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Pitfalls in MLAA and MLACF
Koen Salvo, and Michel Defrise

Abstract—In time-of-flight (TOF) positron emission tomogra-
phy (PET) imaging, it is possible to correct for attenuation using
only the TOF-PET data. Currently two main iterative algorithms
exist for this purpose: MLAA [1] and MLACF [2]. In addition
to reconstructing the activity image λ, MLAA reconstructs the
attenuation map µ, whereas MLACF reconstructs the attenuation
correction factors a.

While implementing MLAA and MLACF, one has to be
careful. Possible pitfalls are: (i) obtaining slice dependent scale
factors, (ii) converging to local maxima, (iii) obtaining unbounded
estimates, (iv) dividing by zero, and (v) using an incorrect or
inefficient update scheme.

First we will summarize and expand some previous results of
MLAA & MLACF convergence and uniqueness issues. Next we
will use this knowledge to understand the pitfalls, while giving
details on the implementation to avoid them.

Index Terms—Positron emission tomography, Reconstruction
algorithms

I. INTRODUCTION

IN time-of-flight (TOF) positron emission tomography
(PET) imaging, attenuation correction is required to re-

construct the activity image λ accurately. The standard way
of applying attenuation correction makes use of a computed
tomography (CT) scan. It is however, possible to correct for
attenuation using only the TOF-PET data, without making use
of the CT data.

Currently two main iterative algorithms exist for this pur-
pose: ‘Maximum Likelihood reconstruction of Attenuation
and Activity’ (MLAA) [1] and ‘Maximum Likelihood recon-
struction of Attenuation Correction Factors’ (MLACF) [2]. In
addition to reconstructing the activity image λ, MLAA recon-
structs the attenuation map µ, whereas MLACF reconstructs
the attenuation correction factors a.

This paper is structured as follows. First the notations are
defined (section II-A) and the update formulae given (section
II-B). Next some theoretical results are summarized and ex-
panded (section II-C) before some implementation details to
avoid the pitfalls are covered (section II-D). Finally a few
examples with and without pitfalls are given (section III).

II. METHODS

A. Definitions and Notations

1) Forward Model: Consider TOF-PET data y = [yit]it
binned in Lines-Of-Response (LORs) i = 1, . . . , I and TOF-
bins t = 1, . . . , T .

The sinogram of attenuation correction factors a = [ai]i is
calculated from the linear attenuation coefficients map µ =

K. Salvo and M. Defrise are with the Department of Nuclear Medicine,
Vrije Universiteit Brussel, Brussels, Belgium

koen.salvo@vub.ac.be, mdefrise@vub.ac.be

[µj ]j in the voxels j = 1, . . . , J by

ai = exp

−∑
j

lijµj

 (1)

where lij is the intersection length of LOR i with voxel j.
The expectation value of the data bin it, given ai and an

activity map λ = [λj ]j (in the voxels j = 1, . . . , J), is
modeled as

〈yit| ai,λ〉 = 〈φit| ai,λ〉+ 〈bit〉 (2a)

where 〈bit〉 is the —assumed to be known— expectation value
of the background and 〈φit| ai,λ〉 is the expectation value of
the trues.

〈φit| ai,λ〉 = niaipit (2b)

Factor ni is the sensitivity of detector pair i and pit is the
projected activity

pit =
∑
j

cijtλj (2c)

with cijt the probability that activity in voxel j is measured
along LOR i and time-bin t without taking the attenuation nor
the sensitivity into account.

For convenience, the unknowns are combined in one param-
eter θ = (µ,λ) for MLAA and θ = (a,λ) for MLACF.

2) Summed bins: When the index t is omitted, it means
that the time-bins are summed, e.g. pi =

∑
t pit. When the

index i is omitted as well, the LORs are summed too, e.g.
y =

∑
it yit. Bold symbols indicate images or sinograms, e.g.

λ = [λj ]j and p = [pit]it.
3) Ordered Subsets: When Ordered Subsets (OS) are used,

the set of all the LORs I = {1, 2, . . . , I} is divided into S
subsets Is, s = 0, 1, . . . , S − 1: I = ∪S−1s=0 Is. Subscripted
sinograms denote the part of the sinogram in the corresponding
subset, e.g. ps = [pit]i∈Is,t.

4) Likelihood : The goal is to estimate θ by maximizing
the TOF Poisson (log-)likelihood

L
(
θ;y

)
=
∑
it

(
−〈yit|θ〉+ yit ln 〈yit|θ〉

)
. (3)

5) Estimates: The estimates at iteration k are written as
θ̂k =

(
µ̂k, λ̂k

)
or θ̂k =

(
âk, λ̂k

)
. It is convenient to

define also an intermediate iteration k+ 1
2 , see (7): θ̂k+

1
2 =(

µ̂k+1, λ̂k
)

or θ̂k+
1
2 =

(
âk+1, λ̂k

)
where µ and/or a are

already updated, but λ not yet.
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The expected trues (2b), expected data (2a) and the
likelihood (3) are abbreviated as〈

φ̂kit

〉
=
〈
φit| θ̂k

〉
(4a)〈

ŷkit
〉

=
〈
yit| θ̂k

〉
(4b)

L̂k = L
(
θ̂k;y

)
(4c)

6) Admissible parameter set: Only λj ≥ 0, µj ≥ 0 and
0 ≤ ai ≤ 1 are physical. Call Θ = M ×Λ ⊂ IR2J for MLAA
or Θ = A× Λ ⊂ IRI+J for MLACF the set of all admissible
values of θ.

M =
{
µ ∈ IRJ | µj ≥ 0, j = 1, 2, . . . , J

}
(5a)

A =
{
a ∈ IRI | 0 ≤ ai ≤ 1, i = 1, 2, . . . , I

}
(5b)

Λ =
{
λ ∈ IRJ | λj ≥ 0, j = 1, 2, . . . , J

}
(5c)

B. Update formulae

Both MLAA and MLACF employ an alternating optimiza-
tion scheme.

1) First, the attenuation is updated with fixed activity.
• For MLAA, the µ-map is updated using a non-TOF

‘ML for TRansmission’ (MLTR) step [1].

µ̂k+1
j = µ̂kj +

∑
i lij

[〈
φ̂ki

〉(
1− yi

〈ŷki 〉

)]
∑
i lij

[(∑
j′ lij′

) 〈φ̂k
i 〉2
〈ŷki 〉

] (6a)

• For MLACF, the a-sinogram is updated using an
EM step [2], see remark C.2.

âk+1
i = âki ·

∑
t p̂
k
it

yit

〈ŷkit〉∑
t p̂
k
it

(6b)

2) Then the activity is updated with fixed attenuation. Both
MLAA and MLACF use a MLEM update of the activity.

λ̂k+1
j = λ̂kj ·

∑
it cijtniâ

k+1
i

yit〈
ŷ
k+1

2
it

〉
∑
it cijtniâ

k+1
i

(7)

Remark 2.1 (The attenuation update of MLAA is slower):
MLAA needs more calculations than MLACF: two more
non-TOF back projections to update µ̂k, and one more
non-TOF forward projection to calculate âk+1 afterwards.

Remark 2.2: The activity update (7) is performed with the
already updated âk+1, not the previous âk.

Remark 2.3: Without background, the attenuation updates
(6) simplify to

µ̂k+1
j = µ̂kj +

∑
i lij

(〈
ŷki
〉
− yi

)
∑
i lij

(∑
j′ lij′

) 〈
ŷki
〉 (8a)

âk+1
i =

yi
nip̂ki

. (8b)

For MLACF this results also in a simplified activity update

λ̂k+1
j = λ̂kj ·

∑
it cijt

yit
p̂k
it∑

i cij
yi
p̂k
i

. (8c)

Starting from an initial guess θ̂0, the update formulae (6,
7) define the sequences

(
L̂k
)

and
(
θ̂k
)

of the likelihood and
the parameters respectively.

C. Convergence and uniqueness issues

Many pitfalls of MLAA and MLACF can be understood by
examining its convergence and uniqueness issues. Therefore
we will summarize some previous results [1]–[5] and expand
them where possible.

Estimating θ by maximizing the likelihood (3) when
the attenuation is fixed, is fundamentally different when the
attenuation is not fixed.
• With the attenuation fixed (as for MLEM), one can gener-

alize the results of [5] for expected data with background.
1) The likelihood (3) is concave in λ: the likelihood

has one global maximum L̂max;
2) The likelihood converges and converges to its max-

imum;
lim
k→∞

L̂k = L̂∞ = L̂max (9)

3) The likelihood determines θ̂ uniquely iff the I ·T
vectors

niaicijt

√
yit

〈ŷit〉
, i = 1, . . . , I, t = 1, . . . , T

(10)
span the J-dimensional Euclidean space IRJ .

• However, when the attenuation is not fixed:
1) The likelihood (3) is, in general, not concave in θ.

So the likelihood can have:
– R ≥ 1 local maxima L̂max,r, r = 1, . . . R;
– local minima and saddle points.

2) The likelihood could not converge and even when
it does, it could not converge to one of its local
maxima.
– MLAA: In theory it is not ensured that the

likelihood converges. In practice however, the
likelihood will converge in almost all cases.

– MLACF: The likelihood converges.
3) The likelihood does not determine θ̂ uniquely.

Lets discuss this in more detail.
1) Concavity of the Likelihood:
Proposition 2.1 (Concavity): The likelihood (3) is:
• In general not jointly concave in both µ and λ or a and
λ;

• Concave in a and λ and separately;
• Not necessarily concave in µ. The concavity in µ is

ensured when

〈φit〉
(

1− yit
〈yit〉

〈bit〉
〈yit〉

)
≥ 0, ∀ i, t. (11)
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If there is no background (〈bit〉 = 0), this is always true.
If 〈bit〉 > 0, this is true when 〈φit〉 = 0 or when

〈φit〉 ≥ 〈bit〉
(
−1 +

√
yit
〈bit〉

)
which is always satisfied when 〈bit〉 ≥ yit.
Remark 2.4: The converse is not true: it is not because
inequality (11) is violated, that L is not concave in µ.
Proof: See appendix B.

Remark 2.5: For MLACF without background, and consis-
tent data y (i.e. ∃ θ̂† :

〈
yit| θ̂†

〉
= yit, i = 1, . . . , I, t =

1, . . . , T ), it is shown that there is only a global maximum [3,
Proposition 2].

2) Convergence of the Likelihood: It is well known that
a non-decreasing, upper bounded sequence converges. The
likelihood (3) is upper bounded and the activity update
is an EM step that does not decrease the likelihood [6]:
L̂k+1 ≥ L̂k+

1
2 . So, if in addition the attenuation update does

not decrease the likelihood (L̂k+
1
2 ≥ L̂k), the convergence is

ensured.
• MLAA: The attenuation step does not guarantee that the

likelihood is non-decreasing. Hence it is not guaranteed
that the likelihood converges. In practice however, the
likelihood will converge in almost all cases.

• MLACF: The attenuation update is also an EM step.
Hence the likelihood converges.

3) Uniqueness of the parameters: Having a convergent
likelihood sequence limk→∞ = L̂∞ is not sufficient for having
also a convergent parameter sequence

(
θ̂k
)

because more than

one θ̂ can yield the same L̂∞.
That L̂, and hence also L̂∞, does not define a unique

θ̂ =
(
â, λ̂

)
can be seen directly from

L
(
â, λ̂;y

)
= L̂⇒ L

( â
β
, βλ̂;y

)
= L̂, β > 0 (12)

where β is a strictly positive, global scale factor.
Remark 2.6: For MLAA the global scale factor amounts

to an additive term for µ [4, Section 3.3]: µ̂ + ∆µβ where∑
j lij∆µβ,j = lnβ, ∀ i.
In [4] it is proven that, for TOF-PET data, the solution

is determined up to that global scale factor β. This result
however, holds only for a continuous activity image and a
continuous sampling. In contrast here the activity image is
voxelized and the sampling is in discrete bins. In this case
the likelihood invariance is not limited, in general, to a global
scaling.

D. Implementation Details

In the following some details on the implementation are
discussed which are important to avoid pitfalls during recon-
struction.

1) Start from a good initial guess : Simply starting from
µ̂0 = 0 or â0 = 1 and λ̂0 = 1 is not a good strategy: it can
cause

(
θ̂k
)

to approach a local maximum of the likelihood
that yields a bad guess of the true activity and attenuation.

If a good guess of the support of the object is available, it
is a good idea to use this as a ‘mask’: initialize for instance
µ̂0 = µH2O, λ̂0 = 1 inside that support and µ̂0 = λ̂0 = 0
outside that support. When using MLACF, compute â0 from
µ̂0.

Such a guess of the support could be retrieved for instance
from (i) a segmented MRI scan, or (ii) a first activity recon-
struction without use of a support. If the guess of the support
is rather uncertain, a margin could be added and/or µ̂0 and
λ̂0 could be smoothed. If no good guess of the support is
available, a cylinder with a radius that is smaller or equal to
the radius of the Field-Off-View (FOV) could be used instead.

Setting λ̂0 = 1 inside the support does not provide a
reasonable scale of λ̂0. To obtain a reasonable scale: use λ̂0

to compute
〈
φ̂0it

〉
and multiply λ̂0 afterwards by a factor

α that is found by enforcing that the sum of the measured
data y =

∑
it yit equals the sum of the estimated data〈

ŷ0
〉

=
∑
it

〈
ŷ0it
〉
, yielding

α =

∑
it

(
yit − 〈bit〉

)
∑
it

〈
φ̂0it

〉 . (13)

2) Truncate parameters : The activity update (7) yields,
with λ̂0 > 0, admissible activities: λ̂k ∈ Λ. This is not the
case for the attenuation updates (6):
• MLAA: Also µ̂j < 0 is possible;
• MLACF: Also âi > 1 is possible.

It is a good idea to enforce these physical constraints by
truncating after every attenuation update (6).

MLAA: if µ̂k+1
j < 0, do µ̂k+1

j = 0 (14a)

MLACF: if âk+1
i > 1, do âk+1

i = 1 (14b)

Enforcing µ̂j ≥ 0 is not only physical, it will also avoid
numerical overflow while computing âi: negative µ̂j’s can
cause very high âi’s. Also MLACF can yield very high values
of âi, especially for LORs not crossing the object.

In many instances a reasonable guess of the maximum linear
attenuation coefficient µ̂max or, equivalently, a minimum of the
attenuation correction factor âmin can be found. For instance
µ̂max could be the linear attenuation coefficient of bone and
âmin could be calculated from µ̂max, the linear attenuation
of water µH2O, and some educated guess on the maximum
length of the intersection of a LOR with the attenuating object.
So, after every attenuation update (6), one could also do the
truncation:

MLAA: if µ̂k+1
j > µ̂max, do µ̂k+1

j = µ̂max (15a)

MLACF: if âk+1
i < âmin , do âk+1

i = âmin. (15b)

Remark 2.7: If θ̂0 is not correctly scaled and θ̂1 is trun-
cated, a poor attenuation estimate could be obtained. Consider
for instance MLAA with λ̂0 too small. During the attenuation
update (6a), MLAA will try to correct for the too small λ̂0 by
making µ̂0 negative almost everywhere. But then truncating
(14a) yields µ̂0 = 0 almost everywhere.

Remark 2.8: With the truncation (14) and (15),
(
µ̂k
)

and(
âk
)

are obviously bounded. It can be shown that
(
λ̂k
)

is
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bounded too. On the other hand, without enforcing µ̂kj ≤ µ̂max

(or âi ≥ âmin), λ̂j could become infinite.
Remark 2.9: Although truncation makes the MLACF atten-

uation update (6b) not an EM-step anymore, it is still ensured
that L̂k+

1
2 ≥ L̂k.

3) Handle divisions by zero : Parameters can become
exactly zero only when their corresponding data yit are all
zero.

• âki = 0, k ≥ 1: After initialization â0i 6= 0, â1i will
be zero iff yit = 0 in all time-bins of LOR i. Then all
following âki , k ≥ 2 will be zero too.

• λ̂kj = 0, k ≥ 1: After initialization λ̂0j 6= 0, λ̂1j will be
zero iff

∑
it niâ

1
i cijtyit = 0. Then all following λ̂kj , k ≥

2 will be zero too.

Parameters can also approach zero with increasing iteration
number, e.g. limk→∞ λ̂kj = 0. However those parameters will,
from some iteration on, be numerically equal to zero.

Consider all the divisions in (6) and (7).

• Set yit/
〈
ŷkit
〉

= 0 when yit = 0 [5, eq. 2.13]. The
denominator

〈
ŷkit
〉

in yit/
〈
ŷkit
〉

only can become zero
when yit = 0. This is because the likelihood L

(
θ̂k;y

)
becomes minus infinity for

〈
ŷkit
〉

going to zero without
yit being zero. Idem for yi/

〈
ŷki
〉
. Moreover, setting

yit/
〈
ŷkit
〉

to zero for yit = 0 makes sense in the EM
framework, see remark C.1.

• Set âk+1
i = âki when

∑
t p̂
k
it = 0. The denominator∑

t p̂
k
it of (6b) only can become zero when all

[
p̂kit
]
t

are zero. With all
[
p̂kit
]
t

zero, the likelihood (3) is
independent of âi. Hence âi is undetermined and setting
it to its previous value is a valid choice.

• Set λ̂k+1
j = 0 when

∑
it nicijtâ

k+1
i = 0. The denom-

inator
∑
it nicijtâ

k+1
i in (7) can, with âk+1

i ≥ âmin,
only be zero for invisible voxels: voxels j for which∑
it nicijt = 0. For invisible voxels, also the numerator

of the right-hand side of (7) is zero. Note that the
likelihood (3) is independent of invisible voxels. Hence
λ̂j is undetermined and setting it to zero is a valid choice.

• Set
〈
φ̂ki

〉2
/
〈
ŷki
〉

= 0 for
〈
ŷki
〉

= 0. When 〈bit〉 > 0, also〈
ŷki
〉
> 0. When 〈bit〉 = 0,

〈
φ̂ki

〉2
/
〈
ŷki
〉

=
〈
φ̂ki

〉
, and

should obviously be set to zero for
〈
ŷki
〉

=
〈
φ̂ki

〉
= 0.

• Set µ̂k+1
j = µ̂kj when

∑
i lij

[(∑
j′ lij′

) 〈φ̂k
i 〉2
〈ŷki 〉

]
= 0.

This is equivalent to setting the update term in (6a) to
zero. If the denominator in the right-hand side of (6a) is
zero, also the numerator is zero. Moreover the likelihood
(3) is independent of µ̂j . Hence µ̂j is undetermined and
setting it to its previous value µ̂kj is a valid choice.

4) Use a correct and efficient update scheme: If wanted,
the attenuation can be updated L > 1 times before continuing
updating the activity. Especially for MLAA this can be useful
as the ‘convergence’ of the MLAA attenuation update (for
fixed activity) is rather slow. For MLACF repeating the atten-
uation step is less useful as its convergence (for fixed activity)
is geometric and hence fast [2, Section II.A]. When there is

no background, the MLACF attenuation update is immediate
and repeating it is useless.

Because the attenuation update (6) does not change the
projections p̂k, and because calculating p̂k is a time consum-
ing step, it is a good idea to update first the attenuation and
update the activity afterwards. This is only advantageous if
S > 1 or L > 1.

When using OS, the update scheme becomes more complex
and one must be careful not to skip some steps. For instance
for MLAA, one should not forget to calculate âk,0 at the start
of the attenuation update.

Define λ̂k,s, µ̂k,s,l and âk,ls as the current estimates at
iteration k, subset s and attenuation update l. We suggest the
following scheme where the for-loops over the time-bins are
omitted to improve the readability.
• Initialization

– Activity: λ̂0,0

– Attenuation
∗ MLAA: µ̂0,0,0

∗ MLACF: â0,0
s , s = 0, 1, . . . , S − 1

• For every iteration: k = 0, 1, . . . ,K − 1

– For every subset: s = 0, 1, . . . , S − 1

1) Calculate the projections:

p̂ks ← λ̂k,s

2) Update the attenuation
∗ Calculate (only for MLAA if k = 0 or S > 1)

âk,0s ← µ̂k,s,0

∗ For every attenuation update: l = 0, 1, . . . L−1

· Calculate the expected data〈
ŷk,ls

〉
←
(
âk,ls , p̂ks

)
· Scale the activity (only for k = s = l = 0)

1) Calculate α, see (13), using only i ∈ I0
2) Scale: λ̂0 ← αλ̂0, p̂0 ← αp̂0

· Calculate the attenuation update

MLAA : ∆µ̂k,s,l

MLACF : γ̂k,ls

}
←
〈
ŷk,ls

〉
· Do the attenuation update (6)

MLAA : µ̂k,s,l+1 ← µ̂k,s,l + ∆µ̂k,s,l

MLACF : âk,l+1
s ← âk,ls � γ̂k,ls

· Truncate the attenuation, see (14) and (15)
· Calculate (only for MLAA)

âk,l+1
s ← µ̂k,s,l+1

∗ Set (only for MLAA):

µ̂k,s+1,0 ← µ̂k,s,L

3) Update the Activity
∗ Calculate the expected data〈

ŷk,Ls
〉
←
(
âk,Ls , p̂ks

)
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∗ Calculate the activity update

ω̂k,s ←
(
âk,Ls ,

〈
ŷk,Ls

〉)
∗ Do the activity update (7)

λ̂k,s+1 ← λ̂k,s � ω̂k,s

– Set:
∗ Activity: λ̂k+1,0 ← λ̂k,S

∗ Attenuation

MLAA : µ̂k+1,0,0 ← µ̂k,S,0

MLACF : âk+1,0
s ← âk,Ls

• The solutions
– Activity: λ̂K,0

– Attenuation:
∗ MLAA: µ̂K,0,0 and âK,0s , s = 0, 1, . . . , S − 1
∗ MLACF: only âK,0s , s = 0, 1, . . . , S − 1

Remark 2.10: During every subset iteration s, all the voxels
of λ̂ (and µ̂ for MLAA) are updated whereas only the
LORs i ∈ Is of â are updated. Hence, at the end of
every MLACF iteration k, âk,L consists of âk,Ls where every
s = 0, 1, . . . , S − 1 corresponds to its respective subset s.

5) Be aware of ‘local’ global scale factors : TOF-PET data
determine

(
â, λ̂

)
up to a global multiplicative scaling factor

β > 0, see (12). Two voxels will share the same scaling
factor only when (i) they can be connected by a sequence
of LORs whose points of intersection lie in voxels with a
non-zero activity, and (ii) both voxels their activities are non-
zero. When these conditions are not met, the scaling factor
can become local.

In 2D all transverse slices are disconnected from each other:
there are no oblique LORs crossing several transverse slices.
Hence, in 2D all slices z will have their own scale factor βz .

In 3D, only the inner slices are crossed by oblique LORs
and have one common scale factor βin. The outer slices are
not crossed by oblique LORs. So —as in 2D— those outer
slices all have their own scale factor βout,z .

Unless additional information is available, the activity in the
outer slices cannot be correctly scaled relative to the rest of
the 3D image.

III. RESULTS AND DISCUSSION

Two examples are given to illustrate the importance of the
implementation details discussed in section (II-D).

The data were measured on, or simulated for, a Siemens
mCT Biograph scanner [7]. The 3D TOF emission data
comprises 400 radial bins, 168 angular bins, 621 slices (of
which 109 are direct planes and 512 are oblique planes) and 13
time-bins. The effective TOF-resolution is 0.58 ns or 87 mm
FWHM. 87mm

A. Numerical NEMA IQ Phantom

Figure 1a shows a 2D MLAA reconstruction of a transver-
sal slice of a numerical NEMA IQ phantom (K = 10,
S = L = 1). The activity and attenuation were initialized
to 1.0 and µH2O respectively inside a circle (with radius

180 mm positioned at the central axis of the scanner) and
zero outside that circle. The attenuation was truncated above
at µ̂max = 2µH2O, but negative µ-values were allowed. This
resulted in a poor reconstruction.

The reconstruction of fig. 1b differs from 1a only because
the initial activity was scaled by α = 1.67 · 101. This greatly
improved the reconstruction.

We speculate that the reconstruction of fig. 1a is an example
for which MLAA approaches a local maximum of the likeli-
hood that yields a poor estimate of the activity and attenuation.
Its likelihood of −1.15 · 105 is a lot smaller than the likelihood
of 1.20 · 105 reached by the solution of fig. (1b).

(a) (b)

Fig. 1. MLAA reconstruction of a transversal slice of a numerical NEMA
IQ phantom, without (a) and with (b) scaling of the activity, see (13)

B. Patient Data
Figure 2a shows a 3D MLAA reconstruction of a sagittal

slice of human brain data (K = 5, S = 14, L = 1).
Negative µ-values were truncated. The activity was initialized
to 1.0 inside a circle (with radius 160 mm positioned at the
central axis of the scanner) and zero outside that circle. During
reconstruction, this initial activity was scaled by α = 1.09, see
(13). The attenuation was initialized to be µH2O inside a mask
and zero outside that mask. The mask was obtained by dilating
the known µ-map and smoothing it afterwards. This resulted
in high activity in the outer axial slices.

The reconstruction of fig. 2b differs from fig. 2a only
because: (i) high attenuation values were truncated (µ̂j ≤
µ̂max = 2µH2O), see (15a), and (ii) the mask was also used
to initialize the activity. Note that the activity update (7)
makes that λ̂k, k ≥ 1 stays zero outside the mask, while this
is not the case for µ̂k, see (6a). In this example µ̂k = 0
outside the mask was forced after every attenuation update.
This partially solved the high activity in the outer axial slices.
A good reconstruction at those outer slices is also hindered by
the plane dependent scale factor βout,z , see section II-D5.

(a) (b)

Fig. 2. MLAA reconstruction of a sagittal slice of human brain data without
(a) and with (b): truncation of the attenuation map (µ̂j ≤ µ̂max), see (15a),
and use of a ‘mask’, see section (II-D1)
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APPENDIX A
DERIVATIVES OF THE LIKELIHOOD

Denote the Kronecker delta symbol by δmn. The first and
second derivatives of the likelihood L (3) are

∂L

∂λj
=

∑
it

niaicijt
〈yit〉

(
yit − 〈yit〉

)
(16a)

∂L

∂µj
= −

∑
it

lij
〈φit〉
〈yit〉

(
yit − 〈yit〉

)
(16b)

∂L

∂ai
=

∑
t

nipit
〈yit〉

(
yit − 〈yit〉

)
(16c)

∂2L

∂λj∂λj′
= −

∑
it

yit
(niaicijt) (niaicij′t)

〈yit〉2
(17a)

∂2L

∂µj∂µj′
= −

∑
it

(lij lij′) 〈φit〉
[
1− yit
〈yit〉

〈bit〉
〈yit〉

]
(17b)

∂2L

∂ai∂ai′
= −

∑
t

yit

(
nipit
〈yit〉

)2

· δii′ (17c)

∂2L

∂λj∂µj′
=

∑
it

lij′niaicijt

[
1− yit
〈yit〉

〈bit〉
〈yit〉

]
(17d)

∂2L

∂λj∂ai
= −

∑
t

nicijt

[
1− yit
〈yit〉

〈bit〉
〈yit〉

]
(17e)

APPENDIX B
CONCAVITY OF THE LIKELIHOOD

It is well known that:
Theorem B.1 (Concavity): A twice differentiable function

f : Ω → IR is concave on Ω ⊂ IRn if and only if its second
directional derivative D2

δx is smaller than or equal to zero,
along every non-zero direction δx ∈ IRn

0 , and for every x in
the interior of Ω.

f : Ω→ IR is concave on Ω ⊂ IRn ⇔
D2
δx = δxTHδx ≤ 0, ∀ δx ∈ IRn

0 , ∀ x ∈ int (Ω) (18)

where H is the Hessian of f and int (Ω) is the interior of Ω.
Examine the second directional derivatives of the likelihood

for MLAA and MLACF.
• MLAA

D2
δθ = δµTHµµδµ+ 2δµTHµλδλ+ δλTHλλδλ.

This becomes, after substituting (17), and abbreviating∑
j lijδµj = δqi,

∑
j cijtδλj = δpit,

= −
∑
it

(δqi)
2 〈φit〉

[
1− yit
〈yit〉

〈bit〉
〈yit〉

]
+ 2

∑
it

δqi
δpit
pit
〈φit〉

[
1− yit
〈yit〉

〈bit〉
〈yit〉

]
−

∑
it

yit

(
〈φit〉
〈yit〉

)2(
δpit
pit

)2

.

(19)

• MLACF

D2
δθ = δaTHa,aδa+ 2δaTHa,λδλ+ δλTHλ,λδλ.

This becomes, after substituting (17),

= −
∑
it

yit

(
〈φit〉
〈yit〉

)2 (δpit
pit
− δai

ai

)2
− 2

∑
it

niδaiδpit

[
1− yit
〈yit〉

〈bit〉
〈yit〉

]
.

(20)

We are now ready to prove proposition 2.1.
• The contractions (19) and (20) can become positive.

Hence, in general, the likelihood is not jointly concave
in both λ and µ or λ and a.

• The contraction (20) is always negative when either all
δa or all δλ are zero. Hence the likelihood is concave
in λ and a separately.

• When all δλ are zero, it is ensured that the contraction
(19) is always negative when

〈φit〉
(

1− yit
〈yit〉

〈bit〉
〈yit〉

)
≥ 0, ∀ i, t.

If 〈φit〉 = 0, this is always true. If 〈φit〉 > 0, this
quadratic inequality can be solved for 〈φit〉 yielding

〈φit〉 ≥ 〈bit〉
(
−1 +

√
yit
〈bit〉

)
(21)

Indeed, if there is no background (〈bit〉 = 0), this is
always true. If 〈bit〉 > 0, it is true when 〈bit〉 ≥ yit.

APPENDIX C
EXPECTATION MAXIMIZATION

The complete data to derive MLEM for TOF-PET, have
expectation values [8], [9]

〈xijt| ai, λj〉 = niaicijtλj . (22)

During the ‘expectation step’, the expectation values of these
complete data, conditional to the measured data y, are calcu-
lated.

〈xijt| ai, λj ; yit〉 =

{
〈xijt| ai, λj〉 · yit〈yit〉 : yit > 0

0 : yit = 0
(23)

Remark C.1: Note that 〈xijt| ai, λj ; yit〉 is zero when yit
is zero, regardless of 〈yit〉 being zero or not.

Remark C.2: The attenuation update of MLACF (6b) is an
EM-step, obtained by using the complete data (22) with fixed
activity.
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