparative analysis of actuator
technologies for robotics. In O. Khatib, J. J. Craig, and T. Lozano-Pérez, editors,
The Robotics Review 2, pages 299–342. MIT Press, Cambridge, MA, USA, 1992.



BIBLIOGRAPHY 221

99. H. Horn. An inside look at planetary gears. Machine Design, pages 62–66, January
2012.

100. J.-S. Hu, C.-H. Wu, Y.-J. Tsai, and C.-H. Kuo. Study on the characteristics of a
homemade differential-velocity-type compliant joint for robotic manipulators. Ad-
vances in Mechanical Engineering, 7(9):1687814015603668, 2015.

101. A. Hughes and B. Drury. Electric Motors and Drives. Newnes, Boston, fourth
edition edition, 2013.

102. IFR Statistics Department. World robotics 2016 industrial robots, 2016.

103. IFR Statistics Department. World robotics 2016 service robots, 2016.

104. T. Izumi, Z. Li, and H. Zhou. A reduction ratio for minimizing dissipated energy in
a mechatronic system with a gear train. Mechatronics, 18(10):529 – 535, 2008.

105. A. Jafari, N. Tsagarakis, I. Sardellitti, and D. Caldwell. How design can affect the
energy required to regulate the stiffness in variable stiffness actuators. In Robotics
and Automation (ICRA), 2012 IEEE International Conference on, pages 2792–2797,
May 2012.

106. J. James, P. Ross, and D. Ball. Comparison of elastic configurations for energy ef-
ficient legged locomotion. In Australasian Conference on Robotics and Automation
2015, Canberra, A.C.T, 2015.

107. T. Javied, T. Rackow, R. Stankalla, C. Sterk, and J. Franke. A study on electric
energy consumption of manufacturing companies in the German industry with the
focus on electric drives. Procedia CIRP, 41:318 – 322, 2016.

108. R. Jimenez-Fabian, J. Geeroms, L. Flynn, B. Vanderborght, and D. Lefeber. Reduc-
tion of the torque requirements of an active ankle prosthesis using a parallel spring.
Robotics and Autonomous Systems, 92(Supplement C):187 – 196, 2017.

109. T. A. Johansen and T. I. Fossen. Control allocation – a survey. Automatica,
49(5):1087 – 1103, 2013.

110. S. Kajita, T. Nagasaki, K. Kaneko, K. Yokoi, and K. Tanie. A running controller of
humanoid biped HRP-2LR. In Proceedings of the 2005 IEEE International Confer-
ence on Robotics and Automation, pages 616–622, April 2005.

111. K. T. Kalveram, D. F. B. Haeufle, A. Seyfarth, and S. Grimmer. Energy manage-
ment that generates terrain following versus apex-preserving hopping in man and
machine. Biological Cybernetics, 106(1):1–13, 2012.

112. A. S. Kembaum, M. Kitchell, and M. Crittenden. An ultra-compact infinitely vari-
able transmission for robotics. In 2017 IEEE International Conference on Robotics
and Automation (ICRA), pages 1800–1807, May 2017.



222 BIBLIOGRAPHY

113. M. R. Kermani, M. Wong, R. V. Patel, M. Moallem, and M. Ostojic. Friction com-
pensation in low and high-reversal-velocity manipulators. In Robotics and Automa-
tion, 2004. Proceedings. ICRA ’04. 2004 IEEE International Conference on, vol-
ume 5, pages 4320–4325 Vol.5, April 2004.

114. M. Khoramshahi, A. Parsa, A. Ijspeert, and M. N. Ahmadabadi. Natural dynam-
ics modification for energy efficiency: A data-driven parallel compliance design
method. In 2014 IEEE International Conference on Robotics and Automation
(ICRA), pages 2412–2417, May 2014.

115. B.-S. Kim, J.-J. Park, and J.-B. Song. Improved manipulation efficiency using a
serial-type dual actuator unit. In Control, Automation and Systems, 2007. ICCAS
’07. International Conference on, pages 30–35, Oct 2007.

116. B. S. Kim, J. B. Song, and J. J. Park. A serial-type dual actuator unit with planetary
gear train: Basic design and applications. IEEE/ASME Transactions on Mechatron-
ics, 15(1):108–116, Feb 2010.

117. M. Kolivand, S. Li, and A. Kahraman. Prediction of mechanical gear mesh effi-
ciency of hypoid gear pairs. Mechanism and Machine Theory, 45(11):1568 – 1582,
2010.

118. Kollmorgen Corporation. Kollmorgen AKM™servomotor selection guide, 2014.

119. S. Kuitunen, K. Ogiso, and P. V. Komi. Leg and joint stiffness in human hopping.
Scandinavian Journal of Medicine & Science in Sports, 21(6):e159–e167, 2011.

120. J. Kurilova-Palisaitiene, E. Permin, T. Mannheim, K. Buhse, M. Lorenz, R. Schmitt,
B. Corves, and M. Björkman. Industrial energy efficiency potentials: an assessment
of three different robot concepts. International Journal of Sustainable Engineering,
10(3):185–196, 2017.

121. M. Laffranchi, L. Chen, N. Tsagarakis, and D. Caldwell. The role of physical damp-
ing in compliant actuation systems. In Intelligent Robots and Systems (IROS), 2012
IEEE/RSJ International Conference on, pages 3079–3085, Oct 2012.

122. H. Lee and Y. Choi. A new actuator system using dual-motors and a planetary gear.
IEEE/ASME Transactions on Mechatronics, 17(1):192–197, Feb 2012.

123. T. Lens, J. Kunz, O. v. Stryk, C. Trommer, and A. Karguth. BioRob-arm: A quickly
deployable and intrinsically safe, light- weight robot arm for service robotics appli-
cations. In ISR 2010 (41st International Symposium on Robotics) and ROBOTIK
2010 (6th German Conference on Robotics), pages 1–6, June 2010.

124. T. Lenzi, M. Cempini, L. J. Hargrove, and T. A. Kuiken. Actively variable trans-
mission for robotic knee prostheses. In 2017 IEEE International Conference on
Robotics and Automation (ICRA), pages 6665–6671, May 2017.

125. W. Levine. The Control Handbook, Second Edition: Control System Applications,
Second Edition. Electrical Engineering Handbook. CRC Press, 2010.



BIBLIOGRAPHY 223

126. S. Li and A. Kahraman. Prediction of spur gear mechanical power losses us-
ing a transient elastohydrodynamic lubrication model. Tribology Transactions,
53(4):554–563, 2010.

127. W. Li and E. Todorov. Iterative linear quadratic regulator design for nonlinear bio-
logical movement systems. In Proceedings of the First International Conference on
Informatics in Control, Automation and Robotics, pages 222–229, 2004.

128. R. L. Lieber and J. Fridén. Functional and clinical significance of skeletal muscle
architecture. Muscle & Nerve, 23(11):1647–1666, 2000.

129. X. Liu and I. Poulakakis. On the energetics of a switchable parallel elastic actuator
design for monopedal running. In 2015 IEEE International Conference on Robotics
and Biomimetics (ROBIO), pages 769–774, Dec 2015.

130. X. Liu, A. Rossi, and I. Poulakakis. SPEAR: A monopedal robot with switchable
parallel elastic actuation. In 2015 IEEE/RSJ International Conference on Intelligent
Robots and Systems (IROS), pages 5142–5147, Sept 2015.

131. S. M. Lukic, J. Cao, R. C. Bansal, F. Rodriguez, and A. Emadi. Energy storage
systems for automotive applications. IEEE Transactions on Industrial Electronics,
55(6):2258–2267, June 2008.

132. L. Mangialardi and G. Mantriota. Automatically regulated C.V.T. in wind power
systems. Renewable Energy, 4(3):299 – 310, 1994.

133. L. Márton and B. Lantos. Control of mechanical systems with stribeck friction and
backlash. Systems & Control Letters, 58(2):141 – 147, 2009.

134. G. Mathijssen, R. Furnémont, T. Verstraten, B. Brackx, J. Premec, R. Jiménez,
D. Lefeber, and B. Vanderborght. +SPEA introduction: Drastic actuator energy
requirement reduction by symbiosis of parallel motors, springs and locking mecha-
nisms. In 2016 IEEE International Conference on Robotics and Automation (ICRA),
pages 676–681, May 2016.

135. G. Mathijssen, R. Furnémont, T. Verstraten, C. Espinoza, S. Beckers, D. Lefeber,
and B. Vanderborght. Study on electric energy consumed in intermittent series-
parallel elastic actuators (iSPEA). Bioinspiration & Biomimetics, 12(3):036008,
2017.

136. F. B. Mathis and R. Mukherjee. Two-mass robot hopping on an elastic founda-
tion: Apex height control. In 2016 IEEE First International Conference on Control,
Measurement and Instrumentation (CMI), pages 167–171, Jan 2016.

137. K. Matsusaka, M. Uemura, and S. Kawamura. Realization of highly energy effi-
cient pick-and-place tasks using resonance-based robot motion control. Advanced
Robotics, 30(9):608–620, 2016.



224 BIBLIOGRAPHY

138. S. J. Mattes, P. E. Martin, and T. D. Royer. Walking symmetry and energy cost in
persons with unilateral transtibial amputations: matching prosthetic and intact limb
inertial properties. Archives of Physical Medicine and Rehabilitation, 81(5):561–
568, 2000.

139. B. J. McFadyen and D. A. Winter. An integrated biomechanical analysis of normal
stair ascent and descent. Journal of Biomechanics, 21(9):733 – 744, 1988.

140. D. W. McKinley and J. K. Parmerlee. Bi-stable brake, June 26 1973.

141. McKinsey Global Institute. Disruptive technologies: Advances that will transform
life, business, and the global economy, May 2013.

142. Y. Mei, Y.-H. Lu, Y. C. Hu, and C. S. G. Lee. Energy-efficient motion planning
for mobile robots. In Robotics and Automation, 2004. Proceedings. ICRA ’04. 2004
IEEE International Conference on, volume 5, pages 4344–4349 Vol.5, April 2004.

143. D. Meike and L. Ribickis. Energy efficient use of robotics in the automobile indus-
try. In 2011 15th International Conference on Advanced Robotics (ICAR), pages
507–511, June 2011.

144. U. Mettin, P. X. La Hera, L. B. Freidovich, and A. S. Shiriaev. Parallel elastic
actuators as a control tool for preplanned trajectories of underactuated mechanical
systems. The International Journal of Robotics Research, 29(9):1186–1198, 2010.

145. I. Mikhailova. Energy-based state-feedback control of systems with mechanical or
virtual springs. In 2013 IEEE International Conference on Robotics and Automa-
tion, pages 2509–2514, May 2013.

146. J. M. Miller. Hybrid electric vehicle propulsion system architectures of the e-CVT
type. IEEE Transactions on Power Electronics, 21(3):756–767, May 2006.

147. T. Miller. Permanent Magnet and Reluctance Motor Drives. Oxford, UK: Oxford
Science Publications, 1989.

148. L. Mooney and H. Herr. Continuously-variable series-elastic actuator. In 2013 IEEE
13th International Conference on Rehabilitation Robotics (ICORR), pages 1–6, June
2013.

149. J. B. Morrell and J. K. Salisbury. Parallel-coupled micro-macro actuators. The
International Journal of Robotics Research, 17(7):773–791, 1998.

150. H. W. Müller. Epicyclic drive trains: Analysis, synthesis, and applications. Wayne
State University Press, 1982.

151. K. Nagai, Y. Dake, Y. Shiigi, R. C. V. Loureiro, and W. S. Harwin. Design of
redundant drive joints with double actuation using springs in the second actuator to
avoid excessive active torques. In 2010 IEEE International Conference on Robotics
and Automation, pages 805–812, May 2010.



BIBLIOGRAPHY 225

152. K. Nagai, Y. Shiigi, Y. Ikegami, R. C. V. Loureiro, and W. S. Harwin. Impedance
control of redundant drive joints with double actuation. In 2009 IEEE International
Conference on Robotics and Automation, pages 1528–1534, May 2009.

153. J. Nakanishi, K. Rawlik, and S. Vijayakumar. Stiffness and temporal optimization in
periodic movements: An optimal control approach. In 2011 IEEE/RSJ International
Conference on Intelligent Robots and Systems, pages 718–724, Sept 2011.

154. S. A. Nasar and I. Boldea. Electric Machines: Steady-State Operation. Electric
Machines. Taylor & Francis, 1990.

155. L. Nolan and A. Lees. The functional demands on the intact limb during walking
for active trans-femoral and trans-tibial amputees. Prosthetics and Orthotics Inter-
national, 24(2):117–125, 2000.

156. M. Nordin and P.-O. Gutman. Controlling mechanical systems with backlash - a
survey. Automatica, 38(10):1633 – 1649, 2002.

157. J. Oehlke, M. A. Sharbafi, P. Beckerle, and A. Seyfarth. Template-based hopping
control of a bio-inspired segmented robotic leg. In 2016 6th IEEE International
Conference on Biomedical Robotics and Biomechatronics (BioRob), pages 35–40,
June 2016.

158. H. Olsson, K. Åström, C. C. de Wit, M. Gäfvert, and P. Lischinsky. Friction models
and friction compensation. European Journal of Control, 4(3):176 – 195, 1998.

159. J. Ontañón Ruiz, R. W. Daniel, and P. R. McǍree. On the use of differential
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