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ML estimation of the scatter scaling in TOF PET
Koen Salvo1, Vladimir Panin2, Harold Rothfuss2, Michel Defrise1

I. INTRODUCTION

This work is a continuation of [12]. The scatter background
in 3D positron emission tomography (PET) may represent up
to 50% of the measured (prompt) data in whole-body studies.
Usually the scatter background is estimated prior to image
reconstruction because it cannot be easily modeled in the
system matrix. It is then, during reconstruction, added to the
estimated true counts to yield the estimated prompts.

There are three main methods to estimate the scatter back-
ground [1], [2]: (i) approximating the scatter by convolving
the measured data with an empirical kernel; (ii) measuring the
prompts in a energy window with a very high lower energy
threshold to provide a little biased, though noisy, estimate of
the true data, which after smoothing allows estimating the
scatter in the photo-peak data [3], [4]; (iii) simulating the
single scatter based on the Klein-Nishina cross-section, on a
CT attenuation map and on an initial estimate of the tracer
uptake [5]–[7].

All these methods provide an estimate of the scatter, but
only known up to a multiplicative scaling factor. Despite a few
attempts [6], obtaining this factor a priori is difficult, since it
depends on several effects, including scatter caused by activity
outside the field-of-view (FOV), multiple scatters, the energy
dependence of the detector sensitivity and also the uncertainty
in the lower energy-level discriminator.

Typically this scaling factor is obtained by the ‘sinogram tail
fitting’ method. The estimated scatter is scaled so it matches
the prompts in the line of responses (LORs) that do not
intersect the patient. Those LORs cannot contain trues and
hence can only contain scatter events (see e.g. [8]).

This sinogram tail fitting method however, has its limita-
tions: the out of patient LORs have low counts (especially for
dynamic studies [9]) and in addition they may be scarce for
large patients scanned with their arms within the field-of-view.

In previous work [12] it was proposed to estimate the
scatter scaling during reconstruction, by considering it as an
additional image voxel which is updated at each iteration.
It was concluded that this approach is feasible. However,
only simulated 2D time-of-flight (TOF) data was used and
no normalization was considered. In this work the method
is extended to 3D TOF and applied to more realistic data.
The data was derived from Monte Carlo simulations and
normalization factors measured on a real scanner.
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II. ALGORITHMS

Consider TOF PET data histogrammed in N LORs i =
1, . . . , N and T TOF bins t = 1, . . . , T . The expectation of
the data bin yi,t is modeled as

〈yi,t〉 = ainipi,t + αnisi,t + ri (1)

where ai is the attenuation factor, ni the normalization factor,
ri the random background, si,t ≥ 0 the pre-calculated scatter
estimate, α the scale factor, and

pi,t =
M∑

j=1

ci,t,jλj (2)

with matrix elements ci,t,j and tracer uptake λj in voxel j.
The goal is to maximize the log-likelihood L(y, a, λ, α) =∑

i,t(−〈yi,t〉 + yi,t log (〈yi,t〉) with respect to λ, α when
attenuation is known, or with respect to a, λ, α for CT-less
PET. A monotonic algorithm is derived from the usual ML-
EM or MLACF algorithms [10] by viewing the scale α as
an additional voxel λ0 = α with no attenuation and with
system matrix ci,t,0 = si,t. For the CT-less case, starting from
MLACF (eqn (3,4) in [10]), this leads to1
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the attenuation is known, iteration step (3b) is omitted.

III. RESULTS

A. Data

We considered the Siemens mCT scanner and the NEMA
IQ phantom, see fig. 1. The activity in the hot spots was four
times higher than in the background. The cold spots had no
activity.

The trues, single and multiple scatter were obtained with a
Monte Carlo (MC) simulation. No randoms were simulated.
Using the MC scattered events for algorithm evaluation is dif-
ficult because a noise free estimate of the scatter background is

1Unlike as in [10] the attenuation was not updated several times during one
iteration.
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needed for reconstruction. Therefore we used for si,t a single-
scatter (SSS) estimate calculated from the known activity and
attenuation of the phantom and scaled by least squares (LS)
to fit the total (single and multiple) scatter in the MC data, so
as to yield a scatter fraction of 30.1%.

Pseudo-random Poisson noise was then added to this scaled
and normalized scatter nisi,t, and the result added to the MC
trues to obtain the prompts yi,t. With this approach the scatter
estimate si,t corresponds exactly to the expectation of the
scatter in the data and the true scale factor αtrue = 1. This
somewhat artificial approach allows a proper evaluation of the
algorithms, in practice of course the multiple scatter has not
the same shape as the single scatter and the total scatter can
not be written as a scaled version of the single scatter.

As the phantom is smaller than the axial FOV of the scanner,
there is no scatter caused by activity outside the field-of-view.
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(a) Transversal section
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(b) Coronal section

Fig. 1: Mathematical model of the activity in the NEMA IQ
phantom. The red regions are the ROIs. The attenuation (not
shown) is uniform.

The data consisted of 13 time-, 621 axial-, 168
angular- and 400 radial-bins. The Full-Width-at-Half-
Maximum (”FWHM”) of the TOF-profile was 87 mm and the
prompts consisted of a total of 3.53× 108 counts.

B. Reconstructions

In all cases 20 iterations and 12 subsets were used. Fig.
2 shows reconstructions with known (ML-EM) and unknown
(MLACF) attenuation. The activity image, attenuation sino-
gram (for MLACF only) and α were initialized to 1. To
improve convergence speed, α was not updated during the
first iteration.

To mimic data with few out of the patient LORs, the number
of radial bins used to calculate α (eq. 3c), was subsequently
decreased, see fig. 3. The activity (eq. 3a) and attenuation (eq.
3b) on the other hand, were always updated using all the data
bins. The obtained α’s can be found in table I and are depicted
in fig. 4.

C. Validation

In order to validate the reconstructions, Regions Of Interest
(ROIs) were assigned, see fig. 1. Denote the mean activity in
ROI 3 and 5, the background activity at the border and at the
center of the phantom, by λ̄Border and λ̄Center respectively.
Then the Michelson contrast [11]

λ̄Center − λ̄Border

λ̄Center + λ̄Border
(4)

(a) No scatter correc-
tion

(b) ML-EM (c) MLACF

(d) No scatter correc-
tion

(e) ML-EM (f) MLACF

Fig. 2: Activity reconstruction: λ = 0 is white and λ = 20 is
black. The activity was post smoothed with a Gaussian filter
with a FWHM = 6 mm. The upper row is a coronal section
and the lower row a tranversal section.

(a) All 400 radial bins are used. (b) Only the 150 central radial
bins are used.

Fig. 3: The reduced FOV used to calculate α.

is a measure for the uniformity of the background. The results
are depicted in fig. 5. When no scatter correction is applied,
i.e. α = 0, the Michelson contrast is 5.0 10−2.

IV. DISCUSSION

When using all the radial bins, tail fitting overestimates
and ML-EM underestimates α. When α is overestimated, this
gets compensated by lower activities λj . And because the
scatter sit is higher for the central radial bins, the activity
underestimation is more important in the center of the FOV:
λ̄Center < λ̄Edge. It is therefore that the Michelson contrast
for tail fitting is negative and for ML-EM positive.

It is surprising that tail fitting overestimated α by 2%
because LS is a unbiased estimator and it can be shown that
the standard deviation is of the order of 10−4. We tentatively
explain this observation by the fact that 2.8% of the LORs
that do not cross the object do contain trues. So tail fitting
increases α to explain those extra counts.

Only in extreme cases with very few (8%) LORs used for
tail fitting, does ML-EM yield a better uniformity. Otherwise
tail fitting outperforms ML-EM.

The motivation for an alternative to tail fitting is more
important when the attenuation is not known since out of
the patient LORs cannot easily be identified in that case. As
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TABLE I: The estimated scatter scale factor α as a function
of the number of central radial bins used.

Number of central α Fraction data bins
radial bins Tailfitting ML-EM MLACF used for tailfitting

400 1.02 0.96 0.43 0.63
300 1.02 0.96 0.43 0.52
200 1.02 0.94 0.27 0.28
150 1.07 1.05 0.42 0.08
124 1.65 1.15 0.62 0.02
100 1.95 1.18 0.71 0.01
74 1.93 1.15 0.71 0.01
50 1.92 1.13 0.71 0.01
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Fig. 4: The scatter scale factor α as a function of the number
of used central radial bins.

shown in table I MLACF strongly underestimates α. Although
the uniformity is worse than for tail fitting and ML-EM,
the uniformity is still acceptable given those small α’s. We
speculate that MLACF somehow compensates the small α by
changing ai accordingly.
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Fig. 5: The Michelson contrast, eq. 4. The error bars show
one standard deviation. The value ‘−7.1 10−2’ for tail fitting
at 124 radial bins is not shown.


