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Nonlinear Dynamics of Vertical-Cavity
Surface-Emitting Lasers: Deterministic
Chaos and Random Number Generation

Martin Virte, Marc Sciamanna, Hugo Thienpont and Krassimir Panajotov

Abstract We report on chaotic polarization fluctuations generated from a
free-running vertical-cavity surface-emitting laser, and investigate in details the
VCSEL dynamics and its potential application. We provide new experimental evi-
dences of asymmetrical behaviour of VCSEL polarization dynamics, and show that
considering a slight misalignment of the anisotropies of the laser cavity allows to
reproduce these dynamics numerically. Finally, we propose a simple scheme for ran-
dom bit generation exploiting polarization chaos, and experimentally demonstrate a
100 Gbps random generation rate.

1 Polarization Switching and Dynamics in Free-Running
VCSELs

Vertical-cavity surface-emitting lasers (VCSELs) exhibit several essential advan-
tages over the classic edge-emitting laser structure such as large bandwidth, lower
injection current, circular beam and easy on-wafer testing. Yet, the major drawback
of these devices is their polarization instabilities [12, 20]. Because of their typical cir-
cular geometry combinedwith the small anisotropies inside the laser cavity, VCSELs
typically emit linearly polarized light at threshold, but a variation of the temperature
or the injection current can lead to various instabilities including so-called polar-
ization switching (PS) events [1, 8]: in this case the laser emission switches from
the linear polarization stable at threshold to the orthogonal polarization mode. This
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phenomenon can be accompanied by a transition through elliptically polarized states
[12], oscillations or noise-induced mode-hopping dynamics between the two orthog-
onal linearly polarized solutions when the system is close to the switching point [20].
Nevertheless, VCSELs as semiconductor lasers typically behave like damped non-
linear oscillators [11]: after a perturbation the system will slowly oscillate toward
a stationary point. As a result, the polarization dynamics observed in VCSELs are
typically interpreted as noise-induced phenomena [8, 20].

Recently however, we showed that such view is not entirely accurate and fails to
explain the more complex behaviour that can be observed experimentally [6]: thus
because of the polarization mode competition taking place, free-running VCSEL
can generate chaotic polarization fluctuations without external perturbation [15]. In
this contribution, we go one step further and, based on new experimental evidence
showing strongly asymmetrical behaviour in VCSELs, demonstrate that a symmetry
breaking mechanism also needs to be considered. Finally, we discuss the pertinence
of polarization chaos for chaos-based applications and present a simple random bit
generator scheme showing competitive performances.

2 From Polarization Mode Competition to Polarization
Chaos

As described in [15, 16], the mode competition between two linear and orthogonal
polarization states taking place in VCSEL structure can lead to chaotic dynam-
ics. Polarization chaos appears following the bifurcation scenario highlighted in
Fig. 1a–d. At threshold, the laser is on a steady-state and emits linearly polarized
light: this state is defined as X-LP. When the injection current is increased, X-LP is
destabilized by a pitchfork bifurcation which creates two elliptically polarized states
(EP) symmetrical with respect to X-LP. These two steady-states are represented by
the two crosses in Fig. 1a. When the current is increased further, the two EPs are
destabilized by Hopf bifurcations and two limit cycles oscillating around the now
unstable EPs are created, see Fig. 1b. A cascade of bifurcations then leads to the
emergence of two symmetrical single-scroll chaotic attractors as shown in panel (c).
But the two attractors grow in the Stokes parameter phase-space, hence above a criti-
cal value of current, theymerge to form a double-scroll chaotic attractor. As shown in
Fig. 1d, the scrolls of the attractor oscillate around the two unstable EP steady-states.

Experimentally, we cannot observe simultaneously the evolution of the two EP
orientation as the system can only settle on one of them at a time. But an analysis of
radio-frequency spectra clearly show the apparition of the first limit cycle and then
the emergence of a chaotic dynamics. Once the double-scroll chaotic attractor has
appeared, we typically observe a random-like hopping dynamics between the two EP
orientation as shown in Fig. 1e. In order to observe this dynamicswe insert a polarizer
between the laser and the detector oriented at 45◦ with respect to the polarization at
threshold to separate the two scrolls of the attractor. Another important feature of
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Fig. 1 a–d Evolution of the system trajectory in the Stokes parameter space for increasing injection
currents. e Typical time-series obtained experimentally for a projection at 45◦ of the polarization at
threshold when the laser exhibits polarization chaos dynamics

this dynamics is that the average dwell-time—i.e. the time between two successive
jumps between scrolls or between the upper and lower levels of the time-series—
shows a exponential decrease along with the increase of the injection current [6]. In
fact, the two scrolls of the attractor keep growing in the Stokes parameter space, and
thus the switching between the two scroll becomes easier, and the average dwell-time
decreases quickly. All these features can be accurately reproduced using the spin-flip
model (SFM) for VCSELs [4, 10] as shown in [15].

3 Influence of Anisotropy Misalignement in the
Laser Cavity

So far, the theoretical work has been performed assuming that the phase and ampli-
tude anisotropies of the laser cavity are aligned as described in the original SFM
framework. As a result, the two EP states and the bifurcation sequence exhibit iden-
tical properties apart from their different polarization orientation. Experimentally
this is of course an oversimplification: one clue is that the laser always selects the
same polarization orientation after the destabilization of X-LP, while in a perfectly
symmetrical situation the selection should be random. In this section, we report
further experimental evidence of such asymmetry in VCSEL devices which there-
fore highlights the need for the introduction of symmetry breaking mechanism in
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Fig. 2 Experimental bifurcation diagrams (left) and radio-frequency spectra evolution (right) for
increasing (a, c) anddecreasing injection current (b,d). The time-series used to obtain the bifurcation
diagrams have been obtained for a polarizer oriented along the same axis as the linear polarization
at threshold

the SFM. We then demonstrate that introducing a misalignment between phase and
amplitude anisotropy, as suggested in [13] leads to a good qualitative agreement with
experimental observations.

First, before the emergence of polarization chaos, we unveiled in some devices
a bistability between two limit cycles oscillating around the two EP steady-states
shown in Fig. 1a [17]. In Fig. 2, we give the bifurcation diagrams—i.e. the evolution
of the histogram of the time-series extrema—and the radio-frequency spectra for
increasing and decreasing injection currents. Thus, we clearly observe a hysteresis
cycle connecting two periodic solutions with different amplitudes and frequencies:
we record a difference of about 300 MHz between the frequencies of the two states.
In addition, we can remark that for decreasing currents the system seem to settle on
a steady-state just before switching back to the first periodic solution: the amplitude
of the oscillation decreases significantly and the peak of the RF-spectrum vanishes.
These results therefore clearly indicate that the EP states and their corresponding
limit cycles exhibit different properties, and in particular different stability ranges,
depending on their orientation.

All these observations are of course not possible in a perfectly symmetrical sit-
uation as the two EP states would necessarily exhibit identical properties despite
different polarization orientation. However, as shown in [17], introducing a slight
misalignment between the phase and amplitude anisotropy in the SFMmodel allows
to reproduce these behaviours numerically. Here, a small misalignment of only
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Fig. 3 Experimental measurements of the evolution of the average dwell-time for two different
devices a and b. The empty triangles (filled squares) show the evolution of the average dwell-time
for the upper (lower) level of the dynamics

θ = −0.0023, i.e. θ ≈ 0.13◦, is sufficient to induce an asymmetric evolution of
the system leading to a limit cycle bistability: a large hysteresis cycle similar to the
one described in Fig. 2 and a frequency difference close to 100 MHz between the
two limit cycles. As detailed in [17], this change represent effectively a difference
of only about 3 % for the effective anisotropies experienced by the right and left
circular polarizations considered in the SFM.

Other signs of asymmetry can be spotted in the statistics of polarization chaos.
In Fig. 3 we show the evolution of the average dwell-time for the upper and lower
levels of the time-series in two different devices. In panel (a), the evolution is quite
close to the symmetrical case as only a small difference—well below one order
of magnitude—can be observed. As described in further details in [19], this minor
discrepancy can be accurately reproduced in simulation using a small anisotropy
misalignment. Panel (b) however shows a more complex picture: a large asymmetry
can be seen with dwell-time differences going well above one order of magnitude,
two bumps showing an increase of the average dwell-time and clear evidence of an
exchange of stability between the two polarization orientations. Again the behaviour
reported here obviously requires an asymmetric system but, unlike the previous
cases, we were not able to reproduce a similar evolution only considering anisotropy
misalignment; in particular no increase of the average dwell-time could be obtained.

In fact, an additional ingredient is required to reproduce such evolution theo-
retically, and the situation is therefore as follows. In Fig. 4a, we plot a bifurcation
diagram of the normalized third Stokes parameter—i.e. the extremas of the trajectory
showed in Fig. 1a–d projected on the horizontal axis—for increasing injection current
μ. Here, we use a misalignment angle of θ = 0.04—θ ≈ 2.29◦—other parameters
and simulation details can be found in [19]. With such representation we can easily
identify the dynamical state of the system and its polarization orientation. Thus we
observe that a first single-scroll attractor emerges around μ = 1.495, quickly fol-
lowed by a switch to the other polarization orientation. Then around μ = 1.5 the
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Fig. 4 a Bifurcation diagram of the third normalized Stokes parameter for increasing injection
current for the case identified in the text without any noise. b Simulation of the average dwell-
time for the current range delimited by the grey rectangle for a spontaneous emission noise of
βsp = 4 × 10−9

chaotic mode hopping appears as points for positive and negative values of s3 are
recorded. The region of chaotic dynamics extends beyond the μ = 1.56 limit of the
diagram and is only interrupted around μ = 1.52 where we observe a restabilization
of two limit cycles. Such restabilization is not very surprising as it seems to appear
for a broad range of parameters; in particular, such situation can also be observed
in the symmetric case, i.e. without any anisotropy misalignment. Hence, breaking
the symmetry of the system only leads to different stability ranges depending on
the polarization orientation of the limit cycles. The crucial point here however is
that these periodic solutions are only marginally stable and co-exist with the chaotic
attractor: a small level of noise is therefore sufficient to kick the system out of the
basin of attraction of the limit cycle, thus pushing the laser back toward polarization
chaos dynamics. This is demonstrated in Fig. 4b where we simulate the evolution
of the average-dwell time for injection currents in the range delimited by the gray
rectangle and with a spontaneous emission noise level of βsp = 4 × 10−9. Around
μ = 1.52, we see that indeed the noise is sufficient to kick the system out of the stable
limit cycle—as the dwell-time would be infinite otherwise—but we also observe that
the existence of stable limit cycles strongly influences the statistics of the chaotic
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dynamics causing a local increase of the dwell-time. This influence decreases as the
noise level is increased suggesting that a certain balance between the noise level and
the system asymmetry is required to observe this phenomenon. It is however impor-
tant to keep in mind that despite the need for some noise to ensure that the laser does
not settle on the stable limit cycle, the chaotic dynamics remains fully deterministic.
Moreover, the precise level of noise is not that crucial as similar behavior can be
observed in a relatively large range of spontaneous emission noise.

4 Application of the Dynamics to Random Bit Generation

Semiconductor lasers show several advantages for industrial applications: they are
small, reliable, efficient and electrically pumped. Yet to generate an optical chaos in
laser diodes external perturbation, forcing or specific designs are typically required
[2, 7, 14, 21]. The ability to generate chaotic fluctuations directly from a free-
running device might therefore be an interesting opportunity to simplify the schemes
suggested for chaos-based applications. The low-dimension, the limited number of
positive Lyapunov exponent and relatively small bandwidth of the dynamics might
however cast some doubts about its potential [5, 7, 14]. In this section, we discard
these doubts by making a proof-of-concept demonstration of a random bit generator
at high-speed based on polarization chaos with performances that are competitive
with the latest reports [7, 21].

The scheme we propose is displayed in Fig. 5: the chaotic polarization fluctuation
are simply converted to intensity fluctuations using a polarizer oriented at 45◦ from
the linear polarization at threshold and then recorded using a photodiode and the 8-
bit analog-to-digital converter of an oscilloscope. For simplicity the optical isolator
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Fig. 5 Scheme of the experimental setup for randombit generation based on polarization chaos. The
chaotic polarization fluctuations are first converted in intensity fluctuations by a polarizer. The light
beam is coupled into a fiber in order to record the intensity fluctuations using the built-in photodiode
of the oscilloscope. The output sequence of random bit is then obtained after a post-processing stage
as described in the text
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used to avoid any back reflections from the fibre front-facet is not represented. Also
a neutral density filter is used to adjust the intensity of the signal received by the
photodiode in order to use the full 8-bit range of the ADC. In practice we aimed at
a ratio of saturated points between 10−4 and 10−1 %.

Nevertheless, the 8-bit sequence recorded by the oscilloscope is not random: like
in other schemes, a suitable post-processing is required to remove the remaining
biases of the sequence, e.g. the uneven occurrence of ones and zeros. As already
mentioned in previous works [2, 7, 21], using a multibit generation scheme reduces
the experimental constraints compared to a single-bit extraction techniques as used
in [14]. With such approach a bit truncation is typically employed: we keep only
the least significant bits (LSBs) for each 8-bit sample, in order to remove the highly
correlated bits. But here even considering only the least significant bit at a relatively
slow sampling rate always led to biased sequences—typically 50.1% of ones leading
to a Pvalue ≈ 4 × 10−12. To remove such statistical imperfection, we compare the
time-series with a time-shifted version of itself [21]. Thus, using a time-shift of
250 ps corresponding to the autocorrelation decay and then keeping only the 5 LSBs,
we obtained sequences passing all the standard statistical tests of randomness for
sampling rates up to 20 GSamples/s [3, 9, 18]. The proposed scheme can therefore
generate random bit sequences up to 100 Gbps (= 5 bits× 20 GSamples/s). Similarly
to what has been done by others [2], adding several comparison stages allows to
increase the number of retained bits for the final sequence: with such technique, we
were able to keep up to 28 bits when performing 23 comparisons hence leading to
a potential bitrate up to 560 GBps. Despite its low-dimension and small bandwidth,
the polarization chaos dynamics can therefore efficiently be used for chaos-based
applications and exhibit performances competing with the latest reports [7, 21].

To better understand these good performances in spite of dynamical characteris-
tics that seem, at first glance, non-optimal, we investigate the effects of the limited
bandwidth of the acquisition electronics and analyze the entropy evolution of the
system in different situations.

To evaluate the entropy evolution, we follow the same approach as in [5]: we
simulate 1000 time-series with different noise sequences, convert the time-series
into a bit sequence using a finely set threshold—to ensure a bias as small as possible
between the 0 and 1 s—, and then evaluate the time-dependent entropy

H(t) = −
1∑

i=0

Pi (t)log2(Pi (t)) (1)

with P0,1(t) the time-dependent probability of having a 0 or a 1 at time t . Thus
H(t) = 0 when the system is perfectly predictable P0(t) = 1 or P1(t) = 1, i.e. all
the 1000 time-series take the same value at time t , and H(t) = 1 when the system
is perfectly unpredictable P0(t) = P1(t) = 0.5, i.e. half of the 1000 time-series take
value 0 at time t time while the rest take value 1. In practice, the system is considered
unpredictable when H(t) > 0.995, and the memory time can be defined as the time
the system takes to reach this unpredictability level [5]. Since the evolution of the



Nonlinear Dynamics of Vertical-Cavity Surface-Emitting Lasers … 67

Time (ns)
0

E
nt

ro
py

 (
ar

b.
 u

ni
ts

)

0

0.2

0.4

0.6

0.8

1

(a) (b)

Time (ns)
0

Lo
g1

0(
E

nt
ro

py
)

-3

-1

0.5 11 2 3 4

Fig. 6 Simulation of the entropy growth induced by the spontaneous emission noise amplification
by the chaotic dynamics for noise levels of –30, –40, –50 and –60 dB from ligth to dark lines. The
thin lines show the evolution of the entropy growth after the low-pass filtering, and the thick line
give the evolution without filtering for a noise level of –60 dB. b shows the same plot but with the
entropy in a logarithmic scale

entropy strongly depends on the simulation starting point, we average H(t) over 1000
different starting points. Complete details about the parameters used to qualitatively
match experimental observations are given in [18].We obtain the results displayed in
Fig. 6. The tick line shows the entropy evolution for a noise level of –60 dB without
any filtering of the time-series: we observe that the increase is relatively slow and the
memory time is well beyond 4 ns. However adding a low-pass filter—reproducing
the effect of the limited bandwidth of the photodiode—dramatically improves the
entropy growth. For very short time scales as shown in Fig. 6b, the effect is quite
limited, but after 1 ns, the entropy increase for the filtered case appears to be much
steadier than for the unfiltered data, and a memory time of about 3 ns is obtained. In
fact this effect is related to the double-scroll structure of the chaotic attractor, as shown
in Fig. 1d, where we can identify two time-scales: (1) the fast oscillations around
the scroll of the attractor and (2) the slower hopping between the two scrolls. The
fast oscillations are actually quite correlated and the randomness mostly originates
from the slower hopping behavior, thus filtering out the fast correlated oscillations
plays the role of an effective first processing stage. Then as can be expected, increas-
ing the level of noise, leads to a faster increase of the entropy and reduces thememory
time down to about 1.5 ns for a noise level of –30 dB. Finally, including the multibit
post-processing described previously, we obtained memory times below the 50 ps
level coherent with the 20 GSamples/s used experimentally [18].
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5 Conclusion

To conclude, starting from the report of the polarization chaos dynamics generated
in a free-running VCSEL, we investigate in further details the nonlinear dynamics
of VCSELs and the impact of microscopic properties of the laser cavity, and unveil
the large potential of the dynamics for chaos-based applications.

We bring new experimental evidence of the asymmetry in the devices hence con-
firming the need to take into account a symmetry breaking mechanism. We demon-
strate that a misalignment between the phase and amplitude anisotropies of the laser
cavity explain the experimental observations. In particular, we show that the system
asymmetry can have a huge impact on the statistics of the chaotic dynamics.

Then, wemake a proof-of-concept demonstration of a random bit generator based
on polarization chaos dynamics. Despite some dynamical characteristics which seem
non optimal at first glance, we obtain competitive performances comparable with
the latest reports. In addition, we identify the limited bandwidth of the acquisition
electronics, which plays the role of a low-pass filter for the dynamics, as a crucial
stage directly linked with the structure of the chaotic attractor itself.
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