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ABSTRACT

We investigate theoretically the synchronization properties of the polarization chaos dynamics generated by a
free-running vertical-cavity surface-emitting laser (VCSEL). Here, we focus on a one-way master-slave configura-
tion - or unidirectional coupling - with two chaotic VCSELs. The spin-flip model is used to model the two devices
and derived to account for the coupling between them. We demonstrate that the chaotic dynamics generated by
the two lasers can indeed synchronize in the proposed configuration. The synchronization appears to be of high
quality as we obtain a high-level of similarity between the emission characteristics of the master and slave laser
dynamics.

Keywords: VCSEL, chaos, nonlinear dynamics, semiconductor lasers, synchronization

1. INTRODUCTION

Because of the intrinsic properties of chaos, two identical but independent chaotic systems cannot exhibit the
same behaviour. However, Pecora et al. showed that linking two chaotic systems in some ways could then lead
to an identical evolution for the two systems: the so-called chaos synchronization.1 This exciting property led to
the idea and then the development of secure chaos communication systems in which the emitter hides a message
within the chaotic signal that can in the end only be recovered using a synchronized receiver. First demonstrated
in electronics,2 this approach of course motivated the investigation of optical chaos communication systems to
benefit simultaneously from the added security and the speed of optical communications.3–7 Thus, ten years ago,
Argyris et al. demonstrated high-bitrates chaos-based communication using commercial components in the real
conditions on the metropolitan area network of Athens.8 Nonetheless, such secure optical chaos-based system
still remains today a laboratory experiment and not an industrial reality. One of the reason for such a slow
development is the relative complexity required to generate optical chaos. Such chaos-communication system
typically rely on semiconductor lasers because these devices exhibit crucial advantages for industrial applications
such as a low-cost, a very small size, electrical pumping and a high efficiency. However laser diodes are also
known to generally behave as damped oscillators, and as such require an external perturbation to generate a
chaotic output.9 As a result, optical injection or feedback is typically used to induce a chaotic behaviour which
therefore result in a relatively complex system, often difficult to run and maintain.
A few years ago however, we reported a chaotic behaviour in a free-running laser diode: due to the competition
between the two polarization modes in a vertical-cavity surface-emitting laser (VCSEL), we were able to record
chaotic polarization fluctuations.10 Of course, compared to the chaos generated using lasers with optical feedback
or optical injection, the dimension - i.e. the complexity - of the dynamics is small and the system only exhibits
few positive Lyapunov exponents. Although it might at first have cast some doubts about the applicability of
this dynamics for chaos-based applications, we successfully demonstrated random bit generation at high-speed
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with performances comparable to the most recent reports, with bitrates up to 100 Gbps with a simple post-
processing.11 These results therefore motivate investigations regarding the applicability of the polarization chaos
dynamics for chaos communication. The first step of such investigation being obviously the demonstration that
this complex dynamics can indeed be synchronized over different systems.

Previous studies already showed the critical role played by the polarization in VCSELs in free-running de-
vices10,12 of course, but also in VCSEL subject to optical injection13,14 or mutual coupling.15,16 Chaos syn-
chronization in VCSELs have been obtained experimentally for mutual17 and unidirectional coupling,18 and in
both cases the polarization again played a major role. However, in both cases, the chaotic dynamics was gen-
erated by either the coupling or external optical feedback. In this contribution, we theoretically investigate the
synchronization of polarization chaos generated by a free-running VCSEL in a one-way coupling - also called
unidirectional coupling - where one laser plays the role of the master laser while the other is the slave laser.
This proceeding will therefore be organized as follows: first, in the next section, we will describe in detail the
theoretical framework used in this work to model the two lasers and the coupling between them. Then, we
present simulation results where we report the achievement of a high-quality synchronization with the proposed
configuration. Finally, in the last section, we conclude and discuss the prespectives of this work.

2. THEORETICAL MODEL: SFM

In this contribution, we use the spin-flip model (SFM) to simulate the dynamics of the VCSEL devices.19,20

The SFM has been shown to accurately reproduce the chaotic behaviour emerging from free-running VCSELs
as described in Refs.10,21 Although the introduction of anisotropy misalignment in the laser cavity appeared
to reproduce further details of the nonlinear dynamics of VCSELs,22–24 we do not consider such feature in this
contribution in order to focus first on more basic underlying mechanisms leading to chaos synchronization. As
a result, we use the following equations for modelling the master laser behaviour which are identical to the one
discussed in:20

dE±
dt

= κ(1 + iα)(N ± n− 1)E± − (iγp + γa)E∓ (1)

dN

dt
= −γ

(
N − µ+ (N + n)|E+|2 + (N − n)|E−|2

)
(2)

dn

dt
= −γsn− γ

(
(N + n)|E+|2 − (N − n)|E−|2

)
(3)

With E± the electrical field for the right and left circular polarization emission processes, N the total carrier
population and n the carrier population difference between the two carrier reservoirs considered in the frame of
the SFM.19,20 The parameters of the model are: κ the field decay rate, α the linewidth enhancement factor, γp
and γa the phase and amplitude anisotropies inside the laser cavity, γ the carrier decay rate, µ the normalized
injection current and γs the spin-flip relaxation rate which models the processes equilibrating the carrier popu-
lation between the two reservoirs.20

To obtain a chaotic behaviour, we typically use the following set of parameters as used in previous work10,21

κ = 600ns−1, α = 3, γp = 4ns−1, γa = −0.7ns−1, γ = 1ns−1 and γs = 100ns−1. With this set of parameters,
we typically observe chaotic dynamics for an injection current in the [1.421, 1.46] range. Here, we use µ = 1.425
in order to have chaotic dynamics with reasonably fast jumps between the two scrolls of the chaotic attractor.10

In such a way we are able observe the impact of the two time-scales of the dynamics on the chaos synchronization
properties: the fast oscillations on the scroll of the double-scroll chaotic attractor on one hand, and the slower
jumps between the two scrolls of the attractor on the other hand.

For the slave laser, we use also the SFM with additional terms corresponding to the optical injection from the
master laser. As a result, we need to consider two crucial aspects: the detuning between the master and slave
laser, and the injection of the slowly varying field. Thus, the equations are written in the frequency reference
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Figure 1. Simulated time-series of the free-running - i.e. uncoupled - master (black) and slave (gray) laser output power
for the horizontal polarization (a) - i.e. the orientation of the linearly polarized state stable at threshold - and the vertical
polarization (b). The time-series of the slave laser have been shifted by -0.1 to improve clarity and correspond to the gray
y-axis on the right side.

frame of the injected field, hence the equations for the slave laser read as:

dF±
dt

= κ′(1 + iα′)(Ns ± ns − 1)F± − (iγ′p + γ′a)F∓ − i∆F± + κinjE± (4)

dNs

dt
= −γ′

(
Ns − µ′ + (Ns + ns)|F+|2 + (Ns − ns)|F−|2

)
(5)

dns
dt

= −γ′sns − γ′
(
(Ns + ns)|F+|2 − (Ns − ns)|F−|2

)
(6)

With F± the electrical field, Ns and ns the total carrier population and carrier population difference for the
slave laser. All the other parameters of the SFM are simply indicated with a prime to distinguish between the
slave and master parameters. In this contribution, the parameters of the slave laser are identical to the one of
the master laser. In eq. 4 the last two terms on the right hand side model the detuning with respect to the
master laser frequency and the injection from the master laser: ∆ is the detuning pulsation, and κinj is the
coupling coefficient. Here the detuning is defined as the difference between the frequency of the master laser -
at threshold when no anisotropy is considered - and the frequency of the slave laser under the same conditions.
According to Ref.,20,25 the coupling efficiency under ideal conditions is equal to κ. In this contribution, we will
therefore consider this as an upper limit and we will evaluate the coupling strength with respect to this maximal
value. Finally, for simplicity, we do not consider the propagation time from the master to the slave laser, i.e. we
consider an instantaneous coupling between the two devices.

3. SIMULATION RESULTS

Within the theoretical framework and the set of parameters detailed above, the slave and master lasers are both
generating a chaotic dynamics. Thus, without coupling κinj = 0 and since no noise terms is considered, the laser
behaviour only depends on the initial conditions. For different starting points, we typically obtain the evolution
displayed in Fig. 1 where it can be clearly seen that, although both lasers exhibit a similar polarization chaos
dynamics, their evolution is significantly different. In particular, we can easily see that the spikes in Fig. 1(b)
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Figure 2. Simulated synchronized time-series of the master (black) and slave (gray) laser output power for the horizontal
polarization (a) - i.e. the orientation of the linearly polarized state stable at threshold - and the vertical polarization
(b). The time-series of the slave laser have been shifted by -0.1 to improve clarity and correspond to the gray y-axis
on the right side. (c) Correlation plot between the intensity fluctuations of the master and slave laser for the horizontal
polarization. The coupling coefficient is set at κinj = 3.5ns−1 and the detuning at ∆ = −9ns−1.

appear at different instants and forms different sequences.

When the injection from the master to the slave laser is switched on, the evolution of the slave lasers is altered,
but the synchronization of the chaotic dynamics does not appear for any set of coupling strength and detuning.
Actually, synchronization only appears for a relatively restricted region of the parameter space. We successfully
obtained synchronization with a good quality for a coupling coefficient set at κinj = 3.5ns−1 and a detuning of
∆ = 9ns−1. Such coupling strength correspond to approximately 0.6 % of the maximal coupling κinj = κ.20 This
value therefore suggests that such coupling could indeed be achieved experimentally. Regarding the detuning,
this value of ∆ corresponds to a frequency detuning of about 1.43 GHz which could also reasonably be achieved
in practice for example by slightly tuning the laser temperature. The resulting time-series are displayed in Fig.
2; unlike the previous figure, we clearly observe a synchronization of the dynamics for both the horizontal and
vertical polarization.
To evaluate the quality of the synchronization we typically estimate correlation coefficients. For two time-series
a and b, we define A = a− < a > and B = b− < b > with < . > designing time-average. Then, the correlation
coefficient is defined as:

C(τ) =
〈A(t)B(t+ τ)〉√
〈A2〉〈B2〉

(7)

with τ representing the eventual lag between the two time-series. Here, we obtain the following maximal values
Cx = 0.9686 and Cy = 0.9721 for the horizontal and vertical polarization respectively. In addition, we find
that this maximum is achieved for τ = 5 ps which therefore indicates the existence of a small lag between the
slave and laser dynamics despite the instantaneous coupling considered. Overall these values indicate a good
synchronization even though an improvement could be expected from a fine tuning of the coupling parameters
or of the parameters of the master and slave laser respectively.

Besides the time-series, it is also interesting to compare the optical spectra of the master and slave laser
to observe whether some small discrepancies can be observed. In figure 3, we plot the optical spectra for the
horizontal (a) and vertical polarization (b) respectively for both the master and slave laser. The vertical dashed
line highlight the frequency of the free-running slave laser. Thus, we can easily observe that the frequency of
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Figure 3. Optical spectra of the master(black) and slave laser (gray) emission for the horizontal polarization (a, top) - the
orientation of the linearly polarized state stable at threshold - and vertical polarization (b, bottom). The vertical dashed
line highlight the frequency of the free-running slave laser, and the gray double arrow shows the detuning between the
master and slave laser. The spectra for the slave laser have been shifted by -5 to improve clarity.

the slave laser is locked to the frequency of the master laser. Otherwise, no significant difference between the
spectra is observed which confirms the good quality of the synchronization suggested from our analysis based on
simulated time-series.

4. CONCLUSION

To conclude, we demonstrate theoretically that the polarization chaos dynamics generated from a free-running
VCSEL can be synchronized in a unidirectional coupling. We obtain a high-quality synchronization with cor-
relation coefficient above 0.96, with reasonable coupling parameters which suggests that such synchronization
could be achieved experimentally. Indeed, the coupling coefficient is below 1% of the theoretical maximal value,
and the frequency detuning is close to 1.4 GHz. Nevertheless, the robustness of the synchronization needs to be
further investigated with respect to the coupling parameters but also with respect to the parameter mismatch
between the master and slave laser, which will allow us to confirm whether synchronization could indeed be
achieved experimentally.
This work therefore motivates further theoretical and experimental studies to verify the applicability and use-
fulness of polarization chaos dynamics for optical chaos-based communication.
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