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Chapter 1

Introduction

The content of the current thesis can be scientifically categorized in the

field of System Identification. The introductory chapter contains a brief

presentation of the purpose of this field, the motivation behind the research

conducted by the author of this thesis as well as a list of publications that

constitute the product of the research that took place the last four years.

1



1. Introduction

1.1 The field of System Identification

The system identification field is the scientific field which studies, on a

theoretical as well as on a practical level, the development and the properties

of mathematical models, whose purpose is in general to incorporate dynamic

system characteristics, as desired by the designer. These models consist

usually of a set of mathematical equations which in turn contain unknown

parameters. Estimation of these unknown parameters lies in the core of the

studies conducted in the field. The identification procedure of a dynamic

system is not unique in general and the amount of prior information with

respect to the system structure plays an important role in the choice of

the mathematical structures used to model the system dynamics. The so-

called nonparametric models can be used as a tool at the first steps of the

identification procedure in order to increase the intuition on the system

structure as well as to characterize the quality of the measured data that

will be used for modeling, while they can also be used later for simulation

and validation of the system response.

1.2 Nonparametric model: The system’s

X-ray

The linear system case

Figure 1.1: A dynamic system consisting of two masses, two linear springs and
two linear dampers.

A dynamic system is depicted in Fig. 1.1. It consists of two masses, a

2



1.2. Nonparametric model: The system’s X-ray

linear spring and a linear damper and a force f is applied to mass m1. It is

easy to show that the displacements x1(t) and x2(t) of the masses m1 and

m2 due to the applied force f , satisfy the following differential equations:

m1
d2x1

dt2
+ c1

(
dx1

dt
− dx2

dt

)
+ k1(x1 − x2) = f(t)

m2
d2x2

dt2
− c1

(
dx1

dt
− dx2

dt

)
+ c2

dx2

dt
− k1(x1 − x2) + k2x2 = 0;

(1.1)

The relation between the force f and the displacement x2 of mass m2 can

be considered as a system with f the input and x2 the output of the system.

After manipulating (1.1) the ordinary differential equation describing the

relation between f and x2 can be written in the Laplace domain as:

X2(s)

F (s)
=

c1m1s+ k1m1

As4 +Bs3 + Cs2 +Ds+ E

A = m1m2 , B = c1m1 + c1m2 + c2m1

C = c1c2 + k1m1 + k1m2 + k2m1

D = c1k2 + c2k1 , E = k1k2

(1.2)

which constitutes the transfer function of the system. In order to estimate

the parameters m1,m2,c1,c2,k1,k2 of the system, one should consider a model

structure of the same form as (1.2). As long as there is knowledge of the

presence of the two massesm1 andm2, the two springs and the two dampers,

one can predict the order of the numerator and the denominator in (1.2).

However, it is often the case that this knowledge is not available beforehand

and choosing the model structure to resemble (1.2) can be a difficult task,

especially when the system structures become more complex.

In this case, it is possible to choose a model structure which is able

to describe all the (stable) linear systems, no matter the structure of the

system. For linear systems, it is known that the impulse response describes

completely the relation between the input and the output. Therefore it

comes natural to define the impulse response of the system as the model

structure and identify the impulse response coefficients based on measured

data. Alternatively it is possible to estimate the frequency response function

3



1. Introduction

Figure 1.2: The impulse response (left) as well as the FRF (right) of the linear
system described by (1.2) for m1 = 1 kg, m2 = 0.1 kg, c1 = 0.1
Ns/m, c2 = 0.5 Ns/m, k1 = 100 N/m and k2 = 50 N/m.

(FRF) of the system which is the Fourier transform of the system’s impulse

response. Both the impulse response as well as the FRF of the system

depicted in Fig. 1.1 (for a given values of the system parameters) are shown

in Fig. 1.2.

Assuming that the quality as well as the quantity of the data allows for

an accurate estimation of the responses depicted in Fig. 1.2, one can extract

useful information regarding the structure of the underlying system. For

example the existence of two resonance peaks points to the existence of two

masses and two pairs of complex poles, therefore a good initial guess of the

numerator’s degree is 4. Moreover, the decay time of the impulse response

provides information about the dominant time constant of the system and

the resonating behavior points to the existence of complex poles. There-

fore, the impulse response in time domain and its corresponding expression

in the frequency domain, the FRF, can be considered as the X-rays of the

system and if used properly, they can lead to the first valuable indica-

tions/conclusions with respect to the structure of the system under study.

Nonparametric structures for nonlinear systems

The benefits of the nonparametric models become even more evident in the

case of nonlinear systems, i.e. the case when the output of the system is

described by a nonlinear function of the current and/or past input samples.

4



1.2. Nonparametric model: The system’s X-ray

Given the large size of the class of nonlinear functions, it is often hard to

predict or recover the type of nonlinear behavior based on the measured data

from the system. Therefore the use of nonparametric models for nonlinear

systems becomes even more necessary for the model designer to increase

their intuition on the underlying nonlinear dynamics.

The extension of the impulse response for the linear systems to the

nonlinear case is the Volterra series [120]. The series consists of impulse

responses of dimensions higher or equal to one and, as explained in Chapter

4, it can be used to describe any nonlinear relation between input and

output under very mild and very often satisfied conditions. As such, the

Volterra series, expressed in time or in frequency domain, can be used to

extract useful information about the system’s nonlinear characteristics. For

example, given a persistent excitation, a two dimensional impulse response

such as the ones depicted in Fig. 1.3 can point to common model structures

used for identification of nonlinear systems.

1.2.1 Drawback of nonparametric modeling and

motivation of this research

Even though the Volterra series can be used to describe the dynamics of

a large class of nonlinear systems, its use has been limited to cases where

the memory of the underlying system is short or in general when a limited

number of Volterra series coefficients is sufficient [34]. In case of slow fading

memory systems and/or fast sampling frequencies, the number of Volterra

kernel coefficients to estimate grows combinatorially with the memory of

the kernel and exponentially with the degree of the series (the degree cor-

responds to the highest impulse response dimension included in the series).

Under these conditions, estimating the parameters of the Volterra series

very often results in an ill-conditioned optimization problem. Moreover, a

large number of data is necessary in order to obtain a model of increased

accuracy and decrease significantly the variance of the estimated parame-

ters.
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1. Introduction

Figure 1.3: Two examples of a 2D-impulse response. The characteristics of
the 2D impulse response can point to possible nonlinear structures
candidate to describe the dynamics of the nonlinear system. Left:
The case of the Hammerstein structure where a static nonlinear
function m(·) (in this case m(·) = x2 is followed by a linear sys-
tem with impulse response h(τ). Right: The case of the Wiener-
Hammerstein structure where a static nonlinear function m(·) (in
this case m(·) = x2 is sandwiched by two linear systems with im-
pulse response h(τ) and g(τ), respectively.

Central research question

The first research question considered in this thesis is the following:

“How can we efficiently obtain nonparametric models of reduced variance

for nonlinear systems in the form of a Volterra series, both in the time and

in the frequency domain, without the need of long, often not even available,

long data records?”

In terms of the current work, the problem of high variance is tackled

by including prior knowledge about the underlying dynamics during the

system identification. The prior knowledge considered is related, first of

all, to the fact that the impulse responses included in the Volterra series

and used to describe the nonlinear dynamics are tending exponentially to
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zero for increasing memory. Moreover, the Volterra coefficients exhibit a

certain level of correlation with the rest of the impulse response coefficients.

These two properties are expected to hold for the estimated Volterra kernels.

Therefore a penalization term on the estimated parameters is proposed

which, after tuned on the measured data, will impose these properties on

the estimated model.

The result is a trade-off between bias and variance which corresponds to

a decreased, in total, mean squared error (combination of bias and variance)

of the estimated model parameters. The goal of this research is to show

that the Volterra series can and should be used as a nonparametric model

for nonlinear system identification, even in the need of high memories and

a large number of Volterra kernel coefficients. Moreover, by illustrating

in this work the identification possibilities due to regularized estimation,

results of this thesis have already been used in other scientific contributions

(see Chapter 6) and are currently studied further in the system identification

community [133].

Apart from the identification part, the use of regularization for system

identification raises the question of optimal input excitation for a dynamic

system under the presence of prior knowledge. A common assumption in

the optimal input design studies is that the system belongs in the class of

models used to describe the underlying dynamics. Under this condition, the

information linked to a specific input-output dataset can be related only to

the parameter variance. As mentioned above, regularized estimation results

in biased estimation. Therefore the framework in which the optimal input

design is studied needs to be adapted accordingly. The research related

to design of optimal excitations provides significant intuition with respect

to the properties of informative datasets with respect to the chosen model

structures. Therefore, a part of this thesis has also been focused on answer-

ing the following research question:

“How is the spectrum of the optimal excitation for a dynamic system

related to the type of prior information using during the identification step?”

7
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1.3 Scientific contributions and outline of

the thesis

The scientific contributions in this thesis are concentrated in Chapters 4 -

8 while Chapters 2 and 3 are used to define all the important concepts used

in the rest of the thesis. The structure of the current work together with

the corresponding contributions, where applies, is the following:

• Chapter 2 introduces fundamental concepts and definitions in the field

of system identification, especially important for a reader outside the

field of system identification, to follow the work in the following chap-

ters.

• Chapter 3 presents the impulse response estimation in case of a linear

system and illustrates the dimensionality issues that occur. The prob-

lem of high variance of the estimated impulse coefficients is shown,

and the concept of regularization is introduced as a way to reduce the

uncertainty in the estimated model parameters.

• The content of Chapter 4 corresponds to the first contribution of

this thesis [12]. The Volterra series is presented as a nonparamet-

ric model for fading memory nonlinear systems. Then the Bayesian

perspective of regularization, that was used successfully in case of lin-

ear impulse response estimation, is extended to the identification case

of the Volterra series and the multidimensional impulse responses.

Solid arguments are provided with respect to the properties of the

regularization matrix proposed for the Volterra series. A number of

simulation results are used to illustrate the ability of the identification

method to capture the multidimensional impulse responses of the un-

derlying nonlinear systems, in case of some commonly used nonlinear

structures.

• Chapter 5 includes the application of the Volterra series estimation

framework described in Chapter 4 for the identification of two lab-

scale nonlinear systems, namely the Wiener-Hammerstein benchmark
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[86] as well as the cascaded water-tanks benchmark [125], [123]. The

first case corresponds to a nonlinear electronic circuit where a nonlin-

ear diode is sandwiched by two linear filters. It is shown that regular-

ized Volterra series estimation can be used to estimate the Volterra

kernels of the system for increasing orders and explain accordingly

an increasing part of the validation data. Moreover, the case when

different type of regularization for the estimated parameter vector is

used, is also discussed. It is shown that under the presence of model

errors, different prior information leads to different estimated mod-

els, even though the validation data are equally explained. A table

is also included to compare the obtained validation index with other

methods available in the literature.

For the second case, the method is applied to the identification of the

Cascaded Water Tanks benchmark [10]. The challenge in this identifi-

cation problem lies in the fact that the system dynamics are governed

by soft and hard nonlinearities. Moreover, a small number of data

is available for model estimation. Therefore transient estimation is

considered to take into account the significant contributions of the

transients in the validation dataset. It is shown that the estimated

model is able to capture a certain part of the system dynamics, how-

ever the limited amount of data does not allow for large memories of

the estimated Volterra kernels, even in the presence of regularization

in the identification criterion.

• Chapter 6 presents the application of the regularized Volterra series

estimation method on a real biomechanical system [142]. In terms

of a collaboration with the Delft University of Technology and the

BioMechanical Engineering Department, the Volterra series is used

to describe the nonlinear behavior of the dynamics between imposed

wrist motion and the evoked brain response measured as electroen-

cephalography (EEG) signals. Data of wrist angle and brain response

are available from 11 different subjects.

Previous studies conducted in the same university showed that a linear
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model could only capture maximum 10% of the measured output [143].

The first contribution of this chapter lies in the fact that a truncated

Volterra series of small order is able to capture a significant percentage

of the nonlinear response. This percentage is prone to increase when

a more carefully designed input with respect to the excited frequency

region is applied. Moreover, the multidimensional frequency response

of the identified Volterra kernels exhibits similar characteristics among

different subjects.

The results of this research lead to important conclusions with respect

to the application of the method on the identification of a highly

nonlinear system and revealed the relation between the consistency

of the method, the applied excitation and the model errors present

after the choice of the model structure. Important conclusions were

also extracted for the tuning of the prior knowledge based on the

measured data, the first step of regularized estimation. It became

clear that efficient tuning of the prior knowledge in the nonlinear case

and the estimation of Volterra kernels is an important research topic

to be addressed in the near future. Results towards this direction

have become recently available. Suggestions for future research on

the specific application itself are also provided, based on the estimated

models.

• Chapter 7 deals with two different optimal input design problems.

The first part of the chapter deals with optimal input design for the

identification of the Volterra series coefficients. Two algorithms are

used to derive the D-optimal input signals in the time domain and

extract conclusions on the properties of the optimal excitation for

Volterra series estimation. The second part corresponds to identifi-

cation of the minimum power excitation for linear impulse response

estimation under the presence of prior knowledge. It is shown that

the spectrum of the optimal (minimum power) input depends strongly

on the type of prior knowledge available. Results on nonparametric

estimation are compared with the ones obtained for the case of para-
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metric estimation of linear systems.

• Chapter 8 includes preliminary results on the regularized identifica-

tion of the Generalized Frequency Response Function (GFRF) which

corresponds to theN -dimensional Fourier transform of theN -dimensional

impulse response [132]. In case of a general non-periodic excitation,

the transient response of the system should also be taken into ac-

count during identification. Therefore, analytic expressions for the

transient response of a nonlinear system are derived, which can be

used for transient estimation in a Bayesian framework.

• Chapter 9 summarizes the conclusions extracted from the work con-

tained in this thesis and proposes a number of possible scientific paths

for the future researcher.

1.4 List of publications

The research conducted in terms of this thesis lead to a number of journal

as well as conference contributions. The latter are categorized and listed

below:

International journal papers

• Birpoutsoukis, G., Marconato, A., Lataire, J., and Schoukens, J.

(2017). Regularized Nonparametric Volterra Kernel Estimation. Au-

tomatica, 82:324-327, 2017.

• Vlaar, M. P., Birpoutsoukis, G., Lataire, J., Schoukens, M., Schouten,

A. C., Schoukens, J., and van der Helm, F. C. (2018). Modeling the

nonlinear cortical response in EEG evoked by wrist joint manipula-

tion. IEEE Transactions on Neural Systems and Rehabilitation En-

gineering. 26(1):205-215, 2018.

• Śliwiński, P., Marconato, A., Wachel, P., and Birpoutsoukis, G.

(2017). Nonlinear system modeling based on constrained Volterra
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series estimates., IET Control Theory & Applications, 11(15):2623-

2629, 2017.

• Birpoutsoukis, G., Csurcsia, P.Z., and Schoukens, J. (2017). Effi-

cient Multidimensional Regularization for Volterra Series Estimation.

Journal of Mechanical Systems and Signal Processing. 104:896-914,

2017.

Communications at international congresses/symposia integrally

published in proceedings

• Birpoutsoukis, G., and Schoukens, J. Nonparametric Volterra ker-

nel estimation using regularization. In 2015 IEEE International In-

strumentation and Measurement Technology Conference (I2MTC) Pro-

ceedings, Pisa, Italy, May 2015, (pp. 222-227).

• Birpoutsoukis, G., Csurcsia, P.Z., and Schoukens, J. (2017). Non-

parametric Volterra Series Estimate of the Cascaded Water Tanks

Using Multidimensional Regularization. In the World Congress of

the International Federation of Automatic Control (IFAC), Toulouse,

France, 2017 (pp. 478-483).

Communications at international congresses/workshops not pub-

lished or only available as an abstract

• Birpoutsoukis, G., and Schoukens, J.. A first Approach to Optimal

Experiment Design under Regularized Estimation. European Research

Network on System Identification, Oostende, Belgium, September 21-

24, 2014.

• Wachel, P., Birpoutsoukis, G., Śliwiński, P., Marconato, A., and

Schoukens, J.. Comparing the regularized LS and the convex con-

strained LS methods on Volterra series estimation. European Re-

search Network on System Identification, Oostende, Belgium, Septem-

ber 20-23, 2015.
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• Birpoutsoukis, G., Bombois, X., and Schoukens, J.. Optimal input

design in the presence of prior knowledge. European Research Net-

work on System Identification, Cison di Valmarino, Italy, September

25-28, 2016.

• Birpoutsoukis, G., Vlaar, M. P., Lataire, J., Schoukens, M., Schouten,

A. C., Schoukens, J., and van der Helm, F. C.. Volterra Series of the

brain response to imposed wrist motion. European Research Network

on System Identification, Lyon, France, September 24-27, 2017.

Communications at local congresses/workshops not published or

only available as an abstract

• Birpoutsoukis, G., and Schoukens, J.. Regularized Nonparametric

Volterra Kernel Estimation. 34th Benelux Meeting on Systems and

Control, Lommel, Belgium, March 24-26, 2015.

• Birpoutsoukis, G., Vlaar, M. P., Lataire, J., Schoukens, M., Schouten,

A. C., Schoukens, J., and van der Helm, F. C.. Volterra Series of the

brain response to imposed wrist motion. 36th Benelux Meeting on

Systems and Control, Spa, Belgium, March 28-30, 2017.
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Chapter 2

Preliminaries on System

Identification

The field of System Identification (SysId) deals with the construction of

mathematical models for a large variety of processes, such as physical pro-

cesses, engineering processes, e.t.c.. These models can be used for a variety

of applications, among which the most common are simulation, prediction,

construction of model-based controllers as well as understanding of the sys-

tem’s inherent mechanisms. A number of fundamental concepts such as

system and signal, mathematical model of a system, input excitation and

output response as well as the identification procedure of a dynamic system,

that will be used throughout the thesis, are presented and discussed briefly

in this chapter.
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2.1 System and signal

The mathematical models are built based on measured signals from the

system to be modeled. The concept of a signal and a system can be defined

as follows [105], [2]:

Definition 2.1. A discrete signal is defined as an array of numbers. In-

formation related to a physical quantity or phenomenon is often encoded in

the form of a signal.

Any measurement obtained from a physical process is recorded in the

form of a signal, and as such is processed in order to extract information.

Definition 2.2. The term system can be used to describe any relation be-

tween two signals.

This definition is quite general, nevertheless it is able to describe ac-

curately all the processes originated from different scientific fields, such as

the field of Engineering as well as the fields of Social and Health Sciences.

In this thesis, the systems under study belong to the field of Engineering

and more precisely, the fields of Mechanical, Electrical and Bio-mechanical

Engineering. Block structured schemes are commonly used to illustrate a

system together with its associated signals. Such a block structure descrip-

tion is presented in Fig. 2.1.

Figure 2.1: Block structure representation of a system. The input (u0) and
output (y0) signals as well as the corresponding measurement noise
terms (eu and e) are depicted.
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The notation used in Fig. 2.1 will be used as such throughout this thesis

for the corresponding signals. To be more specific:

• S0 denotes the true unknown system under study. It represents the

relation between the signals u0 and y0.

• u0 denotes the input excitation/perturbation applied to the system

S0 and u is the corresponding measured input excitation sample.

• y0 denotes the system output, namely the reaction of the system to

the input excitation u0. The corresponding measured output signal is

y.

• eu and e are the measurement noise terms added to the input and

output signals, respectively, i.e. u = u0 + eu and y = y0 + e. The

noise in the measured signals occurs either from the sensors or from

the environment of the measurement setup.

The case where the input signal is contaminated with noise (eu 6= 0) is

referred to as the errors-in-variables (EIV) problem [113] (in statistics it

is also known as the problem of measurement noise in the independent

variables). The EIV problem constitutes a special case in the field of system

identification [139], however in this work the measurement noise at the input

is considered to be negligible.

Assumption 2.1. Throughout the thesis, it is assumed that the input signal

applied to the system is known exactly at any time instant, i.e. it holds that

eu(k) = 0,∀k, where k denotes the sample index.

The output measurement noise e represents the part of the measured

output y whose value cannot be predicted. Therefore it is commonly as-

sumed that there exists an underlying stochastic process which generates

these unpredictable values, characterized by an application-dependent prob-

ability density function (pdf).

Assumption 2.2. In this thesis, the measurement noise e is assumed to be

a realization of a zero mean independently and identically distributed (i.i.d)
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Gaussian stationary stochastic process with variance σ2
e (e(k) ∼ N (0, σ2

e)).

It will also be referred to as zero mean Gaussian white noise signal, i.e.

E {e(k)} = 0,∀k

Re(τ) = E {e(k) · e(k − τ)} =

σ2
e if τ = 0

0 if τ 6= 0

(2.1)

where E {·} denotes the mathematical expectation operator.

Definition 2.3. The amount of noise e in the measured system output y

can be quantified by the Signal-to-Noise Ratio (SNR). In this thesis, the

SNR is defined as:

SNR =
var(y0)

var(e)

where var(·) denotes the variance of the argument.

2.2 Identification of a dynamic system

2.2.1 The system identification procedure

The concept of system identification can be described as follows:

Definition 2.4. System identification is a procedure during which input

and output data measured from a true process are used in a specific way

such that a mathematical representation of the process can be constructed.

This representation should be able to imitate the behavior of the process in

a way that is in accordance to the posterior use of the model.

These representations, in the form of equations, often involve parameters

which are contained in a vector θ. This vector is estimated during the SysId

procedure. This leads to the following formal definition of a model.

Definition 2.5. Consider the system S0 and the measurement variables

depicted in Fig. 2.1. A mathematical model of S0 with system output y0, is
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denoted by y(u, θ) can be used to describe partially or completely the output

of S0 when excited by the input signal u.

The SysId procedure can be described by the following four basic steps::

• Measured data: N input u(k) and output y(k) data measurements,

k = 1, 2, ..., N , are collected from the system S0 to be identified (From

now on, the measured output data of size N will be denoted in vector

form as YN). In general, the larger the number of data N and the

SNR, the more the information collected about the system S0. The

choice of the appropriate input signal to provide sufficient excitation

for system identification is part of the experiment design which takes

place before the measurement stage. It is also referred to as Optimal

Input Design (OID).

• Model structure: Once the data have been collected, a model set M
is chosen. This set contains all the possible model candidates used to

describe the behavior of S0. The model structure is parametrized by

a vector θ ∈ Rnθ that contains nθ model parameters. The set M can

be defined as:

M := {S(θ) | θ ∈ Θ ⊂ Rnθ} (2.2)

where S(θ) is the parameterized model of S0 and Θ is a vector space

containing all the possible parameter vectors θ. If there exists a vector

θ0 such that S(θ0) = S0, then S0 ∈M which means that the system is

in the model set. This condition has been used widely in the literature

because it implies that the model structure is rich enough to describe

S0 and, as such, to eliminate the model errors.

Remark 2.1. The dimension nθ0 of the true unknown parameter vec-

tor θ0 can be in general ∞. In this case, the condition S0 ∈M is not

possible in a practical case where a finite number of parameters is

estimated.
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• Identification criterion: Given the measured data UN and YN and the

selected model structureM, a criterion is required to determine how

the data will be used to extract the most appropriate model out of

M. Maximum Likelihood (ML) estimation [113] as well as Bayesian

estimation frameworks [116] are some of the most commonly used

identification procedures which are linked to different identification

criteria. In general the criterion is chosen to measure the distance

between the observed and the measured data, preferably orientated

towards the intended use of the model. The optimization of the identi-

fication criterion leads to the definition of an estimator (Section 2.2.2).

The result is an estimated parameter vector θ̂N and the corresponding

estimated model S(θ̂N) with model output ym(u, θ̂N).

• Model validation: As long as the model set M together with the cri-

terion and the data have been chosen appropriately, the model S(θ̂N)

should have the property to describe certain aspects of the system’s

behavior. If that is achieved, then S(θ̂N) should be able to exhibit

this property when new excitations signals, whose corresponding sys-

tem outputs were not included in the model estimation step, are used.

The model is in this way tested to verify that on the one hand, all the

important behavioral aspects have been included in its expression, on

the other hand that the model succeeds in describing the underlying

system and not in providing a mathematical expression of the signals

used for estimation (overfitting).

2.2.2 Estimators

Definition 2.6. Given a model structure M parameterized with a vector

θ, an estimator is defined as an operator which maps the measured output

vector YN to an estimated parameter vector θ̂N .

The estimated vector θ̂N is a function of the measured data which are

usually contaminated with noise. As long as this noise term is assumed

to be the realization of a stochastic process, the identified vector θ̂N is
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a random variable itself with specific stochastic properties. The type of

estimator used for SysId, as well as the distribution of the measurement

noise, affect the stochastic properties of the estimated parameter vector

θ̂N . The Mean Square Error can be used to quantify these properties of the

random variable θ̂N .

Definition 2.7. The Mean Square Error (MSE) of the estimate θ̂N is given

by:

MSE(θ̂N) = b(θ̂N)T b(θ̂N) + P (θ̂N) (2.3)

where MSE ∈ Rnθ×nθ , b(θ̂N) = E[θ̂N ]−θ0 ∈ Rnθ is called the bias, θ0 denot-

ing the true parameter vector to estimate, and P (θ̂N) = E[(θ̂N − θ∗)(θ̂N −
θ∗)T ] ∈ Rnθ×nθ is called the covariance matrix of the estimated parameter

vector θ̂N , respectively.

The bias term b(θ̂N) contains information about the average difference

of the estimated value from the true unknown parameter vector θ0, while

the covariance matrix P (θ̂N) is related to the variability of the estimated

parameters around their expected value.

Definition 2.8. An estimator is called unbiased if E[θ̂N ] = θ0 ⇒ b(θ̂) = 0.

If an estimator becomes unbiased for N → ∞ then it is an asymptotically

unbiased estimator.

Definition 2.9. An unbiased estimator is called efficient if it provides the

estimated parameters of the lowest possible variance among all the unbi-

ased estimators. Again, when this property is met for N → ∞, then the

estimator is called asymptotically efficient.

For an unbiased estimator, the Cramér–Rao theorem provides a lower

bound on the achievable minimum variance.

Definition 2.10. The (i, j)-element of the Fisher information matrix, de-

noted by M(θ), is given by:

M(i, j) = E[(
∂ln(fy(YN , θ))

θ(i)
)(
∂ln(fy(YN , θ))

θ(j)
)] (2.4)
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where fy corresponds to the probability density function of the measured

output vector YN . The mathematical expectation operator is taken with

respect to YN .

Remark 2.2. The Fisher information matrix M(θ) depends only on the

probability function of the measured output vector, neither on YN nor on

θ̂N . As such, the Fisher matrix M(θ0) for a system with true unknown

parameter vector θ0 can be computed in advance, before any experiment on

the system has been implemented.

Theorem 2.1. (Cramér–Rao bound) The covariance matrix P (θ̂N) of any

unbiased estimator cannot be smaller (in matrix sense) than the inverse of

the Fisher information matrix, i.e.:

P (θ̂N) ≥M−1(θ0)

Remark 2.3. The Cramér–Rao bound gives a bound on the covariance ma-

trix and at the same time on the MSE, that can be achieved by all unbiased

estimators. Nevertheless, the MSE error is possible to decrease significantly

if the property of unbiasedness is not imposed any more. This idea lies in

the core of the research content presented in this thesis.

2.2.3 Identification criteria

Definition 2.11. An identification criterion VN(Y0, Y (θ), θ) (denoted for

simplicity VN(θ)) is chosen, based on which the parameter vector estimate

θ̂N is computed:

θ̂N = arg min
θ∈Θ

VN(θ)

Assumption 2.3. For any estimator used in this thesis it holds that θ̂
N→∞−→

θ∗ = arg minθ V̄ (θ) where V̄ (θ) = E[VN(θ)].

In terms of the current thesis, two identification criteria are used, namely

the LS cost function (occur
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V LS
N (θ) = ‖YN − Y ‖2

as well as the regularized least squares criterion:

V Reg
N (θ) = ‖YN − Y ‖2 + θTDθ

with ‖ · ‖ denoting the 2-norm of a vector and D ∈ Rnθ×nθ a penalization

matrix.

2.3 System categorizations

Depending on the assumptions with respect to the nature of the system to-

be-identified there exist several categorizations of systems in the literature.

The most relevant ones for the current research are presented briefly in this

section.

Definition 2.12. (Static VS Dynamic) In case of a static system, the sys-

tem output at time instant k, y(k) is related only to the input excitation

at the same time instant u(k). On the contrary, the output of a causal

dynamic system y(k) depends on the current input u(k) as well as on past

input excitations, u(k − τ), τ > 0.

Dynamic systems have memory since the observed response is a com-

bined result from present and past input values. An important categoriza-

tion in the field of system identification is made with respect to the extent

that a system’s behavior presents linear characteristics.

Definition 2.13. (Linear VS Nonlinear) Supposing u(t) and y(t) represent

the input and output of a system in time, t denoting the time variable.

When the system dynamics present the following two characteristics then

the system is linear:

• Homogeneity: if u(t)→ y(t) then αu(t)→ αy(t), ∀α

• Superposition: if

u1(t)→ y1(t)

u2(t)→ y2(t)
then u1(t) + u2(t)→ y1(t) + y2(t)
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When at least one of these two properties are not observed in the system

behavior, then the system is called nonlinear.

In general the systems are dominated by nonlinear dynamics. Linear

behavior is usually observed in the vicinity of the system’s operating point.

The size of the operating region into which the system can be assumed to

be linear depends strongly on the dynamics of the system. Linear system

analysis is often significant to get intuition as well as to understand the

underlying dynamics, while it has been extensively used in applications

such as control ([4]).

In contradiction to that, nonlinear systems can be even subcategorized

with respect to the type of nonlinearity they exhibit. The latter is not true

for the linear case where a linear expression is able to describe the behavior

of many different linear systems.

Another categorization is related to the changes of the systems dynamics

in time.

Definition 2.14. (Time-Invariant VS Time-Varying) When the dynamic

behavior of a system remains unaltered during time, then the system is

called time-invariant. When the dynamics of the system change with time,

the system is called time-varying.

Definition 2.15. (Continuous VS Discrete) If the response of the system

is available at any time instant then the system is assumed to be continuous.

On the contrary, if the system’s response is known only at distinct, usually

equidistant, time instants then the system is called discrete.

In nature, systems are always continuous since they evolve continuously

with time. However, in a digital environment it is often handy to obtain

and utilize a description of the system at a sample level, i.e. discrete time

instants. The methods presented in this work are focused on the identifica-

tion of discrete nonlinear time-invariant dynamic systems.
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Figure 2.2: Left: The response of a continuous time system is available at any
time instant. Right: The response of a discrete time system is
available only at specific time instants.

2.4 Model categorizations

The general purpose of a mathematical model is to resemble as well as pos-

sible the response of a system as the reaction to a certain class of excitation

signals. As mentioned in Section 2.2, the choice of the model structure is

a very crucial step in the identification procedure. Three cases of modeling

procedures are associated to the way the model structure is selected:

• White box modeling: Both the model structure as well as any param-

eter in the model are known exactly (ideal case).

• Grey box modeling: In this case, the model structure is partially

known, usually from the physics behind the system, and the measured

data are used to estimate specific parameters of the model.

• Black box modeling: This is the case where the selected model struc-

ture has not originated from theory and the parameters are quite often

not directly linked to known physical quantities. The efficiency of the

model structure is verified and the model parameters are estimated

with the use of the measured data.

In the literature, the aforementioned categories can be split even further.

For a more detailed model categorization, the interested reader is referred
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to [83].

2.5 Signals used for identification in this

thesis

There exists a big variety of signals which can be used for identification

purposes. In general, the signal should excite all the dynamics of the sys-

tem that is desired to be captured by the model. If the goal is, e.g. to

describe the system in a specific frequency band then the signal should

be constructed such that these frequencies are excited sufficiently. On the

other hand, properties of the system which are not interesting for modeling

purposes should be unexcited. A filter can be applied to the signal before-

hand if certain frequency regions should not be excited (e.g. high frequency

regions in mechanical systems are often avoided for safety purposes).

Given the aforementioned intuition, a commonly used input for identifi-

cation is the white noise signal. A realization of a white noise signal in the

time and in the frequency domain is depicted in Fig. 2.3 (upper). Such a

signal is easy to construct and moreover it allows to excite the full frequency

band, as shown in Fig. 2.3 (upper right). It is often used in the beginning

of the identification procedure where there is limited information about the

system’s dynamics.

However, the use of white noise is not always favorable due to the fact

that the spectrum of a finite length white noise realization is oscillatory.

As a result, there exist frequencies which are excited more than others,

resulting in low SNR for the latter ones. An efficient way to control the

power/frequency of the signal is the use of a random phase multisine [122].

A multisine is defined as:

u(t) = A0 +
F∑
k=1

Ak cos(2π kf0 t+ φk) (2.5)

where t is a time variable, f0 is the fundamental frequency of the multisine,

F sets the maximum integer multiple of the fundamental frequency f0, A0
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2.5. Signals used for identification in this thesis

Figure 2.3: Upper Left: A finite length realization of a white noise process in
time domain. Upper Right: Amplitude of the DFT (in dB) for
the white noise signal in the frequency domain. Lower Left: A
realization of a random phase multisine in time domain. Lower
Right: Amplitude of the DFT (in dB) for the multisine signal in
the frequency domain.

sets the mean value of the signal, Ak, k = 1, . . . , F denote the amplitude

for each frequency contained in the multisine and φk, k = 1, . . . , F is the

phase of each cosine term. Specifying the amplitudes Ak, one can control

the power/frequency, while the parameters f0 and F control the frequency

band of the excitation.

Moreover, by proper choice of the phase terms φk, it is possible to con-

struct a signal of reasonable amplitude. This is essential not only for sat-

isfying the amplitude constraints of the system but also for the excitation

of nonlinear systems where large changes in the amplitude can lead to very

different dynamic behavior. A proper choice towards this direction is the
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phase terms to be uniformly distributed in the interval [0, 2π[. This will

result in a time domain signal such as the one depicted in Fig. 2.3 (lower

left). It looks noisy due to the random phases, the spectrum of the signal

(lower right figure) covers the same frequency band as the white noise sig-

nal, however now there is full control over the frequency distribution of the

signal power.

Throughout the thesis, random phase multisine or a filtered version of

it will be used for the simulation examples. For the identification of true

systems, white noise signals have also been used during the experiments.

2.5.1 Discrete Fourier Transform (DFT)

In terms of this thesis, the frequency content of a signal is defined with the

use of the Discrete Fourier Transform (DFT).

Definition 2.16. The DFT of a discrete signal u(kTs), k = 0, 1, . . . , N −1

is given by:

U f (l) = Sc
N−1∑
k=0

u(kTs)e
−j2π kl

N (2.6)

where:

• l corresponds to a frequency line. The number of lines is equal to N .

• U f (l) is the component of the signal spectrum at frequency line l.

• Ts is the sampling period of the measured signal.

• Sc is a scaling factor which depends on the type of signal.

The 1st, 2nd, . . . , N th frequency lines correspond to frequencies 0, fs
N
, 2fs

N
, . . . ,

(N − 1)fs
N

where fs represents the sampling frequency in Hz.
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2.6. Summary

2.6 Summary

This chapter is used to introduce fundamental concepts in the field of sys-

tem identification. It is important to note that the explanation of certain

concepts, such as the model categorizations, is kept at a very basic level

for the moment. Further specific details are given throughout the thesis

when necessary since the role of the current text is not to replace any other

existing book on fundamentals of system identification.
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Chapter 3

Impulse Response of Linear

Systems and Regularization

In this chapter the concept of regularization for a linear time-invariant sys-

tem is introduced. A LTI system can be modeled in a parametric way by

estimating the system’s transfer function or in a nonparametric way by es-

timating its impulse response, both in time or in frequency domain. Each

choice is linked with a number of advantages and drawbacks. It is shown

that the number of parameters is the disadvantage of nonparametric mod-

eling which often results in high variance for the estimated parameters.

The concept of regularization is used to deal with this problem in an ef-

ficient way, by penalizing the estimated parameters with respect to prior

knowledge about the system’s dynamics.
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3. Impulse Response of Linear Systems and Regularization

3.1 Linear Time-Invariant Systems

3.1.1 Transfer function of a LTI system

Figure 3.1: A Linear Time Invariant (LTI) system in an output-error frame-
work.

Consider the continuous LTI system together with the input excitation

u and measured output response y depicted in Fig. 3.1. Assume, for now

that the noiseless true system output is measured, i.e. y(t) = y0(t). The

dynamics of the LTI system can be described with the use of ordinary

differential equations (ODE) defined as:

nβ∑
n=0

βn
dnu(t)

dtn
=

nα∑
n=0

αn
dny(t)

dtn
(3.1)

where t is a continuous time variable and dnf(t)
dtn

represents the derivative of

order n of any function f(t) with respect to time t. The ODE can be trans-

formed into an algebraic equation with the use of the Laplace transform

and (assuming zero initial conditions for the system) (3.1) can be written

as:

nβ∑
n=0

βns
nU(s) =

nα∑
n=0

αns
nY (s)⇒ Y (s)

U(s)
=

∑nβ
n=0 βns

n∑nα
n=0 αns

n
= G(s) (3.2)

where U(s), Y (s) is the Laplace transform of the input and output signal,

respectively, and G(s) is the transfer function [82] of the LTI system. By

substituting s = jω, j being the imaginary unit and ω representing fre-

quency measured in rad/sec, it is possible to analyze the response of the

LTI system shown in Fig. 3.1 to a periodic input of frequency ω at steady

state (after the transient terms have decayed sufficiently):
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3.1. Linear Time-Invariant Systems

u(t) = A sin(ωt)⇒ y(t) = A|G(jω)| sin(ωt+ ∠G(jω)), (3.3)

where A denotes the amplitude of the input signal, |G(jω)| is the amplitude

of G(jω) and ∠G(jω) is the phase of the output signal (angle of the G(jω)).

The complex function G(jω) is also referred to as the Frequency Response

Function (FRF) [113] and characterizes completely the behavior of the LTI

system at steady-state. The amplitude and phase for different values of

frequency ω are often depicted in the so-called Bode plot.

For discrete-time LTI systems consider again the LTI system in Fig. 3.1

but now u and y are discrete signals given in a time series form (u(k),

y(k), k = 0, . . . , N − 1). The dynamics of the system can be described with

the use of difference equations:

nβ∑
n=0

βnu(k − n) =
nα∑
n=0

αny(k − n) (3.4)

and the rational form is obtained either with the use of the Z-transform or

the shift operator q (q−mu(k) = u(k −m))as:

Y (z)

U(z)
=

∑nβ
n=0 βnz

n∑nα
n=0 αnz

n
= G(z) or

y(k)

u(k)
=

∑nβ
n=0 βnq

n∑nα
n=0 αnq

n
= G(q) (3.5)

where U(z), Y (z) is the Z-transform of the input and output signal, respec-

tively, and G(z) is the transfer function of the discrete time LTI system.

The expression including the q-operator is commonly used in the field of

Signal Processing. Both rational expressions in (3.5) can be used equally as

a parametric model structure to describe the dynamics of the LTI system.

By choosing the proper number of poles (poles = roots of the denominator

in (3.5) = nα) and zeros (zeros = roots of the numerator in (3.5) = nβ), the

measured input and output data can be used to estimate the coefficients

αn, n = 0, . . . , nα and βn, n = 0, . . . , nβ.
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3. Impulse Response of Linear Systems and Regularization

Figure 3.2: The impulse excitation. Left: The basic waveform uδ(t) used to
describe the continuous time impulse excitation. Right: The im-
pulse excitation defined in the discrete time domain as a discrete
signal with one non-zero value. Note that the rectangular pulse is
not important since other sequences can also be used for the same
definition, as long as they satisfy the property of the unit area [73].

3.1.2 Impulse response of a LTI system

It can be proved that the transfer functions H(s) and H(z) are the Laplace

and Z-transforms of the impulse response of the system, respectively. More-

over, the dynamics of a LTI system are completely described by the convo-

lution of its impulse response with the corresponding input excitation:

y(t) =

∫ ∞
−∞

h(τ)u(t− τ)dτ (3.6)

where h(t) is the time domain impulse response of the linear system, namely

the response of the system to uδ(t) depicted in Fig. 3.2 (Left) and defined

as:

uδ(t) =

1
δ

for |t| < 1
2
δ

0 elsewhere

for δ → 0. In the discrete time domain the convolution integral (3.6)

becomes a sum, and can be written as:

y(k) =
∞∑
−∞

h(τ)u(k − τ) (3.7)
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3.1. Linear Time-Invariant Systems

Figure 3.3: Impulse response of causal dynamic systems. Left: Response of a
continuous time system. Right: Response of a discrete time system.

where y(k) is the discrete sequence representing the system response and

h(τ) is the discrete impulse response of the linear system which is the re-

sponse of the system to u(k) depicted in Fig. 3.2 (Right) and defined as:

uδ(k) =

1 for k = 0

0 elsewhere
(3.8)

Remark 3.1. The systems studied in this thesis are causal. This means

that h(τ) = 0, τ < 0 (system output y(k) cannot depend on future applied

inputs u(k − τ), τ < 0) and therefore the lower bound of the summation in

(3.7) will be fixed from now on to 0.

The impulse response of a continuous and a discrete causal system can

be observed in Fig. 3.3.

Discrete time systems can either be discretized versions of a system

defined in the continuous time domain or they can be defined directly as

difference equations (3.4). In the first case, it is crucial to choose properly

the sampling frequency fs of the discretization. The higher the sampling

frequency of the measured input and output signals, the better the dynamics

of the underlying system will be captured. In the second case, once a

difference equation is chosen to describe the discrete system, an assumption
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3. Impulse Response of Linear Systems and Regularization

should be made on the relation between the sampling time Ts = 1
fs

and the

dynamics of the underlying system as well as the frequency content of the

measured signals.

Assumption 3.1. (Nyquist criterion) It is assumed that the sampling fre-

quency is always at least two times larger than the largest frequency com-

ponents contained in the underlying continuous signals, in order to avoid

aliasing effects. At system level, the sampling frequency will always be sig-

nificantly larger than the bandwidth of the system.

3.2 FIR model and the curse of

dimensionality

Consider the LTI system depicted in Fig. 3.1. The output measurements y

are corrupted by the noise source e (assumption of previous section y(t) =

y0(t) does not hold any more) while the input excitation u is assumed to

be noise-free. The dynamics of the true linear system S0 are given by:

S0 : y(k) = G0(q)u(k) + e(k)

withG0(q) = B(q)/A(q) a rational transfer function whose impulse response

is infinite (IIR), i.e. G0(q) =
∞∑
τ=0

h0(τ)q−τ with h0(τ), τ = 0, . . . ,∞ the

impulse response of the true underlying system G0.

The system is modeled in a nonparametric way by identifying the im-

pulse response coefficients of the system. Even though the impulse response

is infinite, in practice the response of a stable system decays eventually very

close to zero, therefore after a specific time instant it can be assumed that

the dynamics of the system can be described very accurately with a trun-

cated finite impulse response (FIR).

The model output is defined in this case as:

y(k) =
n−1∑
τ=0

h(τ)u(k − τ) + e (3.9)
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3.2. FIR model and the curse of dimensionality

By observing the modeled output given in (3.9), the chosen FIR model

structure is linear in the model parameters. Assume that N input-output

measurements of u and y are available, then (3.9) can be written as:

YN = ΦT
Nθ + E (3.10)

where

θ = [h1(0) h1(1) . . . h1(n− 1)]T

YN = [y(n− 1) y(n) . . . y(N − 1)]T

φ1(k) = [u(k) u(k − 1) . . . u(k − n+ 1)]T

ΦN = [φ1(n− 1) φ1(n) . . . φ1(N − 1)]

E = [e(n− 1) e(n) . . . e(N − 1)]T

(3.11)

with ΦN ∈ Rn×(N−n+1), θ ∈ Rn, YN ∈ R(N−n+1), φ1(k) ∈ Rn and E ∈
R(N−n+1). The subscript 1 in h1(τ) is used to denote that this is the

1−dimensional (linear) impulse response.

Remark 3.2. The vectors YN as well as φ1(k), used to construct the matrix

ΦN , start at n− 1 and not 0. The reason is that a number of past values of

the input included in ΦN are not known. However, if the system is excited

by periodic data and the system reaches steady-state, then the unknown

past values can be replaced by the last values of the period of the signal

(u(k) = u(k + T ), k < 0, T denoting the period of the signal).

Given (3.10) and the stochastic properties of the output measurement

noise e (Gaussian i.i.d. white noise), the ML estimation of the parameter

vector θ boils down to the LS problem: [82], [113]:

θ̂LS
N = arg min

θ
‖YN − ΦT

Nθ‖2 (3.12)

where the LS estimate is given by:

θ̂LS
N = (ΦNΦT

N)−1ΦNYN . (3.13)
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3. Impulse Response of Linear Systems and Regularization

With respect to the stochastic properties of the LS estimator, when the

model is assumed to be complex enough to capture the underlying system

dynamics (S0 ∈M) then:

• the estimator is unbiased, i.e. b(θ̂LS
N ) = E[θ̂LS

N ] − θ0 = 0, where θ0

denotes the true parameter vector and contains the true underlying

impulse response coefficients to be estimated.

• the variance of the estimated parameter vector is given by P (θ̂LS
N ) =

σ2

N
(ΦNΦT

N)−1

However, the optimization problem (3.12) is very often such that the models

obtained by (3.13) suffer from high variance. A typical estimated FIR model

of a LTI system in such a case is depicted in Fig. 3.4. This is typically the

case when one or more of the cases below hold:

• the memory n of the system is large, leading to a large number of

parameters to estimate

• the level of the noise added to the measured output is high

• the data record from the true system is not sufficiently long

• a non-sufficiently exciting input excitation is used for identification

A measure that connects the first three aforementioned cases is the ratio

data/number of parameters (or N/n in case of linear system). Given that

the input signals used for model estimation and validation belong to the

same class of signals, a low validation error of the estimated model can

be achieved when N/n is sufficiently high with respect to the noise in the

measured data. The question is: what happens when the latter does not

hold? The answer is given in the following section where the concept of

regularization is introduced as a way to tackle the problem of high variance

in the estimated model parameters.
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3.3. Regularized impulse response estimation for linear systems

Figure 3.4: Typical impulse response estimate in the case of ill-conditioned LS
optimization problems. In this example it holds N/n = 1.5 for the
ratio data/parameters and SNR = 10 dB for the noise level.

3.3 Regularized impulse response

estimation for linear systems

3.3.1 Introduction

The concept of regularization is quite old in the fields of statistics and

machine learning. Early results on the topic of regularization include the

articles of Tichonov on the inverse and ill-conditioned problems [136], [137],

[138]. The Tichonov regularization is also known under the term ridge re-

gression in the field of statistics [68], [66], [65] while the Lasso regularization

method [135] was also introduced two decades ago.

The last 7 seven years the concept of regularization has been introduced

in the field of system identification in order to tackle the problem of high

noise sensitivity in the linear nonparametric modeling case [109], [32], [84],

[111], [110], [46], [77].

3.3.2 Stable and smooth impulse responses

In the case of impulse response estimation, regularization can be used to

penalize the model parameters, namely the impulse response coefficients,
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3. Impulse Response of Linear Systems and Regularization

based on prior knowledge about the dynamics of the underlying system. To

be more precise, it is assumed that the underlying systems of interest are

stable and smooth.

Property 3.1. (BIBO stability for discrete LTI systems) A LTI system

is called Bounded Input Bounded Output (BIBO) stable when any bounded

input u applied to the system (|u| < M, for some M > 0) leads to a bounded

output y (|y| < L for some L > 0). For a causal discrete LTI system to be

BIBO stable it is necessary and sufficient that:

∞∑
τ=0

|h(k)| <∞ (3.14)

where h(k), k = 0, . . . ,∞ represents the impulse response of the LTI system.

Exponential decay to zero of the impulse response for the linear case has

been the first characteristic that was used in the regularization framework.

The second property is less intuitive and refers to the smoothness level of

the underlying impulse response.

In the discrete time case, the smoothness property refers to the high

or low correlation between the impulse response coefficients. The different

levels of correlation, that can be observed in a discrete impulse response,

can be explained by the choice of the sampling frequency during the mea-

surement procedure. The faster the sampling frequency, the smaller the

deviation between two consecutive points and the higher the correlation

between the impulse coefficients will be. The relation between sampling

rate and smoothness is depicted in Fig. 3.5 with an example.

3.3.3 Regularized estimation: deterministic and

stochastic framework

The deterministic perspective

Definition 3.1. Given (3.10) and (3.11), the regularized LS optimization

problem with a quadratic penalty on the parameter vector θ is defined as:
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3.3. Regularized impulse response estimation for linear systems

Figure 3.5: Relation between sampling frequency and smoothness. Left: Re-
sponse of continuous system. Middle: Discrete response of the
continuous system sampled with a high sampling frequency. Right:
Discrete response of the continuous system sampled with a low
sampling frequency.
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θ̂RegN = arg min
θ
‖YN − ΦT

Nθ‖2 + θTDθ (3.15)

with D ∈ Rnθ×nθ . The regularized LS solution is given by:

θ̂RegN = (ΦNΦT
N +D)−1ΦNYN (3.16)

with θ̂LSN given by (3.13).

Even when S0 ∈ M, the regularized LS estimator results in biased

estimation and the expression for the bias, the variance and the mean square

error of the estimated parameter vector is given respectively by [32]:

b(θ̂Reg) = E[θ̂RegN ]− θ0 = −(ΦNΦT
N +D)−1Dθ0

P (θ̂Reg) = (ΦNΦT
N +D)−1σ2ΦNΦT

N(ΦNΦT
N +D)−1

MSE(θ̂Reg) = (ΦNΦT
N +D)−1(σ2ΦNΦT

N +Dθ0θ
0TDT )(ΦNΦT

N +D)−1

The structure of D in (3.15) and (3.16) determines the way the parame-

ters will be penalized. By proper structuring of this penalty, one can impose

the type of behavior expected from the estimated parameters.

Remark 3.3. In the deterministic framework it is assumed that there is

one data-generating system which produces the observed data. The identi-

fication criterion (3.15) provides a balance between the error on the model

output with respect to the observed one (first term of (3.15)) and the prior

information introduced by the penalization of the parameter vector θ (second

term of (3.15)).

Remark 3.4. The choice of the regularized LS as the identification criterion

leads to biased estimation. Unbiased estimation would occur if the following

regularized LS cost function was used:

V = ‖YN − ΦT
Nθ‖2 + (θ − θ0)TD(θ − θ0) (3.17)

In this case it can be shown that the regularized LS solution is given ana-

lytically by:
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3.3. Regularized impulse response estimation for linear systems

θ̂Reg = θ0 + (ΦNΦT
N +D)−1ΦNE (3.18)

As such it is easily shown that the estimation will be unbiased since E[θ̂Reg] =

θ0 for zero-mean noise terms. However, knowledge of θ0 is practically im-

possible, therefore it is only possible to use some θprior in the cost function.

The closer θprior is to θ0 the smaller the bias will be. In this thesis the value

of θprior is fixed to 0, since for the impulse response models to be estimated,

such a choice is quite general for stable systems and close enough to reality

such that it can only lead to a relatively small bias.

As mentioned in Section 3.3.2, exponential decay and smoothness are the

two properties that should be imposed by D. Even though it is clear that

D penalizes the estimated parameters in a L2-norm sense, it is not obvious

how to create D in order to introduce this specific prior information. The

latter is easier once a stochastic framework for the system identification is

adopted.

The stochastic perspective

The matrix D can be tuned by following a Bayesian perspective and con-

sidering the impulse response as a realization of a Gaussian random process

[116],[109],[110]. Assuming that the parameter vector θ is a Gaussian ran-

dom variable itself with zero mean and prior covariance matrix P ∈ Rnθ×nθ ,

i.e. θ ∼ N (0, P ), and taking into account that:

YN = ΦT
Nθ + E , e(k) ∼ N (0, σ2)

then θ and YN are jointly Gaussian variables:

[
θ
YN

]
∼ N

([
0
0

]
,

[
P PΦN

ΦT
NP ΦT

NPΦN + σ2I

])
(3.19)

where I denotes the identity matrix. The posterior distribution of θ condi-

tioned on the observed data YN is given by:

θ
∣∣YN ∼ N (θ̂apostN , P apost)
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where

θ̂apostN = ((σ2 (ΦNΦT
N)−1)−1 + P−1)−1 1

σ2
ΦNYN

P apost = ((σ2 (ΦNΦT
N)−1)−1 + P−1)−1

(3.20)

The Maximum A Posteriori (MAP) estimate of θ is denoted by θ̂apostN

and the posterior covariance by P apost. It can be observed that θ̂apostN = θ̂RegN

in (3.16) if

D = σ2P−1

Remark 3.5. It has been shown that in an output error identification setup,

the MAP estimate in the stochastic framework leads numerically to the same

solution as the one obtained in the deterministic framework. In this way,

both frameworks can be equally used to obtain the regularized impulse re-

sponse estimate.

However, the two models remain different with respect to their stochastic

properties. In the stochastic framework, the data-generating system is seen

as a realization of some general Gaussian process. Starting from the prior

distribution, the recorded data are used in order to update the distribution

of the parameter vector conditioned on the observed output. In this way, the

notion of bias cannot be defined in this framework due to the absence of any

fixed target, in contradiction to the deterministic identification framework.

Remark 3.6. In the case when the noise realization is characterized by a

covariance matrix Re, then this can be explicitly taken into account both in

the deterministic and in the stochastic perspective of the regularized estima-

tion framework. In case of the stochastic perspective the noise covariance

Re would replace the term σ2I in eq. (3.17) and the rest of the calculations

for the MAP estimates would follow as such. The MAP estimate will be in

that case given by θ̂MAP = PΦN(ΦT
NPΦN +Re)

−1Y .

In case of the deterministic perspective, we can define the regularized

weighted least squares cost function as VWRLS = (Y −ΦT
Nθ)

TW (Y −ΦT
Nθ)+

θTDθ, where W denotes some weighting matrix. The weighted regularized
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least squares estimate can be computed analytically as: θ̂RegW = (ΦNWΦT
N+

D)−1ΦNWY . It can be verified that the MAP estimate θ̂MAP computed

above and the WRLS estimate θ̂RegW are equal if one considers W = R−1
e

and D = P−1.

The stochastic perspective offers another way to construct the regu-

larization matrix D by tuning the prior covariance matrix P . The latter

should be tuned such that the realizations of the prior Gaussian distribu-

tion are decaying exponentially to 0, and moreover the impulse coefficients

are correlated to each other. Different possible structures to achieve that

are presented in the following section.

3.3.4 Covariance matrices for stability and

smoothness

For the first order kernel, prior information about smoothness and exponen-

tial decay of the impulse response has been used to define the so-called Diag-

onal/Correlated (DC) and Tuned/Correlated (TC) structures of P [84],[32]:

PDC(i, j) = c ρ|i−j| λ(i+j)/2

PTC(i, j) = c min(λi, λj) (ρ =
√
λ)

with c ≥ 0, 0 ≤ λ ≤ 1 and |ρ| ≤ 1. The parameters used to construct the

prior covariance matrix (in this case c, λ and ρ for the DC case and c, λ for

the TC) will be referred to as hyperparameters. Another definition of the

aforementioned DC covariance matrix, in the case when 0 ≤ ρ ≤ 1, can be

the following:

PDC(i, j) = c e−α|i−j| e−β
(i+j)

2 (3.21)

and the corresponding TC covariance matrix would occur by imposing α =
β
2
. It easy to observe that ρ = e−α and λ = e−β. Therefore 0 ≤ ρ, λ ≤ 1⇒

0 ≤ α, β ≤ ∞.
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3.3.5 Empirical Bayes for hyperparameter tuning

Once the structure of the covariance matrix has been fixed, the type of prior

information that will be introduced in the identification criterion has been

fixed. Nevertheless, different impulse responses decay to zero in general

with a different rate. Moreover, the level of correlation between the impulse

coefficients is not always the same, as it has been depicted in Fig. 3.5.

The difference in the behavior between different impulse responses is

determined by the numerical values of the hyperparameters. One way to

tune the hyperparameters is by means of the Empirical Bayes method.

Consider the stochastic framework of regularization and a linear-in-the-

parameters model (such as the FIR model). Then the measured output of

length N , YN is modeled as:

YN = ΦT
Nθ + E

θ ∼ N (0, P )

e(k) ∼ N (0, σ2)

⇒

YN ∼ N (0,ΦT
N P ΦN + σ2IN︸ ︷︷ ︸

ΣY (P )

)

(3.22)

where ΦN ∈ Rn×N denotes the regressor matrix, E ∈ RN contains the

measurement noise, P ∈ Rnθ×nθ is the prior covariance matrix, σ2 is the

noise variance, ΣY (P ) ∈ RN×N is the covariance matrix of the output vector

YN and Im ∈ Rm×m is the identity matrix of sizem. Given a prior covariance

matrix P , the pdf fY of the observed output vector is given by:

fY (P ) =
1√

(2π)Ndet(ΣY )
e−

1
2
Y TN Σ−1

Y YN (3.23)

Let us define θhyp the vector containing the hyperparameters that form

the covariance matrix P . In the Empirical Bayes method, the optimal value

of θhyp is the one that maximizes the marginal likelihood of the observed

output, i.e.:
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3.3. Regularized impulse response estimation for linear systems

θ̂hyp = arg max
θhyp

fY (P )⇔

θ̂hyp = arg min
θhyp
−2 log(fY )⇔

θ̂hyp = arg min
θhyp

Y T
N Σ−1

Y YN + logdet(ΣY )

(3.24)

with fY defined in (3.23). Practically speaking, the optimal set of hyperpa-

rameters given the measured output data determines the covariance matrix

of the stochastic process which is most likely to have generated the observed

output.

Remark 3.7. Optimizing the marginal likelihood of the observed output

vector is a non-convex optimization problem. Therefore, multi-start opti-

mization can be necessary to obtain the optimum which is close to the global

optimum of the cost function.

The interested reader is referred to [111],[116],[108] for more details on

the estimation of the hyperparameters with the empirical Bayes approach.

It should be noted that other hyperparameter tuning methods are also

available in the literature, such as the residual analysis approach ([82], [81],

[85]) and the cross-validation technique ([113]). Nevertheless, comparison

between different hyperarameter estimation methods is beyond the scope

of this thesis.

3.3.6 Regularized FIR estimation: Demo

In this section, the regularized identification method is demonstrated on a

simple example. The true data-generating system is given by:

S0 : y(k) = G0(q)u(k) + e(k) G0 =
3.728q−1

1− 1.85q−1 + 0.8872q−2

where G0 is the true stable linear system, e(k) ∼ N (0, σ2) is the mea-

surement noise added directly to the measured output and u denotes the

input signal which is chosen in this case as a non-periodic filtered multisine

excitation whose spectrum is depicted in Fig. 3.6. The SNR is set to 10 dB.
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3. Impulse Response of Linear Systems and Regularization

Figure 3.6: A filtered random phase multisine is used for the demonstration of
the regularized FIR estimation.

The system is identified by estimating its impulse response h(τ), τ =

0, ..., n − 1 (3.7) and the model is obtained by using two criteria: the ML

identification (LS cost function in (3.12)) and the Regularized LS (given

in (3.15)) where the prior covariance matrix P has the DC structure given

in (3.21), used to impose prior information in the identification step. The

hyperparameters contained in P are tuned by maximizing the marginal

likelihood of the output (3.24).

The impulse response of the true underlying system is depicted in Fig. 3.7

(black line of stem type). The model order (truncation lag) n is chosen large

enough such that the impulse response decays sufficiently to zero and the

model errors due to truncation are negligible.

First, the data length is set to N = 8 ∗n = 832 and 100 different Monte

Carlo estimates of the impulse response using both identification criteria

are given in Fig. 3.7. Each model has been obtained under totally different

realization of the input as well as of the measurement noise.

Even though the data record is not short w.r.t. the number of model

parameters, the LS cost function fails to capture the behavior of the impulse

response function. The regularized estimate is definitely closer to the true

response due to the fact that information about the underlying dynamics

has already been incorporated in the identification criterion.

Remark 3.8. The models obtained with the LS criterion and depicted in

Fig. 3.7 are not the best ones that can be obtained. It is usually the case that
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3.3. Regularized impulse response estimation for linear systems

Figure 3.7: Upper figure: 100 Monte Carlo estimates of a FIR, with and with-
out regularization. Black: True underlying impulse response. Grey:
LS estimate (Maximum Likelihood estimation), Red: Regularized
estimates. Lower figure: Zoom in the blue oriented area of the
upper figure. The difference in the mean squared error of the esti-
mated parameters is evident.

a model order selection criterion, e.g. the AIC criterion, is used to obtain

a balance between model errors and noise errors. The result would be a

model of smaller variance than the one depicted in Fig. 3.7. Nevertheless

the model order criterion would point to a significantly lower truncation lag

than the one that can be set in case of regularized estimation.

A typical regularized estimated impulse response is depicted in Fig. 3.8.

In the same figure a characteristic behavior of the standard deviation (square

root of the diagonal elements) in the prior covariance function P , estimated

with the empirical Bayes method ((3.24)), are shown. It is clear that the

penalty structure drives the response to zero.
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3. Impulse Response of Linear Systems and Regularization

Figure 3.8: A characteristic estimated impulse response together with the stan-
dard deviation of each coefficient contained in the prior distribution
of the data-generating system.

Model order and validation

Now the same experiment is considered, however the model order varies

from n = 20 till 180. Moreover, a validation data set of length Nval = 14400

samples is used to check the performance of the model on a new dataset, not

used for identification. For each memory length n, 100 different models for

different realizations of the input and the measurement noise are estimated.

The ability of the model to capture the underlying dynamics is measured

by the error on the validation output given by:

Errval =
rms(yval − ŷval)

rms(yval)
(3.25)

where yval is the measured output used for model validation and ŷval is the

output of the model when perturbed by the validation input signal. The

result is depicted in Fig. 3.9.

It can be observed that the validation error for the unregularized models

decreases up to n = 60 where the models start to overfit the estimated data.

As a result, the models fail to describe the underlying dynamics and the

validation error increases again. However, the same does not hold for the
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Figure 3.9: The error in the validation data for the case of linear impulse re-
sponse estimation and two different identification criteria: the ML
estimation results is in red and the Regularized LS result in blue.

regularized LS case where the validation error is not increasing for increasing

model order.

Remark 3.9. By increasing the model order, the model complexity increases

as well. The behavior of the validation error in case of the regularized esti-

mation can be explained by the fact that the penalization does not allow for

an increase of the model complexity after n = 60 since it drives the param-

eters to zero. As such, the estimated model is prevented from capturing the

noise contained in the estimated data. Thus regularization is considered to

suppress the effect of the measurement noise on the estimated model.

Finally, the efficiency of the regularized LS method against high noise

levels is illustrated. The linear system G0 is modeled with a FIR model in

the case where the SNR is set to 1dB. The result for 100 estimates using

the LS and the Regularized LS cost function is shown in Fig. 3.10. It can

be observed that the LS solution presents an even larger variance than in

Fig. 3.7, as expected. Nevertheless, the regularized LS solutions are still

quite close to the underlying impulse response, even though its variance is

a bit higher than the one observed in Fig. 3.7.
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3. Impulse Response of Linear Systems and Regularization

Figure 3.10: Monte Carlo estimates of the linear impulse response in case of
high noise levels (SNR set to 1 dB).

3.4 Conclusions

In this chapter, the regularization method applied in the field of system

identification is presented. In terms of an output error framework, ML

estimation of a finite linear impulse response is formulated as a LS opti-

mization problem. Dimensionality issues render this problem very often

ill-conditioned. To overcome this problem, regularization has been applied

in a way such that prior information about the impulse response, namely

exponential decay and smoothness, are taken into account during the iden-

tification step.

The role of the current chapter was to introduce the fundamental con-

cepts related to impulse response estimation and regularization. All these

concepts will be used in the following chapter where regularization is ex-

tended to the case of nonlinear systems and the estimation of the Volterra

series, as a nonparametric model to capture nonlinear dynamics.
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Chapter 4

The Volterra Series and

Regularized Estimation

The regularization method described in the previous chapter for the estima-

tion of LTI FIR models is extended to the case of Nonlinear Time Invariant

(NLTI) systems. The time domain truncated Volterra series is considered as

the model for the underlying nonlinear process. Similarly to the linear case,

it is assumed that the higher order Volterra kernels in the series are smooth

and exponentially decaying. It is shown that by exploiting properties of the

Volterra kernels in the higher dimensions, it is possible to construct a pe-

nalizing matrix into which the two aforementioned properties are encoded.

A number of popular nonlinear model structures can be modeled with the

proposed method, among which are the Wiener, Hammerstein and Wiener-

Hammerstein. The content of this chapter can be found in [12] while an

initial approach was given in [9].
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4. The Volterra Series and Regularized Estimation

4.1 Introduction

The problem of estimating a nonlinear time invariant (NLTI) system based

on input-output measurements is considered. In case of nonlinear systems,

the Volterra series [120] constitutes a nonparametric representation. It can

be expressed both in the time and in the frequency domain and moreover, it

can be considered as the extension of the FIR model for linear systems (im-

pulse response of dimension one) to the higher dimensions and the nonlinear

case [22].

The Volterra series is of infinite size and includes impulse responses of

dimension higher than one with infinite length (from now on the impulse

responses will also be referred to as Volterra kernels). However, a truncated

version of the series is used in practice for modeling purposes. It has been

shown in [21] that a finite memory Volterra series can approximate the

output of any nonlinear system up to any desired accuracy, if the system is

assumed to have a fading memory.

Assumption 4.1. The systems studied in this thesis have a fading memory.

This implies that the influence of the input signals at some time instant

has a decreasing influence on the output samples at temporally increasing

distances, a characteristic that is frequently met in true physical processes.

However, the problem of the large number of parameters in case of linear

impulse response estimation applies even more for the Volterra series. The

amount of coefficients in the series grows exponentially with the considered

number of kernels (degree of the series) and combinatorially with the mem-

ory length at which each kernel has been truncated. As such, identification

of the Volterra series coefficients often results in an ill-posed optimization

problem. Therefore, the series has been, until now, of limited use as a

nonparametric modeling tool, mostly in cases where Volterra kernels of rel-

atively low dimensions are sufficient [75] and/or where the kernels decay fast

to zero and the series is truncated at low memory (e.g. echo cancellation in

acoustics [131], [37], physiological systems [149]). The Volterra series has
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been widely applied for analysis and synthesis of nonlinear systems [71],

[27], [61], [62], [69], [87].

4.1.1 Previous studies on Volterra series estimation

Estimation of the kernels in the Volterra series is an old problem in the field

of system identification. In this section we will refer to some of the most

important contributions on this topic found in the literature.

One of the first methods to estimate the coefficients of the Volterra ker-

nels in time domain can be found in [120], where cross-correlation estimates

between the input and the output signals are used in order to estimate the

parameters of the multidimensional impulse responses. A white Gaussian

signal has been used to excite the system. A similar approach based on

estimates of cross-correlation between input-output was proposed in [79]

(described also in [120]) in order to estimate the Wiener kernels of a system,

based on which the Volterra kernels can be further computed ([149],[51]).

An illustrative description of the Wiener kernel estimation method can be

found in [149]. The basic disadvantage of these methods lie on the assump-

tion of a Gaussian white input signal, which is rarely realizable in practice.

For colored (non-white) input signals, the cross-correlation method in

[79] has been extended and an algorithm has been proposed in [76]. For

identification of the Wiener kernel in the frequency domain, for white in-

put signals the kernels can be estimated using higher order input-output

cross-spectra as described in [53]. To cover the case of non-white inputs,

the method has been extended and corrected estimates of the kernels have

been proposed in [52]. The main difficulty related to the cross-correlation

methods lies in obtaining reliable estimates of the cross-correlations, given

that a large number of data is required in order to accurately estimate these

statistics. An extensive discussion on the drawbacks of these methods can

be found in [51].

To overcome the problem of dimensionality in terms of the Volterra

series used for nonlinear modeling, a common approach has been to expand

the Volterra kernels in terms of a set of basis functions. In [94], the Laguerre
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4. The Volterra Series and Regularized Estimation

functions have been used as a basis to expand the kernels and guidelines

on the choice of the basis parameters (decay and number of functions in

the expansion) have been provided in the same work. Laguerre functions in

combination with wavelet packets have been used in [100], while the Kautz

functions as an expansion basis for the Volterra series has been used in [40].

In general, proper choice of the basis functions parameters can lead to a

significant reduction in the number of parameters to estimate. Moreover,

there is no requirement on the type of input signals used for identification,

as long as they excite the system persistently. Nevertheless, proper or

optimal choice of the basis functions parameter is not always guaranteed.

Wavelets have also been used to expand the Volterra kernels. A summary

of contributions regarding expansion of the Volterra series with wavelets

can be found in [34].

A long list of contributions exist also for the estimation of the Volterra

kernels in the frequency domain, the so-called Generalized Frequency Re-

sponse Functions (GFRF). Estimation of the GFRF is considered later in

this thesis (Chapter 8). Nevertheless, we mention here some important

contributions regarding the identification of the GFRFs. In [6], GFRF es-

timation is considered for the cases of harmonic and Gaussian noise excita-

tions. The method was extended to multiple input-multiple output systems

in [152]. The harmonic probing method was proposed in [72] for recursive

computation of the GFRF if a difference equation for the nonlinear system

is available. However, this requirement is quite strict and such a repre-

sentation is not often available. Periodic multisine signals have been used

in [47], [36], [23] for GFRF estimation while an interpolation method has

been used in [102]. The latter assumes that the multidimensional FRFs are

locally smooth therefore an interpolation technique is used to reduce the

complexity of the model. Last but not least, estimation of the GFRFs by

direct use of the time domain measurements has been proposed in [80].

Finally, Volterra kernel estimation using ridge regression as regulariza-

tion method can be found in [51]. An important extensive survey on meth-

ods regarding the identification of the Volterra series in the time and in

the frequency domain as well as its use on engineering applications can be
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4.2. Continuous and discrete time Volterra series

Figure 4.1: A two dimensional impulse response, also referred to as second
order Volterra kernel, of a nonlinear system consisting of a stable
second order linear system cascaded by the quadratic term x2.

found in [34].

4.2 Continuous and discrete time Volterra

series

4.2.1 Definition of the series

Definition 4.1. For a continuous NLTI system the Volterra series is de-

fined as:

y0(t) = h0 +
M∑
m=1

Hm[u(t)]

where y0(t) represents the noiseless continuous time system output and u(t)

is the (noiseless) input signal applied to the system. The m-th order Volterra

operator Hm[·] applied to the input signal u(t) is defined as:
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4. The Volterra Series and Regularized Estimation

Hm[u(k)] =

∫ ∞
−∞
· · ·
∫ ∞
−∞

hm(τ1, . . . , τm)
( τm∏
τ=τ1

u(t− τ)
)
dτ1 · · · dτm

where τi, i = 1, . . . ,m, denote lag variables and hm(τ1, . . . , τm) are the

Volterra kernels of order (dimension) m = 1, . . . ,M . The constant term

h0 in (4.1) represents the zero-th order Volterra kernel.

The Volterra series in discrete time is defined similarly as follows:

y0(k) = h0 +
M∑
m=1

Hm[u(k)] (4.1)

where y0(k) represents the noiseless discrete system output at time instant k

and u(k) is the input signal applied to the system. The m-th order Volterra

operator Hm[·] applied to the input signal u(k) is defined as:

Hm[u(k)] =
nm−1∑
τ1=0

· · ·
nm−1∑
τm=0

hm(τ1, . . . , τm)
τm∏
τ=τ1

u(k − τ) (4.2)

where nm − 1 corresponds to the number of past input values (the memory

of hm) needed to compute the output y(k).

Throughout the thesis, the discrete-time Volterra series given in (4.1)

and (4.2) are used to model the nonlinear systems of interest. The first four

terms of the discrete time Volterra series are illustrated in Fig. 4.2.

Definition 4.2. (Convention) The number of dimensions of a Volterra ker-

nel will be referred to as the order of the kernel. The degree of a (truncated)

Volterra series corresponds to the highest kernel order included in the se-

ries. As such, a third degree Volterra series includes the Volterra kernels of

order zero (constant term), one, two and three.

4.2.2 Symmetry, causality and stability of the

Volterra kernels

The three properties of symmetry, stability and causality of the estimated

Volterra kernels are defined in this section, since they are considered to hold
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4.2. Continuous and discrete time Volterra series

Figure 4.2: Examples of the first four terms of the discrete time Volterra series.

for all the cases studied in the current thesis.

Definition 4.3. In order to ensure the uniqueness of the identified Volterra

kernels of order higher than one, the estimated Volterra kernels can be

symmetrized [120]. For the second order kernel it means that h0
2(τ1, τ2) =

h0
2(τ2, τ1),∀τ1, τ2, while for the general case and the n-th order Volterra ker-

nel it can be shown that symmetry is defined as [34]:

hm(τ1, τ2, . . . , τm) = hm(τ2, τ1, . . . , τm) = . . . = hm(τi1 , τi2 , . . . , τim), ij 6= ik

i1, i2, . . . , im ∈ (1, 2, . . . ,m), j, k ∈ (1, 2, . . . ,m)
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4. The Volterra Series and Regularized Estimation

Figure 4.3: The number of parameters of the first four terms of the discrete
time Volterra series as a function of the memory (lags), in case of
symmetric Volterra kernels.

It can be easily shown that the number of coefficients to be identified

for a symmetric Volterra kernel of order m ≥ 1, truncated at lag nm, is

given by

nθm =

m−1∏
i=0

(nm + i)

m!
(4.3)

This is a straightforward result after considering all the possible permu-

tations among the lag coordinates in the different dimensions. The number

of parameters to be estimated for the first four terms of the Volterra series

as a function of the truncation lag is depicted in Fig. 4.3.

Remark 4.1. The curse of dimensionality in the case of Volterra series

used as a model structure becomes evident in (4.3). A 4th degree Volterra

series with a short memory of 9 lags (nm = 10 in (4.2)) corresponds to

1001 model parameters to be estimated while the same number for the case

of nm = 20 lags increases to 10626.
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Property 4.1. The Volterra kernel hm(τ1, τ2, . . . , τm) is causal if:

hm(τ1, τ2, . . . , τm) = 0, ∀τn < 0, n = 1, 2, . . . ,m

Practically, the latter definition means that the observed output cannot

be a function of any future applied input sample.

Definition 4.4. The property of BIBO stability in the linear case can also

be defined in the case of Volterra kernels and the multi-dimensional impulse

responses. More specifically, it is shown in [120], page 90, that the Volterra

kernel hm(τ1, τ2, . . . , τm) is BIBO stable if:

∞∑
τ1=−∞

· · ·
∞∑

τm=−∞

|hm(τ1, τ2, . . . , τm)| <∞ (4.4)

Remark 4.2. For order m ≥ 2, this is only a sufficient but not a necessary

condition. It is shown in [120], pages 49−53, that it is possible to construct

a Volterra kernel which is stable but does not satisfy the criterion (4.4).

Definition 4.5. In terms of the current thesis, the Volterra kernels con-

sidered are assumed to be stable and exponentially decaying to zero for in-

creasing memory lag. As such, the stability criterion (4.4) is satisfied.

Assumption 4.2. Throughout the thesis, the nonlinear systems of interest

can be described by the Volterra series whose kernels are symmetric, causal

and BIBO stable.

4.2.3 ML estimation of the Volterra series

Identification of a fading memory NLTI system is considered based on N

input-output measurements. For simplicity we will consider the second

degree Volterra series. The problem for Volterra series degrees higher than

two can be easily formulated in the same way.

Definition 4.6. (Model Class) The input-output behavior of the model sat-

isfies the second degree finite discrete-time Volterra series:
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y(k) = h0 +
2∑

m=1

Hm[u(k)]︸ ︷︷ ︸
y0(k)

+e(k) (4.5)

where y(k) represents the noisy output measurements at time instant k, u(k)

is the input signal applied to the system, y0(k) denotes the true noise-free

output, e(k) is normally distributed i.i.d measurement noise, added directly

to the output of the system and Hm is the mth-order Volterra operator de-

fined in (4.2).

Observing the model structure given in (4.2) and (4.5) it is clear that

identifying the coefficients of the Volterra series in an output error frame-

work can be formulated as a linear-in-the-parameters optimization problem.

Assume that N input-output measurements are available and for notational

simplicity consider that for the memories of the truncated first and second

order Volterra kernels it holds n1 = n2 = n. Then (4.5) can be re-written

as:

YN = ΦT
Nθ + E (4.6)

where

ΦN = [ΦT
0N ΦT

1N ΦT
2N ]T , θ = [θ̄T0 θ̄T1 θ̄T2 ]T

θ̄1 = [h1(0) h1(1) . . . h1(n− 1)]T , θ̄0 = h0

YN = [y(n− 1) y(n) . . . y(N − 1)]T

φ1(k) = [u(k) u(k − 1) . . . u(k − n+ 1)]T

Φ1N = [φ1(n− 1) φ1(n) . . . φ1(N − 1)]

Φ0N = [1 1 1 . . . 1]

E = [e(n− 1) e(n) . . . e(N − 1)]T

(Φ2N is defined after Remark 4.3 )

(4.7)
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4.2. Continuous and discrete time Volterra series

Figure 4.4: Vectorization of the parameter vector θ̄2 for the second order kernel.

with Φ0N ∈ R1×(N−n+1), Φ1N ∈ Rnθ1×(N−n+1), Φ2N ∈ Rnθ2×(N−n+1),

θ̄0 ∈ R, θ̄1 ∈ Rnθ1×1, θ̄2 ∈ Rnθ2×1, YN ∈ R(N−n+1)×1, φ1(k) ∈ Rnθ1×1 and

E ∈ R(N−n+1)×1.

Remark 4.3. Similarly to the linear case, the vector YN as well as φ1(k)

(used to construct the matrix Φ1N) start at n − 1 and not 0. The reason

is that a number of past values of the input in Φ1N are not known. The

same reasoning is applied to the construction of the regressors for all the

Volterra kernels, Φ1N , Φ2N , ... , considered in the series. In the case when a

truncated series is used where different memories n1, n2, ... are considered

for the kernels of different order, the starting value n− 1 should be replaced

by max(n1, n2, ...)− 1.

The structure of Φ2N depends on the way the parameter vector θ̄2 is

defined. Let us consider a second order Volterra kernel with n2 = 4. Due

to symmetry, the model parameters amount to nθ2 = 10. The parameter

vector θ̄2 = [θ̄2,1 θ̄2,2 . . . θ̄2,10]T representing the vectorized second order

kernel can be defined as shown in Fig. 4.4.

Given the aforementioned definition of θ̄2, the matrix Φ2N is defined as

follows:
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φ12(k, l) = [u(k − 1) u(k − 2) . . . u(k − l)]T

φ̄12(l) = [φ12(n, l) φ12(n+ 1, l) . . . φ12(N, l)]

Φ12N = [φ̄12(n)T φ̄12(n− 1)T . . . φ̄12(1)T ]T

φ22(k, l) = [u(k − l) u(k − 1− l) . . . u(k − n)]T

φ̄22(l) = [φ22(n, l) φ22(n+ 1, l) . . . φ22(N, l)]

Φ22N = [φ̄22(1)T 2φ̄22(2)T . . . 2φ̄22(n)T ]T

Φ2N = Φ12N � Φ22N

(4.8)

with φ12(k, l) ∈ Rl×1, φ̄12(l) ∈ Rl×(N−n+1), Φ12N ∈ Rnθ2×(N−n+1), φ22(k, l) ∈
R(n−l+1)×1, φ̄22(l) ∈ R(n−l+1)×(N−n+1), Φ22N ∈ Rnθ2×(N−n+1) and � symbol-

izes the element-by-element matrix multiplication. The total number of

Volterra coefficients to be estimated is given by nθ = 1 + nθ1 + nθ2 .

Similar to the linear case, the ML estimation of the parameter vector θ

boils down to the LS problem:

θ̂LS
N = arg min

θ
‖YN − ΦT

Nθ‖2
2 (4.9)

where the LS estimate is given by:

θ̂LS
N = (ΦNΦT

N)−1ΦNYN (4.10)

Typically, when the Volterra series is used to model nonlinear dynamics,

either the number of coefficients to be estimated exceeds the number of

available measurements (nθ > N) or the amount of measured data N is not

sufficient to obtain an estimated model of desired accuracy. In the first case

when nθ > N the solution (4.10) is not even unique and the LS approach

cannot be used in this case. One way to tackle both of the cases above is

with the use of regularization.

As mentioned already in Section 3.3.3, the regularized LS optimization

problem with a quadratic penalty on the parameter vector θ is defined as:

θ̂RegN = arg min
θ
‖YN − ΦT

Nθ‖2 + θTDθ (4.11)

with D ∈ Rnθ×nθ . The regularized solution is in turn given by:
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4.3. Regularized estimation of the Volterra series

θ̂RegN = (ΦNΦT
N +D)−1ΦNYN (4.12)

4.3 Regularized estimation of the Volterra

series

In the previous chapter, it was shown how the properties of smoothness and

exponential decay can be imposed on the model in the case of the first order

kernel (linear impulse response identification in an output error framework).

These properties will now be assumed to hold for the second order kernel

in the Volterra series. In the case of the second degree Volterra series (4.5),

the cost function (4.11) is considered with:

θ =

(
θ̄0

θ̄1

θ̄2

)
D =

(
D0 0 0
0 D1 0
0 0 D2

)
.

The matrix D is chosen to be block-diagonal where each matrix on the

diagonal penalizes the elements of a different kernel.

Remark 4.4. The non-diagonal elements in the matrix D can be used to

penalize Volterra coefficients of kernels with different orders. If any a priori

knowledge on the correlation between such coefficients is available, then the

latter can be introduced as a penalty in the non-diagonal elements of D. In

this thesis, such prior knowledge is not assumed to be available. Therefore

these elements have been set to zero.

Analyzing further the block diagonal matrix D, the element D0 is a

scalar defined by D0 = σ2P−1
0 where P0 represents the variance of the

Gaussian random variable h0 in (4.5). The penalizing matrix for the first

order kernel is D1 = σ2P−1
1 and P1 ∈ Rnθ1×nθ1 is defined as described

in Section 3.3.4. Finally, the covariance matrix P2 ∈ Rnθ2×nθ2 such that

D2 = σ2P−1
2 is developed in this chapter. This covariance matrix P2 should

be constructed such that regularization is applied to a two-dimensional

function (practically to a surface, instead of a line in the linear case). The
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4. The Volterra Series and Regularized Estimation

extension of the regularization method described in Section 3.3.3 to the

higher dimensions is not straightforward and it will be addressed in the

following section.

4.3.1 The second order Volterra kernel

In Fig. 4.5 an exponentially decaying and smooth second order Volterra

kernel can be observed. It is the kernel of a nonlinear Wiener system where

a stable linear system is cascaded by the quadratic term x2 [120].

From a geometric point of view, the depicted kernel constitutes the base

on which the proposed covariance matrix is built. The reason is that the

two properties of smoothness and exponential decay hold along the whole

surface. Apart from that, other cases of second order kernels, presented later

in this chapter, which correspond to commonly used block structures, such

as the Hammerstein and Wiener-Hammerstein systems ([8],[60],[124]), can

be seen as special cases of the Wiener second order kernel, if the property

of smoothness is limited to specific directions on the surface of the Volterra

kernel.

Given a second order Volterra kernel h2(τ1, τ2), the covariance matrix

P2 should satisfy the following:

Property 4.2. It should describe the fact that the Volterra kernel decays

along any possible direction and, moreover, neighboring coefficients of the

Volterra kernel are correlated.

Property 4.3. The considered second order Volterra kernel is symmetric

which implies that h2(τ1, τ2) = h2(τ2, τ1),∀τ1, τ2. Therefore P2 should re-

main unaltered after interchanging the coordinates τ1 and τ2.

Property 4.4. Finally, as for any covariance matrix, P2 should be con-

structed to be a symmetric positive-semidefinite matrix.

To avoid any confusion between Property 4.3 and Property 4.4 both

properties are mathematical
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4.3. Regularized estimation of the Volterra series

Figure 4.5: An exponentially decaying and smooth second order kernel together
with the two perpendicular regularizing directions (red and blue).

Figure 4.6: Property 6 is directly related to the symmetry property of the iden-
tified Volterra kernel that the coefficients in the blue ellipsoid are
equal to the ones in the red ellipsoid.

P2(h2(t1, t2), h2(t3, t4)) = P2(h2(t2, t1), h2(t3, t4)) =

= P2(h2(t1, t2), h2(t4, t3)) = P2(h2(t2, t1), h2(t4, t3)) ∀t1, t2, t3, t4

while Property 4.4 implies that:

67



4. The Volterra Series and Regularized Estimation

P2(h2(t1, t2), h2(t3, t4)) = P2(h2(t3, t4), h2(t1, t2))∀t1, t2, t3, t4

The three aforementioned properties reduce the freedom to construct

an appropriate covariance matrix for the Volterra kernel. It will be shown

in the following section that all the three properties hold for the covariance

matrix proposed in this thesis for the regularization of the second order

Volterra kernel.

4.3.2 The two directions and the covariance matrix

Two directions on the plane defined by the axis τ1 and τ2 are chosen. These

directions are used as a means to create a proper covariance matrix for the

second order kernel. By proper selection of these directions, one is able to

incorporate prior knowledge about the Volterra kernel into the identification

problem.

Remark 4.5. In the case of the first order kernel (or of a linear impulse re-

sponse), the choice of the direction is not an issue since there exists only one

possibility, namely the direction of time along which the impulse response

evolves.

The first direction along which prior information about the kernel will

be imposed, is chosen to be the diagonal one and it is depicted in Fig. 4.5

and Fig. 4.7 as the blue diagonal direction.

Remark 4.6. The diagonal direction is chosen since it can be seen as the

direction of the system’s evolution. This observation is supported by the

fact that the main diagonal direction (1, 1, . . . , 1)︸ ︷︷ ︸
m terms

corresponds to the impulse

response of a system which is described completely by the Volterra kernel of

order m [120], page 44.

However, the covariance matrix for the second order Volterra kernel

should be able to capture the behavior of the kernel also with respect to

the relation between the diagonals. Therefore, the second direction that will
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4.3. Regularized estimation of the Volterra series

Figure 4.7: The two regularizing directions for the second order Volterra kernel.

be used is the anti-diagonal direction and it is represented by the red lines

in Fig. 4.5 and Fig. 4.7. In this way, it is possible for the covariance matrix

to capture the characteristics of the impulse response along and across the

whole surface.

To this aim, a new rotated coordinate system is defined as depicted

in Fig. 4.8. Using the new system (V ,U ) it becomes more clear how

the properties of exponential decaying and smoothness can be described

in these directions, and further how to extend the DC covariance matrix

structure (3.21) to dimensions higher than one. Given a Volterra coefficient

h2,i(τ1,i, τ2,i), the coordinates of the coefficient in the rotated system are

given by the following linear transformation:

(
U , i
V , i

)
=

(
cos(45◦) − sin(45◦)
sin(45◦) cos(45◦)

)(
τ1,i
τ2,i

)
(4.13)

Definition 4.7. Given the elements of a symmetric second order kernel

h2(τ1, τ2), vectorized in θ̄2, and the rotated coordinate system (V ,U ), both

depicted in Fig. 4.8, the covariance matrix for the diagonal direction V is

defined as follows:

P2V (i, j) = e−αV

∣∣|Vi|−|Vj |∣∣ e−βV

∣∣|Vi|+|Vj |∣∣
2 (4.14)
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4. The Volterra Series and Regularized Estimation

Figure 4.8: The initial coordinate system (τ1,τ2) together with the rotated one
(V ,U ), used in the covariance matrix of the second order kernel.

where Vi is the coordinate of θ̄2,i on the V -axis and αV , βV are two hyper-

parameters connected to the smoothness and the decay of the kernel in the

diagonal direction, respectively. Moreover, a covariance matrix with similar

structure is defined for the direction U , in order to capture the relation

between the diagonals of the kernel, as:

P2U (i, j) = e−αU

∣∣|Ui|−|Uj |∣∣ e−βU

∣∣|Ui|+|Uj |
∣∣

2 (4.15)

where Ui is the coordinate of θ̄2,i on the U -axis. Finally, the total covari-

ance matrix P2 = E[θ̄2θ̄
T
2 ] used to describe and further penalize the points

of the second order Volterra kernel is constructed from (4.14) and (4.15) as

follows:

P2(i, j) = c2 P2V (i, j) P2U (i, j) (4.16)

where c2 represents a scaling factor.
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4.3. Regularized estimation of the Volterra series

Theorem 4.1. The matrix P2 defined in (4.16) is a valid covariance matrix.

Proof. Consider the matrix P2 and, without loss of generality, c2 = 1 and

Vi,Vj,Ui,Uj, αU , αV , βU , βV > 0:

P2(i, j) = e−αU

∣∣Ui−Uj

∣∣
e−

βU
2

∣∣Ui+Uj

∣∣
e−αV

∣∣Vi−Vj

∣∣
e−

βV
2

∣∣Vi+Vj

∣∣
= e−

(∣∣αU (Ui−Uj)
∣∣+∣∣αV (Vi−Vj)

∣∣)
e−

βU
2

∣∣Ui+Uj

∣∣
e−

βV
2

∣∣Vi+Vj

∣∣
= K(i, j)e−

βU
2

∣∣Ui+Uj

∣∣
e−

βV
2

∣∣Vi+Vj

∣∣ (4.17)

with K(i, j) = e−
(∣∣αU (Ui−Uj)

∣∣+∣∣αV (Vi−Vj)
∣∣)

.

First, we prove that K(i, j) is a valid covariance matrix. In [35], page

475, Section 3, it is proved that:

cp(h) = e−Np(h)

with h = [h1 h2 . . . hn]T and Np(h) = |h1|p + |h2|p + . . . + |hn|p, is an

acceptable covariance matrix if and only if 0 < p ≤ 2. For p = 1, we obtain

the covariance matrix:

c1(h) = e−N1(h) = e−(|h1|+|h2|+...+|hn|)

Define now:

h =
[
h1
h2

]
=

[
αU (Ui −Uj)
αV (Vi − Vj)

]
(4.18)

It is clear that K(i, j) = e−
(∣∣αU (Ui−Uj)

∣∣+∣∣αV (Vi−Vj)
∣∣)

= e−(|h1|+|h2|) =

c1(h) is a valid covariance matrix.

Now we can move on to show that P2 is a valid covariance matrix. Since

K(i, j) is a valid covariance matrix, it means by definition that given two

vector elements xi, xj ∈ X, it holds (with some abuse of notation):

∑
i,j

K(i, j)xixj ≥ 0, ∀xi, xj ∈ X

If we write now:
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4. The Volterra Series and Regularized Estimation

P2 = K(i, j)e−
βU
2

∣∣Ui+Uj

∣∣
e−

βV
2

∣∣Vi+Vj

∣∣
= K(i, j)e−

βU
2

Uie−
βU
2

Uje−
βV
2

Vie−
βV
2

Vj

it can be shown that:

∑
i,j

P2xixj =
∑
i,j

K(i, j)e−
βU
2

Uie−
βU
2

Uje−
βV
2

Vie−
βV
2

Vjxixj

=
∑
i,j

K(i, j) e−
βU
2

Uie−
βV
2

Vixi︸ ︷︷ ︸
yi

e−
βU
2

Uje−
βV
2

Vjxj︸ ︷︷ ︸
yj

=
∑
i,j

K(i, j)yiyj ≥ 0 ∀xi, xj

(4.19)

since Ki,j is a valid covariance matrix. This completes the proof that P2 is

a valid covariance matrix.

The two separate covariance matrices P2V and P2U are combined into

the total one through element-by-element multiplication. The second order

Volterra kernel of the underlying true system is assumed to be a realization

of a Gaussian process with zero mean and covariance matrix given by P2.

Remark 4.7. The proposed covariance matrix P2 satisfies Property 4.3. It

can be easily seen that interchanging the coordinates τ1 and τ2 corresponds

to a change in the sign of the coordinate U in (4.14) and (4.15). Given that

the absolute values of the coordinates are considered, the covariance matrix

remains in this case unaltered, as required. Moreover, P2(i, j) = P2(j, i)

therefore the proposed matrix satisfies also Property 4.4.

4.3.3 Obtaining the regularized solution (empirical

Bayes)

Different hyper-parameters are needed for the construction of the covariance

matrix for each kernel. All of these hyper-parameters are included in the

total covariance matrix P = diag(P0, P1, P2). The numerical values of these

parameters are computed as described in Section 3.3.5:
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4.3. Regularized estimation of the Volterra series

θ̂h = arg min
θh

Y T
N Σ−1

Y YN + log det ΣY

where ΣY = ΦNPΦT
N + σ2I(N−nmax+1) denotes the covariance of the mea-

surement output vector YN , P is the total block-diagonal covariance matrix

and nmax = max(n1, n2). The parameter vector θh contains all the hyper-

parameters and the size of this vector depends on the type of regularization

kernel used for the penalization of the model parameters. For example,

when the DC kernel (the one described in this paper for independent prior

in different directions) is used for regularization, the size of θh amounts to:

1︸︷︷︸
0th

+ 1 + 2︸ ︷︷ ︸
1st

+ 1 + 2 + 2︸ ︷︷ ︸
2nd

+ 1︸︷︷︸
noise var

= 10

From an optimization point of view, solving a nonlinear non-convex

problem in order to tune a large number of parameters is not always tractable.

The reason lies in the fact that choosing a suitable set of initial conditions

for all the parameters constitutes a difficult task. Both theoretically and

practically speaking, the optimization must be repeated several times initi-

ating the algorithm from different starting values. It is important to note

that the advanced methods for solving the above nonlinear optimization

problem in the case when N (length of data) >> nθ (number of parameters

in the Volterra model) described in [28] can also be used here for solving the

regularized Volterra problem faster and in a numerically stable way. More-

over, it is advised that the gradient of the objective function with respect to

the hyper-parameters is also computed and provided to the function such

that the computation time is significantly decreased. For the computation

of the gradient of the Marginal Likelihood we refer to [116], page 114.

4.3.4 Generalization of the method to higher

dimensions

The Volterra kernel regularization method proposed for the second order

kernel can be extended to cover the case of Volterra kernels (impulse re-

sponses) of dimension higher than 2. In Fig. 4.9 a part of the cubic kernel,
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4. The Volterra Series and Regularized Estimation

Figure 4.9: The three orthogonal directions chosen for the regularized estima-
tion of the third order kernel.

described by the function h3(τ1, τ2, τ3) in the Volterra series, is depicted.

Each sphere corresponds to a different value of the function h3. The diag-

onal direction V or direction of ”natural evolution“ is now the one of the

blue arrow with orientation (1, 1, 1) (in the (τ1, τ2, τ3) coordinate system).

At each point on this direction there corresponds a plane described by

the equation τ1 + τ2 + τ3 = constant. In Fig. 4.9 these planes are orientated

with green lines.

Following the reasoning of the second order kernel, two directions will

be needed in order to describe the prior knowledge of exponential decaying

and smoothness on each of these planes (surfaces). Therefore, the three

directions V (orientation (1,1,1)), U (orientation (-1,1,0)) and Q (orienta-

tion (-1,-1,2)) can be used in order to formulate the covariance for the 3-D

impulse response as follows:
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4.3. Regularized estimation of the Volterra series

P3V (i, j) = e−αV

∣∣|Vi|−|Vj |∣∣ e−βV

∣∣|Vi|+|Vj |∣∣
2

P3U (i, j) = e−αU

∣∣|Ui|−|Uj |∣∣ e−βU

∣∣|Ui|+|Uj |
∣∣

2

P3Q(i, j) = e−αQ

∣∣|Qi|−|Qj |
∣∣
e−βQ

∣∣|Qi|+|Qj |
∣∣

2

P3(i, j) = c3 P3V (i, j) P3U (i, j) P3Q(i, j)

(4.20)

where c3 represents a scaling factor while the hyperparameters α and β

represent the same thing as in (4.16). Following the same reasoning, the

concept can be extended further to higher dimensions.

4.3.5 Computation and memory needs of the

method

However, adding even only the third order kernel in the Volterra series

model results in 7 extra hyperparameters (2 per direction plus one constant

for normalization), added to the ones needed for the Volterra kernels of

lower dimensions. This fact is bound to deteriorate the efficiency of the

optimization method to return a good optimum for all these hyperparam-

eters during the maximization of the marginal likelihood (3.24), and the

computational time will be clearly increased. One solution to tackle the in-

creasing number of hyperparameters is the use of the TC covariance matrix

(Fig. 4.10).

Computation complexity

In general, the exact computational time depends on many factors such

as the model complexity, the way how the matrix algebra is implemented,

the initial values of the hyperparameters, and the technique used to tune

the hyperparameters. A significant amount of time could possibly be saved

by using different hyperparameter optimization strategies, and by a proper

choice of the initial values during hyperparameter estimation. Injecting

prior information, such as smoothness and decaying, decreases significantly

the need for long data records and improves the quality of the obtained

75



4. The Volterra Series and Regularized Estimation

Figure 4.10: Left: Number of hyperparameters needed for a Volterra kernel as
a function of its order. Right: Total number of hyperparameters
for a Volterra series as a function of its degree.

model in terms of MSE. However, this is at the price of increased computa-

tional complexity and higher memory needs. The computational complexity

increases with the degree of the Volterra series (and thus with the increasing

number of parameters, Fig. 4.3).

When (3.24) is used for hyperparameter estimation, the main compu-

tational complexities involve the optimization of the hyperparameters and

further the computation of the estimated parameter vector using (4.12). To

be more precise:

• Construction of the covariance matrix Pm using the DC kernel for the

Volterra kernel of order m with memory nm and number of parameters

nθm :

TPm ∼ O((2m− 1) · n3
θm

).

• Optimization of the hyperparameters, when (3.24) is computed in a

straightforward manner:∑M
m=1(TPm) +O(N3) +O(N2) +O(N).

• Estimation of the Volterra coefficients, when the formula θ̂RegN =

(PΦNΦT
N +σ2I)−1PΦNYN is used (which is mathematically the same

as the one given in (4.12)):∑M
m=1(TPm) + 2 · (O(n3

θ) +O(n2
θN)) + 3 ·O(n2

θ) +O(nθN).
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4.3. Regularized estimation of the Volterra series

An extensive description of the complexity issues when empirical Bayes

is used for hyperparameter estimation can be found in [28], together with

very efficient algorithms for the case when N >> nθ. These algorithms are

advised to use also for the case of the Volterra series estimation when N >>

nθ, even though the latter occurs less often than in the case of impulse

response estimation. In the same work, it is shown how the inversion of the

covariance matrix P as well as of the output covariance Σy in (3.24), can

be avoided, thus avoiding to invert a possibly badly-conditioned covariance

matrix P .

Recently, the Expected Maximization (EM) method [19], [118], [20] has

been proposed for the tuning of the hyperparameters as an alternative to

the use of the Marginal Likelihood of the output in case of regularized

Volterra series estimation [133]. It is shown in this work that a significant

reduction in the optimization time can be achieved, in the case of regularized

Volterra series estimation when the degree of the series is higher or equal to

4. Improvement of the hyperparameter tuning procedure for the case when

the degree of the series is up to 3, remains still an open research problem.

Memory needs

A further highly related issue is the exaggerated memory needs. In general,

when LTI systems (case of first order Volterra series estimation) are identi-

fied with the regularization technique, the memory needs are quite limited.

However, considering the matrix sizes in the case of Volterra orders higher

than 1, then:

• the requested operational memory size grows linearly as O(2N ×nθ +

N) for increasing measurement length N

• the requested operational memory grows quadratically as O(3nθ ×
nθ + nθ) for increasing number of parameters nθ.

• finally the memory needs also grow as a power function of the Volterra

series degree, i.e. O(
∑M

m=1(nhm)2).
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4. The Volterra Series and Regularized Estimation

Figure 4.11: Realization of a Gaussian random process filtered through an 11th

order Butterworth filter with cutoff discrete frequency of 0.15.

Possible ways to reduce the memory needs at the price of an increased

computational time can be found in [10].

4.4 Regularized estimation of commonly

used block structures

The regularized estimation method described in the current chapter is

demonstrated in this section in a number of commonly used block model

structures for nonlinear systems which can be modeled with the Volterra

series. In all cases an output error framework is considered for the true

system S0 to be identified:

S0 : y(k) = y0(u(k)) + e(k)

where y(k) denotes the noisy measured output, y0 is the noiseless system

output, u(k) is the input applied to the system and e(k) ∼ N (0, σ2) is the

measurement noise added directly to the measured output. The input signal

is a filtered realization of a Gaussian random process and the spectrum of

the signal is given in Fig. 4.11.
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4.4. Regularized estimation of commonly used block structures

Figure 4.12: The Wiener model structure. Up: Block scheme where G(q) rep-
resents a stable linear impulse response and m(·) is a static non-
linear function. Down left: The second order impulse response of
the Wiener structure for m(x) = x2. Down right: Top view of the
Volterra kernel.

4.4.1 Identification of smooth Volterra kernels

Wiener structure

The system output is given by:

y0 = m(G(q)u(k))

where m(·) corresponds to a static nonlinear function m(x) = xr and G(q)

is a discrete time LTI system. It is proven in [149] that this system can be

completely described by an infinite Volterra series which consists of only

the rth order Volterra kernel given by:

hr(τ1, τ2, . . . , τr) = g(τ1)g(τ2) · · · g(τr)

where g(τ), τ = 0, 1, 2, . . . are the impulse response coefficients of the LTI

system G(q). In this example we set r = 2 and:

G(q) =
1.1098q−1

1− 1.7742q−1 + 0.8187q−2
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4. The Volterra Series and Regularized Estimation

Figure 4.13: Estimated second order Volterra kernels for the Wiener case for
different noise levels and number of data used for identification.

The second order Volterra kernel of the true underlying system is de-

picted in Fig. 4.12. The regularized second order Volterra kernel estimate

for different cases of SNR as well as number of data N used for identification

is given in Fig. 4.13.

Wiener-Hammerstein structure

The system output is given by:

y0 = G2(q) m(G1(q)u(k))

where m(·) corresponds to a static nonlinear function m(x) = xr and

G1(q), G2(q) are discrete time LTI systems. It is proven in [149] that this
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4.4. Regularized estimation of commonly used block structures

Figure 4.14: The Wiener-Hammerstein model structure. Up: Block scheme
where G1(q) and G2(q) represent stable linear impulse responses
and m(·) is a static nonlinear function. Down left: The second
order impulse response of the Wiener-Hammerstein structure for
m(x) = x2. Down right: Top view of the Volterra kernel.

system can be completely described by an infinite Volterra series which

consists of only the rth order Volterra kernel given by:

hr(τ1, τ2, . . . , τr) =
∞∑
σ=0

g2(σ)g1(τ1 − σ)g1(τ2 − σ) · · · g1(τr − σ)

where g1(τ), g2(τ) τ = 0, 1, 2, . . . are the impulse response coefficients of the

LTI systems G1(q) and G2(q), respectively. In this example we set r = 2

and:

G1(q) =
2.6602q−1

1− 1.5102q−1 + 0.6179q−2
G2(q) =

2.9576q−1

1− 1.6548q−1 + 0.7745q−2

The second order Volterra kernel of the true underlying system is de-

picted in Fig. 4.14. The regularized second order Volterra kernel estimate

for different cases of SNR as well as number of data N used for identification

is given in Fig. 4.15.
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4. The Volterra Series and Regularized Estimation

Figure 4.15: Estimated second order Volterra kernels for the Wiener-
Hammerstein case for different noise levels and number of data
used for identification.

In both of the aforementioned examples, it can be observed in Fig. 4.13

and Fig. 4.15 that the estimated model is able to capture the underlying im-

pulse response characteristics, even in the case when the number of data N

is less than the number of parameters to estimate and unique ML parameter

estimation is not possible.

4.4.2 Cases of conservative penalization

In this section the regularized Volterra kernel identification method is tested

on the cases where the smoothness property does not apply to every possible

direction on the (hyper-)surface defined by the r-dimensional Volterra kernel

hr(τ1, τ2, . . . , τr).
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Figure 4.16: The Hammerstein model structure. Up: Block scheme where G(q)
represents a stable linear impulse response and m(·) is a static
nonlinear function. Down left: The second order impulse response
of the Hammerstein structure for m(x) = x2. Down right: Top
view of the Volterra kernel.

Hammerstein structure

The system output is given by:

y0 = G(q) m(u(k))

where m(·) corresponds to a static nonlinear function m(x) = xr and G(q)

is a discrete time LTI system. It is proven in [149] that this system can be

completely described by an infinite Volterra series which consists of only

the rth order Volterra kernel given by:

hr(τ1, τ2, . . . , τr) = g(τ1)δτ1,τ2δτ1,τ3 · · · δτ1,τr
where g(τ), τ = 0, 1, 2, . . . are the impulse response coefficients of the LTI

system G(q). In this example we set r = 2 and:

G(q) =
2.9576q−1

1− 1.6548q−1 + 0.7745q−2

The second order Volterra kernel of the true underlying system is de-

picted in Fig. 4.16. The regularized second order Volterra kernel estimate
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4. The Volterra Series and Regularized Estimation

Figure 4.17: Estimated second order Volterra kernels for the Hammerstein case
for different noise levels and number of data used for identification.

for different cases of SNR as well as number of data N used for identification

is given in Fig. 4.17.

Wiener-parallel-to-Hammerstein structure

The system output is given by:

y0 = m1(G1(q)u(k)) +G2(q) m2(u(k))

where a Wiener structure is in parallel to a Hammerstein structure, as

depicted in Fig. 4.18. The reason why this example is chosen lies in the fact

that for the case of a linear system sandwiched by two static nonlinearities,
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4.4. Regularized estimation of commonly used block structures

Figure 4.18: The Wiener-parallel-to-Hammerstein model structure. Up: Block
scheme where G1(q) and G2(q) represent stable linear impulse re-
sponses and m1(·) and m2(·) are static nonlinear functions. Down
left: The second order impulse response of the Wiener-parallel-to-
Hammerstein structure for m1(·) = m2(·) = x2. Down right: Top
view of the Volterra kernel.

the second order kernel exhibits a Wiener-plus-Hammerstein structure [149].

In this example we set m1 = m2 = x2 and:

G1(q) =
1.8272q−1

1− 1.7475q−1 + 0.8211q−2
G2(q) =

7.3086

1− 1.7475q−1 + 0.8211q−2

The second order Volterra kernel of the true underlying system is de-

picted in Fig. 4.18. The regularized second order Volterra kernel estimate

for different cases of SNR as well as number of data N used for identification

is given in Fig. 4.19.

It can be observed in Fig. 4.19 that the estimated Volterra kernel is

able to capture only the slow variations of the impulse response depicted

in Fig. 4.18. The latter can be justified by the fact that most of the input

power is concentrated in the low frequency region, as illustrated in Fig. 4.11.

The impulse response in Fig. 4.11 could be captured if an input signal with

power in the high frequency region could be used. The estimated Volterra
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4. The Volterra Series and Regularized Estimation

Figure 4.19: Estimated second order Volterra kernels for the case of Wiener-
parallel-to-Hammerstein structure for different noise levels and
number of data used for identification.

kernel in case of such a signal is depicted in Fig. 4.20. The input signal is

random Gaussian distributed white noise and the difference in the estimated

impulse response is clear with respect to the filtered noise input case.

4.4.3 Estimated hyperparameters and prior

information

Observing the covariance matrix proposed for the second order Volterra

kernel in (4.16), namely:
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4.4. Regularized estimation of commonly used block structures

Figure 4.20: Estimated second order Volterra kernels for the case of Wiener-
parallel-to-Hammerstein structure for different noise levels and
number of data used for identification. The random input ap-
plied to the system is not filtered in this case, therefore the high
frequency behavior can be captured in this case.

P2(i, j) = c2 P2V (i, j) P2U (i, j)

P2V (i, j) = e−αV

∣∣|Vi|−|Vj |∣∣ e−βV

∣∣|Vi|+|Vj |∣∣
2

P2U (i, j) = e−αU

∣∣|Ui|−|Uj |∣∣ e−βU

∣∣|Ui|+|Uj |
∣∣

2

one can relate the estimated values of the hyperparameters αU , αV , βU , βV

to a truncation lag related to the decay and correlation properties of the

identified Volterra kernel. To be more precise, we can write e−βV = e
− 1
τβV

where τβV is a lag related to the decay of the kernel. The Volterra kernel
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4. The Volterra Series and Regularized Estimation

Table 4.1: Typical values of the estimated hyperparameters αU , αV , βU , βV ,
with the corresponding τV and τU lags, for the different nonlinear
block structures considered in this section. The estimated hypera-
parmeters correspond to the case N

nθ
= 0.6 and SNR = 5 dB. The

normalization constant c2 is given for completeness.

Nonlinear
structure αU (ταU ) βU (τβU ) αV (ταV ) βV (τβV ) c2

W 0.062(15.95) 0.089(11.19) 0.05(19.71) 0.209(4.766) 201
WH 0.203(4.91) 0.452(2.21) 0.127(7.87) 0.107(9.31) 1.2 · 105

H 0.012(83.87) 15.61(0.064) 0.146(6.85) 0.141(7.07) 23.05
W-par-H 0.337(2.96) 0.154(6.48) 0.147(6.79) 0.189(5.268) 1.4 · 103

will have virtually decayed in the V direction in 3− 4 τβV lags. Following

a similar reasoning we can write e−αV = e
− 1
ταV and ταV is a lag related

to the correlation between the kernel coefficients in the V direction, e.g. a

value of ταV = 3 means that there exist significant correlation between the

coefficients in a maximum distance of 3 lags.

Typical values of the estimated hyperparameters αU , αV , βU , βV to-

gether with the corresponding τV and τU lags are given in Table 4.1.

4.4.4 Monte Carlo simulations

Second order Volterra kernel

The performance of the regularized Volterra series method is tested using

100 Monte Carlo simulations for varying length of measured N . For each

ratio N/nθ, nθ denoting the number of Volterra coefficients to estimate,

the WH system given in Fig. 4.14 is considered and in every MC iteration

the realization of the input as well as of the noise signal in the measured

output changes. The spectrum of the input is given in Fig. 4.11. Two

different SNRs are considered, namely 1 and 10 dB. Moreover, a validation

dataset is generated in every MC iteration of 20000 samples and the ability

of the model to capture the underlying dynamics is measured by the error

on the validation output given by:

Errval =
rms(yval − ŷval)

rms(yval)
(4.21)
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4.4. Regularized estimation of commonly used block structures

Figure 4.21: Model performance on validation data for the WH case based
on 100 Monte Carlo simulations. Red: Estimated second order
Volterra kernel without use of regularization (LS solution). Blue:
Regularized estimated second order Volterra kernel. Upper figure:
SNR set to 1 dB. Lower figure: SNR set to 10 dB.

where yval is the measured output used for model validation and ŷval is the

output of the model when perturbed by the validation input signal. The

result is depicted in Fig. 4.21.

Similarly to the regularized identification of the linear impulse response,

the regularized model describes a larger part of the validation dataset with

respect to the unregularized case. It is important to observe again that with

regularization it is possible to estimate the Volterra kernels quite efficiently

in the region N < nθ where a unique LS solution does not exist.

Second degree Volterra series

The last simulation example includes regularized estimation of a second

degree Volterra series, i.e. a series which consists of all the Volterra ker-

nels up to order 2. In that case, a different penalty is constructed for each
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4. The Volterra Series and Regularized Estimation

Figure 4.22: Block structure of the nonlinear system, modeled by the second
degree Volterra series. G1(q), G2(q) and G3(q) correspond to lin-
ear IIR filters, h0 is a constant offset to the output and m(·) is a
static nonlinearity.

kernel and the impulse responses of different dimensions are estimated si-

multaneously. A block structure of the system to be identified is depicted

in Fig. 4.22. The static and dynamic elements of the structure are given

by:

h0 = 1 m(x) = x2 G1(q) =
0.1678q−1

1− 1.5102q−1 + 0.6179q−2

G2(q) =
2.6602q−1

1− 1.5102q−1 + 0.6179q−2
G3(q) =

2.9576q−1

1− 1.6548q−1 + 0.7745q−2

The input spectrum, the validation index as well as all the settings are

kept the same as for the previous second order Volterra kernel example.

The result is given in Fig. 4.23. The observations remain the same as in the

previous example. Nevertheless, this simulation is used as the proof that

simultaneous regularized identification of the Volterra kernels of different

dimension is possible.

Remark 4.8. The gains of the dynamic blocks in this example have been

chosen such that the contribution of each branch in the measured output is

comparable. If that is not the case then regularized estimation of the corre-

sponding Volterra kernel will not be able to recover the underlying (multi-

dimensional) impulse response due to the limited contribution of the same

to the measured data.
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4.5. Reducing the number of Volterra kernel coefficients

Figure 4.23: Model performance on validation data for the second degree
Volterra series case based on 100 Monte Carlo simulations. Red:
Estimated second order Volterra kernel without use of regular-
ization (LS solution). Blue: Regularized estimated second order
Volterra kernel. SNR is set to 1 dB.

4.5 Reducing the number of Volterra

kernel coefficients

In the last section of this chapter, one way to reduce the number of Volterra

kernel coefficients is proposed for the case when the impulse response of the

nonlinear system behaves like the one depicted in Fig. 4.12 and Fig. 4.14.

In this case, the Volterra kernel exhibits a large area where the impulse

coefficients are close to zero. Under this condition, the contribution of these

coefficients to the modeled output will be small. Therefore, it is possible

to restrict the number of estimated parameters as depicted in Fig. 4.24.

Given the fact that the estimated kernel will be symmetric, the decrease

in number of parameters can be very large as depicted in Fig. 4.25 and

Fig. 4.26.

4.6 Conclusions

The regularization method applied for the case of linear impulse response

estimation has been extended in this chapter to the estimation of Volterra

kernels in case of nonlinear system identification. In terms of the Bayesian
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4. The Volterra Series and Regularized Estimation

Figure 4.24: Left: Limiting the second order kernel with a line constraint. The
blue ellipsoid encircles the negligible Volterra coefficients. Right:
Limiting the third order kernel with a plane constraint.

Figure 4.25: Left: Number of parameters to estimate for the second order
Volterra kernel with and without limiting the kernel with a line
constraint. Right: Percentage of reduction in the number of pa-
rameters as a function of the truncation lag. If such a constraint
is possible, the percentage of reduction in number of parameters
becomes asymptotically 50%. The latter can be explained by the
fact that for increasing truncation lag, the total surface of the
kernel that will not be estimated approaches more nad more the
half of the total surface.
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4.6. Conclusions

Figure 4.26: Left: Number of parameters to estimate for the third order
Volterra kernel with and without limiting the kernel with a plane
constraint. Right: Percentage of reduction in the number of pa-
rameters as a function of the truncation lag. If such a constraint
is possible, the reduction in number of parameters becomes very
fast larger than 80%.

perspective of the regularization concept, an appropriate covariance ma-

trix has been proposed which can be used to impose exponential decay

and smoothness in the case of high dimensional impulse responses. The

efficiency of the method has been shown on a number of simulation exam-

ples based on commonly used nonlinear block structures. The proposed

covariance matrix/regularization penalty can be easily extended to impulse

responses of any dimension.
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Chapter 5

Regularized Volterra kernel

estimation on two lab-scale

system cases

In this chapter the regularized Volterra series estimation method is used

to identify the dynamics in case of two real lab-scale nonlinear systems.

The first one corresponds to a nonlinear electronic circuit developed at the

ELEC department and called the Wiener-Hammerstein benchmark ([86]).

A comparison of the method on the aforementioned system with the case of

L1-norm penalization of the estimated parameters is also presented, using

a method developed in the Wroclaw University of Science and Technol-

ogy at the Department of Control Systems and Mechatronics. The results

presented in section 5.1.3 have been provided by Assistant Professor Prze-

myslaw Śliwiński and Assistant Professor Pawel Wachel. The second system

corresponds to the cascaded watertanks benchmark presented in [125], [123].

Identification of the latter system is a challenging task due to the short data

record available for estimation of the model parameters, the presence of sig-

nificant transient effects in the short measured dataset as well as of a hard

nonlinearity (saturation) in the measured system output.
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5. Regularized Volterra kernel estimation on two
lab-scale system cases

5.1 The Wiener-Hammerstein benchmark

5.1.1 System and measurement procedure
built by Gerd Vandersteen (Vandersteen, 1997). The

general structure is shown in Fig. 1.

The first filter  is designed as a third order

Chebyshev filter (pass-band ripple of 0.5 dB and cut

off frequency of 4.4 kHz). 

The second filter is designed as a third order inverse

Chebyshev filter (stop-band attenuation of 40 dB start-

ing at 5 kHz). This system has a transmission zero in

the frequency band of interest. This can complicate the

identification significantly, because the inversion of

such a characteristic is difficult. 

The static nonlinearity is built using a diode cir-

cuit(Fig. 2).

An impression of the overall characteristic is given in

Fig. 3 

3.  EXPERIMENT

The Wiener-Hammerstein system was excited with a

filtered Gaussian excitation signal (cut-off frequency

10 kHz). 

The input is generated using an HPE1434A arbitrary

waveform generator. This is a zero-order-hold (ZOH)

generator, followed by an analog low-pass filter to fil-

ter the high frequency components of the ZOH-recon-

struction, so that the resulting signal is a band-limited

signal. 

The input and output were measured with a

HPE1433A data acquisition card using a sample fre-

quency of 51200 Hz. An internal anti-alias filter is

present in this card. 

The measured signals are shown in Fig. 4. An impres-

sion of the disturbing noise levels can be found by

zooming in on the non-excited parts. It turns out that

the disturbing noise levels (measurement noise) are

very low, and about 70 dB below the signal levels (see

also Fig. 6).

The amplitude distribution of the input and output sig-

nal (leaving out the zero-parts) is given in Fig. 5. From

this figure it can be seen that the input is Gaussian dis-

tributed, while the output is clearly skew. 

The discrete Fourier transform (DFT, with hanning

window) of the input and output is shown in Fig. 6.

u t( ) y t( )
G1 s( ) G2 s( )f .[ ]

 Fig. 1: Wiener-Hammerstein system consisting of

the cascade of a linear dynamic block ,

a static non-linear block  and a linear

dynamic block 

G1 s( )

f .[ ]

G2 s( )

G1 s( )

1N4148

1kΩ

10kΩ

 Fig. 2: Circuit used to built the static nonlinear

system.

f .[ ]G1 G2

y0u0

f f

 Fig. 3: The Wiener-Hammerstein system.
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 Fig. 4: Measured input and output signal. Black part:

estimation data (user available data to built the

model); gray part: test data: to be used only for

bench marking).
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 Fig. 5: Histogram of the measured input and output.

Figure 5.1: The Wiener-Hammerstein structure describes the nonlinear behav-
ior of the electronic circuit presented in [86].

The system consists of a nonlinear diode circuit sandwiched between

two linear filters (Fig. 5.1). The first filter G1(s) and the second one G2(s)

correspond to a third order Chebyshev and inverse Chebyshev filter, re-

spectively. The frequency characteristics of the two filters are illustrated in

Fig. 5.2 (left plot). The corresponding impulse responses, g1(τ) and g2(τ),

respectively, are depicted in Fig. 5.2 (right plot).

Figure 5.2: Frequency characteristics and impulse responses of the two linear
blocks of the WH system.

Let us consider the linear part of the representation which corresponds

to the Best Linear Approximation (BLA) of the WH system ([113]). It can

be shown that, given a Gaussian distributed excitation, the BLA of a WH

system is defined as the scaled product of the two linear filters:
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5.1. The Wiener-Hammerstein benchmark

Figure 5.3: The spectra of the input (left) and output (right) data used for the
identification of the WH benchmark system.

GBLA(s) = γG1(s)G2(s) (5.1)

where γ denotes a scalar whose value depends on the level of nonlinearity in

the measured data. The frequency response of the BLA (for γ = 1) is shown

in Fig. 5.2 (left plot). The corresponding impulse response of the BLA is

depicted in the same figure (right plot). Observing the impulse response of

the BLA, it is reasonable to assume that the response has almost decayed

to zero after lag 80.

Moreover, the spectrum of the filtered noise input that has been ap-

plied to the system together with the corresponding measured output are

depicted in Fig. 5.3. The data of the WH benchmark are available online

at http://tc.ifac-control.org/1/1/Data%20Repository/sysid-2009-wiener

-hammerstein-benchmark.

5.1.2 Volterra series estimate of the WH benchmark

First, the measured data are used in order to estimate only the linear part

of the series, namely the system is assumed to be described by:

y(t) =

n1−1∑
τ1=1

h1(τ1)u(k − τ1) (5.2)
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5. Regularized Volterra kernel estimation on two
lab-scale system cases

Figure 5.4: Estimated first order Volterra kernel of the WH benchmark system.
Left:Unregularized estimation. Right:Regularized estimation.

Figure 5.5: Left: Estimated second order Volterra kernel of the WH benchmark
system. Right: X-Y view of the same estimate.

The memory of the first order kernel n1 is selected to be 80, due to the

observation from the impulse response of the BLA in Fig. 5.2.

The result of the regularized estimation, when smoothness and decaying

is assumed for the estimated model is depicted in Fig. 5.4 (right plot). In

the same figure the impulse response of the BLA computed according to

(5.1) for γ = 1 is presented. Both responses have been scaled with their

2-norm in order to illustrate that one is the scaled version of the other.

The effect of the regularization is evident in Fig. 5.4 by comparing the

two plots. The unregularized estimate presents a much higher variance

for the estimated impulse coefficients as it has been already illustrated in

Chapters 3 and 4. The truncated second and third degree Volterra series
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5.1. The Wiener-Hammerstein benchmark

Figure 5.6: Direction (1,1,1) of the estimated third order Volterra kernel of the
WH benchmark system.

has also been estimated on the same amount of data as in the first order

kernel case. The length of the data used for estimation was Nest = 9760

(the first sample of the estimation data used in this work corresponds to

the 15000th sample of the data available for estimation in the benchmark

data). For model validation, the full validation data set has been considered

(Nval = 87000 samples). The estimated second and third order Volterra

kernels are depicted in Fig. 5.5 and Fig. 5.6, respectively (the estimated

first order Volterra kernel was very similar to the one depicted in Fig. 5.4).

The effect of the prior information about exponential decay and smoothness

is evident in Fig. 5.5 while the third order kernel has not decayed completely

to zero.

Remark 5.1. The memories of the second and the third order kernels are

not randomly selected. It is a fact that the higher the dimension of the

kernel in case of a nonlinear system described by exponentially decaying

Volterra kernels, the faster (in lags) the kernel decays to zero. Therefore,

the memory of the second order kernel has been chosen smaller than the

one of the first order kernel, and the memory of the third order kernel, in

turn, smaller than the one of the second order kernel. The exact values of

these memories occurred after tuning and observing the validation of the

modeled output. In general it is preferable that initially a conservatively

large memory is chosen for the kernel and in a further stage, the truncation
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Table 5.1: Hyperparameters for the estimated first order Volterra kernel of the
WH benchmark.

α1 (τα1) β1 (τβ1) c1

0.0362 (27.6) 0.156 (6.42) 0.0087

Table 5.2: Hyperparameters for the estimated second order Volterra kernel of
the WH benchmark.

αU (ταU ) βU (τβU ) αV (ταV ) βV (τβV ) c2

2.69 (0.37) 0.216 (4.62) 0.018 (55.1) 0.09 (11) 8.7 · 10−6

Table 5.3: Hyperparameters for the estimated third order Volterra kernel of the
WH benchmark.

αU
(ταU ) βU (τβU ) αV (ταV ) βV (τβV ) αQ (ταQ) βQ (τβQ) c3

2.86
(0.35)

0.167
(5.96)

0.026
(38.42)

0.09
(11)

0.425
(2.35)

0.2
(5)

4.57
·10−7

point can change based on the estimated impulse response.led output. In

general it is preferable that initially a conservatively large memory is chosen

for the kernel and in a further stage, the truncation point can change based

on the estimated impulse response.

The estimated hyperparameters used to construct the covariance matri-

ces P1 ((3.21)), P2 ((4.16)) and P3 ((4.20)) are given in Tables 5.1, 5.2 and

5.3, together with the corresponding lags, as explained in Section 4.4.3.

The computed models are compared based on their performance on the

validation data. As a validation index, the Root Mean Square (RMS) of

the error between modeled and measured validation output has been used,

as instructed by the benchmark ([86]):

eRMS =

√√√√ 1

87000

Nval∑
t=1

(yval − ŷval)2 (5.3)

The error obtained for the truncated Volterra series of increasing degree

is depicted in Fig. 5.7. The decreasing validation error is explained by the

increasing degree of the series (increased model complexity). The estimated

truncated third degree Volterra series with truncation lags 80, 60, 35 for the
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5.1. The Wiener-Hammerstein benchmark

Figure 5.7: Error in the validation dataset for increasing degree of the estimated
Volterra series.

first, second and third order Volterra kernel, respectively, gives a validation

error eRMS = 10.1567 mV as computed in (5.3).

Remark 5.2. For the purpose of consistency in terms of this thesis, the

validation indices obtained for the WH benchmark, as well as the comparison

between the different methods provided in Tables 5.4 and 5.5, are also given

in 5.A where:

eRMS,2 =
rms(yval − ŷval)

rms(yval)
(5.4)

is used as a validation index.

5.1.3 L1−norm penalization: The aggregative

modeling method

The results obtained for the WH benchmark with the regularization method

described in the previous section are compared with the aggregative non-

linear system identification method described in [147], [146] and [128]. The

aggregative modeling approach constitutes a very powerful method to de-

scribe nonlinear dynamics, especially in the case of nonlinear systems where

the a priori information about the system dynamics is often limited. The

advantage of the method in case of short data records combined with lim-
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lab-scale system cases

ited prior information about the system is clearly presented in [147] and

[146].

In terms of this approach, the discrete-time nonlinear system of interest

is described by the following input-output equation:

y(k) = m (u(k), u(k − 1), . . .) + e(k) (5.5)

where u(k), u(k − 1), . . . and e(k), are the input and noise signals, respec-

tively and m (u(k), u(k − 1), . . .) denotes a nonlinear mapping whose out-

put depends not only on the current input u(k), but also on (infinitely or

finitely many) previous input samples u(k− 1), u(k− 2), . . .. The model of

the system is given by:

m̂(u; θ̂) =
D∑
i=1

θ̂imi (u) (5.6)

where mi (u) , i = 1, . . . , D form the so-called dictionary which contains the

user defined elements candidate to describe the input-output relation and

θ̂ = [θ̂1, θ̂2, . . . , θ̂D]T is the empirical counterpart of the vector θ obtained

by minimization of the quadratic criterion

Q̂ (θ) =
1

N

N∑
n=1

[m̂ (un; θ)− yn]2 . (5.7)

with the following constraint imposed on the solution

‖θ‖q ≤ D(1/q)−1, q ≥ 1. (5.8)

In this section the goal is to show the difference in the obtained models

when different types of prior information, represented by different norms

of penalization for the estimated parameters, are used for identification.

Therefore L1-norm penalization has been considered (q = 1 and ‖θ‖1 ≤ 1)

in order to compare it with the L2-norm penalization used in the previous

section. Even though the elements of the dictionary can be any possible

model, the dictionary was here restricted to contain input samples and

products of the input samples such that the estimated vector θ̂ in (5.6) will

correspond to the corresponding Volterra kernel coefficients.
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5.1. The Wiener-Hammerstein benchmark

Figure 5.8: Estimated first order Volterra kernel of the WH benchmark system.
Black: BLA. Red stem: Volterra estimate with L1-norm penaliza-
tion.

Using this method, the WH benchmark system has been modeled with

a truncated third degree Volterra series using 80, 60 and 40 lags for the

truncation of the first, second and third order Volterra kernel, respectively

(memory of third order Volterra kernel is slightly larger but qualitative

comparison is still possible). The data used for estimation were N = 13470

samples (the first sample of the estimation data used corresponds to the

15000th sample of the data available for estimation in the benchmark data).

The full validation dataset was used for model validation (87000 samples).

The result of the aggregative modeling method and the L1-norm penaliza-

tion on the Volterra kernel coefficients is depicted in Fig. 5.8 and Fig. 5.9

for the first and second order Volterra kernels, respectively.

It can be observed that there is a clear difference between the kernels

obtained for the cases of L1- and L2-norm penalization. This is expected due

to the fact that in general the L1-norm penalization leads to sparse solutions

for the estimated parameter vectors. Under this condition, a number of the

estimated parameters will be pulled to zero, as it is the case for both the

estimated first and the second order Volterra kernels in Fig. 5.8 and Fig. 5.9,

respectively.

Despite the difference in the obtained kernels with respect to the shape,
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Figure 5.9: Left: Estimated second order Volterra kernel of the WH benchmark
system in case of L1-penalization. Right: X-Y view of the same
estimate.

the estimated models are able to describe approximately the same amount

of data as in the case of the L2-norm penalization (decay and smoothness).

The latter is shown in Fig. 5.10 ([140]) where the obtained errors in the

validation data are presented together with the same errors provided by

other methods in the literature.

The estimated truncated third degree Volterra series with L1-norm pe-

nalization with truncation lags 80, 60, 40 for the first, second and third order

Volterra kernel, respectively, gives a validation error eRMS = 10.22 mV as

computed in (5.3).

The results obtained by comparing the two methods lead to the following

conclusion: different identification methods can target the description of the

input-output behavior, such as the aggregative modeling method with the

L1-norm penalization, or the description of the underlying dynamics and as

such to the input-output behavior, such as the regularized Volterra estima-

tion method described in Chapter 4. In the presence of model errors where

a truncated series is used to model a system of infinite memory, even though

two methods can perform equally well on a validation dataset, the type of

prior information, introduced to the optimization problem through the type

of penalization used for the estimated parameters, determines completely
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5.1. The Wiener-Hammerstein benchmark

Figure 5.10: The performance of different methods available in the literature,
on the WH benchmark system (the table has been taken from
[140], page 161). The different methods together with their ref-
erence can be found in Tables 5.4 and 5.5. The nonparametric
(NP) methods are reported on the left side of the figure. The lat-
ter include both aggregative modeling (L1-norm regularization)
in blue and the L2-norm regularization (exponential decay and
smoothness) in red. However, the validation indices of the two
methods are not easily distinguished since both methods result
approximately to the same error in the validation dataset. The
green line shows the output noise level of the experiment, .i.e. 0.2
mV.
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Table 5.4: Validation results of the WH benchmark (taken from [140])

Reference Approach
eRMS
[mV]

nθ
Nr. of param.

Nr.
in graph

[106] BLA with model order
n = 6 56.2 13 (1)

[140]

WH with polynomial
function of degree d = 3
deduced from a PNLSS

model

8.73 16 (2)

WH with d = 12, deduced
from a PNLSS model 1.13 25 (3)

WH with d = 17, deduced
from a PNLSS model 0.81 30 (4)

[106]
PNLSS

(n = 6 and d = 3) 0.42 797 (5a)

state-affine PNLSS
(n = 10 and d = 4) 1.87 384 (5b)

[78]
WH with d = 12,

initialized by poles/zeros
split

1.13 35 (6)

David
Westwick

WH with piecewise linear
nonlinearity with 8 points,

initialized by combining
BLA and QBLA

0.286 26 (7)

Jonas
Sjöberg

WH with hinge function
of 24 knots, initialized by

partitioning BLA
0.27 62 (8)

[127]
WH with hinge function
of 8 knots, initialized by

partitioning BLA
0.33 30 (9)

the characteristics of the estimated model.

5.2 The Cascaded Water Tanks benchmark

In this section, the regularized Volterra series estimation is applied to the

cascaded water tanks benchmark system which exhibits a weakly nonlinear

behavior during normal operation, however the output will present hard

saturation effects for high peaks of the input signal. A detailed description

of the cascaded watertanks system together with the measured data and the

identification challenges can be found in [125], [123]. The results presented

in the following sections have been reported in [11] and [10].
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Table 5.5: Validation results of the WH benchmark (continued) (taken from
[140])

Reference Approach
eRMS
[mV]

nθ
Nr. of param.

Nr.
in graph

[150]

Generalized HW
with hinge function

of 8 knots
0.481 47 (10a)

Generalized HW
with polynomial

function of
degree 8

2.14 21 (10b)

[78]

WH with hinge
function of 8 knots,

initialized by
poles/zeros split

0.3 64 (11)

[93] Nonlinear state-space
with sigmoidal nonlinearities 2.6 85 (12)

[41] LS-SVM 4.7 5000 (13)

[48] Fixed Size -
LS-SVM 3.85 1000 (14)

[92]
SVM for

regression (SVR) 47.4 52 (15)

[134] WH with d = 10 1.55 23 (16)

this
thesis

Third degree
Volterra series,

exponential
decay and

smoothness
as prior

knowledge

10.15 (17)

this
thesis

Third degree
Volterra series,
L1−norm

penalization

10.22 (18)

5.2.1 System and measurement procedure

The observed system consists of two vertically cascaded water tanks with

free outlets fed by the (input) voltage controlled pump. The water is fed

from a reservoir into the upper water tank which flows through a small

opening into the lower water tank, where the water level is measured. Fi-

nally, the water flows through a small opening from the lower water tank

back into the reservoir. The whole process is illustrated in Fig. 5.11.

Under normal operating conditions the water flows from the upper tank

to the lower tank, and from the lower tank back into the reservoir. This
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Figure 5.11: The process set up of the cascaded water tanks benchmark.

kind of flow is weakly nonlinear (observe the square root terms in (5.9)).

However, when the excitation signal is too large for certain duration of time,

an overflow (saturation) can happen in the upper tank, and with a delay

also in the lower tank. When the upper tank over flows, part of the water

goes into the lower tank, the rest flows directly into the reservoir. This kind

of saturation behavior constitutes a strong nonlinear characteristic for the

water tanks benchmark system. Without considering the saturation effect

(overflow), the following input-output model can be constructed, based on

Bernoulli’s principle and conservation of mass, as follows [125]:

ẋ1(n) = −k1

√
x1(n) + k4u(n) + w1(n)

ẋ2(n) = k2

√
x1(n)− k3

√
x2(n) + w2(n)

y(n) = x2(n) + e(n)

(5.9)

where u(n) is the input (pump) signal, x1(n) and x2(n) are two states of

the system, w1(n), w2(n) and e(n) are additive noise sources, and k1, k2,

k3, k4 are constant parameters depending on the system properties.

The excitation signal is a random phase multisine (2.5) of length N =

1024. The sampling frequency is 0.25 Hz. The excited frequency ranges
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Figure 5.12: Input-Output data recorded from the cascaded watertanks sys-
tem. Blue: Estimation data. Red: Validation data. Left side:
The excitation signal applied to the system in the time (up) and
in the frequency (down) domain. Right side: The recorded system
output signal in the time (up) and in the frequency (down) do-
main. The saturation effect can be clearly observed at the system
output.

from 0 to 0.0144 Hz. The SNR is at the level of 40 dB. There are two

datasets available for model estimation and validation which are depicted

in Fig. 5.12, respectively.

Each measurement starts in an unknown initial state. This unknown

state is approximately the same for both the estimation and validation

datasets. Furthermore, each dataset contains two overflows at two different

time instances. The water level is measured using uncalibrated capacitive

water level sensors which are considered to be part of the system.

5.2.2 Modeling purpose, challenges and validation

score

The goal of the proposed water tanks benchmark is to obtain a model which

simulates as close as possible the input-output behavior of the underlying
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nonlinear system. In terms of this thesis, a truncated Volterra series model

has been obtained based on the estimation data available. Given the prop-

erties of the system and the chosen model structure as well as the charac-

teristics of the measured data, a number of identification challenges can be

pointed out:

1. The recorded data length is very short which deteriorates the estima-

tion of a nonparametric model with a large number of parameters,

such as the Volterra series.

2. The system presents weakly nonlinear behavior during normal opera-

tion but hard saturation nonlinearity is also present. The saturation

is an extra obstacle for the estimation of low degree polynomial type

models such as the Volterra series considered in this thesis. The sat-

uration effect can be observed at Fig. 5.12 (Up, Right) where the

output level is not allowed to exceed the 10 V.

3. The initial state of the system is unknown.

4. The transient effects due to the initial conditions of the system con-

tribute significantly to the recorded system given the short data length

available.

The first challenge of short data records with respect to the number of

model parameters will be hopefully tackled with the use of regularization.

In case of no model errors it has been shown already in Section 4.4 that the

Volterra kernels of the identified system can be recovered quite efficiently

even in the case of short data records. The second challenge related to the

saturation effect can only handled by increasing the degree of the Volterra

series model. The higher the degree of the series the better the constant

saturated part of the output can be captured. Finally, the third and fourth

challenges related to the transient effects present in the recorded output will

be tackled by estimation the transient response of the system as explained

in the following Section 5.2.3.
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The performance of the estimated models is measured by the goodness of

the model fit via the validation data on which the RMS error is calculated,

i.e.:

erms,val =

√√√√ 1

Nval

Nval∑
n=1

(ymod(n)− yval(n))2 (5.10)

where ymod is the modeled validation output and yval is the output provided

in the validation data set depicted in Fig. 5.12 (right side).

5.2.3 Transient elimination

For the identification of dynamic systems, it is often desirable to use suffi-

ciently long and transient-free observations. However, in many cases this is

not possible and, without a proper transient elimination technique, the esti-

mated model can present very low accuracy with respect to the underlying

system. An excellent example is the benchmark problem of the cascaded

water tanks for which, as mentioned before, only a short measured data

record is available for identification.

In the case of nonparametric LTI system modeling, there are some com-

mon practices which can be used to eliminate the effect of the transient,

for instance:ling, there are some common practices which can be used to

eliminate the effect of the transient, for instance:

• In case when the LTI system is modeled with a truncated FIR model

of length n (lags), it is possible to remove the first n output measure-

ments which depend explicitly on unknown input values before the

beginning of the measurement window.

• If the excitation is periodic, then it is possible to discard some periods

such that the measurement becomes transient free [113], [121]. The

advantage of this technique is that an additional averaging can be

used to reduce the effect of the measurement noise. The disadvantage

is that at least some periods (and consequently a longer measurement)

and a periodical input are needed which is not always available.
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• Different windowing methods can also help to eliminate the transient

effects ([99]). The disadvantage is that error level is still high, when

a shorter measurement is used.

• There is also an alternative simple approach for nonparametric es-

timation [39]. This method uses a nonparametric IRF estimation

technique. This can only be used if the transient term is very short

compared to the steady-state IRF.

• A state-of-the-art nonparametric method is developed in [113], [121].

The Local Polynomial Method (LPM) is a local polynomial approxi-

mation of the smooth transfer function of the system and the smooth

transient.

Unlike the LPM, the transient elimination method is formulated in this

section purely in the time domain, and it makes use of the expected behavior

of the transient response ([38], [32] and [109]). The interested reader can

refer to [38], [82] and [113] for detailed comparison of transient elimination

techniques.

5.2.3.1 Assumptions

Similar to the case of transient-free linear impulse response function (IRF)

estimation, the transient response is also seen as a realization of a zero mean

Gaussian random process ([116]) with smoothness and decaying properties.

Using this perspective, we are allowed to use statistical methods, similar to

the ones used for the transient-free case. However, prior to carrying out any

system identification procedure, several important assumptions should be

addressed. The first three assumptions are generally needed for the regu-

larization technique. The last two assumptions are related to the transient

elimination technique.

Assumption 5.1. The output of the system, when excited by the input

signal, is disturbed by an additive, i.i.d. Gaussian measurement noise term

with a zero mean and a finite variance. The input signal is exactly known

(no measurement noise considered for the measured input signal).
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Assumption 5.2. Each IRF, independently of its order and dimensional-

ity, is smooth. This means that the spectral content of the underlying system

is highly concentrated at low frequencies.

Assumption 5.3. The observed system is bounded-input, bounded-output

stable and the expected value of its steady-state and the transient IRFs are

zero. Each IRF is shorter than the observation (measurement) length (N).

In other words, this assumption implies that after a finite time, all IRFs

tend to zero.

Assumption 5.4. The transient IRF, denoted by htr(t) (and its vectorial

form θtr ∈ Rntr) is independent of the measurement noise, and its observable

(measurable) length is ntr.

Assumption 5.5. The past values of the excitation signal (upast) are un-

correlated (or independent) of the future values (ufuture) (Fig. 5.13).

The last assumption simplifies the theoretical analysis and makes the

practical implementation easier. Note, that the Gaussian white noise and

the random phase multisine (the case of the cascaded water tanks bench-

mark) excitation signals automatically satisfy this assumption, because

their samples are totally uncorrelated.

5.2.3.2 The model structure

For the use of the Volterra series as a model structure it has been assumed

until now that the system is initially at rest, or in other words that the

initial conditions are zero. If this is not the case, transient errors will be

present but they will (exponentially) decay very close to zero after a (short)

amount of time.

In this work this is seen via the following interpretation (Fig. 5.13):

there is a finite observation window (with a length of N) wherein the mea-

surement data are collected, and we are aware of the fact that arbitrary

excitation could have been applied before this window. Due to the insuffi-

cient knowledge of the past input values, we are unable to distinguish the
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contribution of the past and present input values in the first ntr samples

(where the transient effects are present). If the observation is short, we need

to use all the available data samples. In this work, instead of estimating or

neglecting the past values of the input, we model the observable transient

term (which appears in the first ntr samples) as an independent additive

impulse response to a Kronecker delta function at t = 0 time instant (i.e.

the excitation time of the first observed sample). An illustration of this

interpretation is provided in Fig. 5.13.

Figure 5.13: An illustration of the origin of the transient term. The red ar-
rows refer to the excitation at different time instances. The black
decaying curves refer to the impulse responses generated by the
corresponding excitation. The dotted arrow and curve refer to the
transient term. Observe that the transient impulse response func-
tion originates before the observation window and its observable
(measurable) length is smaller than the whole IRF. If the past
values of the excitation (i.e. the excitation before the observation
window) are independent of the future values (i.e. the excitation
in the observation window) i.e. Assumption 5 is fulfilled, then the
measured output and the transient response in the observation
window are uncorrelated.

Using the assumptions given in Section 5.2.3.1 and the aforementioned

idea about the characteristics of the transients, the output of the cascaded

watertank system is modeled as:
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ymeas(n) =h0 +
M∑
m=1

(
nm−1∑
τ1=0

· · ·
nm−1∑
τm=0

hm(τ1, . . . , τm)
τm∏
τ=τ1

u(n− τ))︸ ︷︷ ︸
y(n),Volterra series term

+
ntr−1∑
τ=0

htr(τ)δ(n− τ)︸ ︷︷ ︸
ytr(n),transient term

+ e(n)︸︷︷︸
noise

(5.11)

with htr(n) = 0 and ytr(n) = 0 when n ≥ ntr. When Assumption 5.5 is

satisfied (see Fig. 5.13) then (5.11) boils down to:

ymeas(n) = y(ufuture) + y(upast) + e(n) (5.12)

Equations (5.11)-(5.11) can be rewritten in vectorial form as:

Ymeas = Y + Ytr + E = ΦT
Nθ + ΦT

N,δθtr + E (5.13)

since both Y and Ytr are linear in their corresponding impulse response

coefficients. A block scheme of the chosen model structure is illustrated in

Fig. 5.14.

Figure 5.14: Illustration of the chosen model structure in the presence of tran-
sient effects.

Since the stochastic perspective of the regularization method (see Sec-

tion 3.3.3) is considered, the covariance of the random measured output

vector can be formulated as follows:

PYmeas,Ymeas = E[(Ymeas − E[Ymeas]︸ ︷︷ ︸
0,Ass.5.3

)(Ymeas − E[Ymeas]︸ ︷︷ ︸
0,Ass.5.3

)T ]

= E[(Ymeas)(Y + Ytr + E)T ]

= PYmeas,Y + PYmeas,Ytr + PYmeas,E

(5.14)
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Since the terms Y , Ytr and E are assumed to be uncorrelated with each

other (Ass.5.1 - 5.5), (5.14) can be written as:

PYmeas,Ymeas = PY,Y + PYtr,Ytr + PE,E

= ΦT
N P︸︷︷︸

(Prior on Volterra series)

ΦN + ΦT
N,δ Phtr,htr︸ ︷︷ ︸

(Prior on htr)

ΦN,δ + σ2I︸︷︷︸
Ass.5.1

(5.15)

In case the hyperparameters of both the Volterra kernels as well as

the transient response are tuned with the empirical Bayes method (Section

3.3.5), the covariance of the observed output vector PYmeas,Ymeas given in

(5.15) should be used.

5.2.3.3 The extended cost function

The extended parameter vector is now defined. This is the joint parame-

ter vector consisting of the transient-free as well as the transient response

coefficients given by θ
′

= [θT θTtr]
T , θ

′ ∈ Rnθ+ntr . Assumption 5.4 allows us

to define the observation matrix of the transient response ΦT
N,δ ∈ RN×ntr as

a rectangular identity matrix. The joint regressor matrix is therefore given

by Φ
′ T
N = [ΦT

N ΦT
N,δ],Φ

′ T
N ∈ RN×(nθ+ntr).

The joint regularization matrix D
′

is defined as:

D
′
=

(
D 0
0T Dtr

)
(5.16)

where D
′ ∈ R(nθ+ntr)×(nθ+ntr) and 0 ∈ Rnθ×ntr is a null matrix. The matrix

Dtr ∈ R(ntr×ntr) can be defined as the inverse of a TC or DC matrix for

regularized linear impulse response estimation as described in Section 3.3.4.

The extended regularized cost function can now be defined as:

V
′
= ‖Ymeas − Φ

′ T
N θ

′‖2 + θ
′ TD

′
θ
′

and the regularized solution of θ
′

is in turn given by:

θ̂
′

N,Reg = (Φ
′

NΦ
′ T
N +D

′
)−1Φ

′

NYmeas (5.17)
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Remark 5.3. Assuming there exist some true underlying parameter vector

θ0 and θtr,0 such that:

Ymeas = ΦT
Nθ0 + ΦT

N,δθtr,0 + E

If the transient term is not estimated i.e. the following identification crite-

rion is used:

V = ‖Ymeas − ΦT
Nθ‖2 + θTDθ

that would result to the estimated parameter vector:

θ̂N,Reg = (ΦNΦT
N +D)−1ΦNYmeas

whose bias and variance would be given by:

b(θ̂N,Reg) = [(ΦNΦT
N +D)−1ΦNΦT

N − I]θ0 + (ΦNΦT
N +D)−1ΦNΦT

N,δθtr,0

V ar(θ̂N,Reg) = (ΦNΦT
N +D)−1σ2ΦNΦT

N(ΦNΦT
N +D)−1

If now the transient term is modeled, then the estimated parameter vector

would be given by (5.17), i.e.

θ̂
′

N,Reg = (Φ
′

NΦ
′ T
N +D

′
)−1Φ

′

NYmeas

then the variance will be a bit larger due to the increase in the number of

parameters to estimate:

V ar(θ̂
′

N,Reg) = V ar(θ̂N,Reg) + Z

where Z denotes a positive-definite matrix. The bias is given by a more

complicated expression since:

b(θ̂
′

N,Reg) = −(Φ
′

NΦ
′,T
N +D

′
)−1D

′
θ
′

0

with θ
′
0 = [θT0 θ

T
tr,0]T . Nevertheless, given that the system will now belong to

the model set, a well-tuned regularization will result to a very small bias for

the estimated parameter vector.
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Figure 5.15: The estimated first order Volterra kernel for the cascaded water
tanks and the linear FIR modeling case.

The hyperparameters used to construct the regularization matrices D

and Dtr can be tuned either using the marginal likelihood approach as

described in Section 3.3.5 or using a residual approach as described in [10].

In this work, the hyperparameters for the Volterra series are first tuned

based on transient free data (Fig. 5.15, Fig. 5.17, Fig. 5.19). Then, these

hyperparameter values were used as initial values to tune simultaneously the

Volterra with the transient response hyperparameters based on the residual

approach (Fig. 5.22).

5.2.4 Nonparametric model of the cascaded water

tanks benchmark

The cascaded watertanks system has been modeled for an increasing degree

of the Volterra series up to the degree three. The results of the obtained

models are provided in this section.

First order Volterra kernel (FIR model)

The system is first modeled with a simple FIR model (first order Volterra

kernel only). Even though the prior information of stability and smoothness

is imposed on the modeled response as suggested by Fig. 5.15, it is clear

from Fig. 5.16 that the linear dynamics are not sufficient to describe the

input-output behavior of the water tanks system.
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Figure 5.16: The modeled output for the validation dataset in case of a linear
model.

Figure 5.17: The estimated first order Volterra kernel for the cascaded water
tanks and the first degree Volterra series case.

First degree Volterra series

The system is then modeled as a first degree Volterra series (FIR plus the

constant h0 Volterra kernel. It can be observed again in Fig. 5.17 that

the regularized first order Volterra kernel exhibits the prior information

imposed during estimation. The input-output behavior of the underlying

water tanks system is better described (Fig. 5.18) compared to the previous

case of FIR modeling, nevertheless it is clear that the extension of the series

to higher degrees is necessary in order to capture the nonlinear behavior of

the system.

Second (and higher) degree Volterra series

The second degree Volterra series is now used as a model for the true sys-

tem. The regularized estimated second order Volterra kernel depicted in

Fig. 5.19, right plot shows the effect of prior information compared to the
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Figure 5.18: The modeled output for the validation dataset and the first degree
Volterra series.

unregularized estimated Volterra kernel on in Fig. 5.19, left plot.

The performance for the second degree Volterra series used as a model

of the water tanks system is illustrated in Fig. 5.20. The modeled output

resembles more the true output compared to the previous cases of lower

degree Volterra series (especially around the saturated part of the output),

as expected. The results indicate already that the higher the degree of the

series, the larger the part of the nonlinear dynamics that will be described by

the series, as expected.led output resembles more the true output compared

to the previous cases of lower degree Volterra series (especially around the

saturated part of the output), as expected. The results indicate already

that the higher the degree of the series, the larger the part of the nonlinear

dynamics that will be described by the series, as expected.

Remark 5.4. It is important to highlight that despite the expectation, the

estimated second order Volterra kernel shown in Fig. 5.19 is not perfectly de-

caying. The reason is that an estimated well-decayed Volterra kernel would

require higher number of lags and thus, higher number of parameters. How-

ever, due to the limited number of measurement samples (N = 1024) and

the excessive number of parameters (nθ ≈ 900) a higher number of param-

eters would significantly increase the rms fitting error.

Third degree Volterra series model has also been identified. The valida-

tion output is depicted in Fig. 5.21 while the error index computed on the

validation data for the third degree case can also be found in Table 5.6.
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Figure 5.19: The estimated second order Volterra kernel for the cascaded water
tanks and the second degree Volterra series case. It can be easily
observed that the estimated impulse response, corresponding to
the lowest validation error index, has been truncated before it has
decayed properly. In case of longer data available for identifica-
tion, the lowest validation error will correspond to a two dimen-
sional impulse which has decayed close to zero at the truncation
lag.

Figure 5.20: The modeled output for the validation dataset and the second
degree Volterra series. The output of the model starts to approx-
imate better the saturation effect in the recorded output. Never-
theless, the contribution of this improvement to the total valida-
tion ouput error is not significant (see Table 5.6, right column).
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Figure 5.21: The modeled output for the validation dataset and the third de-
gree Volterra series.

Figure 5.22: The modeled output for the validation dataset when the transient
response has not been estimated is in red. The bold red line
illustrates the improved validated output due to the estimation of
the transient response.

Validation error and transient estimation

The model outputs shown until now are calculated on the transient-free

estimation dataset. Fig. 5.20 shows the second degree Volterra series model

fit on the transient-free dataset, and Fig. 5.22 shows the model fit on the

entire validation dataset. It can be observed that the level of transients

is very high (Fig. 5.22, thin red dashed line). The method described in

Section 5.2.3 is used to estimate and remove the undesired transient effects

(Fig. 5.22, bold red line).

The numerical values of the validation index for the different estimated

models, computed with (5.10), are given in Table 5.6 for both cases of with

and without the estimation of the system’s transients. It can be clearly
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Table 5.6: Results of the regularized Volterra estimation method on the cas-
caded watertanks benchmark and comparison with reported perfor-
mance of other methods on the same benchmark.

Method/
degree

Error index without
transient estimation

Error index with
transient estimation

FIR 1.72 0.84
1st degree 1.56 0.59 (-30%)
2nd degree 1.89 0.55 (-35%)
3rd degree 2.08 0.54 (-36%)

Extended white box
model [[119],[67]] 0.28

NOE [[59]] ≈ 0.65
NARX [[59]] ≈ 0.93

ARMAX [[59]] ≈ 1.27
ARX [[59]] ≈ 1.32
OE [[59]] ≈ 0.95

PNLSS [[117]] 0.63691

observed that the error level decreases as the degree of Volterra series in-

creases. However, the error levels of the second and third degree models

are quite close to each other and the improvement in the validation error

with respect to the linear case is small. The latter is due to the fact that

the second and third order Volterra kernel had only a limited number of

parameters which is in turn due to the limited amount of measurement

samples available.

The first column of the same table presents the error on the validation

data without estimating the transient part of the output. It is worth notic-

ing that the error level increases for increasing degree of the series due to

the larger and larger failure of the model to capture the initial part of the

recorded output.

Remark 5.5. For the purpose of consistency in terms of this thesis, the

validation indices obtained for the cascaded watertanks benchmark, as well

as the comparison between the different methods provided in Table 5.6, are

also given in 5.B where (5.4) is used as a validation index.
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5.3 Conclusions

In this section two different nonlinear benchmark systems have used to test

and illustrate the efficiency of the regularized Volterra series method on real

nonlinear systems. The first one corresponds to the WH benchmark which

is an electronic circuit with weakly nonlinear behavior. In that case the

method appears to be able to capture the underlying dynamics and a table

is provided to compare the obtained results with other methods available

in the literature.

The second example corresponds to the cascaded watertanks system,

whose identification is quite difficult due to the short data record available

for identification, the presence of significant transient effects in the mea-

sured output as well as of a hard nonlinearity (saturation). Even though a

Volterra series model of increasing degree captures more and more of the

observed system output as expected, the very short number of data dete-

riorates significantly the role of the regularization to recover the impulse

responses that generated the measured data.

With respect to the performance of the regularized Volterra method on

the two benchmarks, it can be observed the method is performing better

in the cascaded watertanks benchmarks when compared to the validation

indices of other methods available in the literature and reported in the cor-

responding tables. The reason behind this fact is that for the WH bench-

mark, many of the other nonlinear identification methods reported are able

to capture better the behavior of the nonlinearity in the system.

Appendix

5.A WH validation results

The validation results on the WH benchmark given in Tables 5.4 and 5.5,

are provided in this section where (5.4) is used as a validation index.
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5.A. WH validation results

Table 5.7: Validation results of the WH benchmark where (5.4) is used as a
validation index.

Reference Approach eRMS,2
nθ

Nr. of param.
Nr.

in graph

[106] BLA with model order
n = 6 0.2318 13 (1)

[140]

WH with polynomial
function of degree d = 3
deduced from a PNLSS

model

0.036 16 (2)

WH with d = 12, deduced
from a PNLSS model 0.0047 25 (3)

WH with d = 17, deduced
from a PNLSS model 0.0033 30 (4)

[106]
PNLSS

(n = 6 and d = 3) 0.0017 797 (5a)

state-affine PNLSS
(n = 10 and d = 4) 0.0077 384 (5b)

[78]
WH with d = 12,

initialized by poles/zeros
split

0.0047 35 (6)

David
Westwick

WH with piecewise linear
nonlinearity with 8 points,

initialized by combining
BLA and QBLA

0.0012 26 (7)

Jonas
Sjöberg

WH with hinge function
of 24 knots, initialized by

partitioning BLA
0.0011 62 (8)

[127]
WH with hinge function
of 8 knots, initialized by

partitioning BLA
0.0014 30 (9)
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Table 5.8: Validation results of the WH benchmark where (5.4) is used as a
validation index (continued).

Reference Approach eRMS,2
nθ

Nr. of param.
Nr.

in graph

[150]

Generalized HW
with hinge function

of 8 knots
0.002 47 (10a)

Generalized HW
with polynomial

function of
degree 8

0.0088 21 (10b)

[78]

WH with hinge
function of 8 knots,

initialized by
poles/zeros split

0.0012 64 (11)

[93] Nonlinear state-space
with sigmoidal nonlinearities 0.0107 85 (12)

[41] LS-SVM 0.0194 5000 (13)

[48] Fixed Size -
LS-SVM 0.0159 1000 (14)

[92]
SVM for

regression (SVR) 0.1955 52 (15)

[134] WH with d = 10 0.0064 23 (16)

this
thesis

Third degree
Volterra series,

exponential
decay and

smoothness
as prior

knowledge

0.0419 (17)

this
thesis

Third degree
Volterra series,
L1−norm

penalization

0.0421 (18)
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5.B. Cascaded watertanks benchmark validation results

5.B Cascaded watertanks benchmark

validation results

The validation results on the cascaded watertanks benchmark given in Table

5.6, are provided in this section where (5.4) is used as a validation index.

eRMS,2 =
rms(yval − ŷval)

rms(yval)

is used as a validation index.

Table 5.9: Results of the regularized Volterra estimation method on the cas-
caded watertanks benchmark and comparison with reported perfor-
mance of other methods on the same benchmark ((5.4) is used as a
validation index).

Method/
degree

eRMS,2 without
transient estimation

eRMS,2 with
transient estimation

FIR 0.2816 0.1375
1st degree 0.2554 0.0966
2nd degree 0.3094 0.09
3rd degree 0.3405 0.0884

Extended white box
model [[119], [67]] 0.0458

NOE [[59]] ≈ 0.1064
NARX [[59]] ≈ 0.1522

ARMAX [[59]] ≈ 0.2079
ARX [[59]] ≈ 0.2161
OE [[59]] ≈ 0.1555

PNLSS [[117]] 0.1043
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Chapter 6

Application of regularized

Volterra kernel estimation on a

real life bio-engineering process

The identification method developed in Chapter 4 is applied to the identi-

fication of a biomechanical system. The research goal was to describe the

dynamics between motion imposed on the wrist and the signal evoked in

the brain as a reaction to this motion. The system was already known to

be governed by strong even nonlinearities ([143]), nevertheless intuition on

the true nature of the nonlinearities was limited. Under this condition, it

is favorable to use a nonparametric identification method to increase the

knowledge on the nature of the nonlinear behavior. Volterra kernels have

been estimated which describe a significant part of the recorded system re-

sponse on a validation dataset, compared to a linear model for the same

system. Important advantages and disadvantages of the regularized estima-

tion method have been revealed through this study. The content of Sections

6.1 - 6.6 in this chapter can be found in [142]. It should be clarified that

the contribution of the author is related only to modeling of the system’s

nonlinear characteristics as well as to the analysis of the obtained models

both in time and in the frequency domain. Interpretation of the models

with respect to their physical meaning is provided as it was given in [142]
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for reasons of completeness and the credits for this part should be given to

Dr. ir. Martijn Vlaar ([145]) as well as Dr.ir. Alfred C. Schouten and Prof.

dr. Frans C.T. van der Helm who are with the BioMechanical Engineering

Department, Faculty of Mechanical, Maritime and Materials Engineering,

Delft University of Technology, Delft, The Netherlands. The experiments

described in this Chapter took place at the aforementioned department.
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6.1. Research motivation

Figure 6.1: The sensorimotor system. The basic parts of this system include
the brain and the spinal cord (left) as well as the muscles and the
joints (right).

6.1 Research motivation

The sensorimotor system (Fig. 6.1) refers to all the mechanisms on the

human body that contribute to what we call human motion. The brain,

the spinal cord as well as the muscles and the joints between the bones

constitute the basic parts of the sensorimotor system.

A number of known movement disorders, such as Parkinsons disease,

Dystonia, Essential Tremor and many others, are related to dysfunction of

this system. Therefore it is crucial to understand its dynamics in order to be

able to further move to diagnosis and treatment. One way to understand

the behavior of a system is by modeling its dynamics. There are many

different ways to study the different aspects of the sensorimotor system.

In this work the relation between imposed excitation to the wrist and the

voltage evoked in the brain, as a reaction to the imposed motion, is studied.

Healthy movement control requires proprioceptive information from the

periphery to reach the cortex; this sensory information is required for gen-

erating internal models enabling accurate planned movements (feedforward

control) and for generating appropriate responses to disturbances (feedback

control). Understanding the relationship between a movement and the

cortical response improves the understanding of the sensorimotor system
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and can aid in unraveling sensorimotor dysfunction in movement disorders.

Studying the dynamic relations within the sensorimotor system requires

applying a proprioceptive stimulus, a clear task instruction and a cortical

measurement technique with high temporal resolution such as electroen-

cephalography (EEG) or magnetencephalography. EEG is a noninvasive

technique with mild experimental restrictions with respect to movement

and is widely available. Applying a continuous proprioceptive stimulus

by manipulation a joint (e.g. wrist or finger) allows for studying the sys-

tem in steady-state, i.e. when it is continuously and consistently engaged

in processing sensory signals. ling sensorimotor dysfunction in movement

disorders. Studying the dynamic relations within the sensorimotor sys-

tem requires applying a proprioceptive stimulus, a clear task instruction

and a cortical measurement technique with high temporal resolution such

as electroencephalography (EEG) or magnetencephalography. EEG is a

noninvasive technique with mild experimental restrictions with respect to

movement and is widely available. Applying a continuous proprioceptive

stimulus by manipulation a joint (e.g. wrist or finger) allows for studying

the system in steady-state, i.e. when it is continuously and consistently

engaged in processing sensory signals.

Cortical responses to continuous proprioceptive stimulation in healthy

individuals have been investigated during both active [26] [143] [154] and

passive [143] conditions using EEG. These studies revealed that the system

under study is highly nonlinear. A linear approach to model the relation

between proprioceptive stimulus and evoked cortical response can only cap-

ture 10% of the relationship [143]; nonlinear modeling of this relation has

not been done before.

6.2 Experiment setup and perturbation

signal

The ultimate goal of the part of this project was to increase the knowledge

on the dynamics between the motion of the wrist and the evoked brain

132



6.2. Experiment setup and perturbation signal

response, namely voltage occur

Figure 6.2: Block structure representation of the system under study (denoted
by H). The imposed angle of the wrist is considered to be the input
u and the evoked voltage in the brain y (EEG signal), measured on
the scalp using electrodes, the output of the system, respectively.
The signal e denotes the measurement noise entering directly at the
output of the system. The input signal is assumed to be exactly
known.

The imposed wrist motion includes circular motion of the wrist around

a fixed reference (zero angle). The angle of the wrist constitutes the input

to the system while the EEG signal in the brain, as a reaction to this

motion, is the system output. The measured output is contaminated with

measurement noise while the input signal is assumed to be exactly known.

Subjects and designed input signals

Ten healthy right-handed participants (5 men; 5 women; age 22-25 years)

participated in the study [143]. The study was approved by the local ethics

committee and all participants gave written informed consent prior to par-

ticipation.

Participants were seated with their right forearm fixated to an arm sup-

port and their hand fixated to the handle of a robotic manipulator (Wrist-

alyzer by MOOG Inc, Nieuw-Vennep, The Netherlands). Participants were

instructed to relax their wrist and to not react to the continuous angular

perturbation applied by the robotic manipulator to their wrist joint.

The input perturbation signal u was designed to be random phase mul-

tisine signals:

u(t) = A0 +
F∑
k=1

Ak cos(2π kf0 t+ φk) (6.1)
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Figure 6.3: Experimental setup. The right forearm of the subject is strapped
into an armrest and the right hand is strapped to the handle, requir-
ing no hand force to hold the handle. Participants were instructed
to gaze at the screen, which showed a static target. The top-right
insert shows a schematic representation of the composition of one
36 s trial. Each lobe represents one 1 s period of the perturba-
tion signal and the three different colors represent different mul-
tisine realizations. Highlighted periods are excluded, leaving ten
periods per realization in each trial for analysis. The bottom-left
insert shows one of the realizations of the perturbation signal. The
bottom-right insert shows a close up of the hand in the robotic ma-
nipulator. The wrist joint was aligned to the axis of rotation of the
manipulator.

where t is a time variable, f0 is the fundamental frequency of the multisine,

F sets the maximum integer multiple of the fundamental frequency f0, A0

sets the mean value of the signal, Ak, k = 1, . . . , F denote the amplitude

for each frequency contained in the multisine and φk, k = 1, . . . , F is the

phase of each cosine term. The term A0 has been fixed to 0 throughout the

experiments.

The reasons behind the choice of this class of input signals is the follow-

ing:

• when designing a multisine signal there is full control over the fre-

quency content of the signal, not only with respect to the excited

134



6.2. Experiment setup and perturbation signal

frequencies but also with respect to the signal power per excited fre-

quency.

• the random nature of the signal phase allows for the construction of

signals with relatively low crest factor, defined as Cr(u) = max(u)
rms(u)

.

In this way, signals with undesirable large spikes are avoided and the

power of the signal is more consistently spread along the measurement

window.

• a new random realization of the signal phases allows to create a new

time domain realization of the perturbation signal while not violating

the desired excited frequency band of interest.

• the aforementioned advantages include the ability to assess the lin-

earity of the system and to detect even and odd nonlinear behavior.

The distinction between odd and even nonlinear behavior is facilitated

by the use of multisine signals with only odd frequency lines excited

[113].

The perturbation signals used were multisine signals with a period of 1 s,

resulting in a fundamental frequency f0 = 1Hz. Only odd harmonics of the

fundamental frequency were excited, namely 1, 3, 5, 7, 9, 11, 13, 15, 19,

and 23Hz (odd random phase multisine).

Exciting the nonlinear system using different phase realizations of a mul-

tisine signal (i.e. same amplitude per frequency, yet new random phases)

allows for using different data for estimation and validation when modeling.

Seven different multisine realizations were generated which were alternat-

ingly applied during 49 trials of 36 seconds. Six seconds were removed from

each trial to reduce transient effects, resulting in a total of 1470 recorded

periods. Hence, there are 210 periods available for each of the seven real-

izations.

The aforementioned choices for the duration of the excitation resulted

in a total duration of clear perturbation equal to 24.5 minutes per subject.

Including the extra time intervals corresponding to the preparation of the

equipment, preparation of the subject as well as the pauses necessary for
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Figure 6.4: One input realization together with the power spectrum of the odd
random phase multisine signals used for the perturbation of the
wrist in the experiment. The system is excited at 1, 3, 5, 7, 9, 11,
13, 15, 19, and 23Hz. Up: Time domain input signal. Down: The
spectrum of the input signal. The power of the input decreases for
increasing excited frequency.

the safety and convenience of the subject, the total experiment time results

to more than 2 hours!

The perturbation signals had a rms excursion of 0.02 rad and were ap-

plied with the wrist in a relaxed angle (i.e. slight flexion). The signals were

designed to have equal power on the first three excited frequencies and a

decreasing power for the higher frequencies (−20dB/decade slope), which

is a trade-off between reduced predictability of the signal (to prevent an-

ticipation) and capabilities of the robotic manipulator. One of the applied

odd multisines (averaged among the 210 periods) is depicted in Fig. 6.4.

Finally, cortical activity was sampled at 2048 Hz from 126 electrodes

using an EEG amplifier (Refa by TMSi, Oldenzaal, The Netherlands).

6.3 Data pre-processing

The EEG measured signals were high-pass filtered using a fourth order

Butterworth filter with a cut-off frequency of 1 Hz, which was applied in two
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directions to achieve zero-phase filtering. Independent component analysis

(ICA) [90] was performed using the Infomax algorithm [7] as implemented in

CUDAICA [7]. Subsequently, the data at component level were segmented

into periods, resulting in x[c,m, p](n), where x is the response, c = 1, . . . , C

is the component (C = 125), m = 1, . . . ,M is the multisine realization

(M = 7), p = 1, . . . , P is the period (P = 210) and n = 1, . . . , N is the

time index.

An ideal filter was used to remove line noise (50 Hz) and to remove

all frequencies from 100 Hz onward; i.e. signals were transformed to the

frequency domain using the discrete Fourier transform (DFT). The afore-

mentioned frequency lines were set to zero and the signals were converted

back to the time domain using the inverse DFT. Subsequently, all signals

were resampled to 256 Hz (N = 256 samples).

6.3.1 Choice of the most relevant response

Among the 126 measured responses on the scalp, the one that corresponds

to the reaction of the brain to the imposed wrist motion must be chosen.

Towards this direction, both the power in the average response ÊX(f) as

well as the sample variance σ̂2
X(f) were calculated at each frequency f as

follows:

Ê
[c,m]
X (f) =

∣∣∣∣∣ 1

P

P∑
p=1

X [c,m,p](f)

∣∣∣∣∣
2

σ̂
2[c,m]
X (f) =

1

P (P − 1)

P∑
p=1

∣∣∣∣∣X [c,m,p](f)− 1

P

P∑
p=1

X [c,m,p](f)

∣∣∣∣∣
2

(6.2)

where X(f) denotes the DFT of the response x(n).

To find the component whose measured response is most associated with

the perturbation signals, the noise-to-signal ratio (NSR) was calculated,

i.e. the component with the lowest NSR demonstrates the most consistent

response. The NSR is defined as
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Figure 6.5: Topographic representation of the weighing of electrodes in the in-
dependent component with the lowest NSR. It can be easily ob-
served that the reaction of the brain to the imposed wrist motion is
located around the same region of the brain for all the participants,
as expected.

NSR[c,m] =

∑
f∈F σ̂

2[c,m]
X (f)∑

f∈F Ê
[c,m]
X (f)

(6.3)

where F is the set of considered frequencies. For each participant, the

NSR of each component c was determined by calculating the NSR over all

frequencies and by subsequently averaging across realizations m. The signal

of the component with the lowest NSR is defined as y[m,p](n) (output signal)

and this signal was used for system identification purposes, subsequently.

Fig. 6.5 shows for each of the participants the topographic represen-

tation of the independent component (IC) with the lowest NSR. These

components for all participants suggest a similarly located cortical source

in the contralateral sensorimotor cortices. For each participant, the signal

of the shown component was used for modeling.

This signal was averaged over the recorded periods to reduce the noise

level in the signal, and was subsequently defined as y[m](n) and transformed

to the frequency domain using the DFT, resulting in Y [m](f). Similarly, the

recorded input signal (i.e. wrist joint angle) was averaged over the recorded

periods, resulting in u[m](n) (time domain) and U [m](f) (frequency domain),

respectively. An example of an averaged recorded output signal both in time
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Figure 6.6: One averaged output signal in time and in frequency domain. Up:
The averaged recorded output signal. Down: Spectrum of the
recorded output. The spectral components of the output at the
excited frequencies have been encircled. A nonparametric estimate
of the noise in the recorded output is also provided (green line).

and in frequency domain, together with the corresponding estimated noise

level in the frequency domain, are depicted in Fig. 6.6.

Remark 6.1. Given that there is now prior information about dominant

even nonlinear behavior in the system dynamics, the selection of the cortical

response can be based on the NSR computed on the even frequency grid in

the case when an odd multisine signal is used for excitation.

6.3.2 Distinguishing the spectral contributions

The frequency content of the response of a static nonlinear system is gov-

erned by the order of the system as well as by the frequency content of

the input signal. A quadratic static nonlinear system (y = u2, which is

an even nonlinearity) generates an output spectrum containing all possible

combinations of two (positive or negative) input frequencies. In the case

where only one input frequency is excited (e.g. f0), the output will contain
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f0 + f0 = 2f0, and also f0 − f0 = 0. This concept extends for higher order

systems and is described in more detail in [122], pp. 43, Fig. 9.

By the virtue of exciting only the odd frequency lines in the perturbation

signals, the frequencies in the averaged output signal can be split into four

groups:

• The first frequency group (f{1}) consists of the excited frequencies in

the input signal. The response at these frequencies will represent the

linear contributions as well as part of the higher order odd (e.g. 3rd,

5th and 7th order) nonlinear contributions.

• The second group (f{2}) consists of all the frequencies that can occur

from 2nd order nonlinear contributions (f{1},1±f{1},2), as well as part of

the higher order even (e.g. 4th and 6th order) nonlinear contributions.

• The third group (f{3}) consists of all odd frequencies not in f{1},

which are the result of higher order odd (3rd order or higher) nonlinear

contributions.

• The fourth and final group (f{4}) consists of all even frequencies not

in f{2}, which are the result of higher order even (4th order or higher)

nonlinear contributions.

The total power in the signal can be split amongst these frequency groups to

determine their individual contributions (see Section 6.5.2). Additionally,

in all frequency groups there are still noise contributions present, given that

the NSR is not reduced to zero. The NSR per frequency group is calculated

using (6.3). The noise level in the averaged output signals puts a theoretical

limit on the modeling accuracy, as that portion of the output data cannot

be explained.
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Figure 6.7: Block schematic of the model structure. The top branch is a linear
model which governs the output at the excited frequencies (i.e.
f{1}). This model is estimated by calculating the linear frequency
response function. The bottom branch is a nonlinear model which
is estimated using two terms of the Volterra series, namely the 2nd

order kernel h2 and the 0th order kernel h0. The 2nd order kernel
governs the output at f{2}. The 0th order kernel is included to
account for the potentially nonzero-mean signals generated by the
2nd order kernel.

6.4 Model structure and identification

criterion

6.4.1 The model structure

The relation between joint angle (input) and cortical response (EEG signal)

as represented by the selected component (output) is modeled. Given the

frequency groups analyzed in the previous section, two models have been

derived which correspond to two different non-overlapping groups. Both of

these models are depicted in Fig. 6.7.

The model consists of two parallel branches, specifically one 1st order

and one 2nd order model. The latter also includes a 0th order model; due to

filtering, the recorded output signal is zero-mean, yet the 2nd order model

should not be restricted to produce a zero-mean output.

The models in the two branches can be obtained in two separate mod-

eling steps, as the 1st order model can only affect the output at f{1}, and

the 2nd order model can only affect the output at f{2} (i.e. using an odd

perturbation signal, the two models are orthogonal to each other).

The 1st order (linear) model h1 is estimated in the frequency domain

at the excited frequencies (f{1}) in the input and at the same frequencies
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in the output, resulting in the best linear approximation (BLA) [113]. The

frequency domain representation of this model is defined as H1(f).

The 2nd order (nonlinear) model is estimated using a truncated Volterra

series expansion. Regularization was used to incorporate prior information

about exponential decaying as well as a certain level of correlation between

the Volterra coefficients, during the modeling procedure.

There are M = 7 multisine realizations available in the input and out-

put data. Out of those seven, six realizations are used for estimation and

the remaining realization is used for validation to assess the quality of the

model. This procedure is repeated seven times to achieve seven-fold cross-

validation, resulting in seven models for each branch in Fig. 6.7.

6.4.2 The linear branch

The linear and odd nonlinear contributions are modeled at the excited fre-

quencies (f{1}) in the input and output by calculating the average linear

frequency response function for the different sets of estimation realizations:

Ĥ
[v]
1 (f{1}) =

1

M − 1

∑
w∈Wv

Y [w](f{1})

U [w](f{1})

Wv = {w ∈ W |1 ≤ w ≤M,w 6= v}
(6.4)

Here, Ĥ
[v]
1 is the model obtained when using realization v for valida-

tion, and U(f), Y (f) are the frequency domain representations of the input

(angle) and the output (from the selected independent component), re-

spectively (Results on the estimated linear models are provided in Section

Section 6.5.3, Fig. 6.10).

6.4.3 The nonlinear branch

The true underlying even nonlinear contributions in the output y at f{2}

(defined as y2) are modeled with two terms of the discrete-time Volterra

series, namely the 2nd order kernel h2 and the 0th order kernel h0:

142



6.4. Model structure and identification criterion

ymod,2(n) =

d2−1∑
τ1=0

d2−1∑
τ2=0

h2(τ1, τ2)u(n− τ1)u(n− τ2) + h0 (6.5)

where u(n) denotes the recorded input joint angle, ymod,2(n) represents the

modeled cortical response at f{2} (including 0 Hz), h2(τ1, τ2) is the sym-

metric 2nd order Volterra kernel, τ1 and τ2 denote lag variables, and d2

corresponds to the memory length of h2.

Given the measured signals u and y, the goal is to efficiently estimate

the Volterra kernel coefficients h0 and h2(τ1, τ2). Equation (6.5) can be

rewritten into a vectorial form as:

ȳmod,2 = K

[
h0

θ2

]
where θ2 ∈ Rnθ2 is a vectorized version of h2, nθ2 denotes the number

of coefficients in h2, K ∈ R(N ·(M−1))×(nθ2+1) is the regressor matrix, and

ȳmod,2 ∈ RN ·(M−1) contains the modeled output.

Remark 6.2. The regressor matrix K contains products of the input signal,

which include samples from time instants before the beginning of the exci-

tation (u(n), n < 0). However, due to the periodicity of the data the signal

at those time instants is known and therefore these values are replaced by

u(T + n) = u(n), n < 0, T denoting the period of the input signal.

The model parameters h0 and θ2 are estimated by minimizing the reg-

ularized least squares cost function:[
ĥ0

θ̂2

]
= arg min

θ

∥∥∥∥ȳ2 −K
[
h0

θ2

]∥∥∥∥2

+ σ2

[
h0

θ2

]T
P−1

[
h0

θ2

]
= (KTK + σ2P−1)−1KT ȳ2

(6.6)

where ȳ2 is the vectorized recorded output data, which is assumed to be

contaminated by zero mean i.i.d. white noise with finite variance σ2. The

matrix P is a block-diagonal covariance matrix:

P =

[
P0 0
0 P2

]
(6.7)
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where P0 = E[h0h0] , P2 = E[θ2θ
T
2 ] and E[·] denotes the mathematical

expectation operator. The regularization matrix P is constructed using a

Bayesian perspective as it has been explained in Chapters 3 and 4.

The prior information encoded in the matrix P assumes that the Volterra

kernels used to describe the true system are decaying and the coefficients

are correlated. The (i, j)-element, which corresponds to E[θ2,i θ2,j],∀i, j,
where θ2,i , θ2,j are two Volterra coefficients in θ2, is given by [12]:

P2(i, j) = c2 pV (i, j) pU (i, j)

pV (i, j) = e−αV

∣∣|Vi|−|Vj |∣∣ e−βV

∣∣|Vi|+|Vj |∣∣
2

pU (i, j) = e−αU

∣∣|Ui|−|Uj |∣∣ e−βU

∣∣|Ui|+|Uj |
∣∣

2

with c2, αV , βV , αU , βU the hyperparameters to be tuned based on the mea-

sured data and using the empirical Bayes approach, as described in Section

6.4.4.

As in the case of the linear model, the even nonlinear contributions

are also modeled using alternatingly six realizations for estimation and one

for validation. The 0th and 2nd order kernels are estimated using (6.6),

from f{1} in the input signal to f{2} in the output signal. As the required

memory for the 2nd order kernel is unknown, different memory lengths in

the range 10 to 75 samples (corresponding to approximately 40 to 300 ms)

were tested. This results in a set of models ĥ
[v,d2]
0 and ĥ

[v,d2]
2 (τ1, τ2) , where

v is the realization used for validation and d2 is the number of samples

included as memory of the model.

6.4.4 Efficient tuning of the prior knowledge

All the hyper-parameters, namely c2, αV , βV , αU , βU , σ2 and P0 are tuned

with the use of the input and output data by maximizing the marginal

likelihood of the measured output [116]. Once the optimal values for the

hyper-parameters are obtained, the model can be estimated from (6.6).

The hyperparameter estimation is a non-convex optimization problem.

To facilitate the algorithm and increase the probability that the algorithm
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reaches the global minimum of the marginal likelihood of the output, the

hyper-parameter space is restricted based on the influence of the hyper-

parameters to the estimated model. To be more specific:

• c2, σ
2, P0 > 0 because they are all directly linked to a measure of

variance

• αV , αU determine the smoothness property along the V and U di-

rections, respectively. The upper bound for these hyper-parameters

is 2 samples−1 which results in no correlation between the coeffi-

cients in the corresponding direction. The lower bound is set equal to
1

5d2
samples−1, which would result in a strong correlation between all

the coefficients of h2(τ1, τ2) and therefore an almost flat surface.

• βV , βU determine the decay rate of h2(τ1, τ2). The upper bound for

these hyper-parameters is 2 samples−1, which means that the esti-

mated surface will decay in general almost immediately after one or

two lags. The lower bound is set equal to 3
d2

samples−1, which means

that the estimated model will have virtually decayed to zero at the

truncation lag of the model imposed by the memory.

Remark 6.3. To minimize the risk of resulting in a local maximum of the

non-convex marginal likelihood function, different models have been obtained

after multi-start optimization of the hyper-parameters. Given that there are

in total seven hyperparameters to estimate, it is clear that optimizing the

hyperparameters efficiently has been a difficult, time-consuming and risky

procedure with respect to the search for the global minimum.

6.4.5 Memory length for the 2nd order Volterra

kernel and model errors

Modeling the 1st order contributions (the BLA) generates one model for

each validation realization and does not require further model selection. For

the 0th and 2nd order Volterra kernel, the modeling error on the validation

datasets was calculated for all lags:
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ε[v,d2] =
N∑
n=1

(y
[v,d2]
mod,2(n)− y[v](n))2

where ε is the sum-squared error and y
[v,d2]
mod,2(n) is the modeled output using

the corresponding 0th and 2nd order models with validation dataset v as

input. The set of 0th and 2nd order models which demonstrated the lowest

error were selected and were defined per validation realization v as ĥ
[v]
0

and ĥ
[v]
2 (τ1, τ2). The obtained set of 2nd order models was transformed to

the frequency domain using the two-dimensional DFT at the frequency

resolution of 1 Hz, resulting in Ĥ
[v]
2 (f1, f2).

Remark 6.4. In the presence of no model errors (when the system is in the

model set) the selection of the optimal memory to validate best the recorded

data would be necessary only if no regularization was used. Otherwise, the

penalization for stability of the kernel would make sure to suppress the effect

of the noise and keep the validation error low. The reason why model order

selection is performed here, even though regularization is used, is due to the

model errors which are still present.

It will become clear in Section 6.5 that in the presence of model errors

and possibly complex nonlinear system characteristics, the validation error

is decreasing with increasing memory of the impulse response up to a cer-

tain value. After that, the assumption on the probabilistic model used to

describe the data-generating system is not sufficient for the method to de-

rive the realization of the stochastic process, namely the Volterra kernel,

that generated the observed data. Under these conditions, an extra model

order selection is necessary.

6.4.6 Final data pre-processing steps

The perturbation signals were designed to have power at particular frequen-

cies: the excited frequencies (f{1}).

Assumption 6.1. Any power in the recorded wrist joint angle signal (i.e.

the input to the human) at the unexcited frequencies was assumed to be
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due to nonlinear behavior of the robotic manipulator or noise; namely it

is assumed that the human does not influence the angle of the robotic ma-

nipulator. The power at these frequencies was checked to be minimal and

was subsequently removed from the recorded input signal to prevent the es-

timated model from using the power at the unexcited frequencies to explain

the recorded output signals.

The recorded signals for the seven realizations were scaled to set their

rms value to approximately one. The same scaling was applied to each

realization to maintain their interrelations. The scaling was performed for

both the input and output signals to prevent numerical problems in the

nonlinear optimization of the hyper-parameters.

Remark 6.5. The regularized identification method for the estimation of

the Volterra kernel cannot handle (at least in its present form) the estima-

tion of a possible time delay between the input and the output of the system.

There is a time delay between the applied joint manipulation at the wrist

and the evoked response in the cortex, which is a consequence of the limited

conduction velocity in the afferent nerve fibers as well as of synapses in

the pathway. For all participants the recorded output signals were shifted in

time to impose a time delay of 20ms. The latter value was estimated based

on experiments where a very fast stretch was imposed to the wrist, in order

to imitate an impulse excitation.mitate an impulse excitation.

6.5 Estimated linear and nonlinear models

for the wrist-brain system

6.5.1 Model evaluation

The performance of the set of seven models for both the 1st and the 2nd

order was evaluated by calculating the variance accounted for (VAF) on the

validation data. As there are seven models available, the VAF is reported

as its mean across the seven models including the standard deviation. The
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modeled output was calculated by summing the output of the 0th, 1st and

2nd order models as follows:

y
[v]
mod,val(n) = ĥ0

[v]
+ y

[v]
mod,val,1(n) + y

[v]
mod,val,2(n) (6.8)

from which the mean was removed. The VAF can be calculated on the 1st

and 2nd order contributions separately, or on the total modeled output as:

V AF
[v]
val =

(
1−

var(y
[v]
val(n)− y[v]

mod,val(n))

var(y
[v]
val(n))

)
· 100% (6.9)

For completeness, the VAF was also calculated on the data used for

estimation.

Remark 6.6. For the purpose of consistency in terms of this thesis, the

validation indices obtained with (6.9) are also given in 6.A where:

e
[v]
RMS,val =

rms(y
[v]
val(n)− y[v]

mod,val(n))

rms(y
[v]
val(n))

(6.10)

is used as a validation index.

6.5.2 Noise levels and model validation

Table 6.1 reveals that the noise level in the averaged recorded output signal

is around 8% for all participants, indicating that the maximum achievable

total VAF is around 92%. Additionally, Table 6.1 shows the ability of the

models to fit both the validation and estimation.

Fig. 6.8 illustrates for one representative participant how each set of

frequencies contributes to the averaged recorded output signal, and further

splits the power into modeled (validation) data, unmodeled data and noise.

Fig. 6.9 reveals that the bulk of the power in the averaged recorded output

signal is concentrated in f{2} and that the contribution of f{3} and f{4} is

small. This finding supports this paper’s modeling approach, which focuses

on the 1st (linear) and 2nd order (nonlinear) contributions in the recorded

output signal.
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Table 6.1: The first ten rows represent the data for the ten participants. NSR
presents the noise-to-signal ratio in the cortical response. VAFval to-
tal presents the total variance-accounted-for on the validation data.
The VAF is also reported separately for the 2nd and 1st order models
(H2 and H1 respectively) on both the validation and estimation data
(VAFval and VAFest respectively). Mean (and standard deviation in
parenthesis) across different realizations are presented. The last row
represents the mean (and standard deviation in parenthesis) of the
results across all participants.

NSR
[%]

VAFval
total
[%]

VAFval
H2[%]

VAFest
H2[%]

VAFval
H1[%]

VAFest
H1[%]

P1 15(2) 45 34(8) 42(2) 11(4) 14(1)
P2 9(4) 34 26(12) 40(12) 8(3) 10(1)
P3 7(3) 40 38(13) 48(14) 2(2) 4(0)
P4 6(1) 50 37(8) 48(9) 13(5) 16(1)
P5 11(4) 56 50(11) 58(7) 6(3) 8(1)
P6 8(2) 46 45(25) 64(3) 1(2) 3(0)
P7 4(1) 60 46(9) 52(4) 14(4) 15(1)
P8 4(1) 51 48(7) 55(7) 3(4) 5(1)
P9 15(3) 36 19(7) 34(10) 17(4) 20(1)
P10 11(3) 44 43(21) 60(6) 1(1) 3(0)

mean 8(5) 46(8) 39(10) 50(9) 8(6) 10(6)

Between the two models included, the main contribution in terms of

VAF comes from the 2nd order model (around 39%). The model perfor-

mance strongly depends on which realizations were used for estimation and

which for validation. The VAF obtained from the 1st order model (around

8%) is comparable to that obtained from modeling the electrode level re-

sponse [143]. Besides the modeled data (46%) and the remaining noise

in the averaged cortical signals (8%), there is still approximately 46% of

unmodeled data.

6.5.3 Estimated linear models and second order

Volterra kernels

Fig. 6.10 shows for each participant the obtained linear model estimated

as described in Section 6.4.2. Models obtained for the different validation

realizations were very similar. The 1st order models shown in Fig. 6.10
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Figure 6.8: Power distribution over frequency groups in the output signal for
one representative participant (participant 4). Narrow bar on the
left indicates the relative power in the four frequency groups. Wide
bar segments on the right further split the power per frequency
group into noise (shaded segments without text), unmodeled, and
modeled data (the black and blue indented segment represent the
VAFval for the 1st and 2nd order model, respectively). In this ex-
ample, the total noise contributions are 6% and the total VAF on
the validation data is 50%, where the 1st and 2nd order models ex-
plain 13% and 37%, respectively (numbers from Table 6.1). The
power in f{3} and f{4} cannot be explained using the current model
structure.

describe on average only 8% of the output data, yet there exists a similarity

between the models obtained for the different participants; all 1st order

models attenuate the low frequencies and amplify the high frequencies.

The estimated second order Volterra kernels for two different subjects

are depicted in Fig. 6.11 and Fig. 6.12. These are the models that have been

selected as explained in Section 6.4.5. It can be observed that there is a

certain variability with respect to the obtained Volterra kernels for different

realizations used for validation. The reason lies again in the presence of

model errors in combination with the data. It will be shown later that this
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Figure 6.9: Power distribution over four frequency groups in the output sig-
nal, indicated with four colors. The black and blue indented seg-
ment represent the VAFval for the 1st and 2nd order models, respec-
tively. Shaded segments represent the noise level in that frequency
group. Detailed explanation for one representative group is given
in Fig. 6.8.

variability will be decreased in the case of more informative data (longer

experiment and more dense excited frequency grid).

The obtained 1st and 2nd order models for all validation realizations can

be found at http://ieeexplore.ieee.org.

System behavior in the frequency domain

Fig. 6.13 shows the two-dimensional frequency response functions (gain and

phase) of the obtained 2nd order model for one representative participant. It

is clearly illustrated which input frequencies contribute to the output. The

model has the highest gain in the bottom-right corner, where high frequency

input combinations generate a low frequency output through intermodula-

tion (e.g. f1 = 23 Hz and f2 = −19 Hz in the input signal contribute to

f1 + f2 = 4 Hz in the output signal). The other region with high gains

is found in the top right corner, which is again where the high frequencies

interact. The lowest gains are found in the region where the low frequencies
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Figure 6.10: The first order models (BLAs) obtained for the 10 different sub-
jects. The high pass behavior is common among the estimated
transfer functions of the different subjects.

in the input interact. This same behavior can be observed in the models

for all participants, as shown in Fig. 6.14. Similarly to the 1st order model,

the 2nd order models seem to exhibit high-pass behavior.

The memory of the selected 2nd order kernels d2 strongly depended on

which realization was used for validation and therefore varied within each

participant (combined standard deviation of 15 samples). However, the av-

erage memory across realizations was similar across participants, with an

average memory of 33 samples (standard deviation of 4 samples), corre-

sponding to approximately 130 ms at a sampling rate of 256 Hz.

For each participant, the seven different models obtained from cross-

validation were very similar. This holds for both the 1st order and the

2nd order models. Interestingly, the models obtained from the different

participants are also similar. All obtained models strongly attenuate the

low-frequent input signal and amplify the high-frequent input, resulting in
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Figure 6.11: Estimated second order Volterra kernel for one subject and differ-
ent cases of realizations used for validation.

high-pass behavior. As a result, the output power at the low frequencies is

in fact generated by the higher frequency components of the input signal

through the even nonlinear system behavior.

6.6 Discussion and conclusions on the 10

Subjects experiment

The goal of this study was to obtain a dynamic nonparametric nonlinear

model that could explain the observed cortical response recorded using EEG

and evoked by continuous wrist joint manipulation. The high similarity in

the cortical response across participants, in terms of location, distribution

of power over frequencies, and observed dynamics in both the 1st order

(linear) and 2nd order (nonlinear) parts of the model, allow for confident
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Figure 6.12: Estimated second order Volterra kernel for a different subject than
in Fig. 6.11 and different cases of realizations used for validation.

interpretation of the results.

On average, 46% of the cortical response could be modeled by the pro-

posed approach. Additionally, a clear distinction was made between parts

of the cortical signal which could and could not be modeled. Around 8%

of the averaged cortical signals could be attributed to noise. The obtained

models reveal attenuation of low frequencies and amplification of high fre-

quencies. This behavior can be interpreted as high-pass filtering, probably

linked to dominant contributions from velocity-related information via Ia

afferents originating from the muscle spindles. This study provided first ev-

idence that the nonlinear cortical response to a proprioceptive stimulus can

be quantitatively modeled, as was demonstrated using a truncated Volterra

series expansion.
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Figure 6.13: Frequency domain representation of a 2nd order model (gain and
phase) for one representative participant (participant 4) for val-
idation realization 5. The obtained surface is symmetrical with
respect to the line f1 = f2, as f1 and f2 are exchangeable in

Ĥ
[v]
2 (f1, f2). Additionally, as the model at the negative frequen-

cies is the complex conjugate of the model at the same positive
frequencies, the full behavior of the model can be represented us-
ing one quarter of the entire surface. Red lines and numbers at
the right vertical axes indicate the frequencies (in Hz) in f{2} in
the output signal that result from the excited input frequency
combinations f{1},1 (on the x-axes) and f{1},2 (on the y-axis) that
are indicated by the black dots. The gain plot on the left reveals
that combinations of low input frequencies are strongly attenu-
ated (i.e. gains are very low). The highest gains are found in
the bottom right corner; in this region the model generates low-
frequent output (as indicated by the red numbers) through the
intermodulation of the high-frequencies in the input signal. Rel-
atively high gains are also found in the top right corner; in this
region the model generates high-frequent output through the in-
termodulation of again the high-frequencies in the input signal.
This behavior can be classified as high-pass behavior. 155
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Figure 6.14: Characteristic estimated 2D frequency response function for the
10 subjects. The models of all the subjects exhibit high-pass be-
havior in the two dimensions.

Figure 6.15: A characteristic 2D Frequency response function for the wrist-
brain system. The red regions indicate high model gains while the
region around the origin indicates a large attenuation of signals
with the corresponding frequencies.
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6.6.1 Selection of cortical response

This study focuses on the response most associated with the perturbation

signal (i.e. with the lowest NSR). The independent component with the low-

est NSR reveals a source at a similar location for each participant, namely

the contralateral sensorimotor cortices. This finding is in line with previous

literature on somatosensory evoked responses evoked by tactile stimulation

of the hand [129] and by wrist joint manipulation [26], and is also expected

based on where afferent fibers carrying proprioceptive and tactile informa-

tion reach the cortex [74].

Besides the similarity in location, these selected cortical responses shared

more characteristics across participants. The power distribution over fre-

quencies is very much alike, where most power is concentrated in f{2} (see

Fig. 6.9). Additionally, the dynamics for both the 1st and 2nd order model

revealed a comparable high-pass behavior for all participants. These simi-

larities point towards a generalizable cortical response to the applied joint

manipulation.

Although the participants also have other components which show a re-

sponse related to the perturbation signal, none of those were as strong as

the one selected for modeling. Other brain regions which are known to be

active during somatosensory stimulation under passive conditions include

the posterior parietal cortex [50] and the secondary somatosensory cortices

[103]. The anatomical pathway for both tactile and proprioceptive informa-

tion is the dorsal column-medial lemniscus pathway. This pathway connects

the sensors in the periphery to the contralateral primary somatosensory cor-

tex with only two intermediate synapses, namely in the spinal cord and the

thalamus. Responses in other cortical areas are likely to be relayed by the

primary somatosensory cortex to the secondary somatosensory cortex and

the posterior parietal cortex [74]. In those cortical regions the somatosen-

sory signals are further processed and integrated with motor control. The

proposed modeling approach could also be applied to other parts of the

cortex that respond to an external somatosensory stimulus.
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6.6.2 Physiological origin of the evoked cortical

response

The imposed joint rotation is registered by the sensory organs in the pe-

riphery and is transported to the cortical regions, where the response is

recorded using EEG. This study cannot differentiate to what extent the

obtained models are governed by the dynamics of the sensors or by the

dynamics in the pathways between sensors, spinal cord and brain regions.

The applied joint manipulation stimulated at least the muscle spindles,

Golgi tendon organs (GTO), joint capsules, and tactile sensors (e.g. Meiss-

ner’s corpuscles, Pacinian corpuscles and Merkel’s discs). Applying anes-

thesia which blocks afferents from tactile sensors and joint capsules did

not substantially alter the cortical evoked response to passive finger flexion

[97], to passive wrist extension [1], or to passive plantar flexions of the ankle

[130]. Additionally, GTO do not generate strong signals under passive con-

ditions, as a slack muscle has lower stiffness than the fibrils of the tendon

that activate the GTO. Therefore, it is argued that in this particular study

under passive conditions the cortical evoked response is mainly generated

by muscle spindles.

Muscle spindles sense both length and changes in length (i.e. velocity

information). There are two types of fibers originating from the muscle

spindles Information is transmitted via Ia and II afferent fibers, which have

a high and medium conduction velocity respectively. The II afferent fibers

provide position information, while Ia afferent fibers provide either velocity

or position information, where the former is dominant during movement.

The observed high-pass behavior could originate from the velocity sensi-

tivity of the Ia afferents. The contribution of the afferent pathways in the

observed dynamic behavior is less clear. Insight can be obtained by includ-

ing a measurement point within those pathways, for example by measuring

the output of the muscle spindles using microneurography [25].

A possible explanation for the even nonlinear relation between joint

manipulation and cortical response is found in the signals generated by

muscle spindles in antagonistic muscles (i.e. wrist flexor and extensor).
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Muscle spindles register velocity mainly when the muscle is lengthened and

less when shortened [95], which might be altered by fusimotor activity [3],

[96]. This unidirectional sensitivity makes the muscle spindle behave like a

half-wave rectifier for velocity input.

In contrast to the stretch reflex, which will activate different muscles

depending on stretch direction, the cortical response to either direction

generates similar responses in the cortex [126], [25] of which the locations are

probably too near to be distinguishable when using EEG. Possibly, the half-

wave rectifiers in antagonistic muscle pairs together behave as a full-wave

rectifier. The resulting insensitivity to direction is a typical characteristic

of even nonlinear behavior.

6.6.3 Relation to previous continuous joint

manipulation studies

Cortical responses evoked by continuous mechanical stimulation have been

studied before (see [144] for an overview). However, most of those studies

stimulate the tactile system using high frequent vibrations. The number

of studies that apply continuous joint manipulation is limited. The studies

that do so, investigate the relation between joint movement and cortical

evoked response by perturbing with one specific periodic joint perturbation

signal and quantify the relation between stimulus and cortical response

using either linear coherence [26], [107] or higher order cross-spectral co-

herence [153]. Linear coherence in combination with periodic perturbation

signals impedes the detection of nonlinear behavior [91] and the obtained

coherence is a mix of linear and nonlinear contributions. In contrast, higher

order cross-spectral coherence (e.g. bi-coherence) does allow for the detec-

tion of nonlinear interactions.

Although coherence can detect the strength of the coupling between

input and output signal at certain frequencies, it fails to inform on how

much of the output signal reflects that specific coupling. For example, in

the case of significant coherence it can be concluded there exists a consis-

tent relation between a frequency (or combination of frequencies) in the
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input and a frequency in the output signal; however it is unclear to what

extent the output signal at that frequency is governed by the input signal

at the investigated frequency. In contrast, the current study provides an

approach for quantifying the nonlinear interactions in the sensorimotor sys-

tem through a nonlinear dynamic model, which creates insight into which

input frequencies in the perturbation signal govern the observed cortical

response.

The use of multiple different perturbation signals is essential when mod-

eling a nonlinear system; as the superposition principle does not hold, the

model obtained from one perturbation signal is not generalizable to other

perturbation signals, even if they have similar characteristics (e.g. rms and

excited frequencies). In the current study, this can be illustrated by es-

timating the linear relation between the input and output signals for just

one realization of the perturbation signal; the resulting frequency response

function does not reveal the high-pass behavior observed when using mul-

tiple realizations for estimation, and the VAF on any other realization is

very poor.

Regardless of which approach is used to investigate the nonlinear re-

lation between joint movement and cortical response, when exciting the

system with one specific perturbation signal it is difficult to investigate the

characteristics of the underlying system. The cortical response could drasti-

cally change when a different perturbation signal is used. Evidently, the use

of a repeatedly applied transient stimulus, which is the most common EEG

recording paradigm when the investigating somatosensory system, suffers

from the same weakness.

6.6.4 Reflection on the experiment

To further improve the perturbation signals for use in nonlinear modeling

there are several options. Firstly, by using a longer period more frequencies

can be accommodated. This would allow for including lower frequencies and

more intermediate frequencies, thus creating a richer perturbation signal.

Secondly, more phase realizations could be used, as apparently the seventh
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(i.e. validation) realization is in many cases still very different from the six

used for modeling. By exciting the system with more phase realizations,

the nonlinearity of the system is explored in more detail, which allows for

more accurate modeling. Lastly, recording more periods per realization

would further reduce the noise level, although the noise is currently not the

main issue as the noise level is much lower than the level of unexplained

data (8% and 46% respectively, see Table 6.1). As one might expect, any

of these three improvements would be accompanied by increased recording

time.

The current study investigates the relation between joint manipulation

and cortical response under passive conditions, i.e. without voluntary mus-

cle activation. Under both passive or active conditions, any cortical efferent

motor drive is not likely to be periodic to the perturbation; feedforward con-

trol synchronized to the perturbation would require a predictable pertur-

bation signal, and feedback control via the cortex would be ineffective due

to the relative large time delay of a cortical reflex loop. Thus, the evoked

cortical response recorded during the execution of a task as described in

the current study would reflect mainly sensory information processing.

In this study the joint was studied in a specific “operating point”. This

point constitutes, amongst other aspects, the angle in which the wrist is

studied, the frequency content and amplitudes of the perturbation signal,

task instruction, and the efferent motor drive. With a change in any of these

parameters the operating point could change, possibly requiring a different

model. The current study illustrates that by controlling the ’operating

point’, it is possible to obtain similar models across participants.

6.6.5 Reflection on the modeling approach

In the current study, the system under study is described by a 1st and 2nd

order model. The power in f3 and f4 is small (around 10%, see Fig. 4B), in-

dicating that the cortical response has little power at frequencies which can

only be generated by 3rd and higher order nonlinearities. However, from this

observation it cannot be concluded that there are no nonlinearities in the
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system higher than the 2nd order; high frequencies generated by higher or-

der nonlinearities could be attenuated by low-pass dynamics. Any attempt

to model higher order odd nonlinear behavior would result in a maximal

VAF increase of around 9%, which corresponds to the unmodeled signal

in f1 and f3. It would be beneficial to include higher order even Volterra

kernels (e.g. a 4th order model); if the system under study indeed includes

a rectifier as proposed before, higher order even kernels would be needed to

better approximate that behavior. However, the estimation of higher order

Volterra kernels would increase the number of parameters to be estimated,

and therefore might require an experiment with a richer perturbation signal

(i.e. more excited frequencies and increased period length).

Signals recorded at the scalp were decomposed in independent com-

ponents using ICA. There are signal separation techniques which possibly

result in a lower NSR (e.g. [42]), thus increasing the quality of the data

used for modeling and the maximum attainable VAF. These techniques have

been mainly developed for separating cortical responses evoked by transient

stimulation; their effectiveness for responses evoked by continuous stimula-

tion needs to be further investigated.

All analyses were performed on data which was averaged across periods.

The responses in a single period could not be observed due to the high

NSR. Through averaging the NSR is improved; however, differences between

responses in different periods (i.e. time-varying behavior) can no longer be

observed. The time-variance of the periodic response was shown to be small

in a previous study using the same experimental setup [144]. It would be

interesting to further quantify the contributions of time-variance to the

NSR. This could be achieved by performing an experiment with a high

number of consecutively recorded periods, allowing for increased frequency

resolution.

For all participants a time delay of 20 ms was imposed in the model,

which is based on findings in literature for transient wrist joint manipula-

tion [1], [25] as well as for electrical stimulation at the median nerve [1].

Although the actual time delay is participant specific (e.g. depending on

arm length), due to the small differences observed in literature, here the
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time delay was set to 20 ms for all participants in the study.

The best performing 2nd order models had an average memory of about

130 ms; hence, the impulse response of such a model will, including the

imposed time delay of 20 ms, have an approximate duration of 150 ms.

Such a response duration is close to those obtained in the contralateral

sensorimotor cortex by applying a brief transient stimulus [25], [104].

Nonparametric modeling of a nonlinear system using a Volterra series

has the major advantage of requiring limited a priori information about the

exact nature of the nonlinearity, making it a powerful tool for exploring

the characteristics of the nonlinear system under study. Hammerstein or

Wiener cascades (e.g. the combination of a static nonlinearity with lin-

ear dynamics) are also often used to model nonlinear (neuro-)physiological

systems [148], for example to study the relation between electrical nerve

stimulation and muscle force output [5] or to study muscle reflexes due

to joint movement [98]. The number of parameters required to estimate

Hammerstein or Wiener cascades is substantially lower than for Volterra se-

ries estimation, but require prior assumptions about the nonlinearity. The

drawback of a high number of parameters required for Volterra series es-

timation is mitigated by the use of regularization. Especially in the case

of noisy data, regularization can reduce the uncertainty of the obtained

models substantially. Nonparametric modeling is a necessary step before

obtaining a quantitative dynamic nonlinear parametric model, which would

provide crucial insights in the cortical involvement in processing of sensory

information and cortical involvement in for example reflex modulation.

6.7 New experiment with data of increased

information

A second experiment has been conducted in order to increase the level of

information in the data. The latter was achieved by making the frequency

grid of the excitation more dense and increasing the measurement length.

The subject of the second experiment was one, namely the author of the
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Figure 6.16: The spectrum of the multisine signals used for the perturbation
of the wrist in case of the richer wrist perturbation. Up: One
realization of the random phase multisine Down: Power spectrum
of the multisine realizations.

current thesis. The more dense grid resulted in even frequency bins being

excited, in contradiction to the 10-Subjects (10S) experiment where an odd

random phase multisine has been used. The equipment used for the second

experiment was the same as in the first one. The differences between the

two experiments are summarized in the following table:

First experiment Second experiment
Subjects 10 1
Realizations 7 7
Periods 260 105
Period length (samples) 2048 8192
Multisine Odd Full
Freq. Resolution 1 Hz 0.25 Hz

The spectrum of the multisine signals used for the perturbation of the

wrist during the second experiment is depicted in Fig. 6.16 while a charac-

teristic spectrum of the averaged recorded output, as well as the estimated

noise level for the second experiment, is given in Fig. 6.17.
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Figure 6.17: Characteristic spectrum of the recorded output for the enriched
experiment. The spectral components of the output at the excited
frequencies have been encircled. A nonparametric estimate of the
noise in the recorded output is also provided (green line).

6.7.1 The time domain model

Due to the more informative data used for identification, the estimated time

domain models were much more consistent, irrespective of which realization

would be left out of the estimation procedure in order to be used for valida-

tion. In Fig. 6.18 and Fig. 6.19, the estimated second order Volterra kernel

is shown for increasing lag of truncation (increasing memory length). It can

be observed that for low truncation lags (Fig. 6.18) the surface does not de-

cay completely because the model order is more restrictive than necessary.

For higher lags (Fig. 6.19) the Volterra kernel decays properly to zero, as

suggested also by the penalization used for stability.

Remark 6.7. The model order selection is done via the optimization of

the hyperparameters in a Bayesian setting. The obtained models shown in

Fig. 6.18 and Fig. 6.19 are closer to what is expected for the estimated im-

pulse responses, when the chosen model structure (the probabilistic model in

our case) combined with the measured data used for identification, are suit-

able for the identification method to recover the realization of the (Gaussian)
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Figure 6.18: Left: Characteristic estimated second order Volterra kernels for
the richer experiment for different cases of truncation lags as well
as realization used for validation. Top: Truncation of the Volterra
kernel at lag 40 (156.24 ms). Down: Truncation of the Volterra
kernel at lag 45 (175.8 ms). Right: Top view of the corresponding
Volterra kernel on the left side.

stochastic process that generated the data used for estimation.

6.7.2 VAF for the second experiment

As in the case of the first experiment, seven different scenarios were consid-

ered where each time a different realization is used for validation. The VAF

obtained for the seven different cases for increasing memory of the Volterra

kernel is depicted in Fig. 6.20. Comparing this result to a characteristic
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Figure 6.19: Left: Characteristic estimated second order Volterra kernels for
the richer experiment for different cases of truncation lags as well
as realization used for validation. Top: Truncation of the Volterra
kernel at lag 55 (214.8 ms). Down: Truncation of the Volterra
kernel at lag 65 (253.9 ms). Right: Top view of the corresponding
Volterra kernel on the left side.
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Figure 6.20: The obtained VAF computed for the seven models of the richer ex-
periment where a different realization is used each time for valida-
tion, therefore not used for model estimation. It can be observed
that the behavior of the validation index in this experiment be-
haves closer to what is expected in case of model stability used as
prior information during the system identification.

VAF plot in case of the first experiment as the one depicted in Fig. 6.21,

it is clear that the error on the validation data exhibits a behavior close to

the expected one in two ways:

• the regularization suppresses the effect of the noise in the data, pre-

venting the case of overfitting

• the increased information in the data results in that the identification

method is able to recover the stochastic realization that generated the

observed output

Moreover, the VAF of the estimated models is on average increased with

respect to the first experiment. However, due to the difference in the subject

the comparison of the VAF between subjects can be tricky.

Even though the behavior of the identification method suits more the

theoretically expected behavior, it should be noticed that the result is still

not what one would obtain if the system was in the model set or if the model
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Figure 6.21: The obtained VAF computed in the case of the first experiment.
Even though the hyperparameters where fixed at the ones ob-
tained for truncation lag 35, the validation index decreases. Dif-
ferent colors correspond to different realizations used for valida-
tion.

structure was much more complex. The proof is in Fig. 6.20 where it can

observed that there exists a truncation lag, different for each of the seven

scenarios, after which the VAF starts to drop again. The reason is that the

model errors combined with the data/parameters will start to affect the

obtained models and make it more difficult for the method to recover the

underlying stochastic realization.

Remark 6.8. For the purpose of consistency in terms of this thesis, the

VAF results obtained for the second experiment and depicted in Fig. 6.20

are also given in 6.B where:

e
[v]
RMS,val =

rms(y
[v]
val(n)− y[v]

mod,2,val(n))

rms(y
[v]
val(n))

(6.11)

is used as a validation index where y
[v]
mod,2,val(n) = ĥ0

[v]
+ y

[v]
mod,val,2(n) as

defined in (6.8).
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Figure 6.22: The recorded together with the modeled signals for the case when
realization 3 is used for validation and not for estimation.

Recorded and modeled output

To give an idea on how accurately the modeled output validates the esti-

mation as well as the validation data, two different cases are considered for

two different realizations and two different truncation lags. The recorded

together with the modeled output are depicted in Fig. 6.22 and Fig. 6.23.

6.7.3 Estimated models in the frequency domain

The estimated time domain Volterra kernels can also be used in this case

to extract information about the behavior of the underlying system in the

frequency domain. Two characteristic 2D-FRFs which correspond to two

estimated time domain kernels of different lags are depicted in Fig. 6.24,

Fig. 6.25, Fig. 6.26 and Fig. 6.27. Similarly to the case of the 10S experi-

ment, the 2D FRFs exhibit high pass behavior (high frequency components

of the input generate high frequency components of the output) as well as

high gains in the mapping between high frequency components of the input
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Figure 6.23: The recorded together with the modeled signals for the case when
realization 5 is used for validation and not for estimation.

and low output frequencies due to intermodulation.

The extrapolated model in the frequency domain

In order to provide an idea of the excited region in the frequency domain,

Fig. 6.28 and Fig. 6.29 shows a characteristic 2D-FRF as computed by the

2D Fourier transform applied to the estimated second order Volterra ker-

nel. Given the chosen sampling frequency and the data length, this region

includes all the accessible frequencies which can be potentially excited.

Nevertheless, the region that was really excited by the excitation de-

signed for the experiments is given by the shaded area in Fig. 6.28 and

Fig. 6.29. With respect to the confidence about the behavior of the system

in the frequency domain, the uncertainty on the FRF coefficients of the

estimated Volterra kernels is much smaller in the shaded (excited) region

than in the rest of the computed FRF. The further we move away from the

region where the system has been measured, the less the information about

the system dynamics and therefore the higher the uncertainty.
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Figure 6.24: Characteristic two dimensional FRF which corresponds to a trun-
cation lag of 40 for the estimated time domain second order
Volterra kernel.
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Figure 6.25: Characteristic two dimensional FRF which corresponds to a trun-
cation lag of 45 for the estimated time domain second order
Volterra kernel.

6.8 Conclusions

In this chapter, regularized Volterra kernel estimation has been applied to

modeling of a biomechanical system, namely the dynamics between imposed

wrist motion and the evoked reaction in the brain recorded in the form of

EEG. A linear model was shown to be able to capture a maximum of 10% of
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Figure 6.26: Characteristic two dimensional FRF which corresponds to a trun-
cation lag of 55 for the estimated time domain second order
Volterra kernel.
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Figure 6.27: Characteristic two dimensional FRF which corresponds to a trun-
cation lag of 65 for the estimated time domain second order
Volterra kernel.

the recorded output. In certain cases, the estimated second degree Volterra

kernels are able to describe more than 50% on a validation dataset.

With respect to the method, its application to such a strongly nonlinear

system revealed a number of limitations. In the presence of large model er-

rors it can be the case the method will not be able to recover the realization

of the underlying stochastic process (the second order Volterra kernel) that
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Figure 6.28: Characteristic magnitude of the extrapolated 2D FRF Ĥ2(f1, f2)
(the top view of the upper figure is shown in the lower figure). The
shaded region in the middle of the surface corresponds to the fre-
quency area excited during the experiment. It is clear that given
the chosen sampling frequency and the frequency resolution, only
a small part of the accessible frequency bins is excited. Injecting
power outside this frequency region is not possible due to physical
and technical constraints.
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Figure 6.29: Characteristic phase of the extrapolated GFRF. The observed
phase behavior was consistent among different subjects, estima-
tion and validation datasets.
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generated the observed data. Nevertheless, a longer experiment combined

with a more dense excited frequency grid resulted in more consistent time

domain models obtained, irrespective of the realization used for validation.

176



6.A. 10-Subjects experiment validation results

Appendix

6.A 10-Subjects experiment validation

results

The validation results of the 10S experiment given in Table 6.1, are provided

in this section where (6.10) is used as a validation index. Equation (6.10)

has been applied directly to the values reported in Table 6.1. As such, the

mean value of the VAF for each participant has been used to transform the

results in Table 6.1 into the ones given in this section.

Table 6.2: The first ten rows represent the data for the ten participants. NSR
presents the noise-to-signal ratio in the cortical response. eRMS,val

total presents the total error on the validation data. The error is
also reported separately for the 2nd and 1st order models (H2 and
H1 respectively) on both the validation and estimation data (eRMS,val

and eRMS,est respectively). Mean across different realizations is pre-
sented. The last row represents the mean (and standard deviation
in parenthesis) of the results across all participants.

NSR
[%]

eRMS,val
total
[%]

eRMS,val
H2

eRMS,est
H2

eRMS,val
H1

eRMS,est
H1

P1 15(2) 0.7416 0.8124 0.7616 0.9434 0.9274
P2 9(4) 0.8124 0.8602 0.7746 0.9592 0.9487
P3 7(3) 0.7746 0.7874 0.7211 0.9899 0.9798
P4 6(1) 0.7071 0.7937 0.7211 0.9327 0.9165
P5 11(4) 0.6633 0.7071 0.6481 0.9695 0.9592
P6 8(2) 0.7348 0.7416 0.6 0.995 0.9849
P7 4(1) 0.6325 0.7348 0.6928 0.9274 0.922
P8 4(1) 0.7 0.7211 0.6708 0.9849 0.9747
P9 15(3) 0.8 0.9 0.8124 0.911 0.8944
P10 11(3) 0.7483 0.755 0.6325 0.995 0.9849

mean 8(5)
0.7315

(0.0573)
0.7813

(0.0624)
0.7035

(0.0674)
0.9608

(0.0308)
0.9492

(0.0325)
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6.B Second experiment validation results

For the purpose of consistency in terms of this thesis, the VAF results

obtained for the second experiment and depicted in Fig. 6.20 are also given

in this section where (6.11) has been used as a validation index.

Figure 6.30: The obtained VAF computed for the seven models of the richer
experiment where a different realization is used each time for val-
idation, therefore not used for model estimation.

178



Chapter 7

Volterra series optimal input

design and linear input design in

the presence of prior knowledge

7.1 Introduction

Design of optimal inputs for system identification is one of the most chal-

lenging problems in the field. The main difficulty lies in the fact that the

optimization problem cannot always be formulated to be convex therefore

a globally optimal excitation for the dynamic system of interest cannot be

guaranteed. Optimal input design for linear systems has been so far mostly

investigated while results on nonlinear systems are still limited in the lit-

erature ([114], [115], [58], [88], [45]). In this chapter, two cases of optimal

input design are studied. The first case corresponds to the design of the

optimal excitation for identification of the Volterra series coefficients in case

of nonlinear system identification. The second one corresponds to optimal

input design for linear systems in the presence of prior knowledge. Recent

work on the topic can be found in [101].
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7.2 Preliminaries on optimal input design

7.2.1 Two optimal input design frameworks

The purpose of optimal input design, as a subfield of optimal experiment

design, is to determine the optimal excitation signal for a dynamic system.

The constraints of the optimization problem are related to signal charac-

teristics, such as the power or the range of the signal, or to requirements on

the estimated model with respect to the intended use of the model [57], [56],

[64], [63]. The problem of optimal input design can be defined in various

ways. Nevertheless, two basic frameworks of optimization problems can be

found in the literature, with respect to the cost function that determines

the optimality of the signal.

The first framework, that will be referred to as the Classical Frame-

work (CF), considers the optimal input signal as the one that maximizes a

measure of information in the data given constraints on the signal charac-

teristics. In case of an asympto

P (θ̂)
N→∞−→ M−1(θ) (7.1)

with M(θ) defined in Definition 2.10. Asymptotic efficiency of the estimator

(e.g. in a ML identification framework) has been a standard assumption

in the literature of optimal input design. Different measures of P (θ) have

been extensively used to define the optimizing measure of information in

the data, such as ([151]):

• D-optimality: minu det(Pθ)

• A-optimality: minu tr(Pθ)

• L-optimality: minu tr(WPθ)

• E-optimality: minu λmax(Pθ)

The second framework, that will be referred to as the Least Costly iden-

tification Framework (LCF), considers the optimal input signal as the one
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that minimizes the cost of the experiment given constraints on the estimated

model performance, [15], [17], [16], [13], [49].

In terms of the current thesis both frameworks have been used for dif-

ferent purposes, as it will be shown in the following sections.

7.2.2 Constraints in the OID problem

In the CF case, constraints on the input signal are often imposed with

respect to specific limitations on the range or the power of the excitation

to avoid damage of the setup as well as to avoid undesirable perturbation

around the operation point.

• Power constraints are imposed in case of a linear system since this

leads to an optimization problem which is convex in the spectrum of

the input signal.

• Range constraints are imposed in case of optimal input design for

nonlinear systems. A large perturbation around the operation point

can drive the system to a totally different region of operation with

undesirable effects on the total performance.

7.3 D-optimal input design for the Volterra

series

Figure 7.1: Block scheme of the system considered in this chapter.

In this section the D-optimal input ([141], [44], [45], [89]) is derived in

order to minimize the uncertainty region of the parameter estimates, when

the Volterra series is used as a model structure for nonlinear system identi-

fication. Similar to the case of FIR modeling in the linear case, the model
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output is linear in the model parameters. Therefore the Fisher information

matrix is independent of the true parameter vector to estimate.

Consider the block scheme in Fig. 7.1.

Definition 7.1. (System and Model Class) The unknown data-generating

system S0 is nonlinear and the model structure M chosen to describe the

unknown dynamics is the Volterra series:

y0(k) = h0 +
M∑
m=1

Hm[u(k)]

Hm[u(k)] =
nm−1∑
τ1=0

· · ·
nm−1∑
τm=0

hm(τ1, . . . , τm)
τm∏
τ=τ1

u(k − τ)

(7.2)

as defined already in (4.1) and (4.2).

Assumption 7.1. The model structure is complex enough to fully capture

the dynamics of the underlying system, i.e. S0 ∈M.

Assumption 7.2. No prior information is available for the model to be

estimated. Therefore, the maximum likelihood framework is used for pa-

rameter estimation.

Assumption 7.3. The measurement noise e depicted in Fig. 7.1, is as-

sumed to be a realization of a zero mean i.i.d Gaussian stationary stochastic

process with variance σ2
e (e(k) ∼ N (0, σ2

e)).

Given Assumption 7.3, the maximum likelihood in an output error

framework boils down to a LS optimization problem and the estimator

is unbiased and efficient. Therefore, the Fisher information can be used

to define the cost function of the optimal input design problem. In this

section we seek for the input sequence that maximizes the determinant of

the information matrix M(θ) (which also minimizes the determinant of the

covariance matrix P (θ)).
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7.3.1 The two methods for D-optimal input design

The brute force optimization method

The first method used in this section to compute the D-optimal input for

the Volterra series is described in [43] and has the following characteristics:

• the optimal design problem is defined as:

uopt = arg max
u

det(M(θ))

s.t. ‖u‖ < umax

• the optimization variables are the samples of the input u.

• the problem is nonlinear and nonconvex in the optimization variables.

As such, multi-start optimization is needed to reduce the possibility

of resulting in a local optimum.

• the input signal u is allowed to take continuously any value between

−umax and umax.

• the input and the output of the system are assumed to be periodic,

therefore no transient effects are taken into account.

The tuple-method for OID

The results obtained with the brute force optimization method are com-

pared with the ones obtained with another method, namely the tuple method

for D-optimal input design [45]. The tuple method can be used as long the

following conditions are satisfied:

• The considered system is in the class of nonlinear FIR-type systems

with finite memory n:

y0(t, θ) = f(u0(t), u0(t− 1), . . . , u0(t− n+ 1), θ)

where u0 and y0 denote the noiseless input and output of the system,

respectively.
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• The input class contains the deterministic time sequences of length

N , whose amplitude can only take values from a finite, predefined set

of A values:

ut ∈ {u1, . . . , uA}, ∀t

• The measured input is noise free while the measured output is dis-

turbed by Gaussian distributed i.i.d. white noise.

7.3.2 Second degree Volterra series

The first system under study is the one whose dynamics are given by the

following finite second degree Volterra series:

y0(t) = h1(0) u(t) + h1(1) u(t− 1)︸ ︷︷ ︸
first order kernel

+h2(0, 0) u2(t) + 2h2(0, 1) u(t)u(t− 1) + h2(1, 1) u2(t− 1)︸ ︷︷ ︸
second order kernel

(7.3)

Given that the input u is exactly known and the measured system output

is corrupted by normally distributed i.i.d. noise with variance σ2, the Fisher

information M is given by:

M =
1

σ2
(
∂y0(u, θ0)

∂θ
)T (

∂y0(u, θ0)

∂θ
)⇒

M =
1

σ2

(
M1 M12
M12 M2

)
where the matrices M1, M2 and M12 are given by:

M1 =

( ∑N−1
0 u2(t) ?∑N−1

0 u(t− 1)u(t)
∑N−1

0 u2(t− 1)

)

M2 =

 ∑N−1
0 u4(t) ? ?

2
∑N−1

0 u3(t)u(t− 1) 4
∑N−1

0 u2(t)u2(t− 1) ?∑N−1
0 u2(t)u2(t− 1) 2

∑N−1
0 u(t)u3(t− 1)

∑N−1
0 u4(t− 1)


M12 =

 ∑N−1
0 u3(t)

∑N−1
0 u2(t)u(t− 1)

2
∑N−1

0 u2(t)u(t− 1) 2
∑N−1

0 u(t)u2(t− 1)∑N−1
0 u(t)u2(t− 1)

∑N−1
0 u3(t− 1)
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Figure 7.2: The D-optimal input signal in case of the finite second degree
Volterra series. Upper left: The optimal input sequence. Upper
right: Correlation of the optimal input signal. Down left: Spec-
trum of the optimal signal. Down right: Histogram of the optimal
signal.

The stars are used to denote that the matrices are symmetric. It can be

observed that the information matrix consists of 3 basic components: the

Fisher matrix of the first order kernel M1, the Fisher matrix of the second

order kernel M2 as well as the matrix M12 related to the identification of

Volterra coefficients that belong to kernels of different order (in this case of

orders 1 and 2).

The brute force method has been used first for D-optimal input design

for the system defined by (7.3). The input signal u can take continuously

any value between -1 and 1. No other constraint is imposed on the optimiz-

ing input. A characteristic optimal input sequence is depicted in Fig. 7.2.

The Fisher information matrix of the optimal signal is depicted in Fig. 7.3.

Independently of the initializing conditions of the algorithm, the opti-
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Figure 7.3: The D-optimal Fisher information matrix in case of the second
degree Volterra series.

mized input signals share the same properties:

• The optimal signal settles around 3 specific amplitude values (−1, 0, 1)

• The plots of the correlation as well as the spectrum of the optimal

input are similar to the ones of a white noise signal.

• The pdf of the optimized signal is symmetric.

Remark 7.1. In Fig. 7.3 it can be observed that for the optimal input

sequence, the identification of the first and the second order Volterra kernels

is actually decomposed. In other words, the Fisher matrix M is converging

to a block diagonal matrix which will result to a block diagonal covariance

matrix. In this way, Volterra coefficients from kernels of different order

will have no cross-correlation if the optimal signal is used for identification.

The latter can be explained by the fact that the pdf of the optimal signal is

symmetric. As such, the matrix M12 becomes almost zero since it contains

approximations of the odd moments of a signal with symmetric pdf.
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7.3.3 Third degree Volterra series

The brute force method is applied also to the case of D-optimal input design

for the case of a finite third degree Volterra series:

y0(t) = h1(0) u(t) + h1(1) u(t− 1)︸ ︷︷ ︸
first order kernel

+h2(0, 0) u2(t) + 2h2(0, 1) u(t)u(t− 1) + h2(1, 1) u2(t− 1)︸ ︷︷ ︸
second order kernel

+ h3(0, 0, 0) u3(t) + 3h3(0, 0, 1) u2(t)u(t− 1)

+3h3(0, 1, 1) u(t)u2(t− 1) + h3(1, 1, 1) u3(t− 1)︸ ︷︷ ︸
third order kernel

(7.4)

The Fisher information M is given in that case by:

M =
1

σ2
(
∂y0(u, θ0)

∂θ
)T (

∂y0(u, θ0)

∂θ
) =

1

σ2

(
M1 M12 M13
M12 M2 M23
M13 M23 M3

)

with M1, M2 and M12 as defined in the previous section and M13, M23 and

M3 given by:

M13 =


∑N−1

0 u4(t)
∑N−1

0 u3(t− 1)u(t− 1)
3
∑N−1

0 u3(t− 1)u(t− 1) 3
∑N−1

0 u2(t)u2(t− 1)
3
∑N−1

0 u2(t)u2(t− 1) 3
∑N−1

0 u(t)u3(t− 1)∑N−1
0 u(t)u3(t− 1)

∑N−1
0 u4(t− 1)



M23 =


∑N−1

0 u5(t) 2
∑N−1

0 u4(t)u(t− 1)
∑N−1

0 u3(t)u2(t− 1)
3
∑N−1

0 u4(t)u(t− 1) 6
∑N−1

0 u3(t)u2(t− 1) 3
∑N−1

0 u2(t)u3(t− 1)
3
∑N−1

0 u3(t)u2(t− 1) 6
∑N−1

0 u2(t)u3(t− 1) 3
∑N−1

0 u(t)u4(t− 1)∑N−1
0 u2(t)u3(t− 1) 2

∑N−1
0 u(t)u4(t− 1)

∑N−1
0 u5(t− 1)


M3 = (M3,L M3,R)

M3,L =


∑N−1

0 u6(t) ?
3
∑N−1

0 u5(t)u(t− 1) 9
∑N−1

0 u4(t)u2(t− 1)
3
∑N−1

0 u4(t)u2(t− 1) 9
∑N−1

0 u3(t)u3(t− 1)∑N−1
0 u3(t)u3(t− 1) 3

∑N−1
0 u2(t)u4(t− 1)
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Figure 7.4: The D-optimal input signal in case of the finite third degree Volterra
series. Upper left: The optimal input sequence. Upper right: Cor-
relation of the optimal input signal. Down left: Spectrum of the
optimal signal. Down right: Histogram of the optimal signal.

M3,R =

 ? ?
? ?

9
∑N−1

0 u2()u4(t− 1) ?
3
∑N−1

0 u(t)u5(t− 1)
∑N−1

0 u6(t− 1)


As in the case of the second degree series example, the input signal u

can take continuously any value between -1 and 1. No other constraint is

imposed on the optimizing input. A characteristic optimal input sequence

is depicted in Fig. 7.4. The Fisher information matrix of the optimal signal

is depicted in Fig. 7.5.

Independently of the initializing conditions of the algorithm, the op-

timized input signals share similar properties as the one obtained for the

second degree case:

• The optimal signal settles around 5 specific values (−1,−0.5, 0, 0.5, 1).
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Figure 7.5: The D-optimal Fisher information matrix in case of the third degree
Volterra series.

As such, the number of levels around which the input samples are

gathered increases with the degree of the Volterra series.

• The plots of the correlation as well as the spectrum of the optimal

input are still similar to the ones of a white noise signal.

• The pdf of the optimized signal still seems to converge to a symmet-

ric one, resulting in decomposed identification of the even and odd

Volterra kernels in the series. Note that no constraint was imposed

on the pdf of the optimized signal.

• Examples with Volterra series of increased memory showed that the

number of levels of the optimized signal are independent of the mem-

ory of the series.
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Figure 7.6:

Different method, similar conclusions

To increase the confidence on the aforementioned observations, the tuple

method has also been used to obtain the D-optimal input signal for the

Volterra series examples analyzed so far. The result of both methods on the

second degree Volterra system whose dynamics are given in (7.3) is depicted

in Fig. 7.6. The main difference between the two methods lies in the fact

that for the tuple method, the input signal is allowed to take only specific

values from a predefined frequency grid. Moreover, this method works on

the level of tuples, therefore the optimal signal depicted in Fig. 7.6 is only

one of the infinite ones that can be built given the same optimal tuples.

Based on Fig. 7.6 it is clear that both methods lead to similar optimal

signals. The spectrum of a white noise signal occurs with both methods and

the values which are mostly represented in the optimal signals are similar.

For the example depicted here, the determinant of the information matrix
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is higher for the tuple method, however the difference was not large.

7.4 Least costly OID in the presence of

prior knowledge

The objective in this section is to investigate the effect of prior knowledge

about the identified model on the optimal input sequence for identification

of the system dynamics. To do that, we compare the optimal input sig-

nal for three different cases, namely: i) FIR modeling of a linear system

without any prior knowledge about the underlying dynamics, ii) FIR mod-

eling with prior knowledge about exponential decay and smoothness of the

impulse response and, iii) identification of the rational transfer function of

the linear system, which corresponds to an infinite impulse response (IIR)

representation, without any prior knowledge considered.

A least costly identification framework is adopted to investigate and

compare the aforementioned cases. As such, the minimum power input

excitation is computed for all the aforementioned cases given a minimum

requirement on the information contained in the measured data of the iden-

tification experiment. This minimum requirement is related to bounds on

the modulus of the error between the estimated and the true underlying

transfer function. The dependence of the optimal input spectrum on the

prior information about the underlying impulse response becomes clear

through a numerical example. In this example, it will be observed that,

without too much surprise, the least powerful input signal is obtained in

the case where a rational model structure is used. It will also be observed

that the presence of prior information on decay rate and smoothness when

identifying the impulse response coefficients allows to reduce the required

power spectrum especially in high frequencies (meaning that this type of

prior information mainly pertains to these higher frequencies).

It is to be noted that a similar input design problem has been considered

in [54], [101]. The main contribution of the work in this thesis with respect

to these earlier contributions is in the analysis of the influence of the prior
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information on the optimal spectrum.

7.4.1 Problem statement

Definition 7.2. (System Class) The unknown data-generating system S0

is stable LTI, and an OE framework is considered (Fig. 7.1):

S0 : y(k) = y0(k) + e(k) = G0(z)u(k) + e(k) (7.5)

where G0(z) is in general a rational transfer function (Infinite Impulse Re-

sponse (IIR) system), y0 is the true noiseless system output as a reaction to

the input excitation u, e represents the identically and independently nor-

mally distributed measurement noise of finite variance (e ∼ N (0, σ2
e)) and

y is the measured noisy system output.

To identify the underlying dynamics based on N input u - output y

measured samples, a model structure must be defined.

Definition 7.3. (Model classes) The true system dynamics S0 are modeled

with the following OE structure as:

y(k) = ym(k) + e(k) = G(z, θ)u(k) + e(k) (7.6)

where G(z, θ) is the model structure parameterized with the vector θ ∈ Rnθ ,

to be estimated from measured input-output data. In this work, two different

cases are considered for the model structure candidate to describe the true

system dynamics. The first one corresponds to a finite impulse response

(FIR) representation:

G(z, θnp) =

nθnp∑
np=1

g1(m)z−m (7.7)

with θnp = [g1(1) g1(2) . . . g1(nθnp)] ∈ Rnθnp the parameter vector to estimate

in this nonparametric FIR model case and g1(np), np = 1, . . . , nθnp denote

the impulse response coefficients of the LTI system G(z). The second model

structure considered is a rational transfer function:
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G(z, θp) =

∑nβ
k=0 βkz

n

znα +
∑nα−1

k=0 αnzk
(7.8)

with θp = [β0 β1 . . . βnβ α0 α1 . . . αnα−1] ∈ Rnθp the parameter vector to

estimate in this parametric model case.

Assumption 7.4. The FIR model structure (7.7) is considered to be long

enough such that model errors due to truncation of the impulse response are

negligible.

Definition 7.4. (Input class) The signal used for excitation is a multisine

defined as follows:

u(k) =
F∑
n=1

An cos(ωnt+ φn) (7.9)

where ωn, n = 1, . . . , F are the frequencies contained in the multisine,

An, n = 1, . . . , F denote the amplitude for each frequency contained in the

multisine and φn, n = 1, . . . , F is the phase of each cosine term.

The power spectrum Φu of the input signal u is the design variable of

the optimal design problem. The discrete power spectrum of this signal

(power/frequency) is given by:

Φu(ωn) = Φu(−ωn) =
A2
n

4
, n = 1, . . . , F (7.10)

The power of the input signal u is defined as:

pu = 2
F∑
n=1

Φu(ωn) =
F∑
n=1

A2
n

2
(7.11)

7.4.2 Information in the data and prior knowledge

In case of no prior information available about the underlying dynamics,

the total information available at the end of the experiment is represented

by:

Mtotal = M(θ)
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where M(θ) is the Fisher matrix defined in (2.10). In [82] it is shown that, in

an output error framework the Fisher information matrix can be expressed

as a function of the power spectrum:

M =
N

σ2
e

1

2π

∫ π

−π
ΛG(ejω, θ0)ΛG(ejω, θ0)?Φu(ω)dω (7.12)

with ΛG(z, θ) = ∂G(z,θ)
∂θ

, θ0 denoting the true parameter vector to estimate

and Φu(ω) a continuous spectrum of the input signal. In case of a discrete

power spectrum of the input signal, such as the one considered in (7.10),

the information matrix can be written as:

M =
N

σ2
e

F∑
k=−F

ΛG(ejωn , θ0)ΛG(ejωn , θ0)?Φu(ωn) (7.13)

Both (7.12) and (7.13) show clearly the linear dependence of the information

matrix on the input power spectrum Φu.

In case of prior information available, it is assumed that smoothness

and decay of the underlying impulse response of the LTI system are known

a priori. This means that in case of identification of the impulse response

coefficients θnp ∈ Rnθnp , there exists a covariance matrix Ppr ∈ Rnθnp×nθnp ,

which has been tuned during a prior experiment, with a DC structure,

namely:

Ppr(i, j) = c ρ|i−j| λ(i+j)/2 (7.14)

The hyperparameters c, ρ and λ have been tuned based on the recorded

data using the Marginal Likelihood method described in Section 3.3.5 such

that information about exponential decay and smoothness is encoded in

Ppr. Under this condition, it can be derived from (3.20) that in a Bayesian

framework the following rule of information holds:

Mapost = M + P−1
pr (7.15)

where M is the information matrix related to the identification experiment

given in (7.13), P−1
pr represents the information available a priori and Mapost
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is the total information matrix given the prior and the new experiment.

Therefore in that case we can define:

Mtotal = Mapost = M + P−1
pr

Assumption 7.5. The output of the excited LTI system is transient-free.

As a result, no transient response is estimated and the information ma-

trix related to the identification experiment can be constructed based on the

assumption of a periodic excitation.

7.4.3 Least Costly OID framework

Given the aforementioned definitions and assumptions, a least costly OID

framework is considered as defined below.

Definition 7.5. The optimal input design problem is defined as:

uopt = arg min
u

pu

s.t. Mtotal > Radm

(7.16)

where pu is the power of the input signal as defined in (7.11), Mtotal rep-

resents the total information matrix which corresponds to the information

obtained at the end of the identification experiment and Radm is a lower

bound on Mtotal.

The information matrix Mtotal can be given either by (7.13) or (7.15),

depending on the absence or presence of prior knowledge. It is shown in [13]

that accuracy constraints on the identified model can be transformed into a

constraint in the form Mtotal > Radm where Radm is in our case a frequency-

dependent constraint on the model error achieved at transfer function level

of the identified model. This constraint is analyzed in Section 7.4.4.
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7.4.4 Bound on model accuracy

As mentioned in Section 7.4.1, three different cases of model structures are

investigated, a FIR model ((7.7)) with and without prior knowledge and

the rational transfer function ((7.8)). Note that the number of parameters

of the parametric model in (7.8), namely nθp , is different than the one for

the nonparametric model in (7.7), nθnp (it is considered that nθp << nθnp).

Therefore the information matrices for the two different model structures

will have different dimensions and comparison of the two cases with respect

to information cannot be done fairly on a parameter level.

Under this condition, the constraint on the model accuracy used in the

optimal input design problem ((7.16)) should be formulated such that the

different model structures can be equally compared. The latter can be done

by translating the bound on the information matrix (Mtotal > Radm) to a

bound on the model error of the estimated transfer function. As such,

the optimal input can be derived such that the same bound on the model

accuracy is imposed for different structures.

To formulate the bound on the model accuracy at a transfer function

level, the method found in [13] (also related to [70]) is used and presented

briefly in this section. It is shown that, given a constant αp related to a

chosen probability level, one can define a frequency-by-frequency constraint

on the information matrix:

M > Radm(ω), ∀ω (7.17)

with Radm(ω) =
α2
p

r2adm(ω)
T T (ejω, θ0)T (ejω, θ0),

T (ejω, θ0) =

(
Re(ΛT

G(ejω, θ0))
Im(ΛT

G(ejω, θ0))

)
∈ R2×nθ and radm(ω) represents the

desired bound on the modeling error at each frequency. More precisely, if

(7.17) holds, then it is guaranteed that |G0(ejω)−G(ejω, θ̂N)| < radm(ω),∀ω,

with a certain probability. It can be observed that the higher the value of

radm(ω), the higher the allowable modeling error resulting in a lower min-

imum requirement Radm(ω) for the information matrix. The constraint

(7.17) has to be verified for all frequencies. However, in practice, this con-

196



7.4. Least costly OID in the presence of prior knowledge

straint will only be posed for a finite amount of frequencies covering the

interval [0 π].

The OID problem is defined as:

Φu,opt(ωn) = arg min
Φu(ωn)

pu(Φu(ωn))

s.t. Mtotal > Radm(ω), ∀ω

Φu(ωn) ≥ 0 ∀ωn

(7.18)

which is affine in the input power spectrum Φu(ωn). The second constraint

(non-negativity of the spectrum) is necessary for the signal to be realizable.

The optimal design problem (7.18) is convex in the design variables, there-

fore there is no risk of resulting in a local minimum. In case of prior infor-

mation available, the total information matrix is given by Mtotal = M+P−1,

as defined already in (7.15).

Remark 7.2. Prior information about smoothness of the impulse response

is directly related to a certain behavior of the modulus of corresponding

Frequency Response Function (FRF) (amplitude of transfer function). A

smooth impulse response corresponds to a FRF which has low power in the

high frequency region. It is shown in Section 7.4.5 that this fact is important

when bounds related to the amplitude of the transfer function are considered

in the OID problem.

Remark 7.3. In (7.17), the lower bound on the information matrix depends

on the true parameter vector θ0. Even though the true vector is used for

the numerical illustration in Section 7.4.5, in practice a prior estimate of

the parameter vector can be used to solve the OID problem and bypass the

well-known “chicken-and-egg” problem.

7.4.5 OID: The effect of prior knowledge

The optimal input design problem ((7.18)) is applied to the linear system

G0(z) given by:

G0(z) =
0.8347z

z2 − 1.657z + 0.7017
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Figure 7.7: The linear system used for illustration of the least costly input
design framework. Left: The FRF of the linear system G(z) (fre-
quency normalized to π). Right: The impulse response g(τ) of the
linear system G(z).

whose FRF G0(ejω) (amplitude) and impulse response g(τ) are given in

Fig. 7.7. The input signal is a multisine ((7.9)) and a grid of 40 frequencies,

covering the full frequency band [0 π], are considered to be excited by

the input signal. The noise in the measured output is Gaussian i.i.d with

variance σ2 = 0.25. For the bound on the modulus of the estimated transfer

function in (7.17), the same discrete set of 40 frequencies is chosen on which

the constraint will be imposed. The value of αp in (7.17) is chosen, for the

three considered situations (see below), in such a way that the modeling

error is guaranteed to be smaller than radm(ω), ∀ω, with a probability of

0.95 ([13]).

The parameter radm(ω) is kept constant across the chosen set of frequen-

cies and it can take three values, 0.1, 0.5 and 0.9, resulting in an increasing

admissible error in the transfer function modulus, therefore in a smaller

and smaller bound on the information matrix. For the case of the FIR

model structure and prior knowledge available, the DC covariance struc-

ture in (7.14) is considered for the prior covariance matrix P , with c = 5.6,

α = 0.033 and β = 0.232.

The optimal input design problem (7.18) is considered for three different

model structures:

1. The system is modeled with a finite impulse response of nθnp = 45
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lags, long enough such that the response decays properly to zero.

2. The system is modeled with the same FIR model but prior information

about smoothness and decay is available.

3. The system is modeled with a rational transfer function complex

enough to capture the underlying dynamics of the linear system with-

out any more prior information about the underlying dynamics.

Remark 7.4. Prior information about smoothness of the impulse response

is directly related to a certain behavior of the corresponding FRF. A smooth

impulse response corresponds to a FRF which has low power in the high

frequency region.

The results of the optimal input design problem (7.18) for all the afore-

mentioned cases are depicted in Fig. 7.8. It can be observed that:

1. The spectrum of the optimal input for the case of FIR modeling ap-

proaches the one of a white noise signal, as expected.

2. The spectrum of the optimal signal for the case of modeling the lin-

ear system with the rational transfer function (IIR) converges to two

dominant frequencies which should be optimally excited, as expected

for the case of a second order linear system.

3. For both aforementioned cases, the constraint on the transfer function

of the estimated model affects only the power of the input signal and

not the spectrum.

4. This is not the case when FIR modeling in the presence of prior knowl-

edge is considered. The spectrum of the input signal is directly related

to the constraint imposed on the information matrix. Since the prior

information is related to smoothness of the impulse response, it will

suppress the power of the estimated transfer function in the high fre-

quency region. Under this condition, the more relaxed the constraint

on the modulus of the transfer function, the more is the prior informa-

tion able to deliver a model inside the allowable model error bounds.
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Figure 7.8: The optimal input for a linear system in three different cases of
model structures and bound on the model accuracy. The admissible
modeling error radm increases from the upper to the lower row. Left
column: Optimized input spectra for the different model structures.
Right: Total power of the optimal input signals.
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Therefore, the power of the optimal input signal decreases in the high

frequency region as the constraint on the transfer function modulus

relaxes.

5. In the right column of Fig. 7.8, we observe the value of the objec-

tive function, namely the total power of the optimal signal for each

case of the OID problem. It is clear that modeling the system with

a nonparametric FIR structure under no prior knowledge leads to

the largest total power for the optimal signal. Moreover, when prior

knowledge is used, the minimum power needed to satisfy the esti-

mated transfer function constraints is reduced. Finally, for the case

of parametric modeling and the rational transfer function model, the

power of the optimal signal is in every case the minimum one. This

result can be intuitively explained by the fact that the transfer func-

tion model, complex enough to capture the dynamics of the linear

system, contains information about the structure of the system. As

such, it constitutes a more compact and informative representation

of the linear system and can be considered as extra prior information

introduced in the optimal input design problem.

The optimal spectrum obtained for the case when prior information

about smoothness is available, and shown in Fig. 7.8, left column, in blue,

can be explained by Fig. 7.9. In the latter plot, the maximal modeling error

on the modulus of the transfer function, that would be obtained if only the

prior information was used, is depicted (solid magenta line). This error cor-

responds to αp
√
λmax(T (ejω, θ0) P T T (ejω, θ0)), where λmax(A) corresponds

to the largest eigenvalue of a matrix A and P is the prior covariance ma-

trix. It can be observed that in the high frequency region, the gap that has

to be filled by the optimal input is smaller than for the lower frequencies.

Consequently, the identification experiment will essentially have to bring

information for low frequencies (resulting in a spectrum which is essentially

located in these lower frequencies). This phenomenon will be increasingly

important for increasing values of radm. This is precisely what is observed

for the blue curves in the left part of Fig. 7.8.
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Figure 7.9: The maximal modeling error on the modulus of the transfer func-
tion, that would be obtained if only the prior information was used,
is depicted (solid magenta line). The different levels of admissible
error radm considered in this numerical example are also plotted
and compared with the prior maximal error.

The case study is concluded with 100 Monte Carlo simulations to ver-

ify that the input signal with the optimally designed spectrum will deliver

estimates that will satisfy the constraint posed in the frequency domain.

We consider the case radm = 0.1. For a different realization of the noise

with variance σ2 = 0.25, a parametric model (7.8), a FIR model (7.7)

as well as a Regularized FIR model are identified. The absolute error

|G0(ejω) − G(ejω, θ̂N)| is plotted for every Monte Carlo estimate and each

of the three aforementioned model structures in Fig. 7.10, Fig. 7.11 and

Fig. 7.12, respectively. It can be observed that most of the estimated mod-

els satisfy the constraint in the frequency domain. In Fig. 7.11 and Fig. 7.12

it can be observed that all the estimated models satisfy the bound in the

frequency domain. The reason is that, even though the modeling error is

guaranteed to be smaller than radm(ω), ∀ω, with a probability of 0.95, the

actual probability level is bound to increase for increasing number of model

parameters, as it has been shown in [14].
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Figure 7.10: Error between estimated model and true underlying system
|G0(ejω) − G(ejω, θ̂N )| for 100 Monte Carlo estimates. The true
system G0 is modeled here with the parametric structure given in
(7.8). The black line corresponds to the value of radm.
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Figure 7.11: Error between estimated model and true underlying system
|G0(ejω) − G(ejω, θ̂N )| for 100 Monte Carlo estimates. The true
system G0 is modeled here with a FIR structure given in (7.7).
The black line corresponds to the value of radm.
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Figure 7.12: Error between estimated model and true underlying system
|G0(ejω) − G(ejω, θ̂N )| for 100 Monte Carlo estimates. The true
system G0 is modeled here with a regularized FIR structure (prior
information about stability and smoothness). The black line cor-
responds to the value of radm.

7.5 Conclusions

Optimal input design has been studied in this chapter. The first part of the

chapter deals with D-optimal input design for a nonlinear system when the

Volterra series is used to describe the underlying nonlinear dynamics. Two

methods for D-optimal design available in the literature have been used to

extract a number of conclusions:

• The optimal signal settles around specific values. The number of levels

around which the input samples are gathered increases with the degree

of the Volterra series but not with the memory of the series.

• The correlation as well as the spectrum of the optimal input are sim-

ilar to the ones of a white noise signal.

• The pdf of the optimized signal is symmetric, resulting in decomposed

identification of the even and odd Volterra kernels in the series.
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7.5. Conclusions

The second part of this chapter deals with Least Costly optimal input

design in the presence of prior knowledge. It has been shown that:

• In case of FIR modeling in the presence of prior knowledge, the spec-

trum of the input signal can be directly related to the constraint

related to the minimum information level required from the identifi-

cation experiment.

• The prior information considered in this chapter is related to smooth-

ness of the impulse response. This extra knowledge during the optimal

input design results in that the power of the optimal signal in the high

frequencies is less than in the lower frequencies, when constraints on

the error of the transfer function modulus are considered.

• Finally a comparison with FIR modeling without prior knowledge

and parametric transfer function modeling revealed that the minimum

power required, under the same constraints on the information in the

data, occurs in case when the linear system is modeled with its transfer

function, which corresponds to an infinite impulse response.
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Chapter 8

Gaussian Process Regression for

Generalized Frequency Response

Function Estimation

8.1 Introduction

The work described in this chapter is the result of a collaboration between

the University of Newcastle, Callaghan, NSW, Australia represented by the

PhD student Jeremy G. Stoddard and the Associate Professor Dr. James

Welsh, and the Vrije Universiteit Brussel represented by the author of this

thesis and Prof. Dr. ir. Johan Schoukens. It is verified that the research

results of this chapter have been derived by an equal scientific contribution

of the two collaborating parts. The acknowledgement as well as the credits

for the results on“Gaussian process regression for GFRF estimation” should

be equally attributed to both parties of the collaboration. An exact copy

of the content of this chapter can be found in [132].
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8.2 Introduction

Kernel-based modeling of dynamic systems has garnered a significant amount

of attention in the system identification literature since its introduction to

the field in [109]. While the method was originally applied to linear impulse

response estimation in the time domain, the concepts have since been ex-

tended to the frequency domain for estimation of frequency response func-

tions (FRFs) [77], as well as to the Volterra series in [12]. In the latter

case, smoothness and stable decay was imposed along the hypersurfaces of

the multidimensional impulse responses (referred to as ‘Volterra kernels’ in

the sequel), allowing lower variance estimates than could be obtained in a

simple least squares framework.

The Volterra series can also be expressed in a frequency domain context,

however there are several competing representations which all possess some

unique advantages [34]. Perhaps the most natural representation is the

generalized frequency response function (GFRF), which is defined as the

multidimensional Fourier transform of the corresponding Volterra kernel in

the time-domain series. The representation leads to a series of frequency

domain functions with increasing dimension.

8.3 Review of GFRFs

8.3.1 The Volterra Series in the Frequency Domain

We consider the nonlinear systems whose output is described by the discrete

time Volterra series given by [120] ,

y0(k) =
M∑
m=1

[
nm−1∑
τ1=0

. . .
nm−1∑
τm=0

hm(τ1, . . . , τm)
τm∏
τ=τ1

u(k − τ)

]
, (8.1)

where hm(τ1, . . . , τm) is the m’th order Volterra kernel, nm is the memory

length of hm, and τj is the j’th lag variable for the kernel. The subscript

m gives the dimension of the kernels, up to a maximum degree, M .

A steady-state expression for such Volterra series models in the fre-

quency domain was first derived in [55]. For N -point input and output
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DFT spectra given by Y (k) and U(k) respectively, the relationship between

the two is described by,

Y 0(k) =
M∑
m=1

Ym(k) ∀k, (8.2)

Ym(k) =
∑

k1+...+km=k

Hm(Ωk1 , . . . ,Ωkm)
m∏
i=1

U(ki), (8.3)

where Ωk is a generic frequency variable corresponding to the k’th DFT

index, and Hm(Ωk1 , . . . ,Ωkm) is labeled the m’th order GFRF, given by a

multidimensional DFT of the m’th time domain kernel, hm, i.e.led the m’th

order GFRF, given by a multidimensional DFT of the m’th time domain

kernel, hm, i.e.

Hm(Ωk1 , . . . ,Ωkm) =
nm−1∑
τ1=0

. . .
nm−1∑
τm=0

hm(τ1, . . . , τm)e
−j2πk1τ1

N . . . e
−j2πkmτm

N .

(8.4)

A second order example is provided in Figure 8.1 to compare the two kernel

domains. Direct frequency domain estimation of GFRFs is typically very

difficult in practice, due to their multidimensional nature and the complex-

ity of the hyperplane sum.

Figure 8.1: Time domain kernel (left) and frequency domain GFRF (right) for
a second order Wiener-Hammerstein system
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8.4 Regularized Estimation of GFRFs

The concepts introduced in [77] can be extended to estimation of GFRF

models, however the covariance functions will differ significantly from the

linear case, and the model must now be constructed using a matrix mul-

tiplication of the regressor and parameter vector, rather than a simple

Hadamard product. This section will describe the Gaussian assumptions

on the system, detail the covariance function design and tuning, and derive

the maximum a posteriori (MAP) estimates of the GFRFs.

8.4.1 Complex Normal Distributions

In this paper, we will neglect all DFT indices associated with strictly real

spectrum quantities, such that the complex normal distribution is sufficient

to describe all Gaussian processes in the system. Relevant notation for such

distributions is detailed here.

For a complex Gaussian vector, X, we define the augmented vector as

X̃T = [XTXH ], where (·)T and (·)H denote the transpose and Hermitian

transpose of a vector respectively. The distribution of X̃ is written as,

X̃ ∼ CN (m,Σ)

where m = E{X̃} and Σ = E{(X̃ −m)(X̃ −m)H}. The augmented covari-

ance, Σ, can be decomposed into covariance and relation function compo-

nents, K and C, as

Σ =

[
K C
CH K

]
where K = E{(X − E{X})(X − E{X})H} and C = E{(X − E{X})(X −
E{X})T}.

8.4.2 System Assumptions

For convenient estimation, some assumptions must be made on the system,

its Gaussian distributions, and the input excitation.
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Assumption 8.1. The (discrete) frequency domain description of the sys-

tem in steady-state can be given as,

Y (k) =
M∑
m=1

Ym(k) + V (k),

Ym(k) =
∑

k1+...+km=k

Hm(Ωk1 , . . . ,Ωkm)
m∏
i=1

U(ki),

(8.5)

where V (k) is complex circular output measurement noise with variance σ2
v.

Assumption 8.2. For input and output spectra Y (k) and U(k) computed

by an N-point DFT, the time domain input u(t) is periodic in N , i.e.

u(t) = u(t+N) ∀t

This implies that the measured output will be transient-free, since the system

is in steady-state with period length equal to the measurement window.

Definition 8.1. For an N-point DFT, the set of DFT indices for which

the input spectrum is non-zero is labeled ku ⊂ {1, . . . , N/2M − 1}. The

corresponding excited indices of the output spectrum are contained in ky.led

ku ⊂ {1, . . . , N/2M − 1}. The corresponding excited indices of the output

spectrum are contained in ky.

Remark 8.1. The frequencies excited by the input signal, u, at which Hm

can be estimated, will be given by the set Ω = {−Ωku Ωku}.

Definition 8.2. The m-dimensional tensor containing Hm(Ωk1 , . . . ,Ωkm)

∀Ωk1 , . . . ,Ωkm ∈ Ω has a vectorized form which will be denoted by HVm. The

vectorization scheme remains arbitrary here, but will be discussed in Section

8.4.3.

Assumption 8.3. HVm is complex Gaussian distributed with zero mean and

augmented covariance Σm, i.e.

HVm ∼ CN (0,Σm) (8.6)

Assumption 8.4. Any two Gaussian GFRFs, HVi and HVj , are independent

for i 6= j.
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8.4.3 Designing Multidimensional Covariance

Functions

For multidimensional Volterra kernels, covariance functions have already

been constructed in the time domain [12], by applying a diagonal/correlated

(DC) structure [33] along multiple perpendicular ‘regularizing directions.’

The resulting covariance matrices are guaranteed to be valid and produce

stable kernel realizations; two properties which we desire in the frequency

domain context as well. These functions can be transformed to the fre-

quency domain using a similar approach to that taken in [77], but the

transformation will be more complex due to the required vectorization of

time and frequency domain quantities in order to produce 2-dimensional

covariance matrices. However, if the vectorization scheme is chosen care-

fully, the transformation matrix will possess a structure useful for software

implementation.

In this paper, for a quantityX(i1, . . . , im) where i1, . . . , im = 0, 1, . . . , N−
1, we define the vectorized quantity, XV , as the vector obtained by first in-

crementing i1, then i2, and so on. Now we are interested in finding the

matrix, Fm, which represents the following transformation:

HVm = Fmh
V
m,

where Hm is the multidimensional Fourier transform of Volterra kernel hm.

Under the considered vectorization scheme, Fm can be constructed recur-

sively from the N × N DFT matrix, which we denote F1. The result is a

matrix which retains the neat structure and symmetries of the 1-dimensional

transform, as noted in [24]. The recursive definition can be written as,

Fm =

 Fm−1(1, 1) · F1 . . . Fm−1(1, Nm−1) · F1
...

. . .
...

Fm−1(Nm−1, 1) · F1 . . . Fm−1(Nm−1, Nm−1) · F1

 , m = 2, 3, . . .

where Fm(i, j) indicates the i, j’th element of matrix Fm.

The vectorized transformation can now be used to convert time domain
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covariance functions to the frequency domain as follows,

Km = E{HVmHVm
H} = FmE{hVmhVm

T}FH
m = FmPmF

H
m (8.7)

Cm = E{HVmHVm
T} = FmE{hVmhVm

T}F T
m = FmPmFm (8.8)

where Pm denotes the DC-based covariance structure of vectorized kernel

hVm as designed in [12].

Remark 8.2. In practice, symmetry must be enforced in both the time and

frequency domain kernels to guarantee a unique Volterra series representa-

tion. This requires some modification of the transformation matrices, Fm,

in order to consider only the unique components of each kernel.

8.4.3.1 The Output Spectrum

The output spectrum of Y (ky) can now be derived in a similar fashion to

the linear case. However, we must first restructure the model equation,

(8.5), into a least squares framework, i.e.

Y (ky) = [φ1 . . . φM ][HV1
T
. . . HVM

T
]T + V (ky) = φH + V,

where φm is an appropriate regressor containing the input spectrum prod-

ucts corresponding to H∗m. Note that symmetry should also be enforced in

the GFRFs here, which should be reflected in the design of the regressors.

Extending this equation to the augmented output case gives,

Ỹ (ky) = [φ̃1 . . . φ̃M ][H̃V1
T

. . . H̃VM
T

]T + Ṽ (ky) = φ̃H̃ + Ṽ (8.9)

where the augmented regressors are defined by

φ̃m =

[
φm 0
0 φm

]
.

From (8.9), we can now derive the distribution of the output spectrum.
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Theorem 8.1. For a system given by (8.5) with Gaussian HVm as described

in (8.6), the output spectrum Y (ky) is complex normally distributed as,

Ỹ (ky) ∼ CN (0,ΣY ),

where ΣY = φ̃Σtotφ̃
H + σ2

vI

and Σtot =

Σ1 0
. . .

0 ΣM

 (8.10)

Proof. Follows from the model equation in (8.9), Assumptions 8.3 and 8.4,

and the properties of complex normal distributions.

8.4.4 MAP Estimates of the GFRFs

MAP estimates can be obtained from the joint distribution of Y and H,

by computing the mean of the conditional distribution H|Y . The result is

provided in the following theorem.

Theorem 8.2. The MAP estimate of H̃ in (8.9) is given by

ˆ̃
HMAP = Σtotφ̃

HΣ−1
Y Ỹ (8.11)

Proof. Follows from the properties of joint complex distributions.

8.4.5 Hyperparameter Tuning using Marginal

Likelihood

Optimization of the hyperparameters describing each Gaussian process can

be performed using the exact same methodology employed in [77], by max-

imizing the log marginal likelihood, i.e.

η̂ = arg min
η
Ỹ (ky)HΣ−1

Y (η)Ỹ (ky) + log det ΣY (η).

The only notable difference is in the construction of ΣY , which is now formed

using the complex regressor, φ̃, and a block-diagonal combination of each

GFRFs covariance matrix.
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It is important to note that the covariance matrices are first computed

in the time domain as Pm, then transformed into the augmented frequency

domain covariance, Σm, using transformation matrices Fm as outlined in

Section 8.4.3.

8.5 Numerical Examples

To demonstrate the estimation performance of Gaussian process regres-

sion for GFRFs, several systems with different nonlinear dynamics were

simulated. The systems were all block-oriented in nature; Wiener, Ham-

merstein, and Wiener-Hammerstein, and the static nonlinear block had the

form f(x) = x2 in each case. This results in systems which contain only

second order Volterra series terms.

Figure 8.2: True (transparent) and estimated GFRFs for a Hammerstein sys-
tem

The input was constructed as a random-phase multisine of length N =

55 with 13 excited frequencies, allowing the estimation of 182 unique GFRF

parameters in each case. No measurement noise was added to the output

spectrum, but Gaussian process regression is still required due to the rank

deficiency of the estimation problem. For each nonlinear block structure,

the resulting estimates have their magnitude plotted in Figures 8.2, 8.3 and
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8.4 for a single input realization. The estimates are plotted on top of the

true GFRF (transparent) for comparison, revealing a close match in each

case. It is clear that tuning and transforming the time-domain covariance

structures from [12] leads to satisfactory GFRF estimation, even when the

problem is severely rank deficient.

Figure 8.3: True (transparent) and estimated GFRFs for a Wiener system

Figure 8.4: True (transparent) and estimated GFRFs for a Wiener-

Hammerstein system
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Figure 8.5: Transient resulting from zero initial conditions in a linear filter

8.6 Transients in a Second Order Volterra

System

While all previous results in this paper relied on the assumption of transient-

free measurements from a periodic input excitation, one major benefit of

Gaussian process regression for linear FRFs was the ability to estimate

and remove transient functions for the non-periodic input case. However,

this is only made possible by the approximation that the covariance of the

transient function is a scaled version of the system covariance. While the

approximation is well justified in the linear case, the same cannot be said

in general for 2nd and higher order Volterra systems. The increased com-

plexity of nonlinear transients can be observed in the examples of Figures

8.5 and 8.6, which show transients resulting from a linear system and its

second order Wiener counterpart.

Figure 8.6: Transient resulting from zero initial conditions in a second order
Wiener system

217



8. Gaussian Process Regression for Generalized Frequency
Response Function Estimation

In order to understand why this is the case, we first summarize the tran-

sient derivation for a linear system, and then derive an analytic expression

for the transient response of a system whose output is described by a second

order Volterra kernel.

8.6.1 Transient Expression for a Linear System

The following is a summary of the derivation which can be found in [77].

Consider a linear system described by its infinite impulse response, h, as,

y(t) =
∞∑
n=0

h(n)u(t− n),

where u and y are the input and output of the system respectively. It

can be shown that the N -point DFT of y(t), t = 0, 1, . . . , N − 1, which we

will denote Y (k), is related to the corresponding input DFT, U(k), in the

following way [112]:

Y (k) =
∞∑
n=0

h(n)e
−j2πkn

N

N−1∑
t=0

u(t)e
−j2πkt
N + T (k)

= H(k)U(k) + T (k),

where H(k)U(k) describes the steady state response to u, and T (k) is a

transient function given by ([77]),

T (k) =
∞∑
t=0

∞∑
n=t+1

h(n)f(t− n)︸ ︷︷ ︸
h∗(t)

e
−j2πkt
N (8.12)

where f(t) = u(t)− u(t+N).

The term h∗(t) is seen to be a free response of the system with impulse

response hn.
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8.6.2 Derivation of the Second Order Transient

Expression

Consider the noiseless output of a nonlinear system described by a second

order Volterra kernel, i.e.

y(t) =
∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)u(t− τ1)u(t− τ2) (8.13)

Assume that N samples of the input u and output y are available. Ap-

plying a DFT on the measured output signal y(t), t = 0, 1, . . . , N − 1, the

spectral component of y at DFT frequency k is given by,

Y (k) =
N−1∑
t=0

y(t)e−jωkt =
N−1∑
t=0

(
∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)u(t− τ1)u(t− τ2))e−jωkt,

(8.14)

where ωk = 2πk
N

. The term e−jωkt can be split as follows:

e−jωkt = e−jωk1τ1e−jωk−k1τ2e−jωk1 (t−τ1)e−jωk−k1 (t−τ2)

with ωk1 + ωk−k1 = ωk
(8.15)

Moreover, it holds that:

N−1∑
t=0

u(t− τ1)e−jωk1 t = e−jωk1τ1
(N−1∑

t=0

u(t− τ1)e−jωk1 (t−τ1)

)

= e−jωk1τ1
(N−1∑

t=0

u(t)e−jωk1 t︸ ︷︷ ︸
U(k1)

+
−1∑

t=−τ1

(u(t)− u(t+N))e−jωk1 t
)
⇔

N−1∑
t=0

u(t− τ1)e−jωk1 (t−τ1)

︸ ︷︷ ︸
Ut−τ1 (k1)

= U(k1) +
−1∑

t=−τ1

(u(t)− u(t+N))e−jωk1 t ⇔

Ut−τ1(k1) = U(k1) +
−1∑

t=−τ1

(u(t)− u(t+N))e−jωk1 t or
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u(t− τ1) =
N−1∑
k1=0

Ut−τ1(k1)ejωk1 (t−τ1) ⇔

u(t− τ1) =
N−1∑
k1=0

(
U(k1) +

−1∑
t=−τ1

(u(t)− u(t+N))e−jωk1 t
)
ejωk1 (t−τ1)

(8.16)

Similarly it can be derived that:

N−1∑
t=0

u(t− τ2)e−jωk−k1 (t−τ2) = U(k − k1) +
−1∑

t=−τ2

(u(t)− u(t+N))e−jωk−k1 t

(8.17)

After substituting (8.15), (8.16) and (8.17) into (8.14) we obtain:

Y (k) =
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2

. . .

(
U(k1) +

−1∑
t′=−τ1

(u(t
′
)− u(t

′
+N)︸ ︷︷ ︸

f(t′ )

)e−jωk1 t
′
)

. . .

(
U(k − k1) +

−1∑
t′′=−τ2

(u(t
′′
)− u(t

′′
+N)︸ ︷︷ ︸

f(t′′ )

)e−jωk−k1 t
′′
)
⇔

Y (k) =
N−1∑
k1=0

( ∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2︸ ︷︷ ︸
H2(k1,k−k1)

)
U(k1)U(k − k1)

︸ ︷︷ ︸
Steady state response or SS

+
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2U(k1)
−1∑

t′′=−τ2

f(t
′′
)e−jωk−k1 t

′′

︸ ︷︷ ︸
Transient term 1 or T1

+
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2U(k − k1)
−1∑

t′=−τ1

f(t
′
)e−jωk1 t

′

︸ ︷︷ ︸
Transient term 2 or T2

+ . . . (continues at next page)
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+
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2×

×
−1∑

t′=−τ1

f(t
′
)e−jωk1 t

′
−1∑

t′′=−τ2

f(t
′′
)e−jωk−k1 t

′′

︸ ︷︷ ︸
Transient term 3 or T3

(8.18)

which can be written compactly as:

Y (k) = SS(k) + T1(k) + T2(k) + T3(k)︸ ︷︷ ︸
T (k)

SS(k) =
N−1∑
k1=0

H2(k1, k − k1)U(k1)U(k − k1)

T1(k) =
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2
N−1∑
t′=0

u(t
′
)e−jωk1 t

′

×

×
−1∑

t′′=−τ2

f(t
′′
)e−jωk−k1 t

′′

=
N−1∑
k1=0

∞∑
t′=0

∞∑
t′′=0

[
t
′∑

τ1=t′+1−N

∞∑
τ2=t′′+1

h2(τ1, τ2)u(t
′ − τ1)f(t

′′ − τ2)

]
︸ ︷︷ ︸

h∗1(t′,t′′)

×

× e−jωk1 t
′

e−jωk−k1 t
′′

T2(k) =
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2
N−1∑
t′′=0

u(t
′′
)e−jωk−k1 t

′′

×

×
−1∑

t′=−τ1

f(t
′
)e−jωk1 t

′

=
N−1∑
k1=0

∞∑
t′=0

∞∑
t′′=0

[
∞∑

τ1=t′+1

t
′′∑

τ2=t′′+1−N

h2(τ1, τ2)f(t
′ − τ1)u(t

′′ − τ2)

]
︸ ︷︷ ︸

h∗2(t′,t′′)

×

× e−jωk1 t
′

e−jωk−k1 t
′′
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T3(k) =
N−1∑
k1=0

∞∑
t′=0

∞∑
t′′=0

[
∞∑

τ1=t′+1

∞∑
τ2=t′′+1

h2(τ1, τ2)f(t
′ − τ1)f(t

′′ − τ2)

]
︸ ︷︷ ︸

h∗3(t′,t′′)

×

× e−jωk1 t
′

e−jωk−k1 t
′′

(8.19)

8.6.3 Equality of the transient terms T1 and T2

Consider the term T1 as written in (8.18), and apply the change of variables

k − k1 = k
′
1 ⇔ k1 = k − k′1. Moreover, interchange τ1 with τ2 due to the

symmetry of h2(τ1, τ2) = h2(τ2, τ1),∀τ1, τ2:

T1(k) =
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ2e−jωk−k1τ1U(k1)
−1∑

t′′=−τ1

f(t
′′
)e−jωk−k1 t

′′

=
k∑

k
′
1=k+1−N

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e
−jω

k−k′1
τ2
e
−jω

k
′
1
τ1

−1∑
t′′=−τ1

f(t
′′
)e
−jω

k
′
1
t
′′

U(k − k′1)

(8.20)

Comparing the latter expression with the equivalent T2 formulation,

T2(k) =
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk−k1τ2e−jωk1τ1
−1∑

t′=−τ1

f(t
′
)e−jωk1 t

′

U(k − k1),

(8.21)

we see that they differ only in the summation bounds of k
′
1. However,

consider the following two facts:

• The DFT of the input signal u(t) is periodic in the number of samples

N , namely U(k) = U(k + N). This implies that
N−1∑
k1=0

U(k − k1) =

M+N−1∑
k1=M

U(k−k1), ∀M . By setting M = k+1−N we obtain
N−1∑
k1=0

U(k−

k1) =
k∑

k1=k+1−N
U(k − k1).

• The complex exponential function ej
2πk
N
t is also periodic in N since

ej
2π(k+z∗N)

N
t = ej

2πk
N
t,∀z ∈ Z
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Under these conditions, it is clear that we can shift the summation bounds

of k
′
1 without consequence, such that

T1(k) =
N−1∑
k
′
1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e
−jω

k−k′1
τ2
e
−jω

k
′
1
τ1

−1∑
t′′=−τ1

f(t
′′
)e
−jω

k
′
1
t
′′

U(k − k′1)

= T2(k)

(8.22)

8.6.4 Qualitative Discussion of Transient Terms

The analysis of the previous sections revealed that in the second order

case, the formulation of the transient is significantly more complex than the

linear case. In the frequency domain, the total transient can be viewed as

the sum of three components, each of which comes from a two-dimensional

time domain response that has been transformed and collapsed.

The first two responses, h∗1 and h∗2, are asymmetric quantities which

provide equal contributions to the transient, and depend directly on the

input inside the measured window. The third response, h∗3, represents a

natural extension of the linear transient expression in (8.12), and conse-

quently maintains the desirable property of having similar structure to the

underlying system response, h2(τ1, τ2). Consequently, the corresponding

output transient, T3(k), will also share the smoothness properties of linear

transients. Example responses are visible in Figure 8.7 for a second order

Wiener system, showing the contrast in complexity between h∗3 and the as-

symetric h∗1. The resulting frequency domain functions, T1(k), T3(k) and

T (k), are plotted in Figure 8.8 for two Gaussian input realizations.

In general, the existence of the h∗1 and h∗2 terms will complicate the

form of the transient in time and frequency domains, which in turn ne-

cessitates more sophisticated algorithms for detecting and removing the

transient function. As the nonlinear order is increased further, so will the

complexity of the transients generated from non-periodic excitation.
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Figure 8.7: The 2-dimensional time domain transient components for a Wiener
system

Figure 8.8: Two realizations of the frequency domain transient components for
a Wiener system
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8.6.5 Special case of diagonal Volterra kernels: the

Hammerstein block structure

In the special case where the underlying dynamics can be described by the

Hammerstein block structure, it can be shown that the spectrum of the

system output is given by:

Y (k) = SS(k)− T3(k) + 2RH(k)

RH(k) =


0, when u(t) = 0,∀t < 0
∞∑
τ=0

h2(τ, τ)e−jωkτ
N−1∑
k1=0

−1∑
t′=−τ

u(t
′
)e−jωk1 t

′ −1∑
t′′=−τ

f(t
′′
)e−jωk−k1 t

′′
, otherwise

Proof. From ( (8.18)) we get:

T3(k) =
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2
−1∑

t′=−τ1

f(t
′
)e−jωk1 t

′

︸ ︷︷ ︸
fτ1

×

×
−1∑

t′′=−τ2

f(t
′′
)e−jωk−k1 t

′′

(8.23)

with

fτ1 =
−1∑

t′=−τ1

f(t
′
)e−jωk1 t

′

=
−1∑

t′=−τ1

(u(t
′
)− u(t

′
+N))e−jωk1 t

′

=
−1∑

t′=−τ1

u(t
′
)e−jωk1 t

′

−
−1∑

t′=−τ1

u(t
′
+N)e−jωk1 t

′

=
−1∑

t′=−τ1

u(t
′
)e−jωk1 t

′

−
N−1∑

t′=N−τ1

u(t
′
)e−jωk1 t

′

(periodicity of e−jωk1 t
′

in N)

=
−1∑

t
′
=−τ1

u(t
′
)e−jωk1 t

′

−
N−1∑
t
′
=0

u(t
′
)e−jωk1 t

′

︸ ︷︷ ︸
U(k1)

+

N−τ1−1∑
t′=0

u(t
′
)e−jωk1 t

′

⇔

fτ1 = −U(k1) +

N−τ1−1∑
t′=0

u(t
′
)e−jωk1 t

′

+
−1∑

t′=−τ1

u(t
′
)e−jωk1 t

′

(8.24)
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Substituting (8.24) into (8.23) leads to:

T3(k) = −T1(k) +Q(k) +R(k)

Q(k) =
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2
N−τ1−1∑
t′=0

u(t
′
)e−jωk1 t

′

×

×
−1∑

t′′=−τ2

f(t
′′
)e−jωk−k1 t

′′

R(k) =
N−1∑
k1=0

∞∑
τ1=0

∞∑
τ2=0

h2(τ1, τ2)e−jωk1τ1e−jωk−k1τ2
−1∑

t′=−τ1

u(t
′
)e−jωk1 t

′

×

×
−1∑

t′′=−τ2

f(t
′′
)e−jωk−k1 t

′′

with T1(k) defined in (8.18). This equation holds for any second or-

der Volterra kernel. In the case of a Hammerstein system, we know that

h2(τ1, τ2) = 0 ∀τ1 6= τ2. Hence we are interested only in the contribution of

the diagonal elements h2(τ, τ) to the summations. Under these conditions,

Q(k) can be reduced as follows,

QH(k) =
N−1∑
k1=0

∞∑
τ=0

h2(τ, τ)e−jωk1τe−jωk−k1τ
N−τ−1∑
t′=0

u(t
′
)e−jωk1 t

′

×

×
N−1∑

t′′=N−τ

f(t
′′ −N)e−jωk−k1 t

′′

=
∞∑
τ=0

h2(τ, τ)e−jωkτ
N−τ−1∑
t′=0

N−1∑
t′′=N−τ

u(t
′
)f(t

′′ −N)e−jωkt
′′
N−1∑
k1=0

e−jωk1 (t
′′−t′ )

= 0,

since (observing that (t
′′ − t′) ∈ Z and 0 < t

′′ − t′ < N due to the bounds of
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the summations),

N−1∑
k1=0

e−jωk1 (t
′′−t′ ) =

N−1∑
k1=0

(
e−j

2π(t
′′
−t
′
)

N

)k1
=

1−
(
e−j

2π(t
′′
−t
′
)

N

)N
1− e−j

2π(t
′′−t′ )
N

=
1− e−j2π(t

′′−t′ )

1− e−j
2π(t
′′−t′ )
N

=
1− 1

1− e−j
2π(t
′′
−t
′
)

N︸ ︷︷ ︸
6=1

= 0.

The term R(k) can be similarly elaborated to show that, for the Ham-

merstein case,

RH(k) =
N−1∑
k1=0

∞∑
τ=0

h2(τ, τ)e−jωkτ
−1∑

t′=−τ

u(t
′
)e−jωk1 t

′
−1∑

t′′=−τ

f(t
′′
)e−jωk−k1 t

′′

= 0 when u(t) = 0 ∀t < 0.

Now, the output spectrum is the summation of the steady state response

with all transient components, i.e.

Y (k) = SS(k) + T1(k) + T2(k) + T3(k)

= SS(k) + 2T1(k) + T3(k)

= SS(k) + 2(−T3(k) +QH(k) +RH(k)) + T3(k)

= SS(k)− T3(k) + 2RH(k)

8.6.5.1 Qualitative Discussion of the Hammerstein Case

Observing the two possible transient expressions for the Hammerstein case,

it is clear that the total transient will always be similar to the linear case,

since T3(k) was already seen to be a ‘free response’ to initial conditions,

and RH(k) will either be 0 or another similar free response. This result is

consistent with the intuition which can be obtained from a block-oriented

perspective. The static nonlinearity performs a nonlinear scaling on the

input (and initial conditions), but the output is still generated by a linear

filter applied to a signal, and so the transient, accordingly, will look ‘linear’.
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Figure 8.9: Hammerstein transients in the frequency domain for zero (top) and
non-zero (bottom) initial conditions.

Some Hammerstein transients are plotted in Figure 8.9 for both zero

and non-zero initial conditions. In the former case, the total transient has

equal magnitude with T1 and T3 (since RH(k) = 0), and in the latter case,

the total transient is another smooth function of frequency.

8.7 Conclusions

Sections 8.2 - 8.6.5.1 are a copy of the work that can be found in [132]. The

estimation of Generalized Frequency Response Functions (multidimensional

FRFs) has been developed in this chapter, embedded in a Gaussian Process

Regression framework. The method has been fully described for the case of

GFRF estimation with transient-free measurement data and demonstrated

with three numerical simulation examples.

228



8.7. Conclusions

Nevertheless, it can be that transient contributions are present in the

observed system output. These transients should be estimated simulta-

neously with the GFRF coefficients during identification. The latter will

be possible once expressions for the transients for nonlinear systems are

available. Towards this direction, the transient expressions for the second

order Volterra kernel have been derived and the differences of the transients

characteristics with the linear case have been revealed. The next step of

this research will involve the characterization of the covariance functions

describing the distribution of the stochastic transient terms, followed by

the simultaneous identification of the same and the GFRF coefficients.

It is important to emphasize on the fact that in terms of identification

one is free to use either time or frequency domain methods to estimate the

system’s dynamics. The identification problem can in general be defined

in both domains without any difference with respect to the result that

can be obtained. Nevertheless, it can be that in certain cases one of the

two domains is more convenient to implement, e.g. in the case when a

discrete set of frequencies is chosen to be excited, or in the case when

a nonparametric characterization of the noise behavior is desired, then a

frequency domain formulation can be more straightforward to use. From

the research point of view, it is important that the identification problem is

formulated in both domains and one can choose which formulation to apply

depending on the nature of the identification problem.
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Chapter 9

Conclusions and Future Work

Modeling the dynamics of a nonlinear system is one of the more challenging

topics in the field of System Identification. The reason lies in the fact

that these systems can be governed in general by complex dynamics. As

such, determining the appropriate model structure capable to capture these

complex dynamics can be a very difficult task.

The use of nonparametric models is able to facilitate the selection of a

model structure for system identification. For linear systems it is proven

that any linear dynamics can be completely described by the impulse re-

sponse of the system. Therefore, a model structure such as the FIR model

in time domain, or the corresponding FRF in the frequency domain, is often

used as a nonparametric model structure in order to capture the underlying

dynamics. The result of the nonparametric identification step can be used

as an X-ray for the dynamic system in order to obtain useful information,

which will be later used to define a more compact and possibly more precise

model of the system response in the region of operation.

For the nonlinear case, the concept of impulse response in the linear

case can be generalized with the Volterra series. It corresponds to a math-

ematical series which consists of multiple impulse responses, which are not

restricted to be one-dimensional as in the linear case. Under the often met

assumption of fading memory system, a truncated version of the Volterra

series can capture the output of a nonlinear system up to any desired accu-
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racy. Even though this property renders the series very attractive to use as

a nonparametric model, the number of coefficients contained in the series

can explode very easily, even in the case of non-complex nonlinear dynam-

ics. As such, the number of data needed to obtain the nonparametric model

with a sufficient accuracy can be often too large or even impossible to have.

Even if such a set is available, dealing with such large datasets is not always

possible.

The current thesis summarizes the results of the research conducted

on the identification of the Volterra series in the presence of prior knowl-

edge. Inspired by the linear case and the estimation of linear impulse re-

sponse, regularized estimation of the Volterra series is considered in terms

of this thesis. The regularization penalty is constructed such that the differ-

ent (multi-dimensional) impulse responses are constrained to have certain

properties. The latter include exponential decaying to zero and moreover, a

certain level of correlation between the coefficients of the impulse response

coefficients.

The penalization applied to the parameters aims to provide the optimal

trade-off between bias and variance, in order to obtain a smaller MSE on

the estimated parameters, than in the unpenalized case. In a stochastic

framework, the unknown impulse responses can be seen as realizations of

a stochastic process with a prior distribution defined by the regularization

matrix.

9.1 Contributions and conclusions

The contributions as well as the conclusions of this thesis can be summarized

as follows:

• A penalization matrix for the Volterra series is proposed in Chap-

ter 4 which can be easily generalized to an impulse response of any

dimension. It has been shown in simulations that the penalization

matrix proposed can be used to capture the dynamics of different
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nonlinear systems with different properties of exponential decaying

and smoothness.

• The proposed method has been implemented in a number of true sys-

tems governed by nonlinear dynamics, in Chapter 5. It is shown that

in case of weakly nonlinear systems such as the Wiener-Hammerstein

benchmark, the underlying dynamics can be captured with the trun-

cated Volterra series while a comparison with other methods in the

literature shows the efficiency of the method. Moreover, it is shown

that in the presence of model errors, different prior information leads

to different estimated models, even though the validation data are

equally explained.

In case of the cascaded watertanks benchmark, it is shown that a

part of the validation data can be captured with the nonparametric

model, namely the Volterra series, even though the number of data

used for identification is quite limited. Estimation of the transient

response of the system together with the Volterra series seems to

improve the efficiency of the model in the limited data case. However,

the limited amount of data does not allow for large memories of the

estimated Volterra kernels, even in the presence of regularization in

the identification criterion.

• The application of the regularized Volterra series method on a biome-

chanical system has been presented in Chapter 6. The series is used

to describe the nonlinear behavior of the dynamics between imposed

wrist motion and the evoked brain response measured as electroen-

cephalography (EEG) signals. Data of wrist angle and brain response

are available from 11 different subjects.

Previous studies conducted in the same university showed that a lin-

ear model could only capture maximum 10% of the measured output

[143]. The first contribution of this chapter lies in the fact that a

truncated Volterra series of small degree is able to capture a signifi-

cant percentage of the nonlinear response. This percentage is prone to
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increase when a more carefully designed input with respect to the ex-

cited frequency region is considered. Moreover, the multidimensional

frequency response of the identified Volterra kernels exhibits similar

characteristics among different subjects.

The results of this research lead to important conclusions with respect

to the application of the method on the identification of a highly

nonlinear system and revealed the relation between the consistency

of the method, the applied excitation and the model errors present

after the choice of the model structure. Important conclusions were

also extracted for the tuning of the prior knowledge based on the

measured data, the first step of regularized estimation. It became

clear that efficient tuning of the prior knowledge in the nonlinear case

and the estimation of Volterra kernels is an important research topic

to be addressed in the near future. Results towards this direction

have become recently available [133]. Finally, suggestions for future

research on the specific application itself are also provided, based on

the estimated models.

• Chapter 7 deals with two different optimal input design problems.

The first part of the chapter deals with optimal input design for the

identification of the Volterra series coefficients. Two algorithms are

used to derive the D-optimal input signals in time domain and extract

conclusions on the properties of the optimal excitation for Volterra

series estimation. The second part corresponds to identification of

the minimum power excitation for linear impulse response estimation

under the presence of prior knowledge. It is shown that the spectrum

of the optimal input depends strongly on the type of prior knowledge

available. Results on nonparametric estimation are compared with the

ones obtained for the case of parametric estimation of linear systems.

• Chapter 8 includes preliminary results on Gaussian process regres-

sion for estimation of the Generalized Frequency Response Function

(GFRF). The latter corresponds to the N -dimensional Fourier trans-

form of the N -dimensional impulse response. The method has been
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developed for the case of periodic transient-free excitations. In case of

a general non-periodic excitation, the transient response of the system

should also be taken into account during identification. Towards this

direction, analytic expressions for the transient response of a second

order Volterra system are derived, which can be used for transient

estimation in a Bayesian framework.

9.2 Future work

The goal of the current thesis is to open the way for efficient nonparametric

identification of nonlinear systems. Towards this direction, a number of

suggestions for the future researcher can be made:

• An important step during regularized estimation is the tuning of the

prior knowledge. The latter is done by optimizing the hyperparame-

ters used to construct the regularization matrix based on maximiza-

tion of the likelihood of the observed output (empirical Bayes). Nev-

ertheless, it became clear that the problem of hyperparameter esti-

mation can be sensitive to the initial conditions chosen in the opti-

mization problem. This problem can also be amplified by the fact

that the independent penalization of the Volterra kernels in the series

increases significantly the number of hyperparameters to be tuned.

Therefore, efficient ways for the choice of the initial conditions as well

as the bounds used in the hyperparameter estimation step need to be

investigated in the future. The EM method ([19], [18], [20], [133]) is

very promising towards this direction.

• In Chapter 4, a small section is focused on the possibility to decrease

the number of Volterra series coefficients without sacrificing the per-

formance of the model on a validation data set. Nevertheless, it is

shown that this can be applied only in case of specific behavior for

the estimated impulse responses. It is possible that expressing the

Volterra series on some convenient basis functions will reduce the

number of model parameters even further. Nevertheless, it should be
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investigated how the prior knowledge used currently for regularized

Volterra series estimation applies to the coefficients of the new basis.

• A regularization matrix has been proposed to impose certain proper-

ties on the estimated Volterra kernels. In the linear case, design of

appropriate covariance functions for linear impulse response estima-

tion have been studied thoroughly the last years [33], [31], [29], [30].

The construction of more sophisticated regularization matrices for the

Volterra series in case of different type of nonlinear systems should

also be encouraged in the future.

• The extension of the method to the case of GFRF estimation has

been introduced in Chapter 8. Frequency domain identification can

be favorable with respect to the number of estimated parameters in

the case of band-limited excitations. Gaussian process regression for

the case of transient-free GFRF estimation has been developed. Es-

timation of the transient contributions in the observed output should

also be considered.

• As explained already in Chapter 1, one of the roles of nonparametric

identification is to provide information about the system dynamics

such that a more compact (less parameters) and often more sophisti-

cated model can be developed. The improvement of the Volterra se-

ries estimation described in the current thesis can be seen as the first

step towards the transition from nonparametric to parametric for the

case of nonlinear system identification. In Chapter 4, fundamental

nonlinear structures have been used to demonstrate the efficiency of

the proposed method. Techniques should be developed in the future

which will be able to map the estimated Volterra kernels to one or

more possible nonlinear model structures.

• Optimal input design (OID) for the Volterra series should be investi-

gated more, especially when prior knowledge about the Volterra ker-

nels is available. The effect of smoothness as prior knowledge, about

the underlying impulse responses in the Volterra series, on the optimal
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spectrum in a least costly identification framework is expected to be

similar to the linear case studied in the current thesis. One possible

research path can be to include the intended model application in the

OID. Given the nonlinear characteristics of the identified system, the

effect of an application-based constraint on the optimal input will be

significant and will probably change completely the characteristics of

the optimal input.
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Volterra Series Estimation  in the Presence of Prior Knowledge 

System identification is the science of mathematical model construction. Processes 

originated from the fields of engineering are typical examples of systems. It is often 

necessary to describe the system behavior in time (also known as system dynamics) for 

purposes, such as simulation and prediction. Therefore, models consisting of mathematical 

equations are built, using data from the system, which mimic the system behavior as close as 

possible. The quality of the model depends on factors such as the quality and amount of 

data, the mathematical structure used to model the system dynamics, etc. The more 

complex the dynamics is, the more complicated the model should be, in order to capture 

sufficiently the system behavior, and the more data should be recorded. Even if a complex 

structure is available (usually not), it is often the case that either long measurements are not 

available or the data size together with the large number of model parameters constitute 

modeling a very difficult and often impractical problem to solve. 

In this thesis, systems are modeled with the Volterra series, a mathematical series able to 

capture very complex dynamics. A method is proposed on how intuition on the underlying 

system can be combined together with the (not necessary long) recorded data in order to 

obtain a sufficiently accurate model. The proposed methodology is tested on several 

simulated as well as real systems in the fields of electronics, mechanical and biomechanical 

engineering. The results indicate that this method constitutes a very significant step towards 

modeling of complex dynamic systems. The importance of this thesis is also emphasized by 

the fact that this work has already given rise to more scientific contributions, a strong 

evidence of the work being accepted by the scientific community. 
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