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To Nimué and Barbara

The creation of something new is not accomplished by the intellect,
but by the play instinct acting from inner necessity.

The creative mind plays with the objects it loves.

Carl Jung
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Summary

Many of the natural phenomena we encounter in our daily lives are somehow
influenced by delays. Traffic jams show regions of increasing and decreasing
speed due to delayed driver responses. Neuronal systems are influenced by the
delay associated with the distance between the neurons and the speed at which
action potentials travels down the axon. Delay phenomena are not only inter-
esting from the viewpoint of fundamental research. Increasingly nonlinear delay
dynamics finds its way towards applications.

This work mainly focuses on experimental aspects and applications of delay dy-
namical systems. Specifically, we introduce a versatile and cost effective field pro-
grammable gate array (FPGA) platform, targeted towards tabletop experiments
with delay differential systems. We analyze the dynamics of dual delay-coupled
FitzHugh-Nagumo neurons with a Heaviside type nonlinearity. Also, we present
a novel chaos-based encryption key distribution scheme implemented electroni-
cally, consisting of a ring of delay coupled nonlinear nodes, driving two matched
slave systems into synchronization. The bitstreams of the slaves, which pass the
NIST randomness test, are highly correlated, yet they share no correlation to
the ring signals.

We investigate retriggerable and non-retriggerable monostable multivibrators as
novel neurons in artificial neural networks. The age-old question of how to build
a neuron in hardware is reversed, and we ask how a well known building block can
be applied as a neuron. We show that these circuits, which are little more than
a counter in digital form, have interesting dynamical properties when excited
with stochastic pulse streams.
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The concept of delay line based reservoir computing, using only a single non-
linear node with delayed feedback, was introduced some years ago as a means
of limiting hardware complexity in photonic systems. This concept turned out
to be beneficial for electronic implementations as well. On the FPGA platform,
we demonstrate a standalone delay line reservoir computer. It was given the
demonstrative task of predicting a chaotic system in real time. The influence of
noise and word bit depth on the performance was investigated using the same
setup. Finaly, replacing the delay differential equation at the core by a difference
equation yields an efficient software structure, capable of real-time audio signal
processing. This opens a much wider field of applications for delay line based
reservoir computing.
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Chapter 1

General introduction

N onlinear dynamics play an important role in every aspect of science
and engineering. Important notions of nonlinear dynamics are briefly

introduced by analyzing an electronic oscillator. We then give an overview
of the subsequent chapters of this thesis.

1.1 Nonlinear dynamics
Nonlinear dynamics is the field of science which encompasses all mathemati-
cal techniques applicable to the analysis and understanding of the behavior of
dynamical systems. A dynamical system can be described as a set of rules gov-
erning the evolution in time of one or more physical quantities. These rules are
stated in the form of a differential equation when time is considered as being
continuous, or a difference (iterated) equation for discrete time. We focus on
differential equations here. These come in several forms. Ordinary differential
equations (ODE) describe the change of a variable x(t) by stating the depen-
dencies between its time derivatives:

F

(
dnx

dtn
,
dn−1x

dtn−1 , . . . ,
dx

dt
, x(t); p1, . . . , pk

)
= s(t). (1.1)

Here, F is any well-defined function of x(t) and its time-derivatives. The highest
order derivative defines the order n of the ODE. p1, . . . , pk are parameters that

1
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CHAPTER 1. GENERAL INTRODUCTION

are fixed in time. Function s(t) is known as a drive, force or source term. This
can be a constant function. If s(t) = 0, the ODE is said to be autonomous.
Once a set of initial conditions is given, i.e. the state x(t0) = x0, dx/dt = x′0
etc. is defined at some time t0, the evolution of the system is fixed. Each
set of initial conditions corresponds to one solution. The study of how the
qualitative behavior of the system depends on the parameter values p1, . . . , pk is
called bifurcation analysis. A bifurcation point, is a set of parameter values that
marks the border between two qualitatively different behaviors of the system.
The description in Eq. (1.1) can naturally be expanded to a set of variables
[x(t), y(t), z(t), . . .] and their time derivatives.

In a delay differential equation (DDE), the function F contains at least one
variable of the form x(t−τ), ẋ(t−τ), . . ., where τ > 0 is a delay time. DDEs are
very different beasts, and are further discussed in Sec. 1.1.4. Partial differential
equations (PDEs) describe the evolution of spatially extended systems, where
each point ~r in a region of space is associated with a (set of) time-dependent
variable(s) ~ξ(~r, t). Examples include the Schrödinger equation and the Maxwell
equations. Because the circuits and systems encountered in this thesis have only
a finite number of variables, they are described by ODEs and DDEs.

Often, nonlinear ODEs and DDEs are not explicitly solvable. The analysis is
then aimed at a semi-qualitative understanding of the dynamical behavior. This
is aided by the following trick. In Eq. (1.1), redefine the higher order derivatives
as new variables:

x1 = dx

dt
, x2 = d2x

dt2
, . . . , xn = dnx

dtn
. (1.2)

If Eq. (1.1) is autonomous, it can then rewritten as:

ẋ1 = f1(x1, . . . , xn), (1.3)
...

ẋn = fn(x1, . . . , xn).

Here, we have used the dot notation ẋ ≡ dx/dt for time derivatives. If Eq. (1.1)
is not autonomous, time can be redefined as an extra variable xn+1 = t, such
that ẋn+1 = 1, is a constant. A more concise way to write Eq. (1.3) is:

~̇x = ~f(~x, t). (1.4)

The analysis now focuses on the geometry of this vector field. For every state,
characterized by a point in the phase space, there is a unique vector that shows

2
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1.1. NONLINEAR DYNAMICS
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Figure 1.1: (a) An operational amplifier based relaxation oscillator. (b) Time series of vO

and v− from a simulation of the model Eqs. (1.16)- (1.17).

the speed and direction in which the state of the system evolves. The full
behavior of the dynamical system is captured in the geometry of the phase
space, which is central to the study of nonlinear dynamics. Any point in the
phase space can be chosen as an initial condition, after which the evolution is
fixed along the unique trajectory that moves through that point.

Extensive introductions to the techniques of nonlinear dynamics are given in
Refs. [1] and [2]. Instead of systematically repeating important notions from
nonlinear dynamics, we directly proceed with the analysis of a circuit example,
illustrating the general approach along the way.

1.1.1 Example: operational amplifier relaxation oscillator
The circuit shown in Fig. 1.1a is a well-known operational amplifier (or “opamp”)
relaxation oscillator. The simplicity of this example allows us to illustrate some
key techniques of nonlinear dynamics. The circuit consist of a resistor-capacitor
timing network R and C, and a subcircuit built around a voltage divider R2
and R1 and the opamp U . The circuit is powered by a dual supply voltage
Vsup = 5 V. Practical values of the components have been chosen, such that
the particular type of opamp does not matter here. Fig. 1.1b shows the output

3
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Figure 1.2: A Schmitt trigger circuit.

voltage vO (solid line) and the voltage v− on the capacitor C (dashed line).
These were obtained through simulation of the model that we will build and
discuss below. The capacitor voltage v− shows a slow charging and discharging,
the boundaries of which coincide with the rapid edges of the opamp square-wave
output vO. Note the small rounding at the edges of the square oscillations. Our
goal is now to build and analyze a dynamical model, to understand the behavior
seen in Fig. 1.1b. We start by taking a step back and examine a subcircuit of
the oscillator.

1.1.2 The Schmitt trigger
The circuit shown in Fig. 1.2 is called a Schmitt trigger. It is the circuit of
Fig. 1.1a, with the RC network at the inverting input replaced by a fixed volt-
age source. Our goal is to show that this circuit is bistable. The phenomenon of
bistability is also found in photonic systems and is related to nonlinear absorp-
tion [3]. We assume that the opamp behaves ideally in the sense that no current
flows into its inputs. In general, to find the model of a circuit, we start from the
physics of the problem and write down the relations between the voltages and
currents in the circuit. These are given by Kirchoff’s voltage and current laws,
Ohm’s law, and the physical laws governing the various network elements [4].
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vO
−v

sigmoid 1st order

v+
ε

Figure 1.3: Model for the opamp, showing both saturation and non-immediate response.

Here, the voltage on the non-inverting input is given by:

v+ = vO
R1

R1 +R2
. (1.5)

An opamp is a difference amplifier. Often, it is modeled by the linear equation:

vO = G (v+ − v−) . (1.6)

Parameter G � 1 is the small signal open loop gain. In linear applications,
this large gain is tamed by negative feedback [5]. There are two problems with
Eq. (1.6) for our oscillator application. First, it does not capture the saturation
of the output that happens at the limits of the supply voltage. Secondly, in
reality the opamp cannot respond instantaneously: it must have some slowness or
inertia. The opamp model that is shown in Fig. 1.3 alleviates these shortcomings.
It consist of a sigmoid function followed by a first order low-pass filter with a
short time constant ε. The change in the opamp output voltage vO is described
by:

ε
dvO
dt

= −vO + 2Vsup
1 + e−A(v+−v−) − Vsup. (1.7)

Parameter A has units of V−1. The static gain of Eq. (1.7) must equal te open
loop gain G of Eq. (1.6):

dvO
d(v+ − v−) = AVsup

2 = G. (1.8)

Together, Eqs. (1.5) and (1.7) lead to a simple first order ODE:

ε
dvO
dt

= −vO + 2Vsup
1 + e−A(kvO−v−) − Vsup, (1.9)

where we have defined k = R1/(R1 +R2). For R1 = R2 = 10 kΩ, as in Fig. 1.2,
k = 0.5.
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Nondimensionalization

Often, it is more convenient to work with a nondimensionalized system, in which
the variables are rescaled such that they have no units. We choose nondimen-
sionalized time t′ = t/ε and define:

x = vO
Vsup

, y = v−
Vsup

, α = AVsup = 2G. (1.10)

For the components values shown in Fig. 1.1a, we have α = 500. With these
definitions, Eq. (1.9) becomes:

ẋ = −x+ 2
1 + e−α(kx−y) − 1, (1.11)

The dot notation denotes derivation with respect to nondimensionalized time:
ẋ = dx/dt′. The choice of nondimensionalization is not unique, and may
sometimes significantly simplify (or confuse) the remainder of the analysis. In
Eq. (1.11), y corresponds to the fixed voltage v− applied to the inverting opamp
input in Fig. 1.2.

Fixed points and bistability

In Fig. 1.4 we have drawn ẋ, Eq. (1.11), as a function of x for y = 0 and k = 0.5,
for increasing values of α. In the limit of large α, a Z-shaped line with sharp
corners appears. Where this function crosses ẋ = 0, the system of Eq. (1.11) is in
equilibrium. Such points are called fixed points and here we have three of them,
which we call x0, x+ and x−, as indicated in Fig. 1.4 by the gray dots. The
position of the fixed points if found by setting the left hand side of Eq. (1.11) to
zero. For y = 0, this leads to:

x = 1
kα

log
(

1 + x

1− x

)
, (1.12)

which unfortunately is a transcendental expression. Note that x = 0 is a solution.
Also, if any x is a solution, then so is −x. Here we have kα� 1 so that it is clear
that x has to come close to unity, before the right hand side of Eq. (1.12) can
take on any value significantly above or below zero. Thus the outer fixed points
are at x+ ≈ 1, x− ≈ −1 for α� 1, and the middle fixed point is at x0 = 0.

Where Eq. (1.11) is positive (negative), we have ẋ > 0 (ẋ < 0) and consequently,
there x evolves to the right (left). This is indicated by the gray arrows. It follows
that the central fixed point x0 = 0 is unstable: the slightest disturbance from this

6
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Figure 1.4: ẋ as a function of x, Eq. (1.11), for k = 0.5, y = 0 and α = 10, 100 and 500.

equilibrium leads the system to move to either the left or the right equilibrium.
From the sign of the function and the corresponding direction of the gray arrows
we, see that the outer fixed points x+ and x− are stable. Hence the circuit of
Fig. 1.2 is bistable for v− (or y ) equal to zero.

Bifurcations and hysteresis

Obviously, the voltage v−, corresponding to y, will influence the position of the
fixed points. In Fig. 1.5a we plot ẋ, Eq. (1.11), for α = 500, k = 0.5 and
y = −0.25 (fine dashed line), y = 0 (full line) and y = 0.25 (coarse dashed line).
The position of the outer fixed points remains the same for all values of y (in
the limit of large α). However, the position of the central unstable fixed point
readily increases (decreases) with an increase (decrease) of y. For a nonzero y,
the fixed points position is found again by setting Eq. (1.11) to zero:

y = kx+ 1
α

log
(

1− x
1 + x

)
. (1.13)

Eq. (1.13) is plotted in Fig. 1.5b for k = 0.5 and α = 500. For y > y+ or
y < y−, there is only one (stable) equilibrium possible. If y− < y < y+, there
are two stable equilibria on the vertical parts of the plot Fig. 1.5b, and one
unstable equilibrium on the central branch. The values of a parameter for which
a qualitative change in behavior of a system happens, are called bifurcation

7
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Figure 1.5: (a) Eq. (1.11) for k = 0.5, α = 500 and y = −0.25, 0 and 0.25, showing how
the central fixed point shifts. (b) Fixed points as a function of parameter y of Eq. (1.11), for
k = 0.5 and α = 500. For y− < y < y+, there is bistability.

points, and a plot which shows this qualitative change, in this case a change in
stability, is called a bifurcation plot. From Fig. 1.5b we see that at the bifurcation
value y = y+ or y = y− a stable fixed point merges with an unstable one. The
bifurcation points y+ and y− are found by setting the derivative of Eq. (1.13) to
zero. This leads to:

x± = ±
√

1− 2
αk
≈ ±

(
1− 1

αk

)
, (1.14)

where we used
√

1 + ε ≈ 1+ε/2 for ε� 1. Substitution of Eq. (1.14) in Eq. (1.13)
leads to:

y± ≈ ±
(
k − 1

α

)
± 1
α

log
(

1
2αk − 1

)
. (1.15)

For large α, this reduces to y± = ±k. Now suppose y = 1. From Fig. 1.5b, we
see that the output is stuck at x = −1. If we slowly decrease y, then at a certain
point we reach the “corner” at y−. Here, the lower branch loses stability, and,
as indicated with the gray arrow, the output rapidly jumps to the only stable
point it can find for a value of y < y−, namely x+. Increasing y, we remain
on the upper branch until y > y+, where a rapid jump to x− happens. Thus
the Schmitt triggers’ response to a change in input depends on its history. Such
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behavior is called hysteresis and the rectangular loop we described in the input-
output space, is a hysteresis loop. We will encounter another form of a Schmitt
trigger circuit in Chapter 3.

Completing the oscillator model

In the circuit of Fig. 1.1a, v− is a not a fixed voltage but a dynamic variable.
The current through the capacitor is given by i(t) = Cdv−/dt, where i(t) =
(vO − v−)/R. Therefore the model of the oscillator is completed by:

ε
dvO
dt

= −vO + 2Vsup
1 + e−A(kvO−v−) − Vsup, (1.16)

RC
dv−
dt

= −v− + vO. (1.17)

In the simulation shown in Fig. 1.1b, we had set ε = 10µs, A = 100 /V and
RC = 1 ms. Eq. (1.17) is nondimensionalized by defining:

τ = RC

ε
, (1.18)

so that τ = 100 for the component values in Fig. 1.1a. Subsitution of Eq. (1.10)
and Eq. (1.18) in Eqs. (1.16)-(1.17) leads to the nondimensionalized oscillator
model:

ẋ = −x+ 2
1 + e−α(kx−y) − 1, (1.19)

τ ẏ = −y + x. (1.20)

Phase plane plot

In Fig. 1.6 we show a phase plane plot of our model, Eqs. (1.19)-(1.20). The
drawing is made for parameter values k = 0.5, α = 500 and τ = 100. The ar-
rows give a visual indication of the phase point velocity ~v = [ẋ, ẏ] in their point
of application. Starting from any randomly chosen but nonzero initial condi-
tion, such as 1© or 2©, the system evolves to a stable closed, almost rectangular
counterclockwise path (full line). Such an isolated closed path is called a limit
cycle.

The fine dashed line 3© indicates the y-nullcline. This is the line along which
there is no change in the y-direction. It is found by setting ẏ = 0 in Eq. (1.20)
and is simply y = x. Along the y-nullcline, the vector field is oriented horizon-
tally. Above (below) the y-nullcline, the vector field is tilted slightly downward

9
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Figure 1.6: Phase plane representation of Eqs. (1.19)-(1.20) for k = 0.5, α = 500 and τ = 100
. All nonzero initial conditions lead to the limit cycle (full line). This is exemplified by two
initial conditions 1© and 2©. The fine dashed line 3© shows the y-nullcline. The coarse dashed
line 4© is the x-nullcline. The black dot in the middle is the unstable equilibrium.

(upward), although for these values of the parameters this is hard to see. The
coarse dashed line 4© shows the x-nullcline. Along this line, the vector field is
oriented vertically. It is found by setting ẋ = 0 in Eq. (1.19) and is the same
as Eq. (1.13). The x-nullcline has a Z-shape with two sharp corners and near-
vertical lines, that coincide with the limit cycle. The phase plane picture now
offers insight about the nature of the oscillations. Suppose the state is close to
the x-nullcline, along the vertical sides of the limit cycle at x ≈ ±1. Here x is
nearly constant. This conforms to the flat portions of the time series of vO in
Fig. 1.1b. Because τ � 1, variable y evolves slowly along the x-nullcline. Even-
tually, the state comes close to the upper right or lower left corner of the limit
cycle, and the evolution of y pushes the state further away from the x-nullcline.
As can be seen from the vector field in Fig. 1.6, a strong change in the x velocity
then occurs. Now the state swiftly moves to opposite side of the x-nullcline,
while y is mostly constant. This swift jump in the x-variable coincides with the
fast chances of vO in Fig. 1.1b. Very close to the x-nullcline, the speed of the
x-variable and y-variable are comparable.
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Fixed point analysis

Where the nullcines meet, the system is in equilibrium. Here, the system
Eqs. (1.19)-(1.20) has only a single fixed point (x∗, y∗) = (0, 0), shown as a
black dot in the center in Fig. 1.6. Stability of the fixed point can be evaluated
by examining the eigenvalues of the Jacobian, at the location of the fixed point.
This is because close to the fixed point the dynamical behavior of the system is
essentially the same as its linearization, leading to the solution1:

~x(t) = a1 ~v1e
λ1t + a2 ~v2e

λ2t. (1.21)

Here, ~v1 and ~v2 are eigenvectors belonging to eigenvalues λ1 and λ2 respectively,
and a1 and a2 are constants, determined by the initial condition ~x(0) = a1 ~v1 +
a2 ~v2. Often we are not interested in a single specific solution, but merely want
to know the behavior close to the fixed point. For this purpose, the knowledge
of the eigenvalues suffices. The first step is to calculate the Jacobian in the fixed
point:

J(x∗,y∗) =


∂ẋ

∂x

∂ẋ

∂y
∂ẏ

∂x

∂ẏ

∂y


(x∗,y∗)

. (1.22)

For Eqs. (1.19)-(1.20), the Jacobian in the origin is:

J(0,0) =


αk

2 − 1 −α2
1
τ

−1
τ

 . (1.23)

Then the eigenvalues can be calculated via the characteristic equation, which is
given by the determinant |J(0,0) − λI| = 0. For two-dimensional systems, the
behavior near a fixed point is completely characterized by the trace T and the
determinant ∆ of the Jacobian [1]:

T = αk

2 − 1− 1
τ
, ∆ = 1

τ

[
1 + α

2 (1− k)
]
, (1.24)

1Eq. (1.21) is valid for the common case of distinct eigenvalues λ1 6= λ2 with distinct
eigenvectors. If λ1 = λ2, the fixed point is categorized as either a star if ~v1 6= ~v2 or a
degenerate node if ~v1 = ~v2, up to a constant multiplication factor. These situations are
described in Ref. [1].
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For k = 0.5, α = 500 and τ = 100, it turns out that T = 123.99 and ∆ = 1.26.
The eigenvalues are given by:

λ1 = 1
2

(
T +

√
T 2 − 4∆

)
, (1.25)

λ2 = 1
2

(
T −

√
T 2 − 4∆

)
, (1.26)

resulting in λ1 ≈ 124 and λ2 ≈ 0.01. The widely different values are an indication
of the separate timescales at which the dynamic variables of this system evolve.
Here, both eigenvalues are real and positive. This implies that the fixed point
in the origin is unstable. A full phase plane eigenvalue classification is given in
Ref. [1].

Bifurcations

It is illustrative to examine the eigenvalues of the fixed point of our model for low
gains of α (although admittedly not very realistic for an operational amplifier,
because of the typically very high gain). We plot the real part of the first
eigenvalue λ1, as given by Eq. (1.25), in Fig. 1.7a, and the imaginary part in
Fig. 1.7b for α = 1, . . . , 10 and k = 0, . . . 1, with fixed τ = 100. The real and
imaginary parts of the second eigenvalue λ2, given by Eq. (1.26), are shown in
Fig. 1.7c and Fig. 1.7d respectively. Note that if λ1 is complex, then λ2 is its
complex conjugate. The green dashed line marks the border where the trace of
the Jacobian is zero. This line is given by:

α0 = 2
k

(
1 + 1

τ

)
. (1.27)

For α < α0, the real part of both the eigenvalues is negative, hence there the
fixed point is attractive. In Fig. 1.7b and Fig. 1.7d, a fairly narrow band of (α, k)
parameter values is seen where the eigenvalues are complex. Within this band,
below the green line, we have attractive or stable spirals, i.e. damped oscillations.
This is shown in Fig. 1.8a for k = 0.5, α = 4.0 and τ = 100. Starting from two
different initial conditions (the black dots), the system spirals down to the stable
equilibrium in the origin. For parameter values sligthly above the green line but
still within the colored band in Fig. 1.7b and Fig. 1.7d, the dynamical behavior
consists of unstable spirals, i.e. this is where the system starts to oscillate. This
is shown in Fig. 1.8b, where for k = 0.5, α = 4.7 and τ = 100, any nonzero
initial condition (exemplified by the two trajectories shown with a full line),
leads to a limit cycle. This change in qualitative behavior, encountered while
moving through the parameter space, is also a bifurcation. In this case, while
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Figure 1.7: (a) Real and (b) imaginary part of eigenvalue λ1 Eq. (1.25) of the Jacobian
of Eqs. (1.19)-(1.20) in the fixed point in the origin, for parameters α and k, with τ = 100.
Likewise, (c) is the real and (d) the imaginary part of the second eigenvalue λ2, given by
Eq. (1.26). Below (above) the green dashed line, given by Eq. (1.27), the real parts are
negative (positive).

crossing the green dashed line in Fig. 1.7, a Hopf bifurcation occurs, which
is characterized by the real part of the complex conjugate eigenvalues moving
from negative to positive, thereby destabilizing the fixed point. Unstable fixed
points are often hard to find experimentally, as the ever-present noise in practical
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Figure 1.8: (a) Phase space of Eqs. (1.19)-(1.20) for k = 0.5, α = 4.0, and τ = 100. This
is slightly below the green dashed line in the eigenvalue plots of Fig. 1.7. Here, the system
is stable, resulting in stable spirals to the fixed point in the origin from any initial condition
(exemplified by two trajectories with a full line). (b) For k = 0.5, α = 4.7 and τ = 100, slightly
above the green dashed line in Fig. 1.7, given by Eq. (1.27), the fixed point is unstable. All
nonzero initial conditions result in a limit cycle.

circuits is enough to disturb the equilibrium. An example of a one-parameter
bifurcation plot is shown in Fig. 1.9, where we plot the local maxima and minima
of x(t) over parameter α with k = 0.5 and τ = 100 fixed. For each value of α,
the system was allowed to settle down for t = 0 . . . 500. The local extrema were
derived from the simulation during t = 500 . . . 1000. For low values of α, the
system is stable. The bifurcation occurs slightly above α = 4.0, after which the
origin is unstable. For increasing α, the limit cycle grows in amplitude, until
it saturates at x = ±1. The bifurcation point is predicted to be α = 4.04 by
Eq. (1.27). Eq. (1.27) can be given a nice physical interpretation. Substituting
the open loop gain 2G = α in Eq. (1.27), leads to:

kG = 1 + 1
τ
. (1.28)

The product kG is the closed loop gain. Discarding the small term 1/τ = 0.01,
we see that oscillations are only possible if kG > 1. Thus we have recovered the
amplitude part of the Barkhausen oscillation criterium [6], which states that in
order for oscillations to exist, the closed loop gain must exceed unity.
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Figure 1.9: Local extrema of x(t) of Eqs. (1.19)-(1.20) over α, for k = 0.5 and τ = 100.
Slightly above α = 4.00, a Hopf bifurcation occurs.

1.1.3 Excitability
A minimal change on the circuit of Fig. 1.1a is shown in Fig. 1.10, where we
added a constant voltage source vb to the bottom of the voltage divider. This

−v

+v Ov

bv

sup+V

sup−V

100nF
C

R
10k

R2
10k10k

R1

U

+

−

Figure 1.10: An excitable circuit derived from the opamp RC oscillator in Fig. 1.1a, by
adding a voltage source vb.
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alters the voltage of the non-inverting opamp input to:

v+ = kvO + (1− k)vb. (1.29)

Defining b = vb/Vsup, the system is now described by:

ẋ = −x+ 2
1 + exp{−α[kx+ (1− k)b− y]} − 1, (1.30)

τ ẏ = −y + x. (1.31)

The addition of this source has the effect of lifting (if b > 0) or lowering (if b < 0)
the x-nullcline in the phase plane.

y = kx+ 1
α

log
(

1− x
1 + x

)
+ (1− k) b. (1.32)

The phase plane of Eqs. (1.30)-(1.31) for b = −1.2, corresponding to vb = −6 V,
is shown in Fig. 1.11a. We kept parameters α = 500, k = 0.5 and τ = 100 as
earlier. The position of the y-nullcline (fine dashes, 3©) has remained unchanged
with respect to Fig. 1.6, while the x-nullcline (coarse dashes, 4©) is now lowered.
Because here vb is sufficiently negative, the fixed point, shown as a black dot
at (x∗, y∗) ≈ (−1,−1), ends up on the left vertical branch of the x-nullcline.
It is straightforward to show that in this new position the fixed point is stable.
An interesting situation now occurs. If the system undergoes a small sudden
disturbance from the stable equilibrium, nothing much will happen, and it settles
down while the trajectory stays close to the equilibrium at all times. This is
shown in Fig. 1.11a with two blue trajectories, marked by 1©. The x and y
variables for the left-most blue trajectory are plotted over time in Fig. 1.11b.
As can be seen, there is hardly any response from the system for this excitation.
The other blue response is very similar and was left out, to not overload the
plot. Now, if the disturbance is large enough to cause the state to shift to
the right and/or below the central branch of the x-nullcline, the shape of the
vector field forces the system to respond with a large scale excursion. This
effect is shown with two red trajectories marked by 2© in Fig. 1.11a. As the
circuit is now a “failed oscillator”, it returns to the equilibrium after a single
large excursion in the phase plane. The evolution of the x and y variables over
time for the lower red trajectory is shown in Fig. 1.11b. The x-variable now
exhibits a large pulse, while the y-variable takes a long time to settle back to
the resting value of y∗ = −1. Clearly, the system responds in a disproportionate
way to excitations of comparable amplitude. Such a system, or the circuit it
represents, is called excitable. Excitability is a phenomenon typical of biological
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Figure 1.11: (a) Phase plane of the excitable circuit Fig. 1.10, represented by Eqs. (1.30)-
(1.31), with b = −1.2, α = 500, k = 0.5 and τ = 500. Some disturbances (blue, 1©) do not
lead to a large-scale response, while others, below or to the right of the x-nullcline (red, 2©)
do. (b) Time series of the x (full line) and y (dashed line) variables for one pair of trajectories
corresponding to (a).

neuronal systems. The z-shaped nullcline of Fig. 1.6 and Fig. 1.11a lies at the
heart of the dynamical behavior found in relaxation oscillators and excitable
systems. This z-shaped curve is described by a minimally third-order polynom.
We will encounter a similar system with such a polynomial z-shaped nullcline,
the FitzHugh-Nagumo neuron, in Chapter 5, where excitability is discussed in
more detail.

Phenomena such as oscillations, hysteresis, bistability and excitability are en-
countered in very diverse fields of science and engineering. Application of the
techniques of nonlinear dynamics enables us to explain such phenomena to stem
from the same underlying mathematical structures. The importance of such
insights can hardly be overestimated.

1.1.4 Delay differential equations
As mentioned above, many dynamical systems are governed by retarded or de-
layed values of their dynamical variables. Such systems are described by DDEs
and deserve a separate treatment. We take a look at the simplest (linear) DDE
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CHAPTER 1. GENERAL INTRODUCTION

and illustrate that delay effects can destabilize an equilibrium [7]. Consider:

dx

dt
= −x(t− τ), τ > 0. (1.33)

For τ = 0, Eq. (1.33) is a linear ODE. Assuming a solution has the form Ceλt,
and substituting this in Eq. (1.33), the characteristic equation is found:

λ+ 1 = 0, for τ = 0. (1.34)

Thus the solution is simply x(t) = x0e
−t, with x0 = x(0) the initial condition.

This solution is stable with fixed point x∗ = 0. For τ > 0, the characteristic
equation takes on the form:

λ = −e−λτ , for τ > 0. (1.35)

The following treatment is due to Murray, Ref. [7], however we slightly change
the point of view to that of the control engineer. In control engineering, it is well
known that delays in the feedback of a control loop can cause instabilities [8].
We can clarify this by looking at Eq. (1.33) as a control system. To do so, add
a small input e(t) to Eq. (1.33):

dx

dt
= −x(t− τ) + e(t), τ > 0. (1.36)

Taking the Laplace transform of both sides, leads to:

sX(s) = −X(s)e−τs + E(s), (1.37)

which can be rearranged to:

X(s)
E(s) = 1

s+ e−sτ
. (1.38)

A block schematic of this control loop is drawn in Fig. 1.12. For τ = 0, this is
an integrator with negative feedback. Then the denominator has a single real
pole s = −1. This pole lies in the left half of the Laplace plane, and therefore
the system is stable. For τ > 0, the pole positions are given by:

s = −e−sτ , (1.39)

which is similar to the characteristic equation Eq. (1.35). Filling in s = σ + iω
in Eq. (1.39) and separating the imaginary and real part, yields:

σ = −e−στ cos(ωτ), (1.40)
ω = e−στ sin(ωτ). (1.41)
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E(s) X(s)1/s

e
−sτ

+

−

Figure 1.12: Control loop block schematic of Eq. (1.36), consisting of an integrator with
negative delayed feedback.

If there are solutions s = σ + iω in the right half-plane of the Laplace plane,
i.e. with σ > 0 then the system is unstable. We are interested in the minimum
value of the delay τ for which the system has unstable solutions. Note that for
a solution with a certain ω, the complex conjugate solution, having −ω, also
exists. Together they lead to real-valued sinusoidal oscillations. First, suppose
there is a real solution s = σ to Eqs. (1.40)-(1.41), i.e. ω = 0. This works for
Eq. (1.41). However, Eq. (1.40) then reads σ = −e−στ , which we know from
sketching both sides of the equation, has no solutions for σ > 0. So suppose
ω > 0. Stability requires σ < 0. This can only be if in Eq. (1.40) cos(ωτ) > 0
or ωτ < π/2 in Eq. (1.40). This causes sin(ωτ) < 1 in Eq. (1.41), such that the
condition for stability is:

τe−στ sin(ωτ) = τω <
π

2 . (1.42)

Since both sin(ωτ) and e−στ are below unity it follows that the condition for
stability is 0 < τ < π/2. Above this critical delay value, unstable solutions exist.

Note that to specify a particular solution for times t ≥ 0, a single initial condition
x(0) does not suffice. We must now specify the complete history of the system
x(t) for t ∈ [−τ, 0], i.e. an infinite amount of values is needed. This indicates
that a DDE is actually mathematically infinitely dimensional. The example
above indicates that DDEs are quite different from ODEs, even for the linear
case. The infinite dimensionality will prove to be a useful trait in Chapter 9,
where a delay system is applied as the basic dynamical system in a reservoir
computer.
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1.2 Overview of this thesis
In this section, we give an overview of the subjects found in the following chap-
ters. These are organized in three parts. Although the subjects found within this
thesis are quite diverse, the main theme is the demonstration and application of
nonlinear (delay) effects in electronic circuits.

1.2.1 Part I: nonlinear electronic systems
In Part I, our goal is to continue the introduction of nonlinear dynamics and
propose new electronic nonlinear systems. It is shown that small and seemingly
simple circuits can have surprisingly complex behavior.

In Chapter 2, we introduce the well known Mackey-Glass (MG) delay differential
equation (DDE) and the iterated logistic equation. Both can show chaos, and
both have a smooth unimodal function at their core. We show how such a
function can be built with a simple and customizable one-transistor circuit.

In Chapter 3, we introduce a two-transistor chaotic oscillator that was built
by modifying the standard resistor-capacitor ladder phase-shift oscillator. We
model and analyze this circuit, showing that the behavior stems from the in-
troduction of an extra unstable fixed point, around which oscillations can arise.
This leads to chaotic bistable jumping. The combination of a single polarity
and low supply voltage, scalable frequency, low parts count and the absence of
inductors and integrated circuits, makes this circuit a unique source of chaos.

In Chapter 4, a chaotic circuit is introduced that originates from the direct trans-
lation of a given ODE to electronics. This results in a circuit using operational
amplifiers and dedicated analog multipliers. The signals comprise a bursting
type of chaos, characterized by alternating silent and oscillating periods. In this
case, we will show that the chaotic behavior arises from a heteroclinic connection
between two equilibria.

1.2.2 Part II: Delay systems and their applications
In Part II, we further explore delay dynamical systems, which are not only
ubiquitous in nature, but can also be put to practical use. Our goal is to build
and apply a general-purpose platform for electronic delay experiments.

Spiking neuronal models lie at the core of our understanding of the brain. In
Chapter 5 we introduce the FitzhHugh-Nagumo (FHN) model, as a classic ex-
ample of an excitable system. It is understood that delays due to the finite
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speed at which action potentials propagate along nerve fibers, play an impor-
tant role in the working of neuronal circuits. Often the quantitative analysis is
hindered by the smooth nonlinearities present in the models. We build a pair of
delay-coupled FHN neurons with simpler Heaviside nonlinearities in electronics.
These form a central pattern generator (CPG) or neuronal oscillator, for which
quantitative analysis is possible. The out-of-phase period of the neuronal circuit,
as a function of the threshold parameter of the FHNs is derived. The dynamical
behavior that is experimentally observed in the experiment is compared to the
analysis.

The experience gained in Chapter 5 highlighted the need for a versatile electronic
platform for experiments in delay dynamics. In Chapter 6, we introduce an
FPGA-based delay platform, built from low-cost commercial components. This
expandable and portable platform allows for tabletop experiments, under the
control of Python scripts. It forms the basis for many experiments described
further in this thesis.

In Chapter 7, we use the concept of chaos synchronization to build and demon-
strate an encryption system. Here, a chaotic “mediator” drives two “slave” units
into synchronization. There is no direct communication path between the slave
units. We show two ways to derive pseudo-random bits from these chaotic sig-
nals. The bits are tested for randomness with the National Institute of Standards
(NIST) test suite and show no statistical deviation from the proposed random-
ness. A message encoded by using the bits of one of the slaves at one end, can
then be decoded at the site of the other slave. The message cannot be recovered
by using the mediator signal, because, as we show, there is only a negligible
correlation between the mediator and slave signals. The chaotic mediator con-
sists of a ring with eight cascaded MG type nonlinear nodes, coupled via delay.
These were built using the circuit from Chapter 2. The slaves each consists of
a cascade of four of these nodes. We attempt a first line of attack to obtain
the slave signal from the mediator signal, using a Volterra series approach. This
attack is unable to reconstruct the slave signal from the mediator signal, thus
illustrating the safety of the proposed encryption system.

1.2.3 Part III: Artificial neural networks
Our goal for Part III is to further explore the possible applications of nonlinear
dynamics, one of which is in artificial neural networks. To efficiently implement
artificial neural networks in electronics, one can focus on the basic building block,
the artificial neuron, or on the structure of the machine itself. Both options are
explored in the following chapters.
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Biologically inspired neuron models such as the FHN and Hodgkin-Huxley mod-
els, are typically not well suited for a direct hardware implementation in large
numbers. In Chapter 8, we propose and examine retriggerable and non-retriggerable
monostable multivibrators (MMV) as possible artificial neurons. MMVs are sim-
ple pulsed timers, having only a single parameter, their time period. Digital
counter based MMVs can be placed in complex networks in FPGAs by the hun-
dreds or even thousands. At first glance MMVs ar far removed from biological
neurons. We show however that these well-known building blocks have interest-
ing dynamical properties, when excited by stochastic pulse streams. The basic
input/output rate equations of MMVs are derived. We derive expressions for
equilibrium rates of large networks. We then show a network of non retrigger-
able MMVs can have the separation and approximation properties.

In Chapter 9 we describe the concept of delay line based reservoir computing.
Reservoir computing (RC) is part of the field of machine learning and artificial
neural networks. It is characterized by a randomly connected network of nonlin-
ear nodes or neurons with fixed connection weights and a simple linear readout
layer. Delay line RC uses only a single nonlinear node with feedback, thus reduc-
ing the complexity of a hardware implementation. The real, separate nonlinear
nodes of the network are now replaced by taps in the delay line. These are
called “virtual nodes” or “virtual neurons”. The concept is demonstrated on the
platform that was introduced in Chapter 6. We assemble a delay based reservoir
computer, aimed at the task of predicting, in real-time, a chaotic signal that
originates from the circuit introduced in Chapter 3. Furthermore, the influence
of quantization noise on the system performance is investigated.

The concept of delay line based RC was originally conceived with the simplifi-
cation of a photonic reservoir in mind. Unexpectedly, it proved quite suited for
pure software implementations as well. This is shown in Chapter 10, where we
move away from the more academic tasks, and attempt to apply the RC to the
real-world problem of emulating, in real-time, the nonlinear distortion of a guitar
amplifier. We assume no prior knowledge of the internals of the amplifier, i.e. it
is treated as a “black box”. We adapt the basic structure that was introduced
in Chapter 9, to include two-pole filtered virtual neurons. This is necessary to
accommodate long damping trails in the amplifier response. To tackle the black
box problem, a cascaded dual-input RC approach that successively approximates
the target function, is proposed.

Finally, in Chapter 11 we summarize our achievements and offer an outlook on
possible future continuation of this work.
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Chapter 2

A one-transistor unimodal
nonlinearity

I n this chapter, we introduce two important nonlinear dynamical sys-
tems, in which the nonlinearity is a unimodal function, and present a

very simple analog nonlinearity we designed, that is used in later chapters
as the basis to implement electronic nonlinear systems.

2.1 Introduction: unimodal function based systems
Many interesting nonlinear dynamical systems have some sort of unimodal func-
tion, loosely speaking a smooth “bump” with a single maximum, at their heart.
For example the iterated Verhulst logistic map [1],

xk+1 = ηxk (1− xk) , η > 0, (2.1)

is a one-dimensional discrete-time system where the next state of the system
xk+1 is calculated from the current state xk, by a quadratic nonlinear transfor-
mation. Initially, it was introduced to model saturated population growth [2].
Eq. (2.1) is now the most popular and usually first encountered example of chaos
in nonlinear recurrence equations. Instead of a time series, it is convenient to
show the dynamical behavior in a cobweb construction as in Fig. 2.1a. Here
xk+1 is plotted against xk by repeated reflecting of the last function value on
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Figure 2.1: (a) Cobweb construction of the first five iterates of Eq. (2.1) with η = 3.78 for
two nearby initial conditions, x0 = 0.3 (thin full line) and x0 = 0.32 (thin dashed line). (b)
Orbit diagram of Eq. (2.1) for η = 2.8...4.

the straight line x towards the function f(x) = ηx(1 − x) for η = 3.78 (thick
full line) to find the new function argument. A main ingredient of any chaotic
system is a sensitive dependence to initial conditions, meaning that trajectories
will quickly diverge, however close they start from each other. This is illustrated
in Fig. 2.1a, where the trajectory shown as a thin full line starts from the initial
condition x0 = 0.3, while the trajectory shown as a thin dashed line starts nearby
from x0 = 0.32. After as little as five iterations, the trajectories have completely
separated. Fig. 2.1b shows the orbit diagram, depicting the values of xk for 100
iterations, starting from the initial condition x0 = 0.01, over parameter η. An
initial 100 iterations, containing a transient state are left out. For η between 2.8
and 3 there is only one stable state. For η between 3 and approximately 3.35,
a period-two solution exists. After further period doublings, which happen for
values of η successively shorter intervals, chaos is reached for η > 3.57. Beyond,
there exist occasional narrow periodic windows. For example a period-three win-
dow is found around η = 3.83. For a more in depth analysis of the dynamics of
the logistic map see May [1] or Jordan and Smith [3]. Other iterated maps, for
example the sine map xk+1 = r sin(πxk), with the same general unimodal shape,
lead to similar dynamics and follow a similar route to chaos. [4]. This implies
that for applications the specific shape of the function is not that important, as
long as it shows the same unimodal features.
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The Mackey-Glass (MG) system [5] is an example of a continuous-time system,
that is also based on a unimodal function. It is described by the delay differential
equation (DDE):

ẋ = −γx+ β
x(t− τ)

1 + xn(t− τ) , γ, β > 0, n > 1, (2.2)

in which x(t) represents a concentration, τ the delay time, γ a decay constant,
β a feedback constant and n is an exponent that regulates the shape of the
nonlinearity. The MG model was introduced to describe physiological processes,
governing the concentrations of blood cells, glucose, electrolytes etc. In such
processes there can be a significant delay between an external disturbance and
the reaction to it by the system, hence the change of x(t) depends on its value
some time ago, x(t− τ).
Almost anyone is familiar with at least one delay system: that of a hot water
fosset. After adjusting the fosset, it takes some time until the water temperature
follows. Impatience and subsequent overadjusting can lead to hot-cold oscilla-
tions. To the control engineer, it is well known that delays in the feedback of
a control loop can lead to oscillations [6]. In Eq. (2.2), the delay leads to not
only oscillatory but also chaotic dynamics for certain values of the parameters.
In Fig. 2.2a, we plot x(t) as a function of x(t − τ) for τ = 300, γ = 1, β = 2
and n = 9. Such a plot is also called an embedding. The time of the simulation
is encoded in the brightness of the trace, from light gray at the beginning to
black at the end. Clearly the dynamics do not settle down to a periodic attrac-
tor. Fig. 2.2b shows the bifurcation diagram of Eq. (2.2), with β as bifurcation
parameter. This plot shows how the local extrema of the time series evolve over
the bifurcation parameter. Although Eq. (2.2) and Eq. (2.1) are very dissimilar
systems, we see a similar route to chaos. Even tough on a first glance Eq. (2.2)
resembles a one-dimensional system, it is actually infinite dimensional. This is
because the evolution of the system is governed by an initial function, describ-
ing the history of the system or contents of the delay line, instead of only a
finite number of initial conditions, as is the case for ordinary differential equa-
tions (ODEs). Precisely this high dimensionality makes the Mackey-Glass and
other delay systems interesting from the viewpoint of applications, far removed
from the original premise that this system represents a physiological concentra-
tion [7, 8].

2.1.1 An electronic unimodal function
Fig. 2.3a shows an elegant way of constructing a voltage-in voltage-out unimodal
function resembling x/(1 + xn), employing two complementary junction field
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Figure 2.2: (a) An embedding of the chaotic dynamics of Eq. (2.2) for τ = 300, γ = 1, β = 2
and n = 9. The brightness of the trace encodes simulation time from light gray at t = 0 to
black at t = 2.5τ , the end of the simulation. (b) Bifurcation diagram of Eq. (2.2) for τ = 300,
γ = 1 and n = 9 over parameter β.

effect transistors (JFETs), presented in references [9] and [10]. Fig. 2.3b (full
line) shows a PSPICE simulation for this circuit with Q1 a 2N5457, Q2 a 2N5460
and R = 500 Ω. Shown with a dashed line, is a fit to:

vO = A vI
1 + (B vI)n

, (2.3)

yielding A = 0.23, B = 0.31 /V and n = 5.9. The circuit is called a λ-diode [11],
because of the shape of the transfer characteristic. Since all current passes
through R, the circuit has a negative differential resistance dvI/dI, on the right
side of the maximum, which was the original intention. It can be shown that
vO < vX < vI and for identical JFETS vX = (vI + vO)/2. Intuitively, both
JFETS start in the linear regime for low vI . If the input voltage vI rises, at
some point the N-channel JFET Q1 will go into the saturated regime and limit
the current, while for even higher voltages Q2, which is a P-channel JFET,
will become pinched off. Unfortunately, JFETs, when compared to the bipolar
transistor, show a rather large production spread [12]. For example for the
2N5457, the zero gate voltage drain current IDSS is specified between 1 mA and
5 mA. This makes this circuit unsuited for networks employing many units,
unless one accepts the effort to select components with matched characteristics.
Also, the negative resistance can lead to unwanted oscillations if the intended
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Figure 2.3: (a) A JFET based unimodal function. (b) Input-output voltage response of the
circuit in (a) from a PSPICE simulation (full line). The N-channel JFET Q1 is a 2N5457, the
P-channel Q2 is a 2N5460 and R = 500 Ω. The dashed curve shows Eq. (2.3) fitted to this
response, resulting in A = 0.23, B = 0.31 /V and n = 5.9.

use is that of a voltage-in voltage-out function. In the next section, we will
present a circuit that avoids these problems.

2.2 A one transistor unimodal function
In Fig. 2.4a, we introduce a new voltage-in voltage-out function, employing only
one bipolar transistor. To the best of our knowledge, this circuit has not been
presented elsewhere. Intuitively, the circuit can be understood as a voltage
divider consisting of a normal resistor R and a nonlinear resistor, the transistor
Q, whose is controlled by the input voltage via a second voltage divider R1
and R2. As can be seen in Fig. 2.4b, for vI close to zero the transistor is non-
conducting and the output vO follows the input. Hence the slope is 1 V/V for
low inputs. If vI is large, the voltage divider consisting of R1 and R2 provides
enough base drive for the transistor to saturate, pulling the output close to
ground. Somewhere in between, a maximum is reached.
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Figure 2.4: (a) A bipolar transistor unimodal function and (b) its measured response (full
line) and model (dashed line) of Eq. (2.6). Q is a BC547C, R = 1 kΩ, R1 = R2 = 12 kΩ so
that a = 0.5. Other model parameters are VT = 26 mV, Is = 32 fA and αR = 0.863.

2.2.1 Analysis
In this section, we derive a model for the circuit of Fig. 2.4. We start from the
Ebers-Moll equation [13]:

iC = Is

(
evBE/VT − 1

)
− Is
αR

(
evBC/VT − 1

)
, (2.4)

which models the collector current iC as a function of the base-emitter and the
base-collector voltage, vBE and vBC respectively. Is is the saturation current.
αR is the ratio of emitter to collector current with the transistor in inverse bias.
These are device type specific parameters. VT = kT/q is the thermal voltage,
approximately 26 mV at 300 K.

We assume that the base current is negligible in comparison to the current
through R1 and R2. This is valid for “high-beta” transistors and R1, R2 chosen
not to high (say below 100 kΩ). Then we have:

vBE = vI
R2

R1 +R2
, a vI . (2.5)

Since vO = vI − iCR and vBC = avI − vO:

vO = vI − Is R ea vI/VT

(
1− 1

αR
e−vO/VT

)
+ Is R

(
1
αR
− 1
)

(2.6)
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The last term is of the order 10−11 V and can be ignored if vI as soon as vI is
sufficiently large. Defining y = vO/VT , x = vI/VT , b = IsR/VT and c = 1/αR
results in:

y = x− beax
(
1− c e−y

)
, (2.7)

in which 0 < a < 1 , 0 < b � 1 and c is of unit order for practical model
parameters. Unfortunately, this is a transcendent equation, so there seems to
be no closed form y = f(x). Fig. 2.4b shows that the input-output relation of
Eq. (2.6) and measurement are in good agreement.

Using implicit differentiation, the maximum output voltage will be reached at
x, obeying:

0 = 1− a b eax
(
1− c e−y

)
. (2.8)

Considering that at the maximum y � 1, so it follows that:

vI,max ≈
VT
a

ln
(

1
ab

)
(2.9)

With the same approximation:

vO,max ≈
VT
a

(
ln
(

1
ab

)
− 1
)
. (2.10)

Note that almost up to the maximum the slope equals one. Also:
vO,max

vI,max
= 1 + 1

ln(ab) , (2.11)

which is close to unity. To estimate the slope in the falling region we use the rule-
of-thumb that VBE ≈ 0.6 V and set vI = VBE/a. In this region the transistor
is actively biased as common-emitter amplifier. Assuming the output is still at
least few hundred millivolt above ground, so that e−vO/vT � 1, Eq. (2.6) is
approximated by:

vO ≈ vI − IsR eavI/VT . (2.12)
Specifically, for vO = vI/2:

IC = vI
2R

dvO
dvI

≈ 1− a R IC
VT

dvO
dvI

≈ 1− 0.6V
2VT

≈ −10.5 V/V

This shows that the slope in the descending region is rather high and to first
approximation independent of the voltage divider parameter a and b = IsR/VT .
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Figure 2.5: Fit of the measured response of the circuit in Fig. 2.4a to Eq. (2.3) resulting in
A = 0.98, B = 0.84 /V and n = 36.

2.2.2 Comparison to Mackey-Glass nonlinearity
Although the model Eq. (2.6) seems far removed from the Mackey-Glass system’s
nonlinearity, fitting the measured data of Fig. 2.4b to Eq. (2.3) yields a good
correspondence, as shown in Fig. 2.5. We find A = 0.98, B = 0.84 /V and
n = 36. However, exponents of n > 20 are rarely used in the Mackey-Glass
system. Therefore, the circuit must be altered so that the negative slope can be
less steep, accommodating lower exponent values.

2.2.3 Improved version
In Fig. 2.6a we show an improved version of this circuit, with a split collector
resistor. This results in a counter action from the output because the base
divider R1, R2 now doesn’t “see” the full input vI . In Fig. 2.6b we show PSPICE
simulation results for this circuit, indicating that for increasing values of Rc1 the
negative slope becomes less steep. This makes it possible to change the negative
slope resulting in a more moderate or even a tunable exponent of Eq. (2.3).
To analyze this circuit, we again assume that the current into the base voltage
divider is negligible. Defining:

r = Rc1
Rc1 +Rc2

, (2.13)
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Figure 2.6: (a) Tunable version of the transistor non-linearity. Ratio of Rc1 to Rc2 controls
the negative slope. (b) PSPICE Simulation results for R1 = R2 = 12 kΩ, Q is a BC547C
transistor, Rc2 = 1 kΩ and Rc1 = 0 Ω 1©, 750 Ω 2©, 1.5 kΩ 3©, 2.25 kΩ 4© and 3 kΩ 5© .

it follows that the voltage at the intersection of Rc1 and Rc2 is:

vX = vI (1− r) + rvO. (2.14)

Thus by replacing x by x(1 − r) + yr in Eq. (2.7), the response approximately
follows:

y = x− b ea(x(1−r)+y r) (1− c e−y) , (2.15)

with b = Is(Rc1 +Rc2)/VT and c = 1/αR.

We will not use this rather unwieldy equation and instead just treat the circuit
as an approximation of Eq. (2.3). Fig. 2.7a shows a PSPICE simulation (full
line) of the circuit with Rc1 = Rc2 = 1 kΩ, R1 = R2 = 12 kΩ and Q a BC547C
transistor and the curve (dashed line) resulting from a fit of this response to
Eq. (2.3), yielding A = 0.98, B = 0.60 /V and n = 5.8. In Fig. 2.7b we show the
evolution of exponent n as a function of Rc1, while the other component values
are kept as above.
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Figure 2.7: (a) PSPICE simulation (full line) and fit to Eq. (2.3) (dashed line) of the circuit of
Fig. 2.6a with Rc1 = Rc2 = 1 kΩ, R1 = R2 = 12 kΩ and Q a BC547C. The fitting parameters
are A = 0.98, B = 0.60 /V and n = 5.8. (b) Evolution of exponent n in Eq. (2.3) for increasing
values of Rc1.

2.2.4 Application in an iterated map
As an example, we have used this nonlinear circuit in a demonstration of chaos
in iterated maps, reminiscent of the iterated logistic map. Fig. 2.8 shows our
implementation of xk+1 = f(xk) in analog circuitry. The circuit is powered
by 12 V and the clock frequency is chosen as 10 kHz. When the clock signal is
low, switch S1 is open and switch S2 is closed. The voltage on C2 is buffered
by U1 and applied to the nonlinearity. The output of the nonlinear function is
amplified by U2 with a factor η = 1 +R3/R4 and stored in C1. Then, when the
clock signal goes high, switch S1 is closed and switch S2 opened, resulting in the
copying of the voltage of C2 onto C1. Buffer U3 avoids that C1 is loaded down
by C2. As such the circuit implements:

Vk+1 = η A Vk
1 + (B Vk)n

, (2.16)

with η = 1...10 and A, B, n as in Fig. 2.7a. The origin is unstable for loop gains
ηA above unity. In Fig. 2.9a we show an example of the periodical dynamics
obtained for lower gains (top trace, red). The lower trace (blue) shows the clock
signal. Here η = 4.9, resulting in period-3 behavior. Increasing the gain results
into chaos, as exemplified in the top trace of Fig. 2.9b for η = 6.7. To obtain this
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Figure 2.8: Circuit implementation of an iterated map Eq. (2.16) with the transistor non-
linearity of Fig. 2.6.

figure, we have set the persistence of the oscilloscope to infinite, and trigger the
trace as close to the maximum of the signal as possible, to show many overlapped
traces. Thus the overlapping traces start from nearly the same initial condition.
The dynamics quickly diverge after a few iterations. This is comparable to the
fast divergence of nearby initial conditions seen in the logistic map in Fig. 2.2a,
and is a hallmark of chaos.
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(a)

(b)

Figure 2.9: Oscilloscope screenshots of periodic (a) and chaotic (b) dynamics obtained from
the circuit in Fig. 2.8 for (a) η = 4.9 and (b) η = 6.7. In both figures the top trace (red) is
the voltage at the output of the amplifier U2, while the bottom trace (blue) shows the clock
signal.
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2.3 Conclusions
We briefly introduced the Verhulst logistic map and the Mackey-Glass equation,
which are well known nonlinear systems. Both of these systems rely on some
unimodal function. We have designed and discussed a novel analog circuit,
reminiscent of the unimodal function at the core of the Mackey-Glass equation.
The circuit has the advantage that both the exponent and the maximum are
tunable. As shown in Appendix A, it is straightforward to expand this circuit
to also work with negative input voltages. We apply the circuit in Chapter 7,
in a chaos based encryption system. It also appears in Chapter 9, as the core
nonlinearity for a mixed analog/digital delay line based reservoir computer.
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Chapter 3

A chaotic phase shift oscillator

IN this chapter we modify an otherwise standard one-transistor self-
biasing resistor-capacitor phase shift oscillator to induce chaotic oscil-

lations. The circuit uses only two transistors, no inductors, and is powered
by a single supply voltage. As such it is an attractive and low cost source
of chaotic oscillations for many applications. We compare experimental
results to PSPICE simulations, showing good agreement. A simplified
piecewise linear model is analyzed, and the chaotic dynamics are explained
to stem from hysteretic jumps between unstable equilibria around which
growing oscillations exist1.

3.1 Introduction
Recently the interest in chaotic systems has been revived following the advent
of novel and worthwhile applications. Chaotic systems are now being used for
so-called chaos encryption, in which data signals can be secured by hiding them
within a chaotic signal. Relying on chaos synchronization the original mes-
sages can then be safely recovered [3]. Also, the long-term unpredictability of
the chaotic signal makes these systems well suited for true random bit genera-
tion [4]. In robotics, chaotic signals are being used in neural control networks or
as chaotic path generators [5]. Finally, from a more fundamental point of view,

1Parts of this work were published in reference [1] and presented at the 2014 NOLTA
conference [2].
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CHAPTER 3. A CHAOTIC PHASE SHIFT OSCILLATOR

a shift in interest towards networks of interconnected chaotic unit cells can be
observed [6]. In all these applications, a need exists for flexible and preferably
low cost chaotic circuits. Discrete components are preferable over operational
amplifiers and specialized multiplier chips, the latter only being produced by a
few suppliers. Single supply and low voltage operation widen the applicability,
as does a broad easily tunable frequency range. Finally, using chaotic circuits
as units in large networks adds the condition that the couplings between these
units are dependable and stable. Requiring inductorless circuits will avoid such
difficulties.

Since the development of Chua’s circuit [7], there has been a considerable in-
terest in the construction of autonomous chaotic circuits. Well known circuits,
such as the Wien bridge oscillator, have been modified to produce chaos [8].
Often, these modifications involve the addition of an extra energy storage el-
ement such as an inductor at the right place, thereby adding a dimension to
a predominantly two-dimensional limit cycle oscillator. In other cases, notably
the Collpits oscillator [9], a chaotic regime is already present for certain values
of the design parameters. Others directly translate a known chaotic system of
differential equations to electronics. The necessary nonlinear terms are imple-
mented by using dedicated analog multipliers as in reference [10] or operational
amplifier based piece wise continuous functions [11]. Being able to avoid opera-
tional amplifiers and dedicated multipliers is a plus in terms of cost and circuit
complexity, as there is no connection between complexity -in terms of used parts-
of the circuit and complexity of the chaotic oscillations -in terms of measurable
quantitative properties such as entropy, attractor dimension, spectral content
etc. Therefore chaotic oscillators using minimal and more basic components as
in references [12] and [13] are desirable from an economic and logistic viewpoint.

Elwakil and Kennedy conjecture that every autonomous chaotic oscillator con-
tains a core sinusoidal or relaxation oscillator [14]. Accordingly, one can derive
a chaotic oscillator from any sinusoidal or relaxation oscillator. Motivated by
this, we set out to modify the well known resistor-capacitor (RC) phase shift
oscillator, described as early as 1941 in reference [15] to produce chaos. It has
been used previously as the basis for chaotic circuits. Hosokawa et al. report on
chaos in a system of two such oscillators, coupled by a diode [16]. They analyze
the system as two nonlinearly coupled linear oscillators. Ogorzalek describes a
chaotic phase shift oscillator based on a piecewise-linear amplifier built using op-
erational amplifiers, however the RC ladder is unmodified [17]. In our approach,
we use a transistor based phase shift oscillator to which a small subcircuit is
added, directly interacting with the RC ladder itself. The purpose of the sub-
circuit is to add a nonlinearity in the ladder. The attractiveness of the resulting
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3.2. CIRCUIT AND EXPERIMENTAL RESULTS

circuit lies in its simplicity and low cost and parts count. No specialized parts
such as dedicated multipliers or rare inductor values are needed. Neither the
component values nor the supply voltage is critical. The operation does not de-
pend on the dynamic properties of the active components, as is often the case in
even simpler chaotic circuits employing only one transistor. The main oscillating
frequency has a range of over five decades, from below 1 Hz up to several hundred
kilohertz, which can be reached by scaling the capacitors and/or resistors.

Additionally, the circuit has the attractive feature that the underlying core os-
cillator is clearly visible in the structure. This makes it a great introductory
pedagogical tool for students interested in chaos.

3.2 Circuit and experimental results
In Fig. 3.1a, we present the circuit that we have designed. It consists of a stan-
dard single-supply RC oscillator with an added subcircuit, within the dashed
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Figure 3.1: (a) A two-transistor chaotic phase shift oscillator. The components in the dashed
line box cause chaotic dynamical behavior in an otherwise standard self biasing phase shift
oscillator. Unless specifically stated otherwise, the components have the following values:
R = 10 kΩ, R1 = 5 kΩ, R2 = 15 kΩ, R3 = 30 kΩ, C = 1 nF, C2 = 360 pF, and VP = 5 V.
(b) Time trace of vCE1 (upper trace, red in color) and vCE2 (lower trace, blue in color) for
R4 = 44 kΩ.
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line box, interacting with the RC ladder. Since there is a direct current path
from collector to base of transistor Q1, the circuit is self biasing. Unless stated
otherwise, the following component values are used: R = 10 kΩ, R1 = 5 kΩ,
R2 = 15 kΩ, R3 = 30 kΩ, C = 1 nF, C2 = 360 pF. The transistors Q1 and
Q2 are of the type BC547C although these can be substituted by other general
purpose transistor types. Both the first resistor of the RC-ladder and the col-
lector resistor of transistor Q1, have been chosen equal to R/2. Recall that the
output resistance of a common emitter amplifier is roughly equal to the collector
resistor. In this way, the combined resistance equals R, thus forming the first
resistor of the ladder. The frequency at which the RC-ladder has 180◦ phase lag
necessary for oscillation, is then given by f =

√
6/2πRC ≈ 39 kHz. Due to the

loading of the last RC stage by transistor Q1’s base, the free running frequency
is shifted to 54 kHz. The subcircuit consisting of Q2, R2, R3, R4 and C2 is
responsible for the chaotic behavior.

We will show in Sec. 3.5 that the components within the dashed line box add an
equilibrium. In this equilibrium, transistor Q1 is biased as an active amplifier,
enabling oscillations. It is clear that for low R4 or low Vp, transistor Q2 will
not conduct and the circuit reduces to the unmodified phase shift oscillator.
The base oscillation frequency in the chaotic operating regime for R4 = 44 kΩ,
Vp = 5 V is approximately 44 kHz. The circuit consumes 3.1 mW at 5 V. In
Fig. 3.1b, we show the time trace of vCE1. The dynamical behavior consists
of jumps between two states of high and low voltage of the collector of Q2. In
between these jumps growing oscillations are observed on the collector of Q1.
Note that the collector voltage of Q2 has an almost binary distribution.

In Fig. 3.2a, we show an oscilloscope picture of vCE1 vs. vCE2 for R4 = 44 kΩ
and Vp = 5 V, from which the bistable oscillations around two unstable equilibria
are clearly visible. Fig. 3.2b and Fig. 3.2c, showing vCE1 vs. v2, and v1 vs. v2
respectively, also attest to this, where the openings or “eyes” of the attractor
indicate a possible unstable equilibrium at their center. Note that measurements
in the RC ladder further away from the collector of transistor Q1 deliver lower
signal voltages than signals more close to the collector, a trait which is inherited
from the embedded limit cycle oscillator.

We use the time series analysis package Tisean[18], to estimate the largest Lya-
punov exponent from a time series consisting of 50000 points of vCE1, repre-
senting 10 ms, as λ ≈ (0.045± 0.005) /µs. A positive Lyapunov exponent is a
strong indication of chaos. In Fig. 3.3a we show the power spectrum of vCE1.
This shows an overall broadband signature, which is typical for chaotic systems.
The main features of the spectrum are two distinctive peaks, close to 50 kHz,
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(a) (b) (c)

Figure 3.2: Attractor projections from the circuit for R4 = 44 kΩ, Vp = 5 V. (a) horizontal:
vCE1, 0.2 V/div, vertical: vCE2, 0.1 V/div, (b) horizontal: vCE1, 0.2 V/div, vertical: v2,
20 mV/div, (c) horizontal: v1, 0.1 V/div, vertical: v2, 20 mV/div.

and a peak near 13 kHz. The higher frequency peaks coincide with the mean
frequency of the oscillatory buildup around the eyes of the attractor. The lower
frequency peak is the result of the switching between the eyes, roughly once
every 4 periods. In Fig. 3.3b, we show a return map of vCE1, for those points in
time where vCE2 crosses its average in a decreasing manner: vCE2(t) = 〈vCE2〉
and v̇CE2 < 0. Such mappings can be derived for many chaotic systems. Struc-
tured regions are clearly seen, leading to a perceived one dimensional map. This
map crosses the 1st bisector at several points with an absolute slope above unity,
which is a trademark of instability.
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Figure 3.3: (a) Power spectrum of vCE1. (b) Return map of vCE1 for vCE2 = 〈vCE2〉,
v̇CE2 < 0 at Vp = 5 V and R4 = 44 kΩ, showing a portion with the structure of a diverging
one-dimensional mapping.
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CHAPTER 3. A CHAOTIC PHASE SHIFT OSCILLATOR

In Fig. 3.4, we show oscilloscope pictures of v1 vs. vCE1 for increasing values of
R4 at Vp = 5 V, indicating the evolution of the dynamical behavior from a simple
limit cycle to chaos. For R4 = 0 kΩ [Fig. 3.4a] the subcircuit is inactive such
that a simple limit cycles exists. Close to R4 = 30 kΩ [Fig. 3.4b] we see a period
doubling bifurcation. At R4 = 31.6 kΩ [Fig. 3.4c] a critical slowing down occurs
as shown by the point of high intensity on the analog oscilloscope picture. This
value marks the onset of a bistable operation, described further on. Subsequent
period doublings [Figs. 3.4d and 3.4e] lead to chaos as seen in Fig. 3.4f and
Fig. 3.4g. The attractor consists of oscillations around two unstable equilibria
with lower and higher average vCE1. The asymmetry between the upper and
lower opening of the attractors is caused by different average collector current
of transistor Q1, resulting in different gain. This asymmetry is seen regardless
of which projection is chosen. Further increase of R4 [Fig. 3.4i] leads to a period
halving sequence.
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(a) R4 = 0 kΩ. (b) R4 = 30 kΩ. (c) R4 = 31.6 kΩ.

(d) R4 = 33 kΩ. (e) R4 = 37.5 kΩ. (f) R4 = 39.5 kΩ.

(g) R4 = 44 kΩ. (h) R4 = 70 kΩ. (i) R4 = 75 kΩ.

Figure 3.4: The route to chaos. Horizontal: vCE1, vertical: v1 for increasing values of R4 at
Vp = 5 V. The asymmetry between the upper and lower “eye” of the attractors is caused by
different average collector current of Q1, resulting in different gain.
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3.3 PSPICE simulation
We use PSPICE [19] simulations to further explore the parameter space of the
circuit numerically. For reference, the PSPICE script can be found in List-
ing B.1 in the appendix. In Fig. 3.5, a three dimensional plot of a PSPICE
simulation, generated from a 5 ms long time series in 100 ns increments, with
the variables vCE1, vCE2 and v1 is shown. Color intensity coding indicates time
from orange (beginning of the simulation) to light yellow (near the end of the
simulation). One can clearly identify the bistable nature of the circuit in this
operating regime. A projection on the vCE1-v1 plane is shown for comparison
with Fig. 3.4g, indicating good agreement with the experiment. In Fig. 3.6,
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Figure 3.5: A three dimensional view of the attractor at Vp = 5 V and R4 = 44 kΩ. Color
intensity indicates time during the simulation, from orange at the beginning of the simulation,
to light yellow, near the end of the simulation.

we plot orbit diagrams of vCE1 as a function of the bifurcation parameter R4
[Fig. 3.6a], C2 [Fig. 3.6b] and Vp [Fig. 3.6c], while the other parameters are fixed
at R4 = 44 kΩ, C2 = 360 pF, Vp = 5 V. Fig. 3.6a shows the orbit diagram for
bifurcation parameter R4, where the dynamics start for low values R4 < 40 kΩ
with a limit cycle, rapidly evolving to chaos at R4 ≈ 45 kΩ through period dou-
bling bifurcations. The chaotic dynamical behavior are interspersed with small
periodic windows, indicating the possible co-existence of a chaotic attractor with
a limit cycle. Similar results can be obtained by varying R3 while keeping other
parameters fixed.

The large periodic window in Fig. 3.6a was found to be narrower in the exper-
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(a) (b)

(c)

Figure 3.6: Orbit diagrams generated from PSPICE data. (a) over R4 with V p = 5 V and
C2 = 360 pF, (b) over C2 with V p = 5 V and R4 = 44 kΩ, (c) over Vp for C2 = 360 pF and
R4 = 44 kΩ.

iments. This is probably due to a mismatch between the PSPICE model used
for the transistors and the actual components. In general it must be noted that
the location of the features in these plots is quite dependent on the transistor
model, even for the same type of transistor, as these models differ somewhat per
manufacturer. Although in our experiments C2 was fixed at 360 pF, Fig. 3.6b
shows that there are other possible values which result in chaotic dynamics. Fi-
nally, Fig. 3.6c indicates that the circuit can produce chaos over a wide range of
supply voltages as confirmed in our experiments.
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3.4 Model and simplification
The circuit of Fig. 3.1a is described by:

RC
dv1

dt
= − v1

(
1 + R

R1
− RR3

R1(2R3 +R1)

)
(3.1)

+ v2 + RR3

2R3 +R1

(
Vp
R1
− iC1 + vBE2

R3

)
RC

dv2

dt
= − 2v2 + v1 + vBE1 − iC2R, (3.2)

RC
dvBE1

dt
= − vBE1 + v2 − iB1R, (3.3)

(2R3 +R1)C2
dvBE2

dt
= − vBE2

(
2 + 2R3 +R1

R4

)
(3.4)

+ v1 + Vp − iC1R1

− iB2 (2R3 +R1) .

The currents iB1,2 and iC1,2 are determined by the transistor model applied
and are a function of the base-emitter and collector voltages. These form the
nonlinearities in the circuit:

iB,i = iB,i (vBE,i; vCE,i) , (3.5)
iC,i = iC,i (vBE,i; vCE,i) , (3.6)

with i = 1, 2. Note R2 is absent from Eqs. (3.1)-(3.4), however since vCE2 =
v2 − iCE2R2, current iC2 is influenced by R2.

We now simplify the model so that it is easier to analyze yet still qualitatively
captures the experimentally observed behavior. Firstly, the base currents iB1,2
are assumed to be of negligible influence. Secondly, we assume that the current
throughR3 is much smaller than the current going to the RC ladder, thusR3 does
not load the collector of transistor Q1 down very much. Under the assumptions
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3.4. MODEL AND SIMPLIFICATION

iB1,2 = 0, R3 � R1, the system Eqs. (3.1)-(3.4) reduces to:

RC
dv1

dt
= − v1

(
1 + R

2R1

)
+ v2 + Vp

R

2R1
− iC1

R

2 , (3.7)

RC
dv2

dt
= − 2v2 + v1 + vBE1 − iC2R, (3.8)

RC
dvBE1

dt
= − vBE1 + v2, (3.9)

R3C2
dvBE2

dt
= − vBE2

(
1 + R3

R4

)
+ v1

2 + Vp
2 − iC1

R1

2 . (3.10)

Thirdly, to verify that the experimentally observed chaotic behavior does not
rely on dynamic effects in the transistors themselves, we employ a drastically
simplified and static piecewise linear transistor model:

iC1 =

min
(
GM1 (vBE1 − VT1) , Vp + v1

R1

)
, vBE1 > VT1

0 , vBE1 < VT1

(3.11)

iC2 =

min
(
GM2 (vBE2 − VT2) , v2

R2

)
, vBE2 > VT2

0 , vBE2 < VT2.
(3.12)

This transistor model, shown in Fig. 3.7, has three distinct regions: a cut-off
region where vBE < VT , an active region where there is gain GM , and a saturated
region. In this simplified model, we set the threshold of conduction voltage VT1,2
equal for both transistors at VT = 0.6 V. The collector saturation currents in
Eqs. (3.11)-(3.12) are chosen such that the collector to emitter voltages do not

~G

v
BE

saturation

VT

i
C

M

Figure 3.7: Extremely simplified piecewise linear transistor model of Eq. (3.11)-(3.12).
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Figure 3.8: (a) vCE1 (top trace, red) and vCE2 (bottom trace, blue) via numerical integration
of Eqs. (3.7)-(3.10) using the piece-wise linear transistor model of Eqs. (3.11)-(3.12), with
R4 = 44 kΩ and Vp = 5 V. (b) Attractor plot for the same parameters.

become negative. The proposed model of Eqs. (3.11)-(3.12) is linear in the active
region, therefore we must find large scale average transconductancesGM1,2 which
are valid over this entire region. Good values of these parameters are estimated
as follows. From the PSPICE simulations, we derive the average small signal
transconductances gm1,2 of the transistors at Vp = 5 V and R4 = 44 kΩ, while
they are in the active region. These are: gm1 ≈ 32 mA/V and gm2 ≈ 1.0 mA/V.
However, simulation results closer to the experimental results are obtained by
using a lower value for GM1. This is due to the fact that Q1 is close to saturation
for a good portion of time, such that a positive voltage change on the base is
amplified less than a negative one. We therefore set GM1 = 16 mA/V and
GM2 = 1 mA/V in the following simulations.

Fig. 3.8a shows a time series of vCE1 and vCE2 from a simulation of the sim-
plified system Eqs. (3.7)-(3.12), for R4 = 44 kΩ and Vp = 5 V. The simulation
was performed using the ODE solver available in the Python Scipy package.
Note the almost binary distribution of the collector voltage vCE2 of transistor
Q2, also seen in the experiment, Fig. 3.1b. Qualitatively, we regain the same
bistable oscillations for vCE1 as in the experiment. In Fig. 3.8b we show a
three-dimensional view of vCE1, vCE2 and v1 corresponding to the results of the
PSPICE simulation in Fig. 3.5. This shows the general shape of the attractor is
preserved by the simplified model.
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3.5. ANALYSIS OF THE SIMPLIFIED SYSTEM

As a side note, setting unequal thresholds in Eqs. (3.11)-(3.12), for example
VT1 = 0.5 V and VT2 = 0.6 V, yields simulation results even closer to the exper-
iment, at the cost of a more involved analysis.

3.5 Analysis of the simplified system
We nondimensionalize the simplified system of Eqs. (3.7)-(3.12) as follows:

x = v1 − VT
VT

, y = v2 − VT
VT

, z = vBE1 − VT
VT

, (3.13)

u = vBE2 − VT
VT

, t′ = t

RC
, τ = R3C2

RC
= 1.08, (3.14)

a = Vp
VT

= 5
0.6 , b = 1 + R3

R4
, (3.15)

α = GM1R1 = 80, β = GM2R = 10. (3.16)

yielding:

ẋ = − 2x− 1 + y + a− hα (z, 1 + a+ x) , (3.17)

ẏ = − 2y + x+ z − hβ
(
u,

2
3(y + 1)

)
, (3.18)

ż = − z + y, (3.19)

τ u̇ = − ub− b+ a

2 + 1
2 + x

2 −
1
2hα (z, 1 + a+ x) , (3.20)

with hα and hβ shorthand notations for the piece-wise linear functions defined
as:

hγ(x,y) =
{

min (γx, y) , x > 0
0 , x ≤ 0 (3.21)

The Jacobian is given by:

J =


− 2− ∂xhα 1 − ∂zhα 0

1 − 2− ∂yhβ 1 − ∂uhβ
0 1 −1 0

1
2τ −

∂xhα
2τ 0 − ∂zhα

2τ − b

τ

 . (3.22)

Using the Jacobian, we numerically determine the full Lyapunov spectrum as
shown in Fig. 3.9a, employing the method described in reference [20]. The
hallmark of chaos, a region with a positive largest exponent is seen for b ≈ 1.42
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Figure 3.9: Lyapunov spectrum (a) and orbit diagram (b) for the nondimensionalized sim-
plified system of Eqs. (3.17)-(3.21).

to 1.78, corresponding to R4 ≈ 38 kΩ...71 kΩ. For b = 1.68 or R4=44 kΩ, we
have λ ≈ 0.029 /µs. This is comparable to the result obtained with TISEAN
(λ = 0.045 /µs) earlier. To complement Fig. 3.9a, we also show the orbit diagram
for x with bifurcation parameter b in Fig. 3.9b. A region of chaos is entered
through a series of period doubling bifurcations, comparable to the PSPICE
based orbit diagram of vCE1 for parameter R4 in Fig. 3.6a.

We now turn our attention to the behavior of Eqs. (3.17)-(3.21) in the vicinity
of the fixed points. Here we can take full advantage of the piece-wise linear
approximation of the transistor functions by considering distinct regions in phase
space where the dynamical behavior is governed by linear differential equations.
These regions are determined by transistor Q2 being non-conducting (region 1,
hβ = 0), conducting (region 2, hβ = βu) or saturated [region 3, hβ = 2(y+1)/3].
In equilibrium transistor Q1 is always conducting, i.e. z always has values such
that hα(z, 1 + a+ x) = αz. Assuming otherwise leads to contradictions. Hence,
our analysis is valid close to the equilibrium points. We will now discuss each
region separately.
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3.5. ANALYSIS OF THE SIMPLIFIED SYSTEM

region 1, hβ = 0 (u < 0):
In this region, transistor Q2 is non-conducting or u < 0. If b > bcrit1 = (a +
α)/(1 + α) ≈ 1.091 or R4 < 331 kΩ, there exists a fixed point given by:

x∗− = y∗− = z∗− = a− 1
1 + α

, (3.23)

u∗− = − 1 + 1
b

a+ α

1 + α
. (3.24)

Near equilibrium the system behaves as:

ẋ = − 2x− 1 + y + a− αz, (3.25)
ẏ = − 2y + x+ z, (3.26)
ż = − z + y, (3.27)

τ u̇ = − ub− b+ a

2 + 1
2 + x

2 −
1
2αz. (3.28)

The system thus decouples into a third order system (ẋ, ẏ, ż) = ~f(x, y, z) and a
driven first order system u̇ = g(u, x, z). The eigenvalue equation is:(

b

τ
+ λ

)(
λ3 + 3λ2 + 4λ+ 1 + α

)
= 0. (3.29)

The first eigenvalue is related only to the driven system and is given by:

λ1 = − b

τ
= − 1 +R3/R4

R3C2/RC
(3.30)

The eigenvalues of this equilibrium at b = 1.68 or R4 = 44 kΩ, corresponding to
Fig. 3.4g are:

λ1 = − 1.56, λ2 = − 6.16, (3.31)
λ3 = 0.58 + ı3.58, λ4 = 0.58− ı3.58, (3.32)

showing that this equilibrium is an expanding spiral. Hence, the expanding spiral
is driving the dynamics of u. When u crosses zero, the dynamical behavior will
enter region 2.
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region 2, hβ = βu:
In this region transistor Q2 is actively conducting but not saturated: 0 < u <
usat. Near equilibrium the system behaves as:

ẋ = − 2x− 1 + y + a− αz, (3.33)
ẏ = − 2y + x+ z − βu, (3.34)
ż = − z + y, (3.35)

τ u̇ = − ub− b+ a

2 + 1
2 + x

2 −
1
2αz, (3.36)

The position of the equilibrium is given by:

u∗0 = −b(1 + α) + a+ α

b(1 + α)− β
2 (3α− 1)

, (3.37)

y∗0 = z∗0 = 1
1 + α

(a− 1− 2βu∗0) , (3.38)

x∗0 = y∗0 − βu∗0. (3.39)

The saturation value usat does not depend on b, but depends on the dynamical
behavior through y. At the equilibrium, it is given by

usat = 2
3
y + 1
β

= 1
β

2a+ 2α
3α+ 7 ≈ 0.072. (3.40)

Using this result, we can prove that the equilibrium exists for

bcrit1 < b < bcrit2 = 6β(a+ α)
2a+ 2α+ 3αβ + 7β ≈ 2.0025, (3.41)

The dynamical behavior in region 2 is governed by the full four-dimensional
system, and numerical evaluation of its eigenvalues for b = 1.68 yields:

λ1 = −2.76, λ2 = −8.98, (3.42)
λ3 = 2.59 + ı6.56, λ4 = 2.59− ı6.56. (3.43)

which is again an expanding spiral. When the dynamical evolution of u reaches
usat, the system moves into region 3 of the phase space. If u drops below zero,
the system can also return to region 1.
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3.5. ANALYSIS OF THE SIMPLIFIED SYSTEM

region 3, hβ = 2
3(y + 1):

In this region Q2 is saturated or u > usat. There exists a fixed point if b < bcrit2.
The position of this fixed point is given by:

x∗+ = 5a+ 2α− 7
3α+ 7 , (3.44)

y∗+ = z∗+ = 3a− 7
3α+ 7 , (3.45)

u∗+ = − 1 + 1
b

(
a+ α

1 + α
+ a+ α

3α+ 7
3α− 1
1 + α

)
. (3.46)

Near this equilibrium the system is then represented by:

ẋ = − 2x− 1 + y + a− αz, (3.47)

ẏ = x− 8y
3 + z − 2

3 , (3.48)

ż = − z + y, (3.49)

τ u̇ = − ub− b+ a

2 + 1
2 + x

2 −
1
2αz, (3.50)

As in the first region, the full system decouples in a third order system and a
separate driven first order system. The eigenvalues follow:(

b

τ
+ λ

)(
λ3 + 17λ2

3 + 8λ+ α+ 7
3

)
= 0. (3.51)

The first eigenvalue is also given by (3.30) and is only related to the driven
system. The eigenvalues at this equilibrium for b = 1.68 are:

λ1 = − 1.56, λ2 = − 6.42, (3.52)
λ3 = 0.38 + ı3.56, λ4 = 0.38− ı3.56, (3.53)

showing that this fixed point is also an expanding spiral. The chaotic dynamical
behavior as presented in Figs. 3.1b and (3.8a) can now be understood from the
analysis above in the three regimes. It is clear that the circuit is constantly
hopping between region 1 and region 3, with a fast passage through region
2. Hence, vCE2 is always relatively constant in the regions where Q2 is either
non-conducting or saturated. As predicted by the analysis, vCE1 develops grow-
ing oscillations (an expanding spiral in phase space), each time when u crosses
through zero or through usat a hop will be observed and new oscillations will
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emerge which will grow until the next hop. Using the three linear systems de-
rived above, the full chaotic dynamics can be reconstructed and analyzed in
more detail. This is the strength of piece-wise linear approximations. However
we did not perform this analysis yet. Rather, we have proven that in regions 1
and 3, the system can be seen as a third-order system with unstable oscillations,
which is driving a rather stable one-dimensional system. To obtain more insight,
we will analyze the dynamics of this “hidden” one-dimensional circuit.

3.5.1 The hidden bistable circuit
Intuitively, the circuit can be understood as a Schmitt-trigger, combined with an
oscillator as follows. If one removes capacitors C from Fig. 3.1a, as in Fig. 3.10,
one ends up with a circuit in which there is only one energy storing element,
C2. Thus this circuit is described by a first order differential equation. The
fixed points of this one dimensional circuit are the same as the fixed points of
the original four dimensional circuit, which we have derived above. Therefore,
it is reasonable to analyze the fixed points of this one-dimensional circuit and
in the process investigate their character for the full four dimensional system.
Often when a circuit shows bistability, at least in one of the states the active
components are either saturated or non-conducting such that there is no gain

B1i
vCE1 2vv

BE1v

iB2

v
CE2

Q2

R2R3

R4 C2

BE2
v

Vp

R1

Q1

1

R RR1

Figure 3.10: The reduced circuit. By removing the capacitors C associated with the oscillator
in Fig. 3.1a, the embedded bistable circuit becomes visible.
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3.5. ANALYSIS OF THE SIMPLIFIED SYSTEM

available to support oscillation. We now show that transistor Q1 has gain in
both states. Consider the circuit with capacitors C removed as described above
(hereafter called the “reduced” circuit). Intuitively, if vBE2 < VT ≈ 0.6 V, Q2 is
not conducting, then vCE1 ≈ vBE1 ≈ VT . If by some external disturbance or a
variation of R4, vBE2 rises above VT , Q2 will begin to conduct. Consequently
vBE1 decreases, resulting in an increase of vCE1, increasing vBE2, etc. until Q2
is saturated. At this point, with the choice of components where R1 +R = R2,
we have vCE1 ≈ 2VT . Thus, there are two states, distinguished by Q2 being
either conducting or not, while Q1 is biased as an active amplifier in both states.
These states are stable for the reduced circuit of Fig. 3.10. For the full circuit
however, as we have shown above, these states are not stable, but form the
centers of oscillations. Indeed both experimentally and in the simulations we
find that transistor Q2 is most of the time either non conducting or saturated,
as shown in Fig. 3.1b. Setting ẋ = ẏ = ż = 0 and reordering the expressions
yields:

x = a− 1− hβ
(
u,

2
3(y + 1)

)
− hα(z, 1 + a+ x), (3.54)

y = a− 1− 2hβ
(
u,

2
3(y + 1)

)
− hα(z, 1 + a+ x), (3.55)

z = y. (3.56)

Note that the evolution of the reduced circuit is then given by (3.54)-(3.56) and:

τ u̇ = − ub− b+ a+ α

1 + α
+ hβ

(
u,

2
3(y + 1)

)
3α− 1
2α+ 2 . (3.57)

In regions 1 and 3, it was already shown that the full system decoupled to a 3D
system driving a 1D system, corresponding to the hidden bistable circuit that
we are investigating here. The fixed points in these regions of the full system
coincide with the fixed points of Eq. (3.57) and the associated eigenvalue of
Eq. (3.57) was already obtained as λ1 = −b/τ . So the fixed points in regions
1 and 3 are stable and attracting for the hidden bistable circuit. In region
2, however, the full system does not decouple into a 1D circuit driven by 3D
oscillations. Nevertheless, the dynamical behavior of the hidden bistable circuit
will provide insight into the evolution of the full circuit. In region 2, Eq. (3.57)
reads:

τ u̇ = − u
[
b− β

2

(
3α− 1
α+ 1

)]
− b+ a+ α

1 + α
, (3.58)
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which is an ascending straight line if:

b <
β

2

(
3α− 1
α+ 1

)
≈ 14.75. (3.59)

or R4 > 2.18 kΩ. At b = 2.0025 or R4 = 29.925 kΩ, the unstable equilibrium
is born together with a stable equilibrium in a saddle-node bifurcation. This
implies that these equilibria then also are born for the full four dimensional
system, and more so for the same value of b. At this point, we expect a homo-
clinic bifurcation to occur in the full system. Experimental evidence of this is
seen in Fig. 3.4c (R4 = 31.6 kΩ), where the point of increased intensity on the
oscilloscope screen indicates a critical slowing down.

The phase plot of u for the reduced circuit for several values of b is shown in
Fig. 3.11a. It consists of three distinct straight-line regions. Where these straight
lines cross zero, we have a fixed point of this one dimensional circuit and thus
also of the full chaotic oscillator circuit. Fig. 3.11b shows the fixed points of the
reduced circuit as a function of parameter b of the bistable circuit. Varying R4,
corresponding with parameter b in the circuit of Fig. 3.10 indeed experimentally
results in a hysteresis loop. The subcircuit built around transistor Q2 adds fixed
points such that bistability exists for a range of values of the parameter b in the
reduced circuit. The added equilibria then not only exist in the reduced circuit,
but also in the full four-dimensional oscillator. These equilibria are the centers
around which oscillations build up. Hopping from region 1 to region 3 via region
2, as seen in Fig. 3.1b e.a., then leads to chaotic dynamics.
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Figure 3.11: (a) Phase plot for the one-dimensional reduced circuit of Fig. 3.10. For a range
of b values, a bistability exists. The added equilibria then also exist in the full four-dimensional
oscillator circuit, leading to chaotic bistable oscillations. The value of b = 1.7, corresponding
to R4 = 44 kΩ is shown as a full red line. See Fig. 3.4g for an oscilloscope picture of the
corresponding chaotic dynamical behavior. (b) Stable (full red line) and unstable (dashed
line) fixed points as a function of parameter b of the reduced circuit, showing bistability.
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3.6 Conclusions
A chaotic oscillator derived from a self biasing discrete resistor-capacitor ladder
oscillator has been introduced. The circuit does not need specialty components
such as multipliers, is inductorless and operates from a single supply voltage.
It has a wide frequency range which can be chosen by scaling the capacitors
and/or resistors. None of the component values are critical. Therefore it is
suited for many applications such as robotics, random number generators and
chaos encryption. Being inductorless and thus avoiding hard-to-manage mag-
netic couplings between nearby units, it also lends itself well for research into
the dynamics of chaotic networks and chaos synchronization. PSPICE simula-
tions confirm the chaotic dynamics found experimentally. Intuitively the circuit
can be understood as an oscillator modified such that growing oscillations exist
around two unstable fixed points, with hysteretic jumping between them. Anal-
ysis with a simplified transistor model shows that the addition of the subcircuit
consisting of Q2, R2...4 and C2 to the oscillator adds an extra fixed point around
which oscillations are present if 1.091 = bcrit1 < b < 2.0025 = bcrit2, correspond-
ing to 29.9 kΩ < R4 < 331 kΩ. The dynamics then consist of chaotic jumping
between these two states. Experimentally, the jumping point at b = 1.091 was
seen for higher values. This is explained by the fact that in practice the thresh-
old voltage of transistor Q2 should be taken lower in the simplified model than
that of transistor Q1, since on average Q2 conducts less current. However this
makes the analysis much more involved.

The above reasoning points towards the following “design guideline”, which was
constructed in hindsight, for inducing chaos in this type of oscillator:
Starting from a standard oscillator, remove the energy storing elements in such
a way that biasing is not influenced, i.e. open the capacitors and short the induc-
tors. Then add a one-dimensional subcircuit such that an additional equilibrium
is introduced in this reduced circuit, in such a way that the active elements show
sufficient gain for oscillation around both the added and the original equilibrium.
Reintroducing the original energy storing elements of the oscillator is then likely
to lead to complex dynamics.
The difficulty in applying above guideline in the present case is that bias levels
and gain are not independent. This could be solved by interchanging the re-
sistors and capacitors of the RC ladder and providing bias to Q1 separately. It
remains to be tested if this design guideline can be applied successfully to induce
chaos in other types of oscillators.

In Chapter 9, we apply this oscillator as input to a reservoir computer, pro-
grammed with the task of predicting the chaotic signal in real-time.
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Chapter 4

Dissipative chaos and bursting
oscillations in a three-dimensional

autonomous system

A three-dimensional autonomous chaotic system is presented and phys-
ically implemented. Some basic dynamical properties and behaviors

of this system are described in terms of symmetry, dissipative system, equi-
libria, eigenvalue structures, bifurcations and phase portraits. By tuning
the parameters, the system displays chaotic attractors of different shapes.
For specific parameters, the system exhibits periodic and chaotic burst-
ing oscillations which resemble the conventional heart sound signals. The
corresponding electronic circuit is designed and implemented, exhibiting
experimental chaotic attractors in accord with numerical simulations.

4.1 Introduction
This chapter is based on the work in Ref. [1], which was done in collaboration
with Dr. S. T. Kingni who performed the analysis. My part of the work consisted
of designing the electronic circuit, used to verify the analysis.

Since Lorenz discovered chaos in a simple system of three autonomous ordinary
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differential equations in order to describe the simplified Rayleigh-Benard prob-
lem in 1963 [2], chaos has been found in many other systems and has great po-
tential use in many technological disciplines, such as in information and commu-
nication technologies, flow dynamics, biomedical system analysis, and so on [3].
Systems such as that of Lorenz are described by a set of three differential equa-
tions quadratic flow of three dynamical variables x, y, and z whose time deriva-
tives, equivariant under the action of the rotation through π radian around the
z-axis are functions having linear and nonlinear terms depending on x, y, and
z. It is notable that the Lorenz system has seven terms on the right-hand side,
two of which are nonlinear xz and xy. The nonlinear characteristics and basic
dynamic properties of the Lorenz system are well studied by many papers and
monographs [4, 5]. In 1976, Rössler constructed a three-dimensional quadratic
autonomous chaotic system [6], which also has seven terms on the right-hand
side, but with only one quadratic nonlinearity xz. Obviously, the Rössler sys-
tem has a simple algebraic structure as compared to the Lorenz system. It was
believed that the Rössler system might be the simplest possible chaotic flow,
where the simplicity refers to the algebraic representation rather than the physi-
cal process described by the equations or the topological structure of the strange
attractor. In 1980, Shimizu and Moriko [7], while studying the bifurcation of
a symmetric limit cycle to an asymmetric one, proposed an ad hoc model of
the Lorenz equations in the limit of large Rayleigh number. This system has a
simple algebraic structure but remains chaotic. The corresponding vector field
contains six terms including two quadratic nonlinearities (xz and x2), and one of
them is different from those of the Lorenz system. In 1992, Rucklidge [8] derived
a chaotic model of magneto-convection using the fifth-order truncation of partial
differential equations due to Knobloch et al. [9]. The corresponding equations
after permutation of x and y in order to obtain a canonical form have the same
general algebraic structure as the Shimizu-Moriko one, but with different co-
efficients. In 1994, after a numerical examination of general three-dimensional
autonomous ordinary differential equations with quadratic nonlinearities, Sprott
found 19 algebraically simple chaotic systems with either five terms and two non-
linearities or six terms and one nonlinearity [10]. Two of these systems (Sprott
A and C) belong to the generalized Lorenz-like system form and they have two
nonlinearities including at least x2 or y2 . It is noticed that the Rössler at-
tractors and some of Sprott’s attractors are all topologically simpler than the
2-scroll Lorenz attractor. Furthermore, Sprott’s attractors behave similarly in
that they all tend to resemble the single-fold band structure of the Rössler at-
tractor. In 2004, Liu et al. [11] proposed a new three-dimensional autonomous
chaotic system, which relies on two quadratic nonlinearities including x2 and
xz to introduce the nonlinearity necessary for folding trajectories. The chaotic
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attractor obtained from this new system, according to the detailed numerical as
well as theoretical analysis, is also butterfly-shaped, but not equivalent to the
Lorenz attractor [5]. In 2008, Malasoma [12], introduced a Lorenz-like system
with five terms including two quadratic nonlinearities: xz and x2 and exhibiting
chaotic behavior. Of particular interest is the fact that this new chaotic flow
generates one-scroll non-butterfly shaped chaotic attractor surrounding two off-
axis equilibria points. To the best of our knowledge, the only known examples of
chaotic Lorenz-like flows with only two quadratic nonlinearities including at least
x2 or y2 when written in canonical form are the systems presented in Refs. [7, 8]
and Refs. [10–12].

In this chapter, we propose a new three-dimensional autonomous chaotic system
with seven terms on the right-hand side, but which only relies on two quadratic
nonlinearities, namely, xz and x2. Nonlinear dynamic properties of this three-
dimensional autonomous system are studied by means of nonlinear dynamics
theory, numerical simulation, bifurcation diagram, Lyapunov exponents, phase
portraits, and time traces. The existence of the heteroclinic/homoclinic orbits
can be proven by many methods [13–19] such as Lyapunov-like function [13–15]
or undetermined coefficients method [15–19]. In Ref. [1], we demonstrate the
existence of the Shilnikov heteroclinic orbits in the system by using the undeter-
mined coefficients method, which is presented by Zhou et al. [16], and successfully
used in the Chen system, the Lü and Chen system [17], the T system [18], and
the generalized Lorenz canonical form system [19]. Finally, the electronic circuit
realizing the proposed system is implemented and demonstrated.

4.2 Theoretical analysis
In this section, we introduce a three-dimensional autonomous system which is
inspired by the system proposed in Refs. [7, 8, 10–12] as follows:

dx

dt
= a′(−x+ y), (4.1)

dy

dt
= e′xz − c′y, (4.2)

dz

dt
= b′ − f ′x2 − d′z, (4.3)

where x, y and z are state variables, t is the time, and a′ , b′ , c′ , d′ , e′ and f ′ are
real parameters assuming that a′ 6= 0. The system Eqs. (4.1)-(4.3) depends on
six coefficients, but these arbitrary coefficients can be reduced to three unknown
coefficients by rescaling the variables x, y, z and time t. Indeed, by using the
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following rescaling transformations of the three variables and time:

x̃ = (e′f ′)1/2x/a′, ỹ = (e′f ′)1/2y/a′, z̃ = e′z/a′, t̃ = a′t, (4.4)

we obtain after removing the tilde over the variables x, y, z and time t, the
three-parameters system:

dx

dt
= −x+ y, (4.5)

dy

dt
= xz − cy, (4.6)

dz

dt
= b− x2 − dz, (4.7)

with b = e′b′/a2, c = c′/a′ and d = d′/a′.

4.2.1 General characteristics
In the following, some basic properties of system Eqs. (4.5)-(4.7) are analyzed.

Symmetry and invariance

It is apparent that the system Eqs. (4.5)-(4.7) has a natural symmetry about
the z-axis under the following transformation:

S(x, y, z)→ (−x,−y, z) (4.8)

Dissipative character

To ensure that system Eqs. (4.5)-(4.7) is chaotic, the general condition for dis-
sipation should be considered, i.e.,

~∇ · ~V = ∂(dx/dt)
∂x

+ ∂(dy/dt)
∂y

+ ∂(dz/dt)
∂z

= −(1 + c+ d). (4.9)

Thus, for 1 + c + d > 0, system Eqs. (4.5)-(4.7) is dissipative. It means
that a volume element V (t0) is contracted by the flow into a volume V (t) =
V (t0)e−(1+c+d)t. That is, each volume containing the system orbit shrinks to
zero as t→ +∞ at an exponential rate ~∇ · ~V = −(1 + c+ d), which is indepen-
dent of system states. Consequently, all system orbits will ultimately be confined
to a specific subset of zero volume and the asymptotic motion settles onto an
attractor. Then the existence of an attractor is proven.
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Linear stability of equilibria

The equilibria of the system Eqs. (4.5)-(4.7) are the solutions of the following
algebraic equations:

− x+ y = 0, (4.10)
xz − cy = 0, (4.11)

b− x2 − dz = 0. (4.12)

When b−cd ≤ 0 and d 6= 0, system Eqs. (4.5)-(4.7) has a unique equilibrium E0 =
(0, 0, b/d); when b − cd > 0 and d 6= 0, besides E0 , system Eqs. (4.5)-(4.7) has
still two equilibria E1 = (

√
b− cd,

√
b− cd, c) and E2 = (−

√
b− cd,−

√
b− cd, c)

. The matrix of partial derivatives of the system of differential equations at an
equilibrium E∗ = (x∗, y∗, z∗) is the Jacobian matrix:

DF(x∗,y∗,z∗) =

 −1 1 0
z∗ −c x∗

−2x∗ 0 −d

 . (4.13)

The characteristic equation is:

f(λ) = λ3 + (1 + c+ d)λ2 + (c+ d+ dc− z∗)λ+ cd+ 2(x∗)2 − dz∗ = 0. (4.14)

For the equilibrium E0 = (0, 0, b/d), the characteristic equation is:

f0(λ) = λ3 + (1 + c+ d)λ2 + (c+ d+ dc− b/d)λ+ cd+−b = 0, (4.15)

and the eigenvalues are:

λ1 = −d
λ2 = −(1 + c) +

√
(1− c)2 + 4b/d/2,

λ3 = −(1 + c)−
√

(1− c)2 + 4b/d/2. (4.16)

Since λ1, λ3 < 0 and λ2 > 0, the equilibrium E0 is an unstable saddle point for
the system Eqs. (4.5)-(4.7).

In the following, consider the stability of the system at the fixed points E1
and E2. Because the system is invariant under the transformation S, stability
of E1 and E2 can be calculated similarly. So, one only needs to consider the
stability of any one of them. The stability of the system at the fixed point
E1 is analyzed. Next, substituting the equilibrium E1 in Eq. (4.14) yields the
following characteristic equation:

f1(λ) = λ3 + (1 + c+ d)λ2 + d(1 + c)λ+ 2(b− dc) = 0. (4.17)
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The exact value of the eigenvalues is obtained by using Cardano’s method for
solving the characteristic equation Eq. (4.17). Letting λ = µ − (1 + c + d)/3,
Eq. (4.17) becomes:

µ3 + pµ+ q = 0, (4.18)
where:

p = −(1 + c+ d)2/3 + d(1 + c),
q = 2(1 + c+ d)3/27− d(1 + c)(1 + c+ d)/3 + 2(b− dc). (4.19)

Furthermore, denote:
∆ =

(q
2

)2
+
(p

3

)3
. (4.20)

When ∆ > 0, the algebraic equation Eq. (4.18) has a negative solution α1 ,
together with a conjugate pair of complex solutions i.e., α2 ± iα3 with:

α1 = 3

√
−q2 +

√
∆ + 3

√
−q2 −

√
∆,

α2 = −1
2

(
3

√
−q2 +

√
∆ + 3

√
−q2 −

√
∆
)
,

α3 = −
√

3
2

(
3

√
−q2 +

√
∆ + 3

√
−q2 −

√
∆
)
.

So, if ∆ > 0, three roots of Eq. (4.17) are:

λ1 = −(1 + c+ d)/3 + α1,

λ2 = −(1 + c+ d)/3 + α2 + iα3, (4.21)
λ3 = −(1 + c+ d)/3 + α2 − iα3,

respectively. It is easy to see that λ1 < 0 since λ1λ2λ3 = −2(b − dc) < 0 when
(b− dc) > 0. To ensure that the real part of complex conjugate roots is positive
and, therefore, E1 and E2 are a saddle-foci, it is further required that:

3

√
−q2 +

√
∆ + 3

√
−q2 −

√
∆ > −2

3(1 + c+ d) (4.22)

4.2.2 Bifurcation structures and observation of chaotic attractors
The dynamical behaviors of the system Eqs. (4.5)-(4.7) can be illustrated by
numerical bifurcation diagrams, Lyapunov exponents, phase portraits, and time
traces. In this subsection, we choose parameters b and d as the control parame-
ters.
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Figure 4.1: (a) Bifurcation diagram depicting local maxima (black) and minima (gray) of x(t)
versus parameter b for c = d = 1. (b) Lyapunov exponents versus parameter b for c = d = 1.

Analysis with respect to parameter b

We fix c = d = 1 and b is varied. The system can generate chaotic dynamical
behaviors in a wide region of b as shown in Fig. 4.1, which presents the bifurcation
diagram depicting local extrema of x(t) and the Lyapunov exponents versus the
parameter b. A period-doubling bifurcation to chaos interspersed with periodic
windows is found. The chaotic behavior is confirmed by the Lyapunov exponents.

For b = 20, we plot in Fig. 4.2, the phase portrait of the resulting chaotic
attractor of system Eqs. (4.5)-(4.7) in xy, yz, and xz axes. From Fig. 4.2, we
notice that in the chaotic attractor of system Eqs. (4.5)-(4.7), the trajectories
are swirling between the two equilibria E1 and E2. This is a signature of a
heteroclinic orbit joining the two equilibria E1 and E2.
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Figure 4.2: The phase portrait of system Eqs. (4.5)-(4.7) in planes (x, y) (a), (y, z) (b) and
(x, z) (c) with c = d = 1 and b = 20.
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Analysis with respect to parameter d

For b = 33 and c = 1/2, we plot as shown in Fig. 4.3 the bifurcation diagram
of x(t) versus the parameter d. When the parameter d varies from 0.0 to 1.1,
the bifurcation diagram of the output x(t) displays period-1-oscillation for d ∈
[1.0095, 1.1]. By enlarging a part of Fig. 4.3a, as shown in Fig. 4.3b, one can
see that the output x(t) exhibits a reverse period-doubling to a region of chaos
at d ∈ [0.0, 0.9155]. The abrupt change of amplitude near d = 0.85 in Fig. 4.3b
is because of the presence of bistable oscillations, which can be made visible by
scanning in the downwards direction.

(a) (b)

Figure 4.3: (a) Bifurcation diagram depicting local extrema of x(t) as a function of parameter
d with b = 33 and c = 1/2. Black (gray) dots indicate local maxima (minima). (b) An
enlargement of (a).

Fig. 4.4 presents the phase portrait of the chaotic attractor in the region of low
amplitude chaos. From Fig. 4.4, one can notice the topological resemblance of the
chaotic attractor to the phase portrait of the Lü and Chen chaotic attractors [20].

The chaotic behavior found in the region of high amplitude chaos is further
detailed in Fig. 4.5. In Fig. 4.5a, we can see that the variables x(t) and y(t)
model the dynamics of a relatively fast changing processes, while the variable
z(t) describes the relatively slowly changing quantity that modulates x(t) and
y(t). The fast-slow variables are confirmed by the corresponding phase portraits
in Fig. 4.5c, where the orbit in the plane (x, y) (see Fig. 4.5b) is abundant and
dense as compared with the orbit of in the plane (y, z) and (x, z) (see Fig. 4.5d
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Figure 4.4: The phase portrait of system Eqs. (4.5)-(4.7) in planes (a) (x, y), (b) (y, z) and
(c) (x, z) with b = 33, c = 1/2 and d = 0.8.

and Fig. 4.5f, respectively). The signal x(t) as well as the signal y(t) alternate
between a silent and an active phase. During the silent phase, the signals x(t)
and y(t) remain quiescent, whereas the active phase is characterized by rapid and
irregular oscillations. Therefore, the signals x(t) and y(t) can be called chaotic
bursting oscillations. Moreover, the time traces of x(t) and y(t) resemble the
conventional heart sound signals [21]. It is interesting to investigate the influence
of parameters b and c on the dynamical behavior of bursting oscillations depicted
in Fig. 4.5.

The effects of the variations of the parameter b on the behavior of bursting os-
cillations are shown in Fig. 4.6. From Fig. 4.6, one can see that the outputs of
x(t) and y(t) (not shown) exhibit periodic bursting oscillations for low values
of parameter b while the output z(t) modulates the outputs x(t) and y(t). For
high values of parameter b the outputs of x(t) and y(t) display chaotic bursting
oscillations as shown in Fig. 4.5. Similar structures as shown in Figs. 4.5 and
4.6 can be found as one varies the parameter c. It is important to highlight that
bursting oscillations can be observed in many practical systems, such as artifi-
cial neural networks [22], chemical reactions [23], biological phenomena [24, 25],
electromechanical systems [26, 27]. Bursting oscillations have also been found in
Ref. [28] by adding a slow subsystem to a novel four-dimensional hyperchaotic
system.
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Figure 4.5: Time traces of (a) x(t), (c) y(t) and (e) z(t). Phase portraits in planes (b) (x, y),
(d) (y, z) and (f) (x, z) with b = 33, c = 1/2 and d = 1/23.
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Figure 4.6: Time traces of x(t) (black) and z(t) (gray) for (a) b = 0.08, (b) b = 0.15, (c)
b = 0.6 and (d) b = 0.8, with c = 1/2 and d = 1/23.
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4.3 Existence of Shilnikov chaos
Although computer simulations give a view on some interesting phenomena in
nonlinear dynamics, mathematical analysis, when possible, gives expressions de-
pending on control parameters that can be manipulated to have a more general
understanding of the phenomena [29]. Generally speaking, an analytical ap-
proach is needed to guarantee that chaotic behavior exists in a precise sense of
mathematics. One of the most important tools for analyzing chaotic behaviors
of nonlinear dynamical systems is the fundamental theorem of Shilnikov bifur-
cation of homoclinic/heteroclinic orbits of flows in R3. This theorem gives a
mathematical criterion for the existence of chaos [30, 31]. The application of
this theorem is beyond the scope of this thesis. We refer the reader to the orig-
inal publication where, using the Shilnikov heteroclinic method, we show that
the system Eqs. (4.5)-(4.7) presents chaos of the Smale horseshoe type [1].

4.4 Experimental implementation
Due to the real-time character of its results, compared to the problems of tran-
sient phase duration and numerical instabilities or time steps inherent in nu-
merical simulation, analog simulation appears as a complementary technique to
the methods mentioned above. This is one of the major reasons for the increas-
ing interest devoted to this type of simulation for the analysis of nonlinear and
chaotic physical systems [32–34]. Every circuit can be seen as an analog sim-
ulation of a mathematically described system, which includes noise terms and
small perturbations due to component tolerances and imperfections.

In fact, analog simulation can serve as a powerful tool to qualitatively examine
quickly and cheaply the features of complex dynamics, and thereby suggest real
experiments or serve as guides for more accurate numerical simulations. In this
section, we discuss an electronic circuit that has been designed and built to
realize the system Eqs. (4.5)-(4.7) as shown in Fig. 4.7.

The circuit was constructed on a piece of perfboard. It consists of simple
electronic elements, such as resistors, capacitors, operational amplifiers of type
TL071, TL072 and analog devices AD633 multipliers. It is powered by a ±15 V
power supply.

Applying Kirchhoff’s laws, the circuit of Fig. 4.7 is described by the following
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Figure 4.7: Schematic diagram of the designed circuit of system Eqs. (4.23)-(4.25). See the
text for component values.

equations:

dVx
dt′

= 1
R1C1

(
Vy − Vx

R1

R4

)
, (4.23)

dVy
dt′

= 1
R2C2

(
VxVz
km

− Vy
R2

R6

)
, (4.24)

dVz
dt′

= 1
R3C3

(
Vb

(
1 + R3

R5

)
− V 2

x

km
− Vz

R3

R5

)
, (4.25)

where V x , V y , and V z are the output voltages of the operational amplifiers
and t′ is real time as opposed to dimensionless time. The multipliers have a
fixed constant km = 10 V, so that their outputs are:

Vxz = VxVz
km

, Vx2 = V 2
x

km

The numerical results in the previous section show that the y and z variables
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4.4. EXPERIMENTAL IMPLEMENTATION

are about ten times larger in magnitude than the x variable, for the range
of parameters of interest. In order to keep the voltages representing y and
z well within the range of the supply and at the same time make the voltage
representing x large enough to be squared by the multiplier, the following voltage
scaling is used:

Vx = αx = 0.2 V ·x, (4.26)
Vy = βy = 20 mV · y,
Vz = γz = 20 mV · z.

The relation between dimensionless time t and real time t′ is conveniently chosen
as:

t′ = τt = 500µs · t (4.27)

Substitution of Eq. (4.26) and Eq. (4.27) into Eqs. (4.23)-(4.25) yields:

dx

dt
= τ

R1C1

(
−xR1

R4
+ y

β

α

)
, (4.28)

dz

dt
= τ

R2C2

(
αγxz

βkm
− yR2

R6

)
, (4.29)

dy

dt
= τ

R3C3

[
Vb
γ

(
1 + R3

R5

)
− α2x2

γkm
− zR3

R5

]
. (4.30)

Comparing the set of Eqs. (4.5)-(4.7) with the set of Eqs. (4.28)-(4.30 gives the
following conditions:

τ/R4C1 = βτ/αR1C1 = 1, τ/R6C2 = c, (4.31)
αγτ/βkmR2C2 = 1, τ/R5C3 = d,

α2τ/γkmR3C3 = 1,
Vbτ(1 +R3/R5)/γR3C3 = b.

We chose the following convenient values for the capacitors and resistors: R1 =
0.5 kΩ, R2 = R3 = 10 kΩ. R4 = 5 kΩ, C1 = 100 nF, C2 = 1 nF, C3 = 10 nF.
Voltage Vb and resistors R5, R6 are then chosen to fix parameters b, c, and d.
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In Figs. 4.8a-4.8c, we present oscilloscope screenshots of the phase portraits of
the chaotic attractor found for R5 = 50 kΩ, R6 = 500 kΩ and Vb = 80 mV,
corresponding to b = 20, c = d = 1, as found in Fig. 4.2. Note that ideally
voltage Vb should have been set at 96 mV, according to Eq. (4.31), but the former
value results in a better match between the observed and numerical results.
This difference is probably caused by input offset voltages of the operational
amplifiers, which can be of the order of a few millivolts. Combined with the
small scale factor of Vb to b, which is only 4 mV, these offsets result in noticeable
error terms in the equations.

(a) (b) (c)

(d) (e) (f)

Figure 4.8: The phase portraits of the circuit of Fig. 4.7, representing system Eqs. (4.5)-(4.7),
as observed on the oscilloscope. (a) (Vx, Vy) hor.: 1 V/div, vert.: 0.5 V/div, (b) (Vy , Vz) hor.:
0.5 V/div, vert.: 0.2 V/div and (c) (Vx, Vz) hor.: 1 V/div, vert.: 0.2 V/div. The remaining
values of resistors and voltage Vb are R5 = 50 kΩ, R6 = 0.5 MΩ, Vb = 80 mV. This reproduces
Fig. 4.2, where b = 20 and c = d = 1. In (d), (e) and (f) we show again these phase portraits,
but for R5 = 0.625 MΩ, R6 = 1 MΩ, Vb = 132 mV. (d) (Vx, Vy) hor.: 1 V/div, vert.: 1 V/div,
(e) (Vy , Vz) hor.: 1 V/div, vert.: 0.5 V/div and (f) (Vx, Vz) hor.: 1 V/div, vert.: 0.5 V/div.
This reproduces Fig. 4.4, where b = 33, c = 1/2 and d = 0.8.

For Figs. 4.8d-4.8f, the components have been chosen as R5 = 625 kΩ, R6 =
1 MΩ and Vb = 132 mV, to reproduce the numerical results of b = 33, c = 1/2
and d = 0.8 as found in Fig. 4.4. Here, ideally Vb should have been 153 mV,
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4.4. EXPERIMENTAL IMPLEMENTATION

according to Eq. (4.31).

In Figs. 4.9a-4.9c, we show experimental observations of chaotic bursting, by
setting R5 = 1.15 MΩ, R6 = 1 MΩ and Vb = 132 mV. This corresponds well with
the numerical results from Figs. 4.5b, 4.5d and 4.5f, where b = 33, c = 1/2 and
d = 1/23.

(a) (b) (c)

Figure 4.9: Experimental observations of the chaotic bursting attractor in different planes
(a) (Vx, Vy) hor.: 1 V/div, vert.: 1 V/div, (b) (Vy , Vz) hor.: 2 V/div, vert.: 1 V/div and (c)
(Vx, Vz) hor.: 2 V/div., vert.: 1 V/div. The remaining values of resistors and voltage Vb are
R5 = 1.15 MΩ, R6 = 1 MΩ, Vb = 132 mV.

Analog oscilloscope pictures give more information than a simple time series
plot, because the intensity on the oscilloscope screen indicates the speed at
which the system passes a point in the phase space. Likewise, three dimensional
plots can give a better understanding of the attractor structure. Both sources
of information can be combined in a three dimensional intensity scaled plot. In
Fig. 4.10a we show the attractor of Eqs. (4.5)-(4.7) for parameter values b = 33,
c = 0.5 and d = 1/23, derived from numerical simulations. The color intensity
indicates the speed v =

√
ẋ2 + ẏ2 + ż2, from slow (bright yellow) to fast (dark

red). Near the top of the attractor, for large z-values, the speed is very slow.
This is in agreement with the silent phases of the phase portraits shown in
Fig. 4.8. At parameter values b = 20, c = 1 and d = 1, shown in Fig. 4.10b,
the speed is much more evenly distributed. Here, only near the fixed points and
near the top of the attractor we find some indication of slower dynamics.
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Figure 4.10: Three dimensional attractor views of Eqs. (4.5)-(4.7), for parameter values
b = 33, c = 0.5 and d = 1/23 in (a) and b = 20, c = 1 and d = 1 in (b). The color intensity
indicates the speed at which the system moves in the phase space, from slow (bright yellow)
to fast (dark red).
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4.5 Conclusions
We have mathematically constructed and electronically built a new set of three
first-order autonomous system with seven terms and two quadratic nonlinear-
ities. Dynamical behaviors of the new system are analyzed, both analytically
and numerically, including some basic dynamical properties, bifurcations, phase
portraits and routes to chaos. The system has rich chaotic dynamical behaviors.
By varying the parameters values, the system can generate many chaotic attrac-
tors with different shapes. For specific parameters, the system exhibits periodic
and chaotic bursting oscillations which look similar to the conventional heart
sound signals. The numerically found behaviors of the system are confirmed
experimentally. It is interesting to note that, compared to the circuit discussed
in Chapter 3, the electronic implementation of subject of this chapter, system
Eqs. (4.5)-(4.7), in spite of it having fewer terms then Eqs. (3.17)-(3.20), does
not seem particularly easier. In fact, because the nonlinearities here are exact
multiplications instead of inherently present device nonlinearities, the circuit is
more complex. Indeed, there seems to be no connection between the number of
terms present in the system equations and the ease or difficulty with which the
system can be implemented in a circuit.
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Delay systems and their
applications
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Chapter 5

Analysis and experiment of two
delay coupled FitzHugh-Nagumo

neurons

W e investigate the time-periodic oscillations for a system of two iden-
tical delay-coupled excitable (non oscillatory) units. We first ana-

lyze these solutions by using asymptotic methods. The oscillations are
described as relaxation oscillations exhibiting successive slow and fast
changes. We then study experimentally a system of two coupled elec-
tronic circuits that is modeled mathematically by the same delay differen-
tial equations. We obtain quantitative agreement between analytical and
experimental bifurcation diagrams. This chapter is based on the article An
analytical and experimental study of two delay-coupled excitable units [1],
done in collaboration with Dr. L. Weicker and Prof. Dr. T. Erneux.

5.1 Introduction: excitability and the FitzHugh-Nagumo
model

Complex firing patterns are believed to play a critical role in many brain func-
tions. Individual neurons may show irregular behavior [2, 3], while ensembles of

89



i
i

“Thesis” — 2016/5/12 — 21:31 — page 90 — #104 i
i

i
i

i
i
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FITZHUGH-NAGUMO NEURONS

different neurons can synchronize in order to process biological information [4, 5]
or to produce regular, rhythmical activity [6]. The rhythms depend on the dy-
namical properties of each individual cell, the nature of the connections between
neurons, and the network architecture. Anomalous forms of synchronization
have been connected to sensory processing disorders, sleep alterations, parkin-
sonian tremor, and motor neuron diseases. A minimal model consisting of two
excitable coupled FitzHugh-Nagumo (FHN) units is the starting point of many
studies on electrically coupled neural systems [7, 8].

As a prequel to the discussion of our work in Ref. [1], we briefly introduce ex-
citability and how it arises in the FitzHugh-Nagumo (FHN). Excitability is a
phenomenon that is experimentally encountered in, but not limited to, biologi-
cal neurons. An excitable system is a driven system where the response scales
disproportionately to the magnitude or duration of the excitation. Often this
is associated with a threshold, which the excitation must overcome to evoke a
viable response from the system. The system then responds with a large and
fast excursion, after which it slowly returns to a resting or idle state. In the case
of a neuron this large excursion is called an action potential, a neuronal spike or
simply a firing. Directly following the response, there is a refractory period in
which the system cannot be triggered again, or only by very strong excitations.
Hodgkin and Huxley were the first to explain neuronal excitability using a four-
dimensional model that is based on the electrical properties of the cell mem-
brane [9]. Although this is a physiologically sound model, as it is based on ionic
cell membrane currents, it is difficult to visualize because of the four-dimensional
dynamics involved. FitzHugh [10] introduced a two dimensional model that also
explains neuronal excitability:

V̇ = V − V 3

3 −W + Iext, (5.1)

τẆ = V + a− bW.

This model was originally named the Bonhoeffer-Van der Pol oscillator, because
it was derived from the Van der Pol [11] relaxation oscillator ẍ+µ(x2−1)ẋ+x = 0
with µ � 1, and had no direct physiological grounding. Here V represents
the fast changing (nondimensionalized) membrane voltage and W is a slower
“recovery” variable. Iext plays the role of the excitation, reminiscent of the
excitation current found in the Hodgkin-Huxley model. It is considered zero in
the resting state. The parameters are chosen as 0 < a < 1 and 0 < b < 1 < τ .
Usual values are a = 0.7, b = 0.8 and τ = 12.5. The Van der Pol oscillator is
recovered by setting a, b and Iext to zero and rescaling time to t′ = t/

√
τ .

Two types of excitability are distinguished in the literature [12]. Type 1 excitable
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Figure 5.1: Typical temporal responses (black for V , red dashed for W ) of the FHN neuron
Eq. (5.1) with a = 0.7, b = 0.8 and τ = 12.5 to four short excitation pulses and a slow ramp
with a quick return to zero (blue, short dashes).

systems show an all-or-nothing response with a hard threshold. Once triggered,
the amplitude of the response is mostly independent of the excitation strength.
In contrast, for a type 2 excitable system, the response depends in a continuous
fashion on the strength of the input and there is no fixed threshold. This is the
case for the FitzHugh-Nagumo (FHN) neuron, in which the excitable behavior
comes about because of the large difference of timescales at which the dynamical
variables V and W operate.
Nagumo et al. presented an electronic implementation based the nonlinear char-
acteristic of a tunnel diode [13], which we will discuss in Sec. 5.1.3. Since then,
the system of Eq. (5.1) has been known as the FitzHugh-Nagumo neuron.
It is instructional to show some typical responses of the FHN neuron to various
excitations. In Fig. 5.1 the response to the injection of four short fast excita-
tions, as well as a slowly ramped excitation is shown. At t = 10, Iext (blue,
short dashes) with amplitude 0.5 and duration 2 disturbs the resting state suffi-
ciently to trigger a large-scale response of variable V (black, full line) with fast
rising and falling edges. VariableW (red, dashed line) changes on a much slower
timescale due to τ � 1. At t = 50 this is repeated, followed by a third pulse
at t = 70. However, this third pulse arrives before the system had the time
to return to equilibrium, resulting in it being largely ignored, even though it is
exactly as strong an excitation as the first and second pulses. This illustrates the
phenomenon of a refractory period: some time is needed to recover before the
next full scale response is possible. A fourth excitation, at t = 100, having only
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half of the amplitude and applied to the system near equilibrium is not strong
enough to trigger an output spike, illustrating the threshold behavior of the FHN
neuron. Finally, at t = 110 a slowly ramped excitation does not trigger a strong
response, yet a fast return to zero does. This is called pulse accommodation.
All these phenomena are also encountered in biological neurons.

5.1.1 Analysis: explaining the behavior
To explain the excitable behavior of Eq. (5.1), the neuron is first considered
at rest, Iext = 0. Parameters a, b serve the purpose of positioning the linear
nullcline:

Ẇ = 0⇒W = V

b
+ a

b
, (5.2)

in such a way that it crosses the “valley” of the cubic nullcline:

V̇ = 0⇒W = V − V 3

3 , (5.3)

as shown in Fig. 5.2a, on the left side of the local minimum of the cubic nullcline
at V = −1. Both nullclines are shown as dashed lines in Fig. 5.2a. It follows
that:

a > 1− 2b
3 . (5.4)

In that case there is only one intersection of the nullclines, since at the position
of the other local maximum, V = 1, the condition for the linear nullcline to
be above the cubic nullcline, a > 2b/3 − 1 is fulfilled. The intersection is the
position of a fixed point, which for a = 0.7, b = 0.8 and τ = 12.5 is found
at (V ∗,W ∗) ≈ (−1.20, 1.62). The stability of the fixed point follows from the
eigenvalues of the Jacobian:

J =
(1− V 2 −1

1
τ

− b
τ

)
, (5.5)

which is also valid for Iext 6= 0, and is given by the characteristic equation:

λ2 + λ

(
V 2 − 1 + b

τ

)
+ 1
τ
− b

τ
+ V 2b

τ
= 0. (5.6)

If the real part of both the eigenvalues λ1,2 is negative, the fixed point is stable.
The conditions for this are:

V 2 − 1 + b

τ
> 0, 1

τ
− b

τ
+ V 2b

τ
> 0. (5.7)
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Figure 5.2: (a) Phase plane of the FHN neuron Eq. (5.1) with a = 0.7, b = 0.8, τ = 12.5 and
several excitations Iext = I0δ(t). Values of I0 causing a subthreshold response are: 0.2 (red),
0.35 (orange), 0.5 (yellow). I0 = 0.65 (green) and 0.8 (blue) causes a suprathreshold response.
The stable fixed point at (V ∗,W ∗) ≈ (−1, 2,−0.62) is marked by a small circle. The gray
arrows indicate the phase field, with the V -component scaled down to fit the figure.(b) Time
series corresponding to (a) with the same color coding.

The second condition is always fulfilled; since b < 1, the right hand side equates
to −0.25. The first condition reads:

|V | >
√

1− b

τ
, (5.8)

which with b = 0.8 and τ = 12.5 implies stability for V ∗ < −0.967, as is the case
here1. In fact, because for these parameter values the eigenvalues are complex
conjugate, making the fixed point a stable spiral.
We can now understand the excitability from the features seen in the phase

plane. Fig. 5.2a shows the phase plane of the neuron right after an impulsive
excitation Iext = I0δ(t−10). This causes the V -variable to jump to higher (more
positive) values2 at t = 10. The red, orange and yellow trajectories correspond
to subthreshold excitations of I0 = 0.2, 0.35 and 0.5 respectively. Fig. 5.2b
shows the time series, with the same colors. The dynamical behavior stays close
to the valley of the cubic nullcline, where V̇ is of the same order of magnitude or

1For large τ the fixed point is stable for |V ∗| > 1, outside of the central upgoing branch of
the cubic nullcline.

2The same could of course be accomplished by setting the initial conditions away from the
equilibrium.
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smaller than Ẇ . This results in a return to equilibrium without a large response.
In contrast, for the green and blue trajectory, with I0 = 0.65 and 0.8 respectively,
the excitation is such that the system is pushed further away from the central
branch of the cubic nullcline. There V̇ is considerably larger than Ẇ , as seen
from the vector field in gray. The circled numbers in both figures refer to the
corresponding phases of the firing for the blue trajectory. The dynamics make
a fast move to higher values of V until the right branch of the cubic nullcline is
reached and crossed slightly. In the time series shown in Fig. 5.3b, this results in
the fast low-to-high edge, as indicated by 1©. Then, the dynamics slowly creep
upward on the right branch of the cubic nullcline 2© until it reaches the top.
Then, V̇ grows far beyond Ẇ again, but with opposite sign. This results in a
fast transition towards lower values of V , seen as the high-to-low edge in the
time series 3©. This phase ends when the left branch of the cubic nullcline is hit.
Then, the system slowly descends back to equilibrium 4©.
Since the response scales to excitation in continuous way, the central branch of
the cubic nullcline acts as a soft threshold, as opposed to a hard threshold which
once crossed always results in the same response. Here, the delay with which
an action potential appears, depends on the strength of the excitation. The
refractoriness of the system after an action potential ( 3© and first part of 4©)
follows from the fact that the dynamical behavior there works strongly toward
the left branch; only a very large excitation is able to move the dynamics across
the central branch. Intuitively one can regard the FHN neuron as a “failed”
relaxation oscillator which, with a little push, can complete one cycle, but be-
cause of the single global attracting fixed point is unable to support continuous
oscillation. The response of the neuron to a slowly ramped excitation followed
by a fast drop to zero, as in Fig. 5.1 at t = 110, can also be understood from the
phase plane. The slowly increasing excitation lifts the cubic nullcline, so that
the system evolves to a new equilibrium. A fast return to zero leaves the system
far enough from equilibrium to trigger a firing.

5.1.2 The FHN with Iext > 0
If Iext is increased from zero on, the cubic nullcline will move up to higher values
if W in the phase plane, thus the fixed point shifts towards higher values of V .
The value of Iext where the real part of the eigenvalues of the fixed point turns
positive follows from:

V 2 − 1 + b

τ
= 0, V 3

3 + V

(
1
b
− 1
)

+ a

b
− Iext = 0.
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Figure 5.3: (a) Phase plane of the FHN neuron Eq. (5.1) with a = 0.7, b = 0.8, τ = 12.5
and Iext = 0.5. The unstable fixed point at (V ∗,W ∗) ≈ (−0.80,−0.13) is marked by a small
circle. The gray arrows indicate the phase field, with the V -component scaled down to fit the
figure. (b) Time series corresponding to (a) with V in blue and W in red, dashed.

From this the critical static excitation Iext,c follows:

Iext,c = a

b
−
√

1− b

τ

(
1
b
− 2

3 −
b

3τ

)
, (5.9)

resulting in Iext,c ≈ 0.33 for a = 0.7, b = 0.8 and τ = 12.5. At the critical
excitation, the eigenvalues are already complex conjugate. Thus stability is lost
in a Hopf bifurcation.
There is no smooth transition from the stable spirals to a small limit cycle around
the destabilized fixed point. Instead the dynamics jump to a larger limit cycle
around the now unstable fixed point, making this is a Hopf bifurcation of the
subcritical type. Fig. 5.3a shows the resulting oscillation for Iext = 0.5 in the
phase space (a) and as a time series (b). Existence of the limit cycle can be
proven by constructing a bounding surface around the unstable fixed point [14].
In fact, this limit cycle appears just before the bifurcation happens and for a
very small window of Iext, there is bistability [12]. In Fig. 5.3, the encircled
numbers show the corresponding phases of the oscillation. Far from the cubic
nullcline, indicated by 1© and 3©, the motion is rapid because of the difference
in time scales between V and W . Close to the cubic nullcline, 2© and 4©, the
speed of the motion is dominated by the slow variable W .
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5.1.3 The Nagumo circuit
Not long after FitzhHugh presented his system, Nagumo et al. published an
electronic implementation that is shown in Fig. 5.4a. The circuit makes use of
the nonlinear current-voltage characteristic of the now rarely encountered tunnel
or Esaki diode[13], Fig. 5.4b. It is enlightening to see how one proceeds to derive
Eq. (5.1) from this circuit.

Using Kirchoff’s laws, the circuit of Fig. 5.4a is described by:

C
dv

dt
= I − f(v)− w, L

dw

dt
= v + E − wR, (5.10)

and the tunnel diode roughly follows:

f(v) = i0 −
1
ρ

(
(v − vo)−

(v − v0)3

3K2

)
, (5.11)

with f(v0) = i0 and v0, K and ρ device parameters. Substituting the dimen-
sionless variables:

V = v − v0

K
, W = ρw

K
, (5.12)

C

f(v)

I

v

L

R

E

w

−

+

(a)
o

f(v)

v

(b)

Figure 5.4: (a) FHN neuron implementation by Nagumo et al. and (b) tunnel diode with an
approximately cubic characteristic.
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and Eq. (5.11) in Eq. (5.10) results in:

ρC
dV

dt
= ρ

K
(I − i0) + V − V 3

3 −W,

L

ρ

dW

dt
= −W R

ρ
+ V + E + v0

K
. (5.13)

Finally, going to dimensionless time t′ by setting t = ρCt′, leads directly to
Eq. (5.1), identifying:

a = E + v0

K
, b = R

ρ
, Iext = ρ

K
(I − i0) , τ = L

ρ2C
. (5.14)

5.2 Two delay coupled FHN units with Heaviside nonlinear-
ities

The FHN model is a slow-fast system of two coupled ordinary differential equa-
tions that extracts the essential dynamical behavior of more complex systems
of equations modeling neurons. During the past decade, researchers became
interested by the effects of communication time delays between coupled neu-
rons [15, 16]. Systematic numerical simulations of two mutually delayed-coupled
excitable FHN systems [17–20] have shown that a stable periodic regime is possi-
ble as an alternative to a stable steady state. The two units oscillate in antiphase
and the delay needs to surpass a critical value. There are no oscillations if the
delay is zero. In the amplitude versus delay bifurcation diagram, a saddle-node
bifurcation of limit cycles is responsible for the generation of stable oscillations.
Physically, these oscillations are seen as a new form of synchronization that
could reinforce the coherence of the network [21, 22]. The emergence of isolated
branches of periodic solutions for systems described by delay differential equa-
tions is an important dynamical phenomenon that deserves more attention [23].
It motivates our analytical investigation of the two coupled FHN system. In
Ref. [19], the following FHN equations,

ε
dxj
dt

= −yj + xj −
x3
j

3 + C[x3−j(t− τ)− xj ] (5.15)

dyj
dt

= xj + a (j = 1, 2), (5.16)

were investigated where ε is a small parameter. Here C < 1 is a constant
representing the coupling strength. From Eqs. (5.15) and 5.16, the FHN model
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from the introduction Eq. (5.1) with b = 0, can be recovered3 by setting V = x,
W = y and rescaling time by a factor ε = 1/τ . The authors found numerically
nearly 2τ -periodic solutions consisting of two slowly varying plateaus for x1 and
x2 connected by fast transition layers. Approximations for the slow parts of the
periodic solution can be constructed without difficulties. But the analysis of the
fast transition layers is much more subtle. Specifically, it requires the solution
of the following nonlinear differential equation:

dx

ds
= −y0 + x− x3

3 + C[x(s+ δ)− x], (5.17)

where s , t/ε. The constants y0 and δ are unknown and are determined by
seeking a solution of Eq. (5.17) satisfying boundary conditions at s = ±∞. The
quantity εδ is called “turn-on delay” in [19] and is defined as the small correction
of the period from its leading value T = 2τ . The presence of the time lag δ in
Eq. (5.17) excludes any hope to find an analytical solution.

In order to explore the role of these transition layers, we consider a piecewise
linear FHN problem that allows analytical solutions. The analysis found in this
section was performed by Dr. L. Weicker and Prof. Dr. T. Erneux. My part in
this work consisted of designing the experiment and performing the verification
of the analytical results, Sec. 5.2.2. As we shall demonstrate, the solution of the
transition layer equations are needed for the bifurcation diagram of the periodic
solutions.

Specifically, we introduce the following FHN equations:

ε
dxj
dt

= −yj − xj +H(x3−j(t− τ)− a), (5.18)

dyj
dt

= xj (j = 1, 2), (5.19)

where H(x) is the Heaviside function, 0 < a < 1/2 is the threshold parame-
ter for excitability, ε � 1 is a small parameter, and τ = O(1) is the delay of
the feedback. Eqs. (5.18) and (5.19) have previously been used for other neu-
ronal systems exhibiting a delayed feedback [24, 25]. The main advantage of
Eqs. (5.18) and (5.19) compared to Eqs. (5.16) and (5.15) is that the transition
layer equations become linear ordinary differential equations that we can solve.
In Fig. 5.5a we show the phase space of a single FHN unit of Eqs. (5.18)-(5.19)

3Then a must be larger than one for excitability. a < 1 leads to periodic firing, as the
fixed point lies on the central branch of the cubic nullcline of Eq. (5.1).
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Figure 5.5: (a) Phase space of a single FHN with Heaviside nonlinearity, Eq. (5.20) with
a = 0.4 and ε = 0.02. The stable equilibrium at (0, 0) is marked by the small circle. The
x-direction of the velocity field, in gray, is scaled down for clarity. The red (blue) trajectory
corresponds to a subthreshold (suprathreshold) response. (b) Time series corresponding to (a)
with the same colors, x in full line and y in dashed line.

for parameter values a = 0.4 and ε = 0.02, where the argument of the Heaviside
function is now the nondelayed xj itself:

ε
dx

dt
= −y − x+H(x− a), dy

dt
= x. (5.20)

The qualitative resemblance of this phase space with that of the earlier intro-
duced FHN model, Eq. (5.1), as in figure Fig. 5.2a, is reflected in the dynamical
behavior. The cubic nullcline, Eq. (5.3), is replaced by a sawtooth shaped line.
The central branch is formed by a discontinuous jump caused by the Heaviside
function. A subthreshold initial condition (red) with x(0) < a, and thus left of
the central branch of the sawtooth shaped nullcline, results in a low amplitude
return to the equilibrium point (x∗, y∗) = (0, 0), without a large excursion. Con-
versely, a suprathreshold initial condition (blue), with x(0) > a results in a large
scale response, characterized by a swing around the sawtooth shaped nullcline,
much alike what is found in Fig. 5.2a. The corresponding time series, with the
same colors as in Fig. 5.5a are shown in Fig. 5.5b, with x(t) in full line, and y(t)
in dashed and are qualitatively comparable to Fig. 5.2b.

For mathematical clarity, we concentrate on the periodic solution of Eqs. (5.18)
and (5.19) where the two units oscillate in antiphase and are nearly 2τ periodic

99



i
i

“Thesis” — 2016/5/12 — 21:31 — page 100 — #114 i
i

i
i

i
i

CHAPTER 5. ANALYSIS AND EXPERIMENT OF TWO DELAY COUPLED
FITZHUGH-NAGUMO NEURONS

in time. In-phase periodic solutions or coexisting periodic solutions of differ-
ent period are possible and they can be analyzed using the same asymptotic
approach. They are briefly shown in the Sec. 5.2.3.

In Sec. 5.2.1, we determine separate approximations for the slow and fast parts
of the oscillations valid in the limit ε small. By combining each approximation
over a period, we obtain bifurcation equations that we analyze using either τ or
a as the control parameter.

In Sec. 5.2.2, we explore the response of two coupled electronic circuits that
are described mathematically by the same FHN equations. We describe the
experiments in detail and determine a bifurcation diagram with a as the con-
trol parameter (τ fixed). We then compare our experimental results with our
theoretical predictions and obtain good quantitative agreements between the
different bifurcation diagrams. Finally, we discuss our results in Sec. 5.2.3.

5.2.1 Theory
Eqs. (5.18) and (5.19) admit only one steady state solution (xj , yj) = (0, 0). This
state is always stable but under specific initial conditions and parameter values
a stable time-periodic solution where x1(t) and x2(t) oscillate in antiphase is
possible, as shown in Fig. 5.6a. Physically this can be understood as a symmet-
rical neuronal oscillator, in which the neurons alternatingly trigger each other,
while the delay in between allows the neurons the time to relax to equilibrium.
We observe that the period of the oscillations is close to T = 4 which suggests
that T ' 2τ in first approximation, since τ = 2. We also note that the behavior
of the solution can be decomposed into two slowly-varying parts and two fast
transitions layers. Fig. 5.6b represents the periodic solution in the phase-plane.
Both (x1, y1) and (x2, y2) exhibit the same orbit. The slowly-varying parts of the
solution can be described by taking advantage of the small value of ε. Indeed,
inserting ε = 0 into Eqs. (5.18) leads to the function y = −x+H(x− a) i.e.,

y = 1− x (x > a) or y = −x (x < a), (5.21)

which provides a good approximation of the slowly-varying parts. This func-
tion is represented by broken lines in Fig. 5.6b. The slowly-varying parts are
linked by two fast transition layers located at y = y− and y = y+, respectively.
The numerical solution suggests to seek a T -periodic solution that satisfies the
antiphase condition

x2(t− T/2) = x1(t), (5.22)
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Figure 5.6: (a) Antiphase oscillations. The values of the parameters are ε = 0.02, a = 0.4,
and τ = 2. (b) Phase plane orbits for (x1, y1) and (x2, y2). Both orbits follow two branches
of the function y = −x+H(x− a) (broken line) connected by fast transition layers localized
close to y = y− and y = y+.

and admits a period close to twice the delay. To this end, we relate the period
T and the delay τ as

T = 2τ + 2εδ(ε) (5.23)

where δ = O(1) as ε → 0 needs to be determined. In order to describe the
limit cycle, we first look for an approximation of the solution when it is a slowly
varying function of t i.e., when y is increasing from y− to y+ (x > a) and when
y is decreasing from y+ to y− (x < a). We then examine the transition layers
characterized by almost constant values of y (y− or y+), and by x function of
the fast time t/ε.

Slowly-varying parts

We start with Eqs. (5.18) and (5.19) and use Eqs. (5.22) and (5.23) by noting
that

x2(t− τ) = x2(t− T/2 + εδ) = x1(t+ εδ), (5.24)
x1(t− τ) = x1(t− T/2 + εδ) = x2(t+ εδ). (5.25)
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Setting ε = 0, the leading problem is then given by

−x− y +H(x− a) = 0, (5.26)
dy

dt
= x, (5.27)

for either (x1, y1) or (x2, y2). We start at y = y− with x > a. From Eqs. (5.26)
and (5.27), we then have the following equations

x = 1− y and dy

dt
= 1− y. (5.28)

The solution for y is
y = (y− − 1) exp(−t) + 1 (5.29)

and ends when y = y+ at t = t+ . Using (5.29), we determine t+ as

t+ = ln
[
y− − 1
y+ − 1

]
. (5.30)

We next consider the slow evolution from y = y+ at time t = t+ with x < a.
From Eqs. (5.26) and (5.27), the evolution equations now are

x = −y and dy

dt
= −y. (5.31)

The solution for y is
y = y+ exp(−(t− t+)) (5.32)

and ends when y = y− at time t = t−. From Eq. (5.32), we obtain t− − t+ as

t− − t+ = ln
(
y+

y−

)
. (5.33)

Ignoring the contributions of the fast transition layers, the leading expression of
the period T as ε→ 0 equals t−. From (5.23), T = 2τ = t− in first approxima-
tion, which then implies

T = ln
[
y− − 1
y+ − 1

]
+ ln

(
y+

y−

)
= 2τ. (5.34)

This equation can be rewritten as[
y− − 1
y+ − 1

](
y+

y−

)
= exp(2τ). (5.35)

Eq. (5.35) represents a first relation between the unknown y− and y+. We need a
second equation for y− and y+ which motivates the analysis of the fast transition
layers.
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Figure 5.7: Blow up of the fast transition layers of x1(t) when (a) y ' y− and when (b)
y ' y+. The figure also represents x2(t− τ) which controls the Heaviside function.

Transition layers

Fig. 5.7 shows a blow up of the two fast transition layers for x1(t) and x2 (t− τ).
In Fig. 5.7a, y remains close to y− and x1(t) increases following Eq. (5.18). This
equation can be rewritten as

ε
dx1

dt
= −y− − x1 +H(x2(t− τ)− a). (5.36)

From Eq. (5.36), such an increase of x1 is possible only if the Heaviside function
takes its value 1. This occurs as soon as x2(t− τ) > a which is what we observe
numerically in Fig. 5.7a. To properly formulate the transition layer equation,
we introduce the fast time s ≡ t/ε and note that

x2(t− τ) = x2(t− T/2 + εδ) = x1(t+ εδ) = x1(s+ δ) (5.37)

which then implies using Eq. (5.36) that

dx1

ds
= −y− − x1 +H(x1(s+ δ)− a). (5.38)

This equation must be solved with the conditions (see Fig. 5.8a)

x1(0) = −y− and x1(δ) = a. (5.39)
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Figure 5.8: Same transition layers as in Fig. 5.7 but in terms of the transition layer variable
s. δ is defined as the interval of time between x2(t− τ) and x1(t) when they are sequentially
equal to a.

Since H(x1(s + δ) − a) = 1 as soon as s > 0, Eq. (5.38) becomes ordinary and
its solution is

x1(s) = − exp(−s) + 1− y−. (5.40)

The condition x1(δ) = a requires that

a = − exp(−δ) + 1− y−. (5.41)

Fig. 5.7b is a blow up of the fast transition where y ' y+ and x1 decreases from
x1 = 1− y+. Its fast change is now described by

ε
dx1

dt
= −y+ − x1 +H(x2(t− τ)− a). (5.42)

Such decrease is possible only when x2(t−τ) < a so that the Heaviside function is
zero. This is indeed what we observe in Fig. 5.7b. Mathematically, we introduce
a new inner time variable defined as s = (t− t+)/ε and formulate the transition
layer problem as (Fig. 5.8b)

dx1

ds
= −y+ − x1 +H(x1(s+ δ)− a), (5.43)

x1(0) = 1− y+ and x1(δ) = a. (5.44)
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Figure 5.9: Leading approximations of y = y± and δ. (a) a = 0.4 (b) τ = 2. If a = 0.4
and τ = 2, y− = 0.004, y+ = 0.20, and δ = 0.52 (numerically: y− = 0.007, y+ = 0.25, and
δ = 0.5).

Since H(x1(s + δ) − a) = 0 as soon as s > 0, Eq. (5.43) becomes ordinary and
admits the solution

x = exp(−s)− y+. (5.45)

The condition x1(δ) = a then requires that

a = exp(−δ)− y+. (5.46)

Adding Eqs. (5.41) and (5.46), we obtain a second equation for y− and y+

2a = 1− y− − y+. (5.47)

From Eq. (5.35), we eliminate y− and obtain

(−2a− y+)
(y+ − 1)

y+

(1− 2a− y+) = exp(2τ) (5.48)

or equivalently, a quadratic equation for y+

y2
+(−1+exp(2τ))−2y+ [a(1− exp(2τ)) + exp(2τ)]+exp(2τ)(1−2a) = 0. (5.49)

The solution with y+ < 1 is shown in Fig. 5.9. y−, is then determined using
(5.47), and δ is obtained using (5.46). We note from Fig. 5.9a that y+, y−, and δ
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quickly approach constant values as τ is increased from zero. From Eqs. (5.49),
(5.48), (5.47), and (5.46), we find the approximations

y+ ' 1− 2a, y− '
1− 2a

2a exp(−2τ), and δ ' − ln(1− a) (5.50)

as exp(2τ)→∞. They are verified as soon as τ ≥ 2. As τ → 0 (a fixed Fig. 5.9a
or as a → 1/2 (τ fixed), Fig. 5.9b, the difference y+ − y− between the extrema
of y decreases to zero and our analysis becomes invalid. A different analysis is
required where either τ or a− 1/2 are scaled with respect to ε.

5.2.2 Experimental setup and results
In this section the experimental setup and results, which was my part of this
work, are discussed. The experiment is not a routine investigation of an elec-
tronic system because a high precision is needed to measure the turn-on delay
εδ. The setup for the electronic experiment consists of two parts, the FHN units
themselves and the delay.

The delay system

In Ref. [26] one method of introducing delay to an electrical signal is shown.
Here, a color-TV piezoelectric delay line, with a fixed 64µs delay, is used in a
Mackey-Glass system implementation. These now all but obsolete components
make use of the fact that an acoustic wave in a quartz travels much slower (close
to 6 km/s, depending on the mode) than an electromagnetic wave in a cable. A
bucket-brigade delay line is a device which passes data as charge along string
of capacitors [27]. Once popular for creating echo in musical applications, these
components are now replaced by digital memory based delay, which is what we
will apply here.

We have constructed a digital delay using an Olimex [28] SAM7LA2 board with
an Atmel AT91SAM7A2 microcontroller, with 4MByte RAM and 1 MByte Flash
memory. Fig. 5.10a shows a schematic overview of the setup and Fig. 5.10b a
picture of the setup. The microcontroller is based on the industry-standard
ARM7-TDMI core, which has excellent GNU C compiler [29] support. The
board was connected to two LTC1454CN dual 12-bit digital-to-analog (DA) con-
verters via its serial-peripheral interface (SPI). Analog-to-digital conversion was
done using four of the microcontrollers internal 10-bit converters. A solderless
“breadboard”, placed next to the DA converters, provided space for the analog
electronics to be assembled. All AD/DA converters were referenced to 2.5 V.
The setup was connected to the host PC via a USB-to-JTAG interface, which
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conveniently also provided a USB-to-RS232 interface.

Performing an experiment entailed writing a C program to implement the delay
lines, cross-compiling it with GCC and flashing it to the controller board using
OpenOCD [30] and a board-specific script. During the experiment, the program
managed the AD/DA converters, software delay lines, and stored the data it
measured in a RAM buffer. Once done, the buffer was written to the serial port
via C printf statements. A Python script using the Pyserial [31] package then
captured the data and stored it in a file for later processing.

A software delay is typically implemented using a length-N memory buffer and
an index pointer, as shown in Fig. 5.11. At each sampling step, the new value is
inserted at the position the pointer points to 1©. Then the pointer is incremented

2©. The value it then points to is the N -delayed output 3©. This process is
repeated until the incremented pointer reaches the end of the buffer. Then the
pointer is reset to the start of the buffer. In this way, the time needed to manage
the delay line does not increase with its length, as it would with the naive way
of programming a delay line by shifting all entries in the buffer at each sampling
step.

A digital delay differs from an ideal analog delay in two ways. First, quantization
introduces noise due to rounding of the analog values to the nearest value in the
digital representation4. Secondly, because of the finite sampling frequency fs
the Nyquist-Shannon theorem states that the bandwidth of the incoming signal
must be lower than fs/2, or else aliasing will occur.

4If the quantization error is uniformly distributed between −1/2LSB and +1/2LSB (least
significant bit), the signal to quantization noise power ratio for a full scale sine input is
(S/N)dB = 1.76 + 6.02B, with B the number of bits used [32].
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USB−JTAG
interface

DA 0,1

DA 2,3

SPI
ARM7−TDMI
4MB RAM
1MB Flash

AD 0...3

RS232JTAG

USB

Hardware
Target

Host PC:
GCC
OpenOCD
Telnet
Pyserial

(a)

Olimex ARM7−TDMI board interface
USB−JTAG 

FHN circuits DACs

To ADs

(b)

Figure 5.10: (a) Schematic overview of the digital delay system used for the experiment. (b)
Picture of setup.
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Figure 5.11: A software delay line. The wavy arrow represents the index pointer.
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The FHN circuit

In Fig. 5.12a we show our circuit that implements a single FHN unit. The circuit
is designed around two LM358 dual operational amplifiers and powered by 6 V.
It was assembled twice on the solderless breadboard and combined with the
digital delay setup to construct the scheme shown in Fig. 5.12b. In Fig. 5.12a
U1b is set up as an inverting summing low pass filter with unity gain:

R2C2
dvx
dt

= −vx − vy − vz + 3vref. (5.51)

refv

refv
refv

refv

U1b

1
2

3
5

5

6

6
7

7

R7 100k

1
2

3

R8 100k

R10
2k2

BC548B
Q1

C4 1uF

R5 7.5M

R1 100k

R3 100k

R2 100k

C2 20nF

vx

yv

zvU1a

U2b
U2a

R4 100k
R6 100k

to delay

from
delay

va

x’
v  (t − τ)

p v

+

−

+

−

+

−

+

−

(a)

FHN1

FHN2

v

vx,1

x,2

τ

τ

(b)

Figure 5.12: (a) A single FHN circuit. (b) Two units combined with digital delay to form
the experimental setup.
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Likewise, the circuit around U2a is described by:

dvp
dt

= −vx − vref
R4C4

− vp − vref
R5C4

.

U2b is an inverting amplifier with unity gain:

vy = −vp + 2vref, (5.52)

so that, together with Eq. (5.51), a single FHN circuit is described by:

R2C2
dvx
dt

= −vx − vy − vz + 3vref,

dvy
dt

= vx − vref
R4C4

− vy − vref
R5C4

. (5.53)

The voltage vz represents the output of the Heaviside function which is formed by
U1a and Q1 and is discussed further below. The input to the Heaviside function
is the voltage vx′(t − τ), representing the delayed x variable of the other FHN
unit.

Numerics and analysis from the previous section shows the dimensionless pa-
rameters to be within the interval [−1,+1]. The AD and DA converters are
operated between 0 V and 2.5 V. Therefore, midscale, vref = 1.25 V , was chosen
as zero-value for the dimensionless variables. Variables x, y, z and parameter a
are related to their voltages vx,y,z,a by:

x, y, z, a = vx,y,z,a − vref
vref

. (5.54)

Since 0 < a < 1/2, this implies 1.25 V < va < 1.875 V. For convenience, both va
and vref were generated by a DA output. This enables us to vary va in software
for the purpose of experimentation. Comparison between Eq. (5.53) and the
system equations Eqs. (5.18) and (5.19) learns how real time and dimensionless
time relate:

treal = R4C4tdimensionless. (5.55)

Substituting Eq. (5.54) and Eq. (5.55) in Eq. (5.53), and setting:

ε = R2C2

R4C4
, (5.56)

results in:
εẋ = −y − x− z, ẏ = x− y

(
R4

R5

)
.
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This dictates −z = H(x′(t− τ)− a), thus:

vz = −vrefH(vx′(t− τ)− va) + vref, (5.57)

where vx′ refers to the voltage vx of the other FHN unit. U1a is used as com-
parator to build the Heaviside step function. Q1 level-shifts the output of U1a
between ground and vref. The same could have been accomplished by using a
dedicated comparator with an open collector, such as the classic LM339. R10
is chosen much smaller than R3 so that vz is close to vref when Q1 is open.
R4C4 ≈ 100 ms was chosen as a convenient value for the unit of dimensionless
time. The microcontroller is programmed to sample at Ts = 200µs. Since τ = 2,
the length of the delay line is N = 1000. Setting R2C2 = 2 ms fixes ε at 0.02.
The value R4/R5 ≈ 0.013 is sufficiently small to validate ignoring in Eq. (5.53).
In other words, U2a operates as an integrator to good approximation.

Experimental results

The result of the analysis, shown in Fig. 5.9b, indicate that the turn on delay
we try to measure, εδ, is at or below one percent of the leading value T = 2τ .
Therefore, it is mandatory to carefully compensate for any systematic error.
Actual component values were measured and are shown in Tab. 5.1. From these
values, and the measured sampling period Ts = 200.006µs, we determine the
delay line length N needed tot achieve τ = 2:

N = τ〈R4C4〉
Ts

= 2 · 96.39 ms
200.006µs = 963.9 ≈ 964.

Because of the quantization of N = 964, this gives an actual τ = 2.0003. De-
lays in the switching of the operational amplifiers that are used as comparators
amount to 1.28 ms or approximately 6 sampling periods Ts. These were taken
into account when calculating δ = (T/2−τ)/ε from the experimentally measured

Component FHN1 FHN2
R4 98.6 kΩ 98.2 kΩ
C4 1.003µF 0.956µF
R2 98.8 kΩ 99.6 kΩ
C2 19.86 nF 20.39 nF

Table 5.1: Experimentally measured component values.
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Value Nominal Actual
Ts 200µs 200.006µs

〈R4C4〉 100 ms 96.39 ms
〈R2C2〉 2 ms 1.991 ms

ε 0.02 0.02065
τ 2 2.0003
N 1000 964

AD full scale input 4095 4080
AD zero input 2048 2031

Table 5.2: Experimental parameter values.

period T . For the actual ε value, we have:

ε = 〈R2C2〉
〈R4C4〉

= 0.02065.

Also, the actual values that the AD converters deliver for a zero and a full
scale input voltages were determined and taken into account to determine ymax
and ymin. The experimental parameter values are summarized in Tab. 5.2. In
Fig. 5.13a we show an example of the experimentally obtained time series for
a = 0.4. Clearly, x1 (blue) and x2 (red) are in antiphase. Slow variable y2, not
shown, evolves in similar fashion as y1 (black), yet is shifted a half period. We
have performed a scan over the parameter a = 0.015 . . . 0.45 in steps of 0.005.
The oscillations are started by placing a pulse in one of the delay lines. For each
a-value, the system was allowed to settle for a time of 700 delay line lengths
or 140 s. Then, the time series data was sent to the host PC to determine the
extrema of the y-variable and the small correction on the period εδ. Fig. 5.13b
shows the experimentally obtained ymax (red), ymin (blue), and δ (black) in full
lines. The analytical results of Eqs. (5.49), (5.47), and (5.46) are shown in the
same respective colors with dashed lines. A small deviation in y+ is seen which
is possibly due to the ignored term in Eq. (5.53) . Note we only recorded y1.
The experimental results for y− and δ confirm the analysis quite well.
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Figure 5.13: (a) Experimentally obtained time series in nondimensionalized units of x1
(blue), x2 (red) and y1 (black) for τ = 2.0003, ε = 0.02065 and a = 0.4. (b) Plot of ymax

(red), ymin (blue) and δ (black) for a = 0.015 . . . 0.45. Full lines are experimental results.
Analytical results, Eqs. (5.49), (5.46) and (5.47) are in dashed lines.
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5.2.3 Discussion and conclusions
We performed an analytical study of periodic solutions of two mutually delay-
coupled FHN systems. This solution coexists with a stable steady state and its
existence cannot be anticipated from a linear stability analysis of a basic steady
state. In order to observe these oscillations experimentally, we built a system
of two coupled electronic circuits that is described mathematically by the same
FHN equations. Despite the difficulty to measure the small correction to the
leading approximation of the period, we obtain quantitative agreement between
analytical and experimental results.

The delay-induced branching of periodic solutions is possible because of a perfect
synchronization between the current and delayed fast pulses in x1 and x2. The
time history of the fast transition layers plays an active role in the determination
of the bifurcation equations. For optoelectronic oscillators exhibiting slow/fast
square-wave oscillations, a similar asymptotic analysis of a limit-cycle solution
was possible [33, 34]. However, the analysis of the fast transition layers is not
needed for the derivation of the bifurcation equations.

We concentrated on the case where the two coupled units oscillate in antiphase.
But stable in-phase periodic solutions with a period close to the delay have also
been observed. Furthermore, a stable antiphase solution of period close to 2τ/3
was also found numerically, as shown in Fig. 5.14. To obtain these solutions, the
delay has to be properly initialized. We note that the orbits of the τ and 2τ/3-
periodic regimes are smaller in amplitude compared to the 2τ -periodic regimes,
suggesting that they could be less robust with respect to noise. This question
could be investigated experimentally by using our electronic system in the future.

The asymptotic analysis is based on the limit ε small which allows us to find
separate approximations for the slow and fast evolutions of the solution. These
approximations are valid provided the difference y+−y− remains O(1) compared
to ε. The limit point of periodic solutions is located at τ = 0 (Fig. 5.9a) or at
a = 1/2 [Fig. 5.9b], in first approximation. Fig. 5.9, indicates that the limit
cycle never reaches the extrema of the sawtooth shaped nullcline. This con-
trasts with the continuous FHN system, where the limit cycle may come close to
the extrema of the S-shaped nullcline [19]. If the delay is sufficiently large, the
time evolution along the left branch of the S-shaped nullcline becomes longer,
spending a lot of time near the stable steady state before jumping to the right
branch. This provides the value of y0 in Eq. (5.17) as being the steady-state
value. However the time lag δ is still unknown and the solution of the transition
layer equation Eq. (5.17) is still an open problem. In [19], the transition layer is
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Figure 5.14: (a) Three distinct periodic regimes coexist with the stable steady state: (blue)
oscillations in antiphase with a period close to 2τ (T = 4.021), time series shown in (b), (red)
oscillations in phase with a period close to τ (T = 2.012), time series shown in (c), and (green)
oscillations in antiphase with a period close to 2τ/3 (T = 1.342), time series shown in (d).The
values of the parameters are a = 0.4, ε = 0.02, and τ = 2.

treated as an initial value problem that is solved with several assumptions.

We note that the case of two distinct delays x2(t−τ2) and x1(t−τ1) in Eq. (5.15),
can be reduced to the problem of identical delays by reformulating the evolution
equations [35]. In addition, the synchronization problem with both delayed
coupling and delayed self-feedbacks has also been explored [36].
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The delay setup, although sufficient for this experiment, had severe limitations.
The sampling speed was limited not by the speed of the AD/DA converters but
by the fact that all data had to pass through the single microcontroller core.
A typical parameter scan would take several hours to complete. The number
of channels was limited by the number of converters on the hand-built add-on
board. Furthermore, once the experiment was running, there was no way to
check or control the progress from the host. One simply had to wait for it to
finish and start sending the data. This highlighted the need for a more flexible
and expandable platform for delay experiments and this is the subject of the
next chapter.
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Chapter 6

An expandable electronic platform
for delay differential system

experiments

W e describe a field programmable gate array (FPGA) based platform
called MOAD1, specifically targeted at experiments with delay dif-

ferential systems. The requirements for this new system stem from the
experience gained with the microcontroller based delay in Chapter 5.

6.1 Introduction: design goals
The dual delayed FHN experiment in Chapter 5 pointed out the need for a more
flexible platform for delay experiments. The functional requirements for this
platform originate from the shortcomings of the old system and are highlighted
below.

High sampling speed: The previous delay system consisted of an Olimex
SAM7-LA2 microcontroller board to which a handbuilt board added four 12-bit

1MOAD stands for Mother of All Delays.
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DA converters. The AD converters were internal to the controller and 10-bits
wide. A delay line in this system is a memory buffer, controlled by the program
in the microcontroller. A software delay line is inherently slow, because the
microcontroller has to manage the transfer of the data to and from the memory.
The converters are accessed sequentially, because also here the controller has
to do the bulk of the job of preparing the data and moving it to and from the
registers. Consequently, the maximum sampling speed is limited by the time
needed to do all the housekeeping in the mainloop of the program. The more
delay lines are needed, the lower will be the speed at which the experiment
can be carried out. Thus experiments can become very time consuming at the
sampling speeds attainable by a typical microcontroller.

For the experiment described in Chapter 5, the mainloop and thus the sampling
ran at 5 kHz with a delay line length of approximately 1000 samples. For each
value of a certain bifurcation parameter, a 100 in total, the system was allowed
to settle for 700 delay line lengths. Thus the total time for the experiment,
not including the time needed for transferring of the data to the host, was
200µs×1000×700×100 ≈ 4 h. A scan of two parameters would take prohibitively
long. A higher sampling speed was therefore desirable.

Better observability and controllability of the experiment: With the
previous system, the measurement data were transferred to the host PC through
an RS232 connection and coded in ASCII. In fact, the data was transferred using
C printf statements by the controller. To observe the state of the system while
the experiment was running, an oscilloscope was needed. Once started, one
simply had to wait until the controller started to print out the results to the
host. It was desirable that the new platform be designed in such a way, that
an ongoing experiment could be observed from the host without interfering with
the progress.

Off-the-shelf components and expandability: In the previous system, a
new custom board was needed to add more AD or DA converters. This also im-
plied making the system slower still, since all converters had to be managed by
the single microcontroller during the program mainloop. We desired a new sys-
tem which is expandable by design, and wished to avoid hardware development
as much as possible.
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6.2 The solution: hardware overview and internal structure
To the best of our knowledge no ready-to-use platform meeting all of the above
requirements existed. We designed our solution around the relatively low cost off-
the-shelf Digilent Nexys-2 FPGA boards, paired with AD/DA “PMOD” plugin
modules, provided by the same company. This avoids hardware development.
Should an experiment require more analog inputs or outputs than available on
a single board, the idea is to simply add another board.

Sampling speeds can reach up to 781.25 k samples per second, by building the
internal data path such that the data operations happen in parallel as much as
possible. The limiting factor for the sampling speed is formed by the AD/DA
converters themselves and the memory access time. The host PC can access,
both read and write, the delay memory in a transparent way while the experi-
ment is running.

Parameter settings such as gain factors and delay line lengths are controllable
through a set of registers. Writing to these registers does not immediately change
the setting. The changes only take effect after the host PC writes to a special
“commit” register. This updates the registers to the latest changes in a syn-
chronized way throughout the entire platform. Should more than one board be
needed for an experiment, this commit signal and the sampling clock are routed
from one master board to all others.

Fig. 6.1 shows a single board MOAD setup. The attached FX2-BB breadboard
provided space for assembling the analog part of the experiment. Here only one
PMOD-AD1 and one PMOD-DA2 are plugged into the FPGA board.

In the next sections, the hardware and the internal structure programmed into
the FPGA are discussed more in depth.

6.2.1 Hardware overview
MOAD consists of one or more Digilent Nexys-2 boards featuring a Xilinx
Spartan-3E XC3S1200E FPGA and 16 MB of pseudostatic RAM with an access
time of 70 ns, see [1]. The onboard 16 MB flash memory is not used. The board
has eight peripheral PMODs connectors. PMODs are small daughterboards pro-
vided by Digilent, which implement functionality not found on the main Nexys-2
board. Each PMOD connector provides power, ground and four signal lines from
the FPGA. The supply voltage is jumper selectable per PMOD connector be-
tween 3.3 V and 5 V. PMOD-DA2 is a dual 12-bit DAC based on a National
Semiconductor’s DAC121S101. PMOD-AD1 is a dual 12-bit AD converter based
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Figure 6.1: Picture of the setup consisting of a single Nexys-2 FPGA board. The analog
part of the experiment is assembled on the FX2-BB breadboard.

on two Analog Devices’ AD7476A. The AD7476A converters are capable of con-
verting up to 1 MSPS when powered at 5 V. Currently, the bitclock to the
PMOD-AD1 is set at 12.5 MHz. This is the boards’ system clock of 50 MHz di-
vided by four. Sixteen clock cycles are needed to perform a conversion, thus the
maximum sampling speed is 781.25 k samples per second. Both AD and DA con-
verters output offset-binary codes : 0x000≡ 0 V, 0xFFF≡ Vsupply. The Nexys-2
board can accommodate eight such PMODs, therefore it can be equipped with
up to eight AD and eight DA converters. Tab. 6.1 shows how the PMODs are
connected to the Nexys-2 board in MOAD. The Digilent FX2-BB breadboard
connects to the Nexys-2 and adds a solderless breadboard for experimentation
and some extra, currently unused, PMOD connectors. Power can be provided via
the onboard USB 2.0 interface although the board has provisions for an external
power supply. It is advisable to use a stable external power supply, especially
when multiple boards are used. Programming the FPGA and exchange of user
data with the host PC is done through the on board USB 2.0 interface. The
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6.2. THE SOLUTION: HARDWARE OVERVIEW AND INTERNAL STRUCTURE

PMOD port Peripheral PMOD type
JA top AD0, AD1 PMOD-AD1
JA bottom AD2, AD3 PMOD-AD1
JB top AD4, AD5 PMOD-AD1
JB bottom AD6, AD7 PMOD-AD1
JC top DA0, DA1 PMOD-DA2
JC bottom DA2, DA3 PMOD-DA2
JD top DA4, DA5 PMOD-DA2
JD bottom DA6, DA7 PMOD-DA2

Table 6.1: PMOD AD/DA module connections to the main FPGA board.

Signal Line Purpose
commit out FX2-IO1 board-board register state synchronization out
commit in FX2-IO2 board-board register state synchronization in
start out FX2-IO3 board-board sampling clock out
start in FX2-IO4 board-board sampling clock in

Table 6.2: Signals that should be routed between FPGA boards, If more than one board
is used, one board must have its commit out and start out signals connected to all others
corresponding input lines.

internal structure was written in VHDL and compiled using Xilinx ISE 12.3 on
a Linux host. To load the top design file into the FPGA, a command line utility
is used:

djtgcfg prog -d Nexys2 -f MOAD_top.bit -- verbose -i 0

This program is provided by Digilent in their “Adept Software Suite”.

Tab. 6.2 shows the connections used for “commit” and sample clock synchro-
nization “start” between boards, when more than one board is used. Only one
board should be programmed to have it’s sample clock active. The commit out
and start out lines of this board must be connected to the corresponding inputs
of the other boards.
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Figure 6.2: Internal structure of a single MOAD board.

6.2.2 Internal structure
Fig. 6.2 shows the internal structure of the design. The signal path is controlled
by the host PC through a set of registers. The Nexys-2 RAM is essentially a
single port memory device. The multiport memory controller (MPMC) provides
sixteen virtual memory ports, which are serviced in a round-robin fashion. Per
turn, each port can perform a single read and/or write operation, where reading
precedes writing. All RAM operations are done as 16-bit words accesses.

The clock generator provides a common sampling clock to all AD and DA con-
verters. Every time the clock generator outputs a start pulse, a conversion is
initiated. The gain and offset (GO) units convert the 12-bit offset binary data
from the AD converters to 16-bit signed two’s complement or unsigned format
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6.3. HOST COMMUNICATION AND REGISTER MODEL

and apply gain and offset. Data for the DA converters follows the opposite path.
Also, for noise experiments, each gain and offset unit contains two registers for
setting the valid number of AD and DA bits. In this way, eight of the twelve
bits can be masked out.

Each gain and offset unit is attached to a programmable address generators
(PAG). There are fifteen PAGs. PAG0...PAG14 correspond to the first fifteen
MPMC ports. The sixteenth MPMC port is used to provide the memory inter-
face to the host PC. PAGx receives gain and offset modified input from ADx
and outputs to DAx, where x = 0...7. Input from AD0 to AD6 is also sent to
PAG8...PAG14 (these connections are not shown in Fig. 6.2). The data ouputs
of PAG8...PAG14 are unused for now, and meant for added functionality in the
future.

In Fig. 6.3 we show the datapath surrounding one PAG. Each PAG has two signal
sources, one coming from the AD converter and one coming from memory, and
two signal sinks, one going to the DA converter and one to the memory. A
third source is a fixed value that originates from a programmable register within
the PAG. Each of the signal sinks can be connected to a signal source through a
multiplexer, represented by the switches inside the dashed boxes in Fig. 6.3. The
user-programmable memory blocks can be of any size and origin within the 16
MB RAM of the Nexys-2 board. When active, pointers into the memory blocks,
represented by the wavy lines, are incremented at every sample clock period.
These pointers can be programmed to halt at the end of the memory block or
loop back to the beginning. To build a delay line, both memory blocks of the
PAG are programmed with the same begin and end addresses. The data source
“from memory” is chosen for DA, while the data from the AD is sent to the sink
“to memory”. Note that delay lines can also be configured between two PAGs by
programming the appropriate memory ranges. Likewise, a data storage line and
a function generator can be programmed with a single PAG. The different units
of Fig. 6.2 have a set of registers which comprise the programming interface.
These registers are discussed in detail in Sec. 6.4.

6.3 Host communication and register model
This section outlines the communication between MOAD and the host PC.

6.3.1 Host-board communication
The Nexys-2 boards are outfitted with a USB 2.0 interface. At the FPGA side,
this interface resembles an enhanced parallel port (EPP). It comprises an 8-
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Figure 6.3: The internal signal path.

bit bidirectional data port, an address and data strobe, write strobe and wait
signal. The interface is described in the document “Digilent Parallel Interface
Reference Manual”, which can be found online [2]. Register accesses from the
host to a unit such as a PAG or gain and offset block are all 8-bit and happen
in two stages: the first to set the address ADR0-7 to select the register and
a second to actually access the register at that address. Multiple sequential
writes to the same register do not require setting the address again. These two
steps are made transparent to the user in the higher layers of the software. All
units with user-programmable registers, presented by round edged rectangles in
Fig. 6.4, are connected to the output of an EPP control block. Since MOAD
has more than 256 registers, the 8-bit address bus is insufficient to map all
registers of the functional units. Therefore, the address space was expanded to
16 bit by using one dedicated address 0xFF as address high byte ADR8-15, in
a scheme is similar to memory banking. In this way, (216 − 256) 8-bit registers
are mapped as visible interface. This 16-bit address is decoded in the unit-select
block, to assign to each unit a unique address range. A complete description of
the registers and their function can be found in Sec. 6.4. The Digilent Adept
software suite contains a shared library to read and write to the Nexys-2 USB
interface. For easier access, a Python Ctypes wrapper was written, making much
of the above transparent to the user. This is outlined in Sec. 6.5
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Figure 6.4: MOAD-host communication block diagram.

6.3.2 Commit system
With the above described system, it is possible to read from and write to the
large number of registers in the units that comprise MOAD. However, it is
undesirable that a change to a register takes immediate effect. It would, for
example, be impossible to change two gain factors at the same time, since there
would always be an unpredictable delay between the two write operations. Also,
many parameters are comprised of more than one 8-bit register, for example a
24-bit address pointer in a PAG. These cannot be read from or written to in
one operation. For these reasons, a system of postponed writes and reads is
implemented, as shown in Fig. 6.5. Writing to register X only updates a shadow
register “X-write”. Likewise, reading only returns the value of “X-read”. When a
commit command is given, all previous writes since the last commit are executed
and all working registers are updated. For this purpose, each X-write register
has a change bit “X-c” which is set on a write and cleared on commit. In this
way, it is possible to change the entire state of the system in a synchronized
way between all parts of MOAD, and also to get a snapshot of the state of the
system. When multiple boards are used, the commit out signal of one board
must be connected to the commit in line of all other boards, as explained in
Tab. 6.2. Not all registers need the commit system on both read and write
operations. This implies there are four different types of access: direct read (R),
direct write (W), commit-postponed read (CR) and commit-postponed write
(CW). The host-memory interface and the bank select register, see Sec. 6.4, are
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Figure 6.5: The commit system for postponed reading from and writing to the registers.

exceptions to the commit system, having only direct access.

6.4 Unit register set
This section serves as a reference to the registers in the units comprising MOAD.
All address values are given in hexadecimal notation as in “0xABCD”. The actual
register address is found by adding the base address of the unit to the value given
in the register address column.

Clock generator

At the end of each period of the clock generator, a “start” pulse is given to the
PAGs and converters, and a conversion is started. When using multiple boards,
the start out signal of one board must be connected to the corresponding start
in signals of the other boards and only the outputting board may have its clock
generator active. The clock generator can be programmed to either run freely
or halt when a predefined number of sampling periods has passed. Tab. 6.3
summarizes the clock generator registers.
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6.4. UNIT REGISTER SET

Unit Base Address
Clock generator 0x0000

Register
Address

Access
method

Name Explanation

0 R,CW period LSB 24-bit sampling period in
multiples of 20 ns.

1 R,CW period mSB
2 R,CW period MSB
3 R,CW control bit 0: clock on.

bit 1: if 0, reset and disable
sample counter.
bit 2: stop on compare.

4 CR status bit 0: number of samples
reached.

5 CR sample count LSB Number of samples since
start.

6 CR sample count mSB1 Reset when clock is stopped.
7 CR sample count mSB2
8 CR sample count MSB
9 CR,CW count compare LSB Stop sampling when this

number of samples is reached
and control bit 2 is set.

A CR,CW count compare mSB1
B CR,CW count compare mSB2
C CR,CW count compare MSB

Table 6.3: Clock generator registers.
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Commit register

The commit register achieves synchronized writing and reading to the registers
of all other units. When using multiple boards, the commit out signal of the
board that acts as master must be routed to the commit in signals of all other
boards. Tab. 6.4 summarizes the commit registers.

Unit Base Address
Commit 0xXXFE

Register
Address

Access
method

Name Explanation

0 W commit 0xA5: system reset.
0x01: issues commit command.
0xFF: switch to non-committed direct
mode.
0x5A: switch to external commit and start
mode, see Tab. 6.2.

0 R commit Returns 0x01 when in direct mode, 0x00
otherwise.

Table 6.4: Commit register.
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Bank select

The bank select register sets the MSB address for all following accesses, see
section 6.3. The host software makes this transparent for the user, so this register
should not be accessed directly. However for completeness it is included here in
Tab. 6.5.

Unit Base Address
Bank 0xXXFF

Register
Address

Access
method

Name Explanation

0 W bank MSB of address of all following system ac-
cesses.

Table 6.5: Bank select registers.

Version register

This register returns a one-byte version number of the firmware, as shown in
Tab. 6.6.

Unit Base Address
Version 0x00FD

Register
Address

Access
method

Name Explanation

0 R version Returns the firmware version number.

Table 6.6: Version register.
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Gain and offset

These units apply 16-bit gain and offset to the converters values. The 12-bit
offset binary AD and DA values are first internally represented as 16-bit. Gain
is either signed (relative to halfway full scale) or unsigned (relative to zero,
0x0000) depending on the corresponding bit in the control register. The 16-bit
gain factor is in fixed point Q-4.12 format. A negative gain when in signed mode
causes a phase reversal. The 16-bit offset factors are signed (two’s complement)
numbers and added after application of the gain. The gain and offset registers
are summarized in Tab. 6.7.

Unit Base Address
Gain and Offset X, X = 0...7. 0x0300 + 0x0010 ·X

Register
Address

Access
method

Name Explanation

0 R,CW AD gain LSB AD gain in signed Q-4.12 format.
1 R,CW AD gain MSB Reset value is +1.
2 R,CW AD offset LSB AD offset.
3 R,CW AD offset MSB Reset value is +0.
4 R,CW DA gain LSB DA gain in signed Q-4.12 format.
5 R,CW DA gain MSB Reset value is +1.
6 R,CW DA offset LSB DA offset.
7 R,CW DA offset MSB Reset value is +0.
8 R,CW control bit 0: AD signed(1)/unsigned(0)

gain.
bit 1: DA signed(1)/unsigned(0)
gain.

9 R,DW AD valid bits 8-bit mask with value for the valid
AD bits. If set to 0xFF (reset value)
all 12 bits are valid. If set to 0x00,
only 4 bits MSB are used.

10 R,DW DA valid bits 8-bit mask with value for the valid
DA bits. If set to 0xFF (reset value)
all 12 bits are valid. If set to 0x00,
only 4 bits MSB are used.

Table 6.7: Gain and offset registers.
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Host memory interface

This unit allows the host PC to access the delay memory. The memory can
be accessed whether an experiment is running or not. Since all host to MOAD
write/read operations are 8-bit, as explained in section 6.3, two accesses are
needed to store or retrieve a 16-bit word. For writing to memory, the convention
is that the first write operation is to the LSB of the 16-bit word and the second
to the MSB. For reading from memory, the first byte returned from MOAD is
also the LSB of the 16-bit word. This is made transparent to the user in the
host software, which deals with words (samples) only.
Note the address to be used is the byte address of the word to be accessed, thus
with the LSB of the address set to zero. This might be changed in the future to
the word address [bit address(23) set to zero] to avoid misinterpretation.

The host memory interface registers are summarized in Tab. 6.8.

Unit Base Address
Host Memory Interface 0x0010

Register
Address

Access
method

Name Explanation

0 R,W control bit 0: if set, memory
address is incremented
after every word write
or read operation. Re-
set value is 0.

1 R,W memory address LSB 24-bit address of the
currently addressed
word.

2 R,W memory address msB
3 R,W memory address MSB
4 R,W memory data register access to memory

pointed to by the
address registers

Table 6.8: Host memory interface registers.
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Programmable address generator

The programmable address generators control how the data from the AD and
DA converters flows to and from memory. Note that because the gain and offset
units are situated between the PAGs and converters, the PAGs are not directly
connected to the converters, but we will still speak of the PAG DA ports and
PAG AD port to avoid clutter. The PAG registers are summarized in Tabs. 6.9
and (6.10).

Fig. 6.6 shows the different modes associated with PAG control bits 3-0.
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Figure 6.6: PAG control bits 3-0 regulate the flow of the data.
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Unit Base Address
PAG X, (X = 0...14) 0x0100 + 0x0020 ·X

Register
Address

Access
method

Name Explanation

0 R,CW From memory start LSB Start address of the memory-
to-PAG buffer.
Reset value is 0x000000.

1 R,CW From memory start mSB
2 R,CW From memory start MSB
3 R,CW From memory stop LSB End address of the memory-

to-PAG buffer.
Reset value is 0x000000.

4 R,CW From memory stop mSB
5 R,CW From memory stop MSB
6 CR,CW From memory now LSB Current pointer value in the

memory-to-PAG buffer.
Reset value is 0x000000.

7 CR,CW From memory now mSB
8 CR,CW From memory now MSB
9 R,CW To memory start LSB Start address of the PAG-to-

memory buffer.
Reset value is 0x000000.

A R,CW To memory start mSB
B R,CW To memory start MSB
C R,CW To memory stop LSB End address of the PAG-to-

memory buffer.
Reset value is 0x000000.

D R,CW To memory stop mSB
E R,CW To memory stop MSB
F CR,CW To memory now LSB Current pointer value in the

PAG-to-memory buffer.
Reset value is 0x000000.

10 CR,CW To memory now mSB
11 CR,CW To memory now MSB

Table 6.9: Programmable address generator registers (1/2).
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Unit Base Address
PAG X, (X = 0...14) 0x0100 + 0x0020 ·X

Register
Address

Access
method

Name Explanation

12 R,CW Fix LSB Fixed value that can serve as source
to the PAG (DA) or PAG-to-
memory buffer.

13 R,CW Fix MSB
14 R,CW Control bit 1-0: DA port source control, see

figure 6.6.
bit 3-2: To memory buffer source
control. bit 4: From memory buffer
counter on(1)/off(0).

bit 5: From memory buffer counter
stop on end (1) or loop to start(0).
bit 6: To memory buffer counter
on(1)/off(0).
bit 7: To memory buffer counter
stop on end (1) or loop to start(0).

15 CR,CW Status bit 0: From memory buffer pointer
at end address. bit 1: To memory
buffer pointer at end address.

Table 6.10: Programmable address generator registers (2/2).
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6.5 Host side software interface
In Fig. 6.7, we outline the host side software interface to MOAD. The Digilent
“Adept Software Suite” provides software to interface with the Nexys-2 boards
in the form of shared libraries, written in C. The shared library libdmgr.so
manages the enumeration and access to the boards, while libdepp.so contains
the actual read and write commands for the EPP interface situated in the FPGA.
Using Python Ctypes, the most common functions of libdmgr.so and libdepp.so
are wrapped in a Python class. In this way, for example reading and writing
to the delay line memory, setting the clock generator etc. can all be done with
simple human readable scripts. The use of Python has several advantages. First,

Python class
moad.py

Nexys−2 boards

script.py
User script

Ctypes ’wrapper’

libdmgr.solibdepp.so

Figure 6.7: Host side software structure.

Python code is more readable than C, and usually is briefer. Secondly, the script
performing the experiment can be used in conjunction with all other freely-
available Python packages, such as Scipy, for further processing of the data.
Thirdly, since the Digilent libraries are provided for both Windows and Linux,
the scripts controlling MOAD are operating system independent.

6.6 Example usage
As an example, we show a system resembling a Mackey-Glass oscillator and
record a bifurcation plot. The circuit is shown in Fig. 6.8. It utilizes the nonlin-
earity of Fig. 2.6a.The opamp buffer isolates the nonlinearity from the RC filter.
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Figure 6.8: Analog circuit connected to the delay system to form Eq. (6.1).

The voltage vx is sampled by MOAD on AD0. It is then amplified by a factor η
in the gain and offset unit, and output on DA0. It implements:

RC
dvx
dt

= −vx + F (ηvx(bt/Ts −NcTs)) , (6.1)

with vx the voltage on the capacitor of the RC filter, N the number of samples in
the delay line and Ts the sampling period. F represents the nonlinear function.
Defining RC as the unit of dimensionless time, we have the dimensionless delay
τ = NTs/RC. Furthermore, setting x = vx/1 V and f the nonlinearity in
dimensionless form f(x) = F (x · 1 V)/1 V, yields:

ẋ = −x+ f(ηxτ ). (6.2)

Choosing Ts = 2µs, RC = 100µs and N = 1000 fixes τ at 20.

To obtain a bifurcation plot, we use the script in Listing C.1, found in Ap-
pendix C. The script first imports the MOAD specific functions as well as the
Scipy package. Then, using these functions, it sets up the delay line with PAG0.
We use PAG14 for storage of 10τ or 10000 samples. To this end, PAG14 is
programmed with the “From-memory” region identical to that of the delay line
memory, and the “To-memory” region programmed to a 10000 sample buffer,
elsewhere in memory. The stop-on-end bit in the PAG status register indicates
when this buffer is filled. Using this method, one can eavesdrop without inter-
fering with an ongoing experiment. Then the system is started and allowed to
settle down for approximately 300τ or 600 ms, after which the storage memory
is read. The local extrema are then saved to a file. This is repeated for gain
values from η = 0.5 up to 4 in 1000 steps. Note that the system does not need
to be halted to read out the data or change the gain. The resulting bifurcation
plot is shown in Fig. 6.9a. As expected, the fixed point v∗x = 0 V looses stability
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(a) (b)

Figure 6.9: (a) Bifurcation plot over parameter η (b) of Eq. (6.1). (a) Experimentally
obtained time series for η = 2.5, in the chaotic regime.

for η > 1. The dynamics evolve to chaos at η ≈ 2, via a series of period dou-
blings. Note the resemblance with Fig. 2.2b. Fig. 6.9b shows a 5 ms time series
for η = 2.5, in the chaotic regime.

The runtime for this experiment, including downloading the data from the board,
was less than twelve minutes.
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6.7 Conclusions
We developed a versatile electronic platform for delay dynamical experiments.
The design goals were born out of the shortcomings of the system introduced
in Chapter 5. It consists of off-the-shelve low cost components and allows for
tabletop DDE experiments. The experiments are observable from the host side
while in progress, without the need for other equipment. The system is expand-
able by adding boards, and offers a relatively high sampling speed, thus lowering
experiment runtime.

In what follows, this platform is used in an experimental chaos based encryp-
tion key distribution (Chapter 7) and in delay line based reservoir computing
(Chapter 9).
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Chapter 7

Encryption key distribution via
chaos synchronization

W e present a novel encryption scheme, wherein an encryption key is
generated by chaos synchronization. The method for generating

the key bitstream is highly reconfigurable. Although derived from a de-
terministic process, the NIST test suite shows that the bitstream proves
indistinguishable from random. We demonstrate the concept on an elec-
tronic circuit built on the delay platform introduced in Chapter 6, and
illustrate the safety by attempting an attack using a modern system iden-
tification method.

7.1 Introduction
The development of new strategies to protect sensitive information from inter-
ception and eavesdropping has always drawn a lot of attention, especially in
our present-day worldwide communication networks. The aim of this work is
the development and implementation of a novel random key distribution system
based on generalized synchronization of distant elements in large networks. Such
a random key synchronization system successfully realized in photonics would
initiate the birth of a new field of physics-based encryption techniques, offering
not only a high unbreakable security but also high-speed real-time encryption
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and decryption. This system would be fully compatible with present and future
telecommunication systems. For reasons of speed, the final goal would be an
all-photonic implementation. However, for the purpose of demonstrating the
viability of the concept, we put our focus in this chapter to the development of
an electronic system.

Traditionally, the confidentiality and the authentication of information are en-
sured through mathematical algorithms. Algorithmic key-based encryption sys-
tems usually take a digital data stream and convolute it with a given binary
pattern, which we refer to as the key. The resulting encrypted binary string
can then be transmitted through a public communication channel. A classic
example of this type of encryption is the Vernam cipher, where the recipient
decodes the message using the same key-string code as used for encryption. In
this case, the key is agreed upon using another secure channel. This algorithm
has been mathematically proven to be fully secure if the key is fully random, has
the same length as the message and is used only once. This kind of key cryp-
tography is, however, not suited for secure communications between two parties
who have never met in anyway. To circumvent this drawback, other software
cryptosystems relying on asymmetric-key algorithms (public-key cryptography
such as RSA) have been developed [1]. However, asymmetric algorithms use
significant computational resources in comparison with their symmetric coun-
terparts and therefore are generally not used to encrypt bulk data streams.
Also, these encryption techniques rely for their security on the fact that it is
computationally hard (but not impossible) to decrypt a message only knowing
a public key. Therefore, growing computational power and the fact that a key
is used more than once remains a latent threat for current algorithmic cryp-
tography. Recently, while the asymmetric key algorithm itself was not broken,
the Heartbleed bug in OpenSSL allowed for harvesting private keys from server
communications.

In order to strengthen the process of securely exchanging a private key other
-hardware oriented- approaches have been proposed such as quantum cryptogra-
phy. However, quantum cryptography, while secure in theory if operating at the
quantum level, cannot encrypt information in real time and its key generation
rate and transmission distance is limited due to noise and attenuation in the
quantum channel. Also, it is not compatible with standard fiber optic networks
because standard telecom components such as optical amplifiers would disrupt
its workings.

An alternative way to improve the security of an encrypted message can be
realized by additionally encoding at the physical layer using chaotic carriers
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7.1. INTRODUCTION

generated by devices operating in the nonlinear regime. Chaotic cryptosystems
rely on two spatially separated chaotic systems to synchronize with each other.
Once the two systems are synchronized, the chaotic output of the sender can
be used as the carrier in which the message is hidden as a small perturbation.
The receiver can extract the message by comparing the incoming signal with the
synchronized one [2]. Multi-gigabit information transmission in real installed op-
tical networks over several tens of kilometers is possible using this paradigm [3].
However, the necessity of sharing a chaotic carrier signal over a public channel
will reveal information on the specifics of the system used. Therefore, chaos com-
munication systems merely hide the information and cannot guarantee security.
Thus, it is clear that an optimal hardware solution (to be used in conjunction
with software methods) for secure data transmission, operating at the high bit
rates that photonics offers and is highly secure, is currently lacking and highly
desired.

Encryption key distribution via chaos synchronization

The goal of our work is to develop a system which can encrypt data in a revolu-
tionary new way, with absolute security, in real-time, at current telecom speeds
and which can be built using current off-the-shelf telecom components. We re-
fer to it as random key synchronization. It relies on synchronization between
a sender and a distant receiver but through an uncorrelated chaotic mediating
signal. From the synchronized chaotic signals a fully random key can be dis-
tilled, impossible to be reconstructed from the information shared in the public
channel. Fig. 7.1 shows the conceptual scheme, with a sender module on the left
and a receiver module on the right. Sender and receiver can communicate with
each other over a public channel. The sender module contains an autonomous
chaotic source and a chaotic slave system, while the receiver module has a chaotic
slave system identical in every way to the chaotic slave of the sender module.
Both source and slaves are complex systems which means that they consist of
many interacting/networked nonlinear elements. The chaotic source generates
a broadband chaotic signal, which is sent to both slaves through a public chan-
nel. If both slaves are identical in every way, chaos synchronization between the
slaves of the sender and receiver modules can be established through the medi-
ating signal of the chaotic source. To this end, the slave systems need to respond
consistently to the chaotic source, meaning that given identical inputs, regard-
less of their respective initial internal states, the slave states must eventually
synchronize [4], [5].

If the source and slaves are complex enough (typically if they are a large or
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source
chaotic

slave
chaotic

slave
chaotic

message

random
key

message

random
key

Sender ReceiverPublic channel

encrypted message

mediating signal

Figure 7.1: Conceptual scheme of real-time message encryption and decryption based on the
novel random key synchronization concept.

high-dimensional nonlinear network), the generalized synchronization properties
of complex systems indicate that the mediating signal can have low to no corre-
lation with the slave’s signal [6]. From the broadband chaos at the output of the
sender module’s slave, random bits can be generated by sampling the chaotic
time stream and by converting analog signals to digital. These bits will form the
private key that can be used to encrypt the message. The cipher-text is trans-
mitted through the public channel. At the receiver module, the synchronized
slave is then used to generate exactly the same random bit sequence as was used
for encryption allowing for immediate message decryption.

This approach has several advantages compared to asymmetric key-algorithms,
chaos communication and quantum key distribution systems. While the key is
being generated bit per bit, the message can be encrypted in real-time. Also,
the key will always have the same length as the total message. Finally, because
the key is derived from an unpredictable chaotic signal, the same key can never
be used twice. These properties will lead to a completely secure encryption
protocol.

One obvious attack vector would be to duplicate the exact system that is used
on the receiver’s side. However, synchronization can only be achieved when the
slave system is made up out of exactly the same devices with exactly the same
device parameters. This can only be assured in photonics or electronics by e.g.
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7.2. EXPERIMENTAL SETUP

two components grown next to each other on the same wafer. Constructing
three identical devices is therefore highly unlikely. A second attack vector is
a brute force one with an eavesdropper measuring the signals locally at either
the sender or receiver site and reconstructing the necessarily high-dimensional,
nonlinear transformation function connecting mediator’s and slaves’ signal. It is
expected that when the mediating signal has a low correlation (well within the
natural noise levels) with the slave’s signals, this attack vector would be blocked.
We will discuss this further in Sec. 7.5.

Hence, to ensure absolute security of the message two challenging requirements
remain. One, the secure key needs to be fully random which will depend on the
properties of both the chaotic source and the chaotic slaves. Two, information
on the generated random key cannot be retrieved in anyway from the chaotic
mediating signal and its properties. Therefore, to achieve secure random key
synchronization, we need to demonstrate chaos synchronization through a me-
diating signal that has zero correlation with chaotic signals broadband enough
for fully random bit extraction. Also, the system must be built in such a way
that noise cannot disrupt its operation.

7.2 Experimental setup
We first describe the experimental electronic system that we have constructed to
demonstrate the concept. The system uses several first order nonlinear building
blocks as depicted in Fig. 7.2. A single nonlinear (NL) block is close to what
is found in Fig. 6.8. It consist of a nonlinear function as described in Chap-
ter 2, followed by an RC network with a timing of 33µs, and a non-inverting
×2 amplifier. The nonlinearity f is described by the Mackey-Glass function

v
I v

O

10k

10k

1nF

10k
10k

1k 33k 1/2 LM358500

BC547C

+

−

Figure 7.2: The nonlinear building block.
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Slave 1
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Figure 7.3: The system diagram. Each block labeled “NL” contains the subcircuit of Fig. 7.2,
identical to within component tolerances.

Eq. (2.3):
vO = f(vI) = AvI

1 + (BvI)n
,

with parameters A = 1.995, B = 0.4657 /V, and n = 8.3837. The amplifier
maps the input and output dynamic ranges, roughly 0...3 V, onto each other. It
also acts as a buffer between the NL blocks. In this way, the NL blocks can be
cascaded. The resistor of the RC network is chosen much larger than the output
resistance of the nonlinearity to minimize the load on the transistor.

In Fig. 7.3, we show a diagram of the complete system, which consists of a chaotic
signal source, called the mediator, and two ideally identical slave branches. The
mediator has eight nonlinear building blocks, placed in a ring with a delay τ and
programmable gain Gm. Labeling vm,i for i = 1...8, the output voltages of the
NL blocks, the mediator is described by:

RC
vm,1
dt

= −vm,1 + f [Gmvm,8(t− τ)] ,

RC
vm,i
dt

= −vm,i + f [vm,i−1] , i = 2...8,

(7.1)

and vm,8 , vm is the output of the mediator.

Because the delay and the NL blocks are commutable, the mediator circuit is
equivalent to eight NL blocks, each coupled with delay τ/8 in between them.
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The mediator signal passes a programmable gain Gs, and drives two slave
branches, each consisting of four NL blocks. The signals of the first slave branch
vs1,i, i = 1...4 are described by:

RC
dvs1,1
dt

= −vs1,1 + f (Gsvm) ,

RC
dvs1,i
dt

= −vs1,i + f (vs1,i−1) , i = 2...4 (7.2)

and vs1 , vs1,4. Similar equations describe the signals of the second slave branch.
Care was taken to match the corresponding components of both slaves as close
as possible, in order to obtain a near identical response to the mediator signal.
This is achieved by using resistors with one percent tolerance, and matching
the transistors and capacitors of corresponding placement in the branches. A
more practical integrated circuit approach, where both slaves are manufactured
on a single wafer which is sliced afterwards, would yield even better matching.
The delay and gains are implemented on the platform that is introduced in
Chapter 6. It is programmed to sample at fs = 250 kHz. The delay line has a
length of N = 10000 samples, corresponding to τ = 40 ms ≈ 1212RC.

In Fig. 7.4, we show the nonlinear input-output relations for several cascaded
nonlinear blocks, when scanned slowly, i.e. vO = f (n)(vI). It is clear from
Fig. 7.4, that each nonlinear transformation will add complexity to the dynamical
behavior of the slave and mediator signals. Intuitively, because of the unimodal
character of f , most output values can originate from two input values, i.e.
f−1(y) = {x1, x2}, such that f(x1) = f(x2) = y. Cascading n such functions
then leads to 2n possible input values for each output value. Also, the resulting
function f (n) has 2n−1 local maxima.

Fig. 7.5 shows an experimentally obtained bifurcation diagram of the mediator.
For a wide range of loop gains Gm, as programmed in the delay line setup,
the mediator signal clearly shows chaos. In Fig. 7.6, we show actual oscilloscope
screenshots of the mediator and slave output waveforms. It is clear that while the
slaves show near identical signals, there is little resemblance between the signals
of the mediator and the slaves. To quantize the difference between mediator
and slave units signals, we calculate the normalized root mean square error
(NRMSE):

NRMSE(x, y) =

√√√√ 1
M

∑M
i=1(xi − yi)2

1
M−1

∑M
i=1(xi − 1

M

∑M
i=1 xi)2

≡

√
E[(x− y)2]
VAR[x] . (7.3)

From a measurement of 2 Msamples, these are: NRMSE(mediator, slave 1) =
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Figure 7.4: Nonlinear input-output functions for (a) two, (b) four, (b) six and (c) eight
cascaded nonlinear blocks when slowly scanned.
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Figure 7.5: Experimentally obtained bifurcation diagram for the mediator. The gain Gm is
digitally controlled in the delay line.
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(a) (b)

Figure 7.6: (a) Oscilloscope screenshot of mediator (red) and slave 1 (blue) and (b) of slave
2 (red) and slave 1 (blue).

1.419,
NRMSE(mediator, slave 2) = 1.427, NRMSE(slave 1, slave 2) = 0.0852, showing
that the two slave signals are very much alike, while there is a large difference
between the slaves and mediator.

A better way to quantize the similarity of these signals is by looking at the
auto- and cross-correlations. For sampled real-valued signals x(i) and y(i), with
i = −n, . . . , n, the cross-correlation is obtained as follows1. A time-averaged
cross-correlation of a single realization of the signals is calculated as:

R̄xy(k) = 1
2n+ 1

n∑
i=−n

x(i)y(i+ k), (7.4)

with k the shift between the signals. The signals are zero-padded if and index
extends outside [−n, . . . , n]. This is repeated for many (typically m = 50 . . . 100)
different realizations of the signals to obtain R̄xy,1, . . . , R̄xy,m. Then these are

1First the means of the signals are removed, since these convey no information. Technically
we are calculating the auto- and cross-covariance, yet it is common practice to still call them
correlations.
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averaged to obtain the cross-correlation:

Rxy(k) = 1
m

m∑
j=1

R̄xy,j(k). (7.5)

Here it is assumed that the processes from which the signals stem are wide sense
stationary (WSS), so that E[R̄xy(k)] = Rxy(k). The auto-correlation of x(i) is
calculated as above, by taking y(i) = x(i). In what follows, we normalize the
correlations to:

Rxy(k)→ Rxy(k)√
Rxx(0)Ryy(0)

, (7.6)

since the maximum of the auto-correlation is found at zero shift.

The normalized auto-correlation of the mediator, Rmm, has extrema at multiples
of the number of samples corresponding to the delay τ . We plot the auto-
correlation for the gain value of Gm = 0.8743 in Fig. 7.7a. The shift is expressed
in units of τ . The largest residual peaks, found at ±τ , are below 0.015, as
seen in the inset. Although derived from a deterministic system, this is close
to the auto-correlation of white noise. We located this optimal gain value by
plotting the magnitude of the first four peaks of the normalized auto-correlation
as a function of the loop gain Gm, in Fig. 7.7b. For shifts of 5τ and higher,
these peaks are negligibly small. From these results, we determined that a
gain value of Gm = 0.8743 is optimal to minimize the sum of the absolute
values of these peaks. In this way, the self-similarity of the mediator signal
is suppressed. This is important because any self-similarity in the mediator
signal might lead to correlations in the slave signals, which are derived from the
mediator. The bitstreams that are derived from these time series might then
also show similarities and fail to appear random.

Likewise, the cross-correlations of the mediator and slave signals, Rms1 and
Rms2, show peaks at or close to multiples of τ . In Fig. 7.8, we show the cross-
correlation between the mediator and slave 1 for gain Gs = 1.1811. The largest
peak is below 0.03. The situation for slave 2 is similar. As before and shown
in Fig. 7.8b this optimal gain value was determined such that the absolute sum
of the peaks is as low as possible. Conversely, as shown in Fig. 7.9a, the slaves
have a near perfect correlation, as was already indicated by their low NRMSE.
In Fig. 7.9b, the auto-correlation of slave 1, Rs1s1 is shown, indicating that the
noise like behavior is inherited from the mediator signal. The auto-correlation
of slave 2, Rs2s2, is very similar to that of slave 1, and therefore is not shown.

To summarize, because the slave signals are nearly identical, the bitstreams
derived thereof will also be nearly identical. The bitstream derived from the
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Figure 7.7: (a) Normalized auto-correlation function of the mediator at the optimal gain
Gm = 0.8743. (b) Absolute value of the normalized auto-correlation function Rmm of the
mediator at multiples of the delay time τ , plotted against gain Gm.
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Figure 7.8: (a) Normalized cross-correlations of mediator and slave 1, at optimal gains Gm

and Gs. The horizontal units are delay loop lengths τ . (b) Absolute value of the normalized
cross-correlation function Rms1 of the mediator and slave 1 at multiples of the delay time τ ,
plotted against gain Gs.
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Figure 7.9: Normalized cross-correlations of the slaves (a) and auto-correlation of slave 1 (b)
at optimal gains Gm and Gs. The horizontal units are delay loop lengths τ .

mediator signal will inherit its very low long-term auto-correlations. More so,
the low cross-correlation between the mediator and the slaves will result in nearly
uncorrelated bitstreams. To be able to adequately suppress the cross-correlation
between the mediator and the slaves, the slave branches need to have a sufficient
number of nonlinear nodes. In a similar experiment in photonics, where each
slave consisted of only one laser, driven by a random phase light source, the
residual cross-correlation was as high as 0.2 [7].

7.3 Bit generation
Near random bit series are obtained from the slave signals using two different
methods, which we will explain in what follows.

7.3.1 Comparison to the median value
The halve-height width of the central peak in the auto-correlation of the slave
signals is ≈ ±75 samples or (75/10000)τ , therefore the signals are downsampled
by a factor k > 75, so as to have uncorrelated one’s and zero’s. Then, if a
sample is above or equal to the median, a “one” is stored in the resulting output
bit series, if not a “zero”. Lastly, halve of the samples that are exactly equal
to the median are reversed. This last operation is done to avoid a small bias.
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Figure 7.10: The distribution of slave signal samples with mean and median shown, in 50
bins, obtained from 2 million samples.

The median is used instead of the mean, because the distribution of the signals,
shown in Fig. 7.10, has skew: using the mean as zero/one threshold, would lead
to an unbalanced set of bits. Since the median is not known upfront, it has to
be determined from the slave time series itself. In this experiment, the median
was recalculated per 250 ksamples of the k = 81 downsampled slave time series.
Using this procedure, 20 million bits were generated and divided in 50 series of
400 kilobits. The conditional probability matrix of the resulting bit series for
the slaves, Ps1,s2(i, j) = P{s1 = i|s2 = j} with i, j ∈ {0, 1}, is:

Ps1,s2 =
(

0.978 0.022
0.022 0.978

)
. (7.7)

For slave 1 and the mediator, the conditional probability matrix Ps1,m(i, j) =
P{s1 = i|m = j} is:

Ps1,m =
(

0.4992 0.5008
0.5008 0.4992

)
. (7.8)

Clearly, Eq. (7.7) is very close to the ideal of the identity matrix, which is
associated with a perfect binary channel. This attests that the bits of the slaves
are highly correlated, while Eq. (7.8) shows that the bits of the mediator and
slave 1 show almost no correlation. As with the cross-correlations, the situation
between mediator and slave 2 is similar, and therefore not shown.

We have tested the bits produced by this method using the National Institute of
Standards (NIST) test suite [8] version 2.1.2. This software unleashes a battery
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of statistical tests on the bitstreams, to try to detect deviations from the assumed
randomness. To illustrate the approach, we first discuss statistical hypothesis
testing on perhaps the most basic property of random bitstreams, namely the
frequency of ones and zeros. The frequency or monobit test checks that the
number of ones approximately equals the number of zeros. The null hypothesis
is H0: “The bitstream generator is random.” Under the assumption H0 is true,
the underlying distribution of the test sequence is binomial. The probability
that a sequence or realization of n bits has k ones is:

P [k ones out of n] = pk(1− p)n−k n!
k!(n− k)! , (7.9)

with p = 1/2, mean µB = np = n/2 and variance σ2
B = np(1− p) = n/4.

A significance level α is chosen. Next test limits are constructed, based on the
assumed underlying distribution of the sequences, such that:

P [Sequence statistic lies within the test limits] ≤ 1− α. (7.10)

Here the sequence test statistic is the experimental mean k of the sequence,
expected to be np = n/2. These experimental means form a statistic, which is,
by the central limit theorem, assumed to be normally distributed. In a table of
the normal distribution, we find that for α = 0.01, a fraction of 1− α = 0.99 of
all sequences will fall within ±2.58σ of the mean. The test limits for α = 0.01
therefore are [n/2 ± 2.58

√
n/2]. If the sequence mean is within the test limits,

there is no valid reason to reject H0. As an example, suppose in a sequence of
100000 bits, there are 50530 ones. The limits are [100000/2 ±

√
100000/2] =

[49592, 50408]. Based on this sequence alone, we would reject H0, since it is
unlikely, however not impossible, that it originated from a truly random source.

The approach chosen by NIST somewhat differs from the above, in that for
each of many sequences a P-value is computed. A P-value is the probability,
under the assumption of H0, that a sequence delivers a test statistic larger than
the one actually observed from the sequence. These P-values are compared
against the fixed threshold α. A P-value below α is an indication that H0 is
inconsistent with the observed sequence. The benefit of this approach is that
limits do not have to be recalculated with a change in α. For the frequency test,
the test statistic is the difference between the number of ones and zeros in the
sequence. The calculation of the P-value is further explained in Ref. [8]. The
P-values calculated from all the sequences for a single test themselves form a
statistic. Ideally these P-values are uniformly distributed. For each test, the
NIST software reports the histogram of the P-values in ten bins. The closeness
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to a uniform distribution in the interval [0, 1] is tested using a Pearson χ2 test,
and this results in a “P-value of P-values”. If this P-value is larger than 10−4,
the sequences are considered uniformly distributed.

The software reports the proportion of samples that pass the tests. The minimal
proportion required to pass the test is related to the choice of α. If α = 0.01,
then it is expected that one sequence out of α−1 is rejected. In our tests, the
significance level was α = 0.01, which is set as default in the NIST software.
The other tests investigate more complex statistics of the bitstream such as run
lengths, prevalences of patterns, spectral properties etc. The approach is similar
to that outlined above. A full description of each test, the test statistic and the
calculation of the corresponding P-values is given in Ref. [8].

We used 50 sequences of 400.000 bits. In Tab. 7.1 we show the results, indicating
that the bit series pass the tests. Where a test has more than one result, for
example the “NonOverlappingTemplate” test, the worst case result is given.

Note, as reported in the testing results file: The minimum pass rate for each
statistical test with the exception of the random excursion (variant) test is ap-
proximately = 47 for a sample size = 50 binary sequences. The minimum pass
rate for the random excursion (variant) test is approximately = 24 for a sample
size = 26 binary sequences.

We conclude that the bitstreams show no detectable deviation from randomness.
A downside to this method of transforming a chaotic signal in a bit series, is
that it depends on the median of the time series, which has to be determined
beforehand.

7.3.2 Delayed comparison method
In this section, we introduce a bit generation scheme that we call the delayed
comparison method, which alleviates this problem and delivers balanced bit
series from the outset. For this method, it is only required that the mediator
and slave signals, interpreted as random processes, are WSS [9].

If we compare two instances of such a process X(t), at times t1 and t2, the
probability that the first measurement is smaller than the second is:

P{X(t1) ≤ X(t2)} = P{X(t1)−X(t2) ≤ 0}. (7.11)

Because X(t) is WSS, its mean µX and variance σX are constants. Defining
Y (t1, t2) = X(t1)−X(t2) as the random process of the difference, it follows that
µY = 0. Also, the probability density function of Y only depends on the time
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difference τ = t1 − t2 and can be written as fY (y; τ). Thus:

P{Y ≤ 0} =
∫ 0

−∞
fY (y; τ)dy, (7.12)

and likewise:
P{Y ≥ 0} =

∫ +∞

0
fY (y; τ)dy. (7.13)

Note that Y (t) also has zero skew2:

SY = µY − νY
σY

= 0, (7.14)

Uniformity P-value Pass Ratio Test

0.000320 50/50 Frequency
0.494392 50/50 BlockFrequency
0.058984 50/50 CumulativeSums
0.007694 49/50 CumulativeSums
0.816537 47/50 Runs
0.657933 50/50 LongestRun
0.289667 50/50 Rank
0.262249 49/50 FFT
0.040108 48/50 NonOverlappingTemplate
0.699313 50/50 OverlappingTemplate
0.739918 50/50 Universal
0.971699 49/50 ApproximateEntropy
0.000439 26/26 RandomExcursions
0.001399 26/26 RandomExcursionsVariant
0.236810 48/50 Serial
0.657933 50/50 LinearComplexity

Table 7.1: Results from the NIST randomness test suite, for the testing of 20 million bits
obtained with the median-comparison method.

2The underlying assumption is that X(t) has a constant median νX . It would be a very
strange process indeed, that has a fixed mean and variance, yet its median changes over time.
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z−1

x(n)
B(n)downsampler

1:2

x(rn) > x(r(n−1))

b(n)
x(rn)

      1:r
downsampler +

−

Figure 7.11: The delayed comparison method for random bits generation from a chaotic time
series. x(n) is either the sampled mediator or one of the slave signals.

with νY the median of Y . Thus the probability density function fY (y, τ) must
be symmetric around the origin. Hence P{Y ≤ 0} = P{Y ≥ 0} = 1/2 or:

P{X(t1) ≤ X(t2)} = P{X(t1) ≥ X(t2)} = 1
2 (7.15)

We thus proceed as follows to obtain the bits from the time series. First the
sampled mediator and slave time series x(n) are downsampled over a factor r,
where r is chosen somewhat larger than the width of the central auto-correlation
peak. This is the decorrelation step, done to avoid long successions of the same
bit value. Then the resulting time series x(rn) is transformed into a series of
bits b(n) as follows:

b(n) =
{

1 : x(rn) > x(r(n− 1)),
0 : otherwise, (7.16)

which is the deskewing step. Note that because the time series samples are
discretized, there is a small probability that two samples are equal, such that
Eq. (7.16) introduces a small bias. This can be resolved by choosing alternating
values for the bits resulting from these equal samples. However we found this
to be unnecessary, and used Eq. (7.16) as is. Lastly, every other bit of b(n) is
discarded, yielding the final bit series B(n):

B(n) = b(2n). (7.17)

Without this last step, one sample of the time series would be used for the
generation of two bits. We found this tends to show up in the FFT test of
the NIST test suite. Fig. 7.11 gives a schematic outline of the process. Since
choosing a different r-factor results in a different bit series, it is clear that the
process outlined in Fig. 7.11 can be applied in parallel to produce multiple bit
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series from one time series, thus showing an advantage in speed. For multiple
intervals ri, the bitrate is given by:

R = fs
∑
i

1
2ri

, (7.18)

with fs the sample speed of the slave time series. Using intervals 81, 123, 234, 441
and 619, we obtained 22 million bits. The conditional probabilities, with the
same notation as above, are:

Ps1,s2 =
(

0.9755 0.0246
0.02455 0.9754

)
,

and:
Ps1,m =

(
0.4970 0.5034
0.5030 0.4966

)
.

The probabilities between the mediator and slave 2 are similar as between the
mediator and slave 1. The random bits were divided in 55 sequences of 400.000
bits each. Again, we tested these sequences with the NIST test suite. Tab. 7.2
shows the results. Where a test has more than one result, the worst case result
is shown. The results file states: The minimum pass rate for each statistical
test with the exception of the random excursion (variant) test is approximately
= 52 for a sample size = 55 binary sequences. The minimum pass rate for the
random excursion (variant) test is approximately = 21 for a sample size = 23
binary sequences.

We conclude that the bits generated by the delay comparison method show no
signs of deviation from randomness.
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Uniformity P-value Pass Ratio Test

0.181557 54/55 Frequency
0.025193 55/55 BlockFrequency
0.048716 54/55 CumulativeSums
0.595549 55/55 Runs
0.678686 55/55 LongestRun
0.554420 55/55 Rank
0.304126 54/55 FFT
0.678686 52/55 NonOverlappingTemplate
0.021999 55/55 OverlappingTemplate
0.366918 55/55 Universal
0.249284 55/55 ApproximateEntropy
0.186566 23/23 RandomExcursions
0.105618 23/23 RandomExcursionsVariant
0.637119 55/55 Serial
0.042808 54/55 LinearComplexity

Table 7.2: Results from the NIST randomness test suite, for the testing of 22 million bits
obtained with the delayed comparison method.
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7.4 Demonstration on Lena
We demonstrate our encryption scheme on the ubiquitous “Lena” image, as
shown in Fig. 7.12. This grayscale version of the image consists of 512 × 512
8-bit pixels. The source image 1© is encrypted with the signal of slave 1, using an
exclusive-or operation, indicated by the symbol ⊗ in the figure. The encrypted
message is transmitted together with the key, which is the mediator signal, to
the receiver over the unsecure channel. The mediator signal drives slave 2 in
synchronization with slave 1. The signal of slave 1 is then used to decrypt the
message 2©. Some small artefacts are visible in the decrypted image, because the
synchronization between the slave signals in this proof-of-concept demonstration,
is not perfect. Apart from extra error correction, we suggest methods to alleviate
this problem in the conclusions to this chapter, Sec. 7.6. The decrypted message

3© is unintelligible, as is the result 4© an eavesdropper obtains from decrypting
the message with the key found in the channel. In Fig. 7.13, we show the
encrypted and decrypted messages again in a larger format for reference.

1 2

4

3

message

key

Transmitter ReceiverChannel

Mediator

Slave 1 Slave 2

Figure 7.12: Encryption and decryption scheme using the Lena image as message. Full scale
images are found in Fig. 7.13.
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(a) (b)

(c) (d)

Figure 7.13: Close ups of the encrypted and decrypted messages of Fig. 7.12: (a) original
unencrypted message 1© , (b) encrypted message 3©, (c) decrypted message at receiver end 2©,
(d) decrypted message obtained by the eavesdropper 4©.
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7.5 A possible attack using a basis splines Volterra series
A possible first step in an attack on this encryption method would be to try to
perform a system identification, using a set of known-good mediator and slave
signals. Note that for this method to work, an attacker needs to somehow obtain
the slave signal which is not present in the channel.

A modern method for showing generalized synchronization between signals, i.e.
showing how one signal is in some deterministic way derived from another, is
given in Ref. [10]. For the sake of completeness, this method, called the Func-
tional Synchrony Model (FSM), is briefly explained here. We keep the notation
the same as in Ref. [10]. Within the framework of FSM a system F which trans-
forms an input signal x(t) for t = 1 . . . N to an output signal y(t) = F [x](t) is
modeled as a Volterra series of order n. Here the input x would be the mediator
signal and the output y the slave signal, with F the transformation performed
by the slave system. The estimated output signal yE(t) is a sum of Volterra
functionals:

yE(t) =
n∑
j=0

Yj,K(t), (7.19)

with the j-th order Volterra functional Yj,K(t) having a memory of K steps, is
given by:

Yj,K(t) =
K∑

k1=0
· · ·

K∑
kj=0

hj(k1, . . . , kj)x(t− k1) . . . x(t− kj). (7.20)

The Volterra kernels hj are expanded using a set of
basis functions B = {bm|m = 1 . . .M}:

hj(k1, . . . , kj) =
M∑

m1=1
· · ·

M∑
mj=1

ã(j)
m1,...,mj

bm1(k1) . . . bmj (kj), (7.21)

with coefficients ã(j)
m1,...,mj ∈ R. This yields:

Yj,K =
K∑

m1=1
· · ·

K∑
mj=1

ã(j)
m1,...,mj

φm1,...,mj
. (7.22)

The φm1,...,mj are the covariates; nonlinear basis functions with
argument x̃n = [x(n−K), x(n−K + 1), . . . , x(n)], forming j + 1 dimensional
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convolutions:

φm1,...,mj
(x̃n) =

K∑
k1=0
· · ·

K∑
kj=0

bm1(k1) . . . bmj
(kj)x(n− k1) . . . x(n− kj) (7.23)

It is clear that any permutation π(m1, . . . ,mj) of the covariate arguments yields
the same covariate, hence they can be grouped, yielding new coefficients aj . Also
the covariates can be factored out into products of simple convolutions, as all
higher-order covariates are simply products of first order covariates:

φm1,...,mj
(x̃n) =

(
K∑

k1=0
bm1(k1)x(n− k1)

)
. . .

 K∑
kj=0

bmj
(kj)x(n− kj)


= φm1 . . . φmj

. (7.24)

In Ref. [10], the basis B consists of M cubic b-splines. These span a vector
space of 3rd order piecewise polynomials with smooth transitions at the knots
τM = {τ1 < τ2 < · · · < τM}. Once a knot sequence is chosen, the spline functions
are fully specified and can be built using the de Boor algorithm [11]. If the knots
are uniformly spaced, the b-splines are simply shifted copies of each other and
called cardinal b-splines. In Ref. [10] both uniformly and nonuniformly spaced
knots are used, the latter chosen to support maxima in the cross-correlation of
the time series x and y.

The final model is linear with respect to the coefficients aj . Placing all covariates
in a N×A design matrix Φ, and all coefficients in vector a = {a1, . . . , aA} defines
a regression problem for time series x and y:

Φ(x)a = y, (7.25)

with the design matrix:

Φ(x) =


φ1(x̃1) φ2(x̃1) · · · φA(x̃1)
φ1(x̃2) φ2(x̃2) · · · φA(x̃2)

...
...

. . .
...

φ1(x̃N ) φ2(x̃N ) · · · φA(x̃N )

 . (7.26)

This can be solved for a with any number of methods. In reference [10], elastic
net regularization is used, which is explained further in Ref, [12]. This method
seeks the coefficients â for which:

â = arg min
a

(
|y − Φ(x)a|2 + βλ|a|1 + (1− β)λ|a|2

)
, (7.27)
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with | · |1 the L1-norm and | · |2 the L2-norm. For β = 0 this is a ridge regression,
placing a penalty on large coefficients to avoid overfitting. Choosing β = 1 yields
a lasso regression, resulting into a sparse set of nonzero coefficients. With a β
parameter between one and zero, both properties can be had, resulting in the
selection of the most important features in the data, while at the same time
assuring the model generalizes well. Parameter λ regulates the severity of the
penalty. The level of accuracy of the resulting model is measured using the
Pearson correlation coefficient py,yE

:

py,yE
= Cov[y, yE ]

σyσyE

, (7.28)

with Cov[y, yE ] = E[(y − µy)(yE − µyE
)], the covariance between the ideal and

the estimated model output. It is straightforward to show that, if the signals y
and yE are not to different such that their means and variances are close to each
other i.e. µy ≈ µyE

and σy ≈ σyE
, the NRMSE and correlation coefficient are

related as:
NRMSE(y, yE) ≈

√
2 (1− py,yE

). (7.29)

The evaluation of the model is applied on a separate validation data set. The
total number of covariates A depends on the number of b-splines M and the
order of the Volterra series n and is given by:

A =
n∑
j=0

(
M + j − 1

j

)
. (7.30)

We implemented the above FSM scheme in a Python script, which was verified
using the following Mackey-Glass system:

ξ̇(t) = 2ξ(t− τ)
1 + ξ(t− τ)9 − ξ(t), τ = 300, (7.31)

as in Ref. [10], where it is shown that a single transformation x(t) = ξ(t− τ)→
y = ξ(t) can be predicted with Pearson correlation coefficient that is close to 1.
Tab. 7.3 states the parameters we used, and the resulting Pearson correlation
coefficient. Fig. 7.14a shows the input and desired output signal. Fig. 7.14b
shows a scatter plot of the FSM estimated signal vs. the desired signal, which
is very much in line with what is found in Ref. [10]. This also indicates that a
single MG-like transformation is not safe for encryption purposes.
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system Mackey-Glass, Eq. (7.31)
sample size 30000

sampling interval 0.1
n 2
M 28

knots interval 350, uniform
β 0.99

λ 5.5× 10−7

covariates 435
nonzero coefficients 158

py,yE 0.966
NRMSE 0.2587

Table 7.3: Parameters and results for the verification of our implementation of the FSM
model on the Mackey-Glass system of Eq. (7.31).
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Figure 7.14: (a) Mackey-Glass embedding x(t) = ξ(t− τ) vs. y(t) = ξ(t) used for testing the
FSM. (b) Scatter plot of desired signal y(t) vs. estimated signal yE(t) using a second order
FSM, with parameters as in Tab. 7.3.
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Next we applied the FSM methodology, with the mediator signal vm as input
and the slave signal vs1 as output, in an attempt to characterize Eq. (7.2).
The slave signals decay in about one millisecond or 250 samples at the chosen
sampling rate. Therefore, we chose the spline window to be 400 samples to
cover this interval. Table 7.4 states the applied parameter for the best results
we could obtain, while keeping the computation time reasonable. We applied a
nonuniform knot sequence, where the knots support the highest maxima of the
cross-correlation of the mediator and slave signals in the given window. Using
a third-order approach results in 3276 covariates. The 25 b-splines are shown
in Fig. 7.15a. As is clear from the scatter plot, Fig. 7.15b, the estimated slave
signal vs1,E bears little resemblance to the actual signal vs1. The time needed
to determine the coefficients from a training time series of 30000 samples and
building the testing time series of 1 million samples, was well over ten hours on a
modern laptop. A 4th order FSM with 25 b-splines would have 23751 covariates.
We estimate that the training alone would take several days.

Even if the slave signal could be effectively predicted from the mediator signal, an
attacker would somehow still need to obtain the r-intervals used in the delayed
comparison method to calculate the bit series. We have generated the bit series
resulting from the estimated slave time series, under the assumption that the

system 4 NL blocks slave, Eq. (7.2)
sample size 30000 fitting, 100× 10000 testing

sampling interval 4µs
n 3
M 25

knots interval 400 samples, non-uniform
β 0.99

λ 1.35× 10−4

covariates 3276
nonzero coefficients 3259

ps1,s1E 0.1328± 0.0048
NRMSE 1.452

Table 7.4: Parameters and results for slave system identification, using a mediator and slave
1 signals.
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Figure 7.15: (a) The 25 b-splines used as basis functions for detecting synchronization
between mediator and slave signals. (b) Scatter plot of FSM estimated slave signal for four
nonlinearities in the slave chain. The parameters are stated in Tab. 7.4.

attacker somehow got hold of these intervals and compared these to the bit
series generated from the real slave signal. The sample size was 14318 bits. The
resulting conditional probabilities show little correlation:

Ps1,s1E
=
(

0.5483 0.4562
0.4517 0.5438

)
,

which is what one would expect, given the low correlation between the estimated
and real slave signal.
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7.6 Conclusions
A new method of distributing encryption keys based on synchronization of driven
chaotic systems has been presented. The resulting keys have passed the NIST
test suite, showing no distinction from a true random bit series. The keys
have the same length as the message and the encryption is done by using an
exclusive-or operation, equivalent to a modulo-2 addition. Therefore, the en-
cryption/decryption scheme is similar to a Vernam cipher, which is proven to be
unbreakable.

We have demonstrated a proof-of-concept setup, based on an analog electronic
system. The slave-slave synchronization is not perfect, yet this is to be expected
from a circuit built by hand, out of discrete components. Nevertheless, the
viability of the concept has clearly been shown. Developments more aimed at
final implementations could apply delay coupled driven digital iterated maps.
Earlier in our experiments, we have used six NL blocks in the mediator and
three NL in each slave. However this was found to be an insufficient to obtain the
near-noise like auto-correlation in the mediator. A fully digital implementation
could easily contain even more NL blocks.

Another method to obtain more closely matched slave signals, is to construct
the analog slave circuits on a single integrated circuit wafer, which is cut after
production. In this way, naturally occurring process variations can be harnessed
to produce truly unique and closely matched units. The mediator signal can then
be transmitted over a digital network, utilizing the error correction facilities
already present, and converted back to analog right before entering the slave
circuits.

A possible attack using a state-of-the-art synchronization detection method
aimed at mimicking the slave system, has been shown to be ineffective. In
addition, the delayed comparison method for generating random bits inherently
offers a second layer of safety through the unknown values and number of r-
intervals. An attacker would need an estimate of the r-intervals close to the
number of samples that the central peak in the mediator auto-correlation is
wide. The connection between the difference of two r-intervals and the resulting
difference in bitstreams is still to be investigated.

Finally, note that since the r-values are easily reconfigured at runtime, this
system could provide addressable decryption capabilities to multiple connected
receivers.
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Chapter 8

Monostable multivibrators as novel
artificial neurons

R etriggerable and non-retriggerable multivibrators are simple timers
with only one parameter, their period. We derive the basic input-

output firing rate relations under static and dynamic conditions. We inves-
tigate their applicability as novel neurons for pulse coded artificial neural
networks. Finally, we demonstrate that networks of these neurons have
the separation and approximation properties and thus are capable of per-
forming complex computations on pulse coded input signals.

8.1 Introduction
Previous work in artificial neural networks (ANN) has employed many differ-
ent types of neurons, the basic building blocks of the networks. Some neuron
models, such as the Hodgkin-Huxley [1] model are grounded in the physiologi-
cal principles of the cell membrane and aim to closely model biological reality.
The FitzHugh-Nagumo (FHN) model, introduced in Chapter 5, can be seen as
a slimmed down version of the Hodgkin-Huxley model, still being able to show
many of the physiological phenomena, yet in a mathematically less convolved
way.

Other models are more or less mathematical abstractions that omit details not
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needed to obtain sufficient computational capabilities or demonstrate certain
phenomena in ANNs. The leaky integrate and fire neuron [2] (LIF) is a spiking
neuron model that consists of a first order integrating process and a threshold
detector. If the integrated quantity, called the membrane potential, exceeds
the threshold, the neuron responds with an output event and the membrane
potential is instantaneously reset. The shape of the output event is often a
decaying exponential, but many variations exist.

The McCulloch-Pitts (MP) neuron [3], y = sgn(
∑N
i=0 wixi), is perhaps the fur-

thest removed from a biological neuron of all models. It has however proven
sufficient for classification tasks, when applied in a multilayer feedforward net-
work. This neuron model is also applied to form an autoassociative memory in
a Hopfield network [4].

The virtual neurons, encountered in Chapter 9 on delay based reservoir comput-
ing, are still further removed from biological neurons.

Whichever model is chosen, all practical ANN, except maybe those meant for
illustrative purposes, must rely on some method to build and connect a large
numbers of neurons, usually with adjustable synaptic weights inbetween them.
Indeed, a single electronic MP neuron is easily constructed with just a few resis-
tors and a comparator. Connecting a network of several hundreds or thousands
with programmable weights however, can only be achieved with an expensive
application specific integrated circuit. The consequence of this is that much of
the work on ANN’s focuses on numerical simulations, without a clear migration
path towards a viable technology that harnesses the speed benefits of parallelism.

The following is an attempt at a reverse view of the problem. Instead of asking
what would be a “good” neuron model and dealing with the difficulties of the
implementation later, we ask which building blocks are easy to construct and
connect in large numbers and show interesting dynamical properties, being of
possible use in an ANNs. These building blocks might be even further removed
from the biological wetware than the MP is. Whether or not we should call these
building blocks neurons is then a matter of semantics, as we are only concerned
with the information processing capabilities of these units.

If one wants to avoid lengthy and costly ASIC development for implementing
a parallel operating ANN of any significant size in electronics, then there re-
ally is just one mainstream technology available today, namely that of field
programmable gate arrays (FPGAs). Since this is a digital technology, direct
translation of known neuron models with continuous dynamical variables causes
for significant overhead, resulting in a reduced number of elements in the net-
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work. Hence this platform adheres better to neuron models which are inher-
ently discrete in time and discrete in the nature of the values the variables take
on. The time-discretization requirement can be relaxed by dividing real time
in sufficiently small discretized time steps, i.e. working at high enough clock
frequencies.

Others have investigated neuron models designed towards digital integration.
Tomlinson et al. developed a system in which synaptic weights and signals are
presented as stochastic bit streams of varying duty cycle [5]. Multiplication is
carried out by AND-ing these bit streams while OR-ing leads to a saturated
addition. Van Daalen et al. describe a stochastic neuron consisting of an up/-
down counter acting as an integrator and having multiplexed inputs. Excitatory
inputs cause the counter to increment, while inhibitory inputs cause the counter
to decrement. The output of the neuron is taken from the most significant bit of
the counter which is set if the total number of pulses exceeds a programmable
threshold [6].

Specifically, we examine an electronic system known as the monostable mul-
tivibrator (MMV) or “one shot” pulse generator [7] as the basic element of a
pulse-coupled neural network (PCNN). The MMV has been known for a very
long time. It has its roots in the Eccles-Jordan trigger circuit introduced around
1918. Many analog and digital implementations exist. The operation of the
MMV is simple and can be understood in an abstract manner, without consid-
ering the details of a specific implementation, as shown Fig. 8.1. There are two
basic types of MMVs; non-retriggerable (NRMMV), shown left in Fig. 8.1 and
retriggerable (RMMV), shown on the right. The MMV has only one parameter,
its refractory period T , and can be in one of two possible states: idle or trig-
gered. The idle or resting state is the stable state. In Fig. 8.1 we show timing
diagrams of input pulses, output pulses and states of the NRMMV (left) and
RMMV (right). Input pulses or triggers and output pulses or firings are discrete
idealized events in time and can be seen as Dirac-delta functions. In Fig. 8.1
they are drawn as sharp triangles for clarity. We first discuss the NRMMV. If
the input receives a pulse while the NRMMV is idle, the state goes from idle
to triggered. After a delay of T it returns to the idle state, thereby outputting
a pulse. The transition from the triggered to the idle state is called a “firing”.
After the firing, the system is ready to be retriggered. Once triggered the NR-
MMV ignores additional input triggers, until it has fired and returned to the
idle state. The only difference between the NRMMV and RMMV is in how they
handle input pulses while being in the triggered state. When a RMMV already
in the triggered state receives an input pulse, its internal timing is reset, thereby
elongating the triggered state for another T -period. The RMMV will only fire if
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Figure 8.1: Basic operation of an NRMMV (left) and RMMV (right), both with period T .
Pulses are depicted as triangles for clarity but are in fact discrete events in time.

no additional input triggers have been seen for the timespan of the past period.
Note that within the frame of this work, the MMV as an excitable system is only
stimulated by pulses above threshold. To have a complete description, it must
be defined what happens if an input trigger exactly coincides with the output
firing. In that case we decide that the neuron is again triggered. Self feedback
will therefore result in T -periodic firings.

Since MMVs are essentially timers, the digital time discrete implementation can
be based on a simple counter, of which many hundreds can operate in parallel on
an FPGA of even modest size. Their input signals can be logically or-ed together
as will be explained further on. In Sec. D in the appendix, we present the code
for such an implementation of an NRMMV, written in VHDL. Implementing
a fully parallel working MMV network on an FPGA is the final goal. As a
first step, we have limited ourselves to computer simulations, as it was faster
to obtain results in that way. However, it is interesting to have size and speed
estimates of a practical FPGA implementation. As shown in the Sec. D in the
appendix an MMV can be readily written in VHDL, this does however not tell
us much about the resource requirements. Xilinx [8] offers a binary counter as a
“LogiCORE” IP block. A counter of width 18 takes up 19 look-up tables (LUTs)
and 18 flip-flops (FFs) in a mid-range Virtex 5 XC5VSX50T1 device, according
to the IP block Product Specification. This device contains 8160 “slices”, each
of which has 4 LUTs and 4 FFs. If we take 10 bits to be the minimum period and
thus also counter width, then the output pulse is 1/210 < 0.001 times the period,
which seems sufficiently small to approximate a continuous time MMV. Taking
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(a)

a

b

c

Figure 8.2: (a) A network of three NRMMVs based on the analog implementation with the
555 timer chip. The paper grid measures 5 mm. (b) Equivalent network schematic, consisting
of two rings, AB and AC.

18 bit as a maximum width, offers eight bits or 256 different possible periods.
Therefore an estimated 8160 × 4/14 ≈ 2300 MMVs can be implemented, not
taking into account the overhead to connect the counters. Also, these counters
can be clocked at 450 MHz. Therefore the periods of the individual neurons span
between 210/450 MHz ≈ 2.3µs and 218/450 MHz ≈ 0.6 ms.

The schematic of an analog implementation, based on the classic 555 timer chip,
can be found in Appendix E. Clearly, it is not very practical to wire many of
these analog MMVs together to form a large network. Nevertheless, we have
designed a small PCB and assembled several of these boards, purely for the
purpose of demonstration. In Fig. 8.2a we show a network consisting of three
NRMMVs. The period of the neurons can be set by a small variable resistor up
to about 20 s. The LED in the center of the PCBs indicates the state of the
neuron. Pinheader connectors placed on the four edges allow the units to be
patched together. The equivalent network graph, shown in Fig. 8.2b, is that of
the simplest possible two-ring.

In the absence of stochastic external stimuli, networks of MMVs are fully deter-
ministic. However, a stochastic approach has proven useful in the analysis of the
dynamical behavior of large networks. Using externally applied rate encoded
data, the dynamical behavior of an MMV network is made stochastic, and this
further validates a statistical approach.

This chapter is organized as follows. In Sec. 8.2 we derive the basic input-
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output relations of NRMMVs, devoid of the details of the implementation and
for continuous time. We also consider resettable MMVs ,for which the reset acts
as an inhibitory input. In Sec. 8.3 this analysis is repeated for the RMMV. The
firing patterns that emerge in small networks can be figured out by bookkeeping.
For large networks, where the behavior becomes manually nontractable, one
must resort to simulations. We have written software to simulate MMV networks
of arbitrary size and shape, subjected to predefined external stimuli. This code
is briefly outlined in Sec. 8.4.2. In Sec. 8.5 we discuss some properties of strings
of NRMMV and ring shaped NRMMV networks and show that rings can be
seen as central pattern generators (CPGs) found in biological neural networks.
In Sec. 8.6 we turn our attention to the simplest nontrivial network of three
NRMMVs, prove it behaves periodically, and derive an iterative method for
finding the network period. In section 8.7 we derive an expression for the firing
rate of a large network of NRMMVs with given connectivity and refractory
period distribution. It is shown in simulations that for such networks there is
a “background” firing activity, which can be modulated by externally applied
stimuli, but to which the network returns in the absense of input. In Sec. 8.10 it
is shown that an NRMMV network has the ability to separate and group input
data applied as rate encoded encoded as pulse streams.

Finally, some still unanswered questions and suggested directions for this re-
search topic are formulated in Sec. 8.11.

8.2 The non-retriggerable monostable multivibrator
8.2.1 Periodic input
Consider a single NRMMV neuron with refractory period T = 1/f , excited by
an input with a fixed repetition rate fin = 1/Tin. If T > Tin some input pulses
will be ignored. The output firing rate fout = 1/Tout of the neuron is derived
from Fig. 8.3. We can write:

nTin = T − T1, 0 < T1 < Tin, (8.1)

with n the integer number of input periods that fit in the NRMMV period. T1
is the time between the last input pulse and the output pulse, assumed here to
be larger than zero. Then we have:

n = bT/Tinc, (8.2)

with b · c the flooring operation, i.e. rounding down to the nearest integer. The
time between the output pulse and the next input pulse is denoted Trest. Note
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Figure 8.3: Derivation of the output frequency as a function of input frequency for a peri-
odically excited NRMMV neuron with period T . Input frequency is 1/Tin, output frequency
is 1/Tout. Input pulses that occur during the time the neuron is triggered, are ignored.

T1 + Trest = Tin. From Fig. 8.3, the time between the output pulses is:

Tout = Trest + T, (8.3)

or according to Eq. (8.1):

Tout = Trest + nTin + T1

= (1 + n)Tin

=
⌈
T

Tin

⌉
Tin, (8.4)

where d · e is the ceiling operation, i.e. rounding up to the nearest integer. Then
the output frequency is:

fout = fin
dfin/fe

. (8.5)

Eq. (8.5) also holds for T1 = 0 (although the derivation does not) because of
our choice for allowing simultaneous firing and retriggering, as discussed in the
introduction. In case T1 = 0, the NRMMV period is an exact multiple of the
input period and the neuron fires at its maximal rate 1/T . For a slightly higher
input frequency, Eq. (8.5) drops discontinuously to a local minimum. Fig. 8.4
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shows a plot of Eq. (8.5) normalized to f = 1/T , as a full line. The minima are
found by setting fin/f = n+ ε, with n integer and 0 < ε� 1 in Eq. (8.5). The
minima appear on the function:

fout,min = fin
1 + fin/f

. (8.6)

Normalized to f = 1/T , this is x/(1 + x), shown as a dotted line in Fig. 8.4.
Eq. (8.5) describes a frequency locking phenomenon that has been experimen-
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Figure 8.4: Normalized output frequency of a single periodically excited NRMMV with
period f = 1/T (full line). The minima of Eq. (8.5) follow Eq. (8.6) (dotted line).

tally seen in periodically stimulated abdominal ganglia of the Aplysia, a species
of sea snails, when the excitatory stimulus is both strong enough to cause a
neural firing and has a period shorter than the refractory period [9, 10]. As the
authors of Ref. [9] put it: “Paradoxically, [. . . ] increased excitatory input rates
can decrease firing rates.”

8.2.2 Static Poisson stream input
Now consider a single MMV with period T , excited by stream of randomly
placed pulses, with a fixed average rate rin. The intervals between two pulses
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are considered exponentially distributed, with probability density function:

f(τ) = rine
−rinτ , (8.7)

so that the input stream follows a Poisson statistic. The probability to see k
pulses in an interval τ is [11]:

P{k} = (rinτ)k

k! e−rinτ . (8.8)

Since the input to the neuron now has a stochastic nature, the output will also
be stochastic. Fig. 8.5a shows how the output rate rout is found. Suppose an
interval τ after the neuron fires, it is triggered again. Then the time between
two output pulses is Tout = T + τ . Taking the expectancy:

E[Tout] = 1
rout

= E[T + τ ] = T + 1
rin
,

from which the output rate follows:

rout = rin
1 + rinT

. (8.9)

t

T

T

idle

State

out

τ

triggered

firing
triggering

(a)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  2  4  6  8  10

r o
u
t 
 [

p
u
ls

e
s 

/ 
u
n
it
 t

im
e
]

rin  [pulses / unit time]

rin/(1+rinT)
rmax = 1/T

(b)

Figure 8.5: (a) The NRMMV excited by a Poisson input stream with rate rin = 1/τ . The
NRMMV is retriggered on average an interval τ after it fires. (b) Output rate of NRMMV
with period T = 1, for a Poisson input stream, Eq. (8.9) (full line). The maximum rate is
rmax = 1/T (dotted line).
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Fig. 8.5b shows Eq. (8.9), which is a saturating function, not unlike the activa-
tion functions found in many MP-like neurons, and was the main motivation to
investigate the possible usefulness of MMVs as artificial neurons.

The probability to find the NRMMV in a triggered state is easily derived from
Eq. (8.9). Suppose an NRMMV with period T fires N times during an interval
∆T . The total time it is triggered is NT and the rate is rout = N/∆T . The
average probability of finding the neuron triggered within this interval is:

P{state = triggered} = NT

∆T = routT = rinT

1 + rinT
. (8.10)

This also follows the dotted line in Fig. 8.4.

The intervals τ between NRMMV output pulses are also exponentially dis-
tributed, but shifted over the period T of the NRMMV:

pdf(τ) =
{

0 if τ < T,
rin exp[−rin · (T − τ)] if τ ≥ T. (8.11)

This is because output pulses are separated by an interval of at least the period
of the NRMMV, and the intervals of input triggers following a firing are also
exponentially distributed as Eq. (8.7). Incidentally, calculating the output rate
as the inverse of the mean value of Eq. (8.11), rout = 1/E[τ ], also leads to
Eq. (8.9).

8.2.3 Dynamic Poisson stream input
Eq. (8.9) is valid for static rates. If the input rate rin(t) is time-dependent
we have a non-homogeneous Poisson process. A time-dependent rate r(t) is
defined as the probability to have a pulse in a very short time interval around t:
P{pulse in [t − dt/2, t + dt/2[} = r(t)dt. The probability to see k pulses in the
interval [ta, tb[ is given by [12]:

P{k} =
Nk
a,b

k! e−Na,b , (8.12)

where Na,b is the expected number of pulses in this time interval:

Na,b =
∫ tb

ta

r(τ)dτ. (8.13)

The output rate of the NRMMV will then also be time-dependent. Determining
such a rate from a time series of pulses involves performing many experiments
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Figure 8.6: (a) Response of a NRMMV with T = 1 excited by a non-homogeneous Poisson
input which rate steps between 0.1 and 1.0 events per time unit, as calculated from an ensemble
average. (b) Same as (a) but calculated directly from Eq. (8.14).

or simulations, each with a new realization of the input stream. The output
streams are then divided into suitably small bins. The total number of pulses in
all bins around t is divided by the number of realizations to find the rate at that
time. In the limit of infinitely narrow bins and an infinite number of realizations,
this then yields the ensemble average. In practice, the choice of the number of
realizations and the bin size are a matter of allowable experiment runtime vs.
precision of the result. The bin size should be chosen to be much smaller than the
smallest timescale involved in the experiment. One then increases the number
of realizations until the results are sufficiently detailed. Fig. 8.6a shows the
ensemble averaged input and response of an NRMMV with T = 1, excited by
a rate stepping from 0.1 to 1.0 events per unit of time at t = 6 and vice versa
at t = 12. To compute the averages, we prepared 105 realizations and used a
bin size of 0.05 time units. Several features are visible in Fig. 8.6a. The flat
portions of the output rate concur with the static rate as predicted by Eq. (8.9).
After the input steps from a low to a high rate, it takes T time for the rate
to respond. This is expected, as the neuron cannot respond earlier than its
period. The sharp overshoot is explained as follows: as long as the input rate
is low (relative to 1/T ), the neuron will be mostly untriggered, hence there is
a large probability that the neuron will become triggered immediately following
the input step. This then leads to a high output rate at time T later. The
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transient response then damps to the static rate, in a non-straightforward way.

An explicit formula for this time-dependent behavior is found as follows. The
probability to have an output pulse in a small interval dt around t depends on
having an input pulse in the same interval around t − T and the NRMMV not
being triggered at that time:

P{pulse out}(t) = P{pulse in at t− T} ·P{NRMMV not triggered at t− T}.

Since these probabilities are rates multiplied by dt it follows:

rout(t) = rin(t− T ) (1− P{NRMMV triggered at t− T}) .

But if the NRMMV is in the triggered state at t − T then somewhere between
t− T and t it must fire, so:

rout(t) = rin(t− T )
[
1− lim

ε→0

∫ t−ε

t−T
rout(τ)dτ

]
. (8.14)

For a static input rate Eq. (8.14) reduces to Eq. (8.9). Fig. 8.6b shows the
output rate of an NRMMV calculated from this formula for the same input as
the simulation Fig. 8.6a. From Eq. (8.14), the peak output rate just after t = 7
is 1− 0.1/(1 + 0.1) ≈ 0.91.

8.2.4 NRMMV with inhibitory input
In most ANN, for example those built with MP units, the sign of the weights that
connect an input signal to a neuron, determines if this input works excitatory
or inhibitory. Eq. (8.9) is a monotonically increasing function, and rates are de
facto positive numbers. Therefore, to be able to have inhibitory connections from
other neurons, the NRMMV can be expanded with a reset input, also shown in
the schematic in Sec. E. An event on the reset input causes a triggered NRMMV
to return to the idle state without firing.

The conditions for having a firing around t must then include having zero events
on the inhibitory input during the time t− T up to t. If we denote the rate on
the excitatory input as re(t) and on the inhibitory input as ri(t) and consider
these pulse streams as independent random variables, then this probability is:

P{no inhibitory pulses during[t− T, t[} = e
−
∫ t−T

t
ri(τ)dτ

,

so that the time-dependent output rate of an NRMMV with reset input is:

rout(t) = re(t− T )
[
1− lim

ε→0

∫ t−ε

t−T
rout(τ)dτ

]
e
−
∫ t−T

t
ri(τ)dτ

. (8.15)
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Figure 8.7: Output rate re of an NRMMV with period T = 1, having both excitatory re and
inhibitory ri inputs.

Under static conditions this reduces to:

rout = re
reT + eriT

. (8.16)

Fig. 8.7 shows a plot of Eq. (8.16) for T = 1.

To summarize, we derived expressions for the responses of the NRMMV to fixed
periodic inputs and fixed as well as variable rate Poisson inputs, yielding a
saturating behavior. In the next section we repeat this analysis for the RMMV.

8.3 The retriggerable monostable multivibrator
8.3.1 Periodic input
Consider an RMMV with refractory period T = 1/f , given an input with period
Tin = 1/fin. Evidently, the output follows the input as long as T ≤ Tin and is
zero otherwise:

fout =
{
fin if fin ≤ f,
0 if fin > f.

(8.17)

Eq. (8.17) is shown in Fig. 8.8a.
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8.3.2 Static Poisson stream input
Consider an RMMV with refractory period T , given a Poisson stream input with
fixed rate rin. Every output pulse is the result of seeing exactly one input pulse
in the past interval T . The probability for this to happen is, from Eq. (8.8),
P{1} = rinT exp(−rinT ), therefore:

rout = rine
−rinT . (8.18)

The maximal output rate occurs at rin = 1/T and is given by e−1/T ≈ 0.37/T .
Interestingly, the response of the RMMV is non-monotonic, as shown in Fig. 8.8b.
Also, the probability to find the neuron in a triggered state is the probability of
having at least one input pulse in the past T -interval:

P{state = triggered} = 1− e−rinT = 1− rout
rin

. (8.19)

8.3.3 Dynamic Poisson stream input
Consider an RMMV with refractory period T , excited by a Poisson stream input
with a variable rate rin(t). An output pulse will occur in a small interval dt
around time t if an input pulse occurs around t − T and no extra input pulse
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Figure 8.8: (a) Normalized response of a RMMV excited by fixed frequency, Eq. (8.17) (b)
RMMV response when excited by a static Poisson stream, Eq. (8.18).
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occurs in the interval ]t− T, t[:

rout(t) = rin(t− T )e−
∫ t

t−T
rin(τ)dτ

. (8.20)

Fig. 8.9a shows how an RMMV with period T = 1 responds to a step input
rate change, as calculated from an ensemble average of 105 input and output
streams with bin size 0.05. In Fig. 8.9b we show the same step response but
calculated directly from Eq. (8.20). Several features are visible in Fig. 8.9. The
plateaus coincide with the static rate as predicted by Eq. (8.20). Most notable
is the sharp increase in firings after the input rate steps down at t = 12. This is
explained by the fact that the probability to be retriggered severely drops after
t = 12, thus the probability for firing following this step, given the neuron is
triggered, increases.

8.3.4 RMMV with inhibitory input
Consider an RMMV with refractory period T , having both an excitatory and
inhibitory input. An pulse on the inhibitory input causes the neuron to return
to the idle state without firing. For an output pulse to occur in a period T , there
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Figure 8.9: (a) Ensemble averaged response of an RMMV with period T = 1 to a step input
rate change. (b) Same as (a), but calculated from Eq. (8.20).
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Figure 8.10: Output rate of a RMMV with period T = 1 having both excitatory and
inhibitory inputs, Eq. (8.22).

must be exactly one excitatory pulse and zero inhibitory, leading to:

rout(t) = re(t− T )e−
∫ t

t−T
[re(τ)+ri(τ)]dτ

. (8.21)

Under static conditions this simplifies to:

rout(t) = ree
−(re+ri)T , (8.22)

which is plotted in Figure 8.10 for T = 1.

8.4 Discrete time MMV rate expressions
Previous expressions hold for continuous time MMVs. Practical implementa-
tions of large networks will most likely be based on digital counters, clocked
synchronously and thus operating in the discrete time domain. We show that
the previous expressions still hold if the MMV refractory periods are large com-
pared to the fundamental time step. This is explained by the well known fact
that a binomial distribution can be approximated by a Poisson distribution if
the probability of an event (a firing) is low. The derivation is performed for
a RMMV, yet is similar for a NRMMV. Consider a discrete time RMMV with
period T = k∆t, k ∈ N and k � 1. The input is a binary bit stream, in which
each bit has probability p of being a one and its value is independent of the other
bits1. Each sequence of a one followed by k − 1 zeros leads to an output pulse.

1This is also called a Bernouilli stream.
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No more than one output pulse per k input pulses can occur due to the retrig-
gerability. The probability to encounter such a sequence in k bits is p(1−p)k−1.
On average, the output rate will then be rout = p(1− p)k−1/∆t. Since the input
rate is rin = p/∆t, it follows:

rout = rin∆t
∆t (1− rin∆t)T/∆t−1

. (8.23)

Taking the limit of ∆t→ 0:

rout = rine
−rinT , (8.24)

which is exactly the earlier derived expression, Eq. (8.18).

8.4.1 Summation of stochastic signals
In continuous time, pulses of two independent Poisson streams almost surely
never coincide. Therefore the sum of two such Poisson streams is a Poisson
stream with the sum of the rates of both streams. Inputs to an MMV in the
digital domain are Bernouilli streams, that can be logically OR-ed together to
form sums. Consider A and B bit streams, the OR-ed probability is [13]:

P{A or B} = P{A}+ P{B} − P{A and B}.

If the bitstreams are uncorrelated:

P{A or B} = P{A}+ P{B} − P{A}P{B}. (8.25)

Rates are probabilities divided by dt. If the probability of coinciding pulses is
low, it follows that:

r(A or B)dt = radt+ rBdt− rarbdt2, (8.26)

which to first order is the sum of the input rates.

8.4.2 MMV simulation code
The patterns of activity that emerge in small networks of MMVs can be easily
tracked on pencil and paper. This quickly becomes tedious for longer simulation
times or MMV networks larger than a handful of units. The results shown in the
following sections are mostly obtained from a simulation code we wrote, capable
of analyzing MMV networks of any size or shape, subjected to arbitrary chosen
stimulations.
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We actually wrote two versions of this code: one for discrete time and one for
continuous time, the latter more oriented towards a final digital implementation.
As shown in Sec. 8.4, in the limit of large periods, discrete time MMV networks
based on counters essentially behave as their continuous time counterparts2.

The operation principle of the discrete time simulation code is now briefly out-
lined here. We consider a network of n MMVs with periods T = [T1, . . . , Tn],
Tj ∈ N0. A vector R = [R1, . . . , Rn] indicates if unit j is retriggerable (Rj = 1)
or not (Rj = 0). The network connectivity is defined by a two square matrices
Ce and Ci with entries:

Ce
i,j =

{
1 if j outputs to i excitatory,
0 otherwise. (8.27)

and:
Ci

i,j =
{

1 if j outputs to i inhibitory,
0 otherwise. (8.28)

The externally applied stimuli are kept in two matrices Ee and Ei, having n
columns and m rows. Each row t = 1, . . . ,m contains the stimuli which are
presented to the network at that time:

Ee
t,j =

{
1 for an excitatory stimulus to unit j at time t,
0 otherwise, (8.29)

and:

Ei
t,j =

{
1 for an inhibitory stimulus to unit j at time t,
0 otherwise. (8.30)

A vector L = [L1, . . . , Ln], with Lj ∈ {0, . . . , Tj} contains the countdown value
until firing of each unit at the present time t:

Lj =
{
k > 0 if triggered,
0 if idle. (8.31)

The code then calculates the Boolean valued state matrix S:

St,j =
{

1 unit j is triggered at time t,
0 unit j is idle at time t, (8.32)

2It must however be noted that, from a theoretical perspective, there is one difference.
Since autonomous discrete time MMV networks have only a finite possible states, chaos is not
possible.
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and matrix F with the firings over time:

Ft,j =
{

1 unit j fires at time t,
0 otherwise, (8.33)

from which relevant statistics can then be extracted.

For each time step t, the following steps are performed:

• Determine which units fire at this time step: Ft,j = 1 if Lj = 1,

• decrement the counter of all triggered units: Lj := Lj − 1, if Lj > 0,

• determine which units are idle, now ready to be retriggered:
Ij = 1 if Lj = 0 ,

• calculate which units go from idle to triggered, or are retriggered:
G = [(Ce ·Ft) OR Ee

t] AND [( NOT R AND I) OR R],

• calculate the inhibits: H = (Ci ·Ft) OR Ei
t,

• apply the triggers: Lj = Tj if Gj = 1,

• apply the inhibits3:Lj = 0 if Hj = 1,

• finally, store the states in the output matrix: St,j = 1 if Lj > 0.

These steps can be performed efficiently in software by matrix multiplications
and logical operations. The simulation code for continuous time is slightly more
complex due to the fact that events can come in at arbitrary times, t ∈ R+.
Therefore, at every new event that is scheduled in the future, the events list
must be reordered to find the first one that happens next.

As an example we show a randomly assembled network of ten NRMMVs in
Fig. 8.11a with periods chosen between 100 and 500. The values inside the circle
symbols indicate number:period. Each neuron outputs in an excitatory way to
two other neurons. The network is started by triggering one neuron at t = 100.
In Fig. 8.11b, we show the states of the neurons for t = 0 . . . 5000. After a
short transient time, the activity spreads out in the network and a firing pattern
emerges.

3The inhibits were chosen to take precedence over the excitatory triggers, if they happen
simultaneously.
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Figure 8.11: (a) A ten unit NRMMV network. (b) State timing histogram. The network is
started from the stable zero state with a single trigger on neuron 0 at t = 100.

8.5 Strings and rings of NRMMV
In the previous sections, the properties of single MMVs were established. From
this section on, we investigate the properties of networks of more than one MMV.
We mainly focus on NRMMVs and start with series connections or strings and
rings, gradually working our way up to large networks.

Suppose a string of n NRMMVs is given a pulse train at times {t1, . . . , tm}
with ti < ti+1. Firings at the output of the k-th unit can only happen at
ti+

∑k
j=1 Tj . The input series can be seen as a series of intervals ∆ti = ti− ti−1

and ∆t1 = t1 − (−∞) = ∞. If all intervals ∆ti between the input pulses are
larger than the largest period of the NRMMVs max{Tj |j = 1, . . . , n}, the pulse
train is only delayed over the total string time Ttot =

∑n
j=1 Tj . If ∆ti < Tj ,

the second pulse in that interval is removed and the output will be a sparser
series of pulses than the input. In general, permutations of NRMMVs in a series
connection do not perform the same transformation on a given input stream.
This is illustrated in Fig. 8.12a, where we show a network consisting of two
strings of three units, with Ta1 = Ta2, Tb1 = Tb2 and Tc1 = Tc2. Both strings
receive the same input from source s. The state diagram, Fig. 8.12b, shows that
both the internal states and the outputs of the strings,the firings of units c1 and
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Figure 8.12: (a) Two series connections of two NRMMVs with Ta1 = Ta2, Tb1 = Tb2 and
Tc1 = Tc2, receiving the same input from s. (b) State diagram.

a2, are different.

Note however that for a stochastic input, the output rate of a string of NRMMVs
does not depend on the order of the neurons in the string. Rewriting Eq. (8.9),
the output rate for a NRMMV given a Poisson stream input as:

f(x;α) = x

1 + αx
, (8.34)

it is clear that:

f (f(x;α);β) = x

1 + βx+ αx
= f (x;α+ β) = f (f(x;β);α) . (8.35)

In contrast, it is easily verified that the units in RMMVs strings with stochastic
input do not commute. Rewriting Eq. (8.18), the output rate for a RMMV given
a Poisson stream input as:

f(x;α) = x exp(−αx), (8.36)
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it follows that:

f (f(x;α);β) = x exp(−αx) exp (−βx exp(−αx)) 6= f (f(x;β);α) , (8.37)

for α 6= β.

If a series connection of NRMMVs is closed, a ring is formed. In such a ring,
a stable pattern of pulses can revolve indefinitely, repeating itself every Ttot at
every node. Thus a ring of NRMMVs can be seen as a memory storage element
or a central pattern generator. As an example, in Fig. 8.13a the simplest ring,
consisting of two NRMMVs with periods Ta and Tb is shown. This is quite
reminiscent of the dual delayed FHN network found in Chapter 5. The zero
state is in any MMV network trivially stable4. A stable out of phase solution
exists, consisting of a single pulse repeating with period Ta + Tb, as shown in
Fig. 8.13b. Each neuron alternately triggers the other one. An in-phase solution
consisting of two pulses also exists, but only if Ta = Tb. In Fig. 8.14a we show
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Figure 8.13: (a) The simplest ring consisting of two NRMMVs, with Ta = 1.0, Tb = 2.0. (b)
State diagram of the only stable pattern.

a ring consisting of three neurons with periods Ta = 2.0, Tb = 3.0 and Tc = 4.0.
There is a stable pattern consisting of a single pulse, having period Ttot = 9.0.
For a three pulse pattern to be stable we must have that the sum of the intervals

4Here we mean stable in the sense that if no external pulses are introduced, the network
will remain in that state indefinitely.
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between the pulses equals the ring period: ∆t1 + ∆t2 + ∆t3 = Ttot. Also each
interval must be equal or larger than the largest neuron period: ∆ti ≥ Tmax
for i = 1, . . . , 3. It follows that Ttot ≥ 3Tmax, which can only be fulfilled if
∆t1 = ∆t2 = ∆t3 = Ta = Tb = Tc. A pattern of two pulses is possible under
certain conditions. This is shown in the state diagram in Fig. 8.14b where the
periods of the neurons are chosen to allow a dual pulse pattern, and the pattern
is set up by triggering neuron a at t1 = 1.0 and t2 = 5.5. The conditions for a
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Figure 8.14: (a) A ring with three NRMMVs, Ta = 2.0, Tb = 3.0 and Tc = 4.0. (b) State
diagrams of stable dual pulse pattern.

two pulse pattern to be stable are derived from Fig. 8.15. Again the intervals
between the pulses sum up to the ring period:

∆t1 + ∆t2 = Ttot = Ta + Tb + Tc,

and the intervals must each be larger than the largest period in the ring:

∆ti ≥= Tmax, i = 1, 2.

Thus a two pulse pattern can only be stable if:

Ta + Tb + Tc ≥ 2Tmax. (8.38)

Suppose now that all three neurons have the same period. Then the previous
condition is obviously fulfilled. Another possibility is Ta < Tb = Tc = Tmax.
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Figure 8.15: Scheme to find the conditions to set up a two pulse pattern in a three unit
NRMMV ring, Eq. (8.39). Eq. (8.38) must also be fulfilled.

Then the condition reads Ta ≥ 0, and is also fulfilled. If Ta < Tc = Tmax and
Tb < Tc then the condition reads Ta+Tb ≥ Tc. To initiate a two pulse pattern in
the network from the zero state, trigger a random neuron at t = t1, then trigger
the same neuron again at t2 for which:

Tmax ≤ t2 − t1 ≤ Ttot − Tmax. (8.39)

It is clear from above examples that stable patterns revolving in an NRMMV
ring follow certain general rules. In a ring of NRMMV, a stable firing pattern
repeats itself at the output or input of every node, every Ttot time.

Since the interval between the firings must be greater than Tmax, and the sum
of the intervals equals Ttot, the number of pulses k in a stable pulse pattern in
a ring of n NRMMVs is bounded by:

1 ≤ k ≤ Ttot
Tmax

≤ n. (8.40)

Each neuron fires k times during one ring time, thus the average rate is rring =
kn/Ttot. Furthermore, if a certain firing pattern is stable, it is also stable in
any ring consisting of a permutation of the nodes. This is because for a stable
pattern, the nodes only form a delay. More so, any permutation of the intervals
between the pulses of a stable pattern yields another stable pattern.

NRMMV rings with unequal neuron periods are controllable. By this we mean
that any stable pattern can be transformed into any other stable pattern by
introducing extra pulses to the ring5. Given the right timing, extra pulses can

5The obvious exception is the zero state.
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Figure 8.16: Removing pulses from a stable pattern in a NRMMV ring by adding pulses in
a two step process.

cause the removal of pulses from the stable pattern. In Fig. 8.16, we illustrate
how this two-step process works. Pulses 1© and 2© are shifted in an NRMMV
with period T1 and are part of a stable pattern in a ring. An extra pulse 3©
is added in such a way, that ∆t31 > T1 and ∆t23 < T1. This causes pulse 2©
to be ignored and replaced by pulse 3©, having the apparent effect of shifting
the second pulse closer to the first one. Then further down the line, these two
pulses enter a neuron with period T2. If ∆t31 < T2, pulse 3© is removed. For
this to work, it is required that T2 > T1. The minimum pulse distance that can
be obtained by shifting pulses in this fashion equals the minimal neuron period
in the ring. Therefore the ring must contain at least two neurons with unequal
timing. Using this process repeatedly, pulses can be shifted around, added and
removed to transform one stable pattern into another.

8.6 The smallest nontrivial two-ring
Large networks can be seen as consisting of strings and rings with one or more
neurons in common. In general, joining two rings at one or more neurons in-
troduces new stable patterns that are not present in the separate rings and
destabilizes the patterns that were stable in the separate rings. We illustrate
this by taking a closer look at the network introduced in Fig. 8.2b, which is
the smallest nontrivial two-ring network possible. The network is redrawn in
Fig. 8.17a (top).
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Figure 8.17: (a) The simplest two-ring NRMMV network (top) can be redrawn to accentuate
the two rings coupled via a common unit a (bottom). (b) State diagram for Ta = 1.0, Tb = 2.0
and Tc = 4.6. The network is started with a single trigger on a at t = 1, and moves to a
periodic pattern with period T = 5.6.

8.6.1 Proof of periodicity
It turns out that, regardless of the choice of neuron periods or the initialization,
this network always reverts to a periodic pattern. By doubling neuron a, as in
Fig. 8.17a (bottom), we show that the network can be seen as two mutually cou-
pled ring oscillators. Both a-neurons receive the same input and have the same
period. Therefore, when started from the same initial condition, their outputs
will also be the same and the network is equivalent to the one in Fig. 8.17a (top).
As an example, we show a state diagram in Fig. 8.17b, where the periods have
been chosen as Ta = 1.0, Tb = 2.0 and Tc = 4.6. The network is started by a
trigger on unit a at t = 1 and quickly moves to a periodic regime with period
T = 5.6. Note that the ring with Ta = 1.0 and Tb = 2.0 does not have a stable
T = 4.6 pattern, since its total period is only 3.0.

Fig. 8.17a (bottom) suggests that this type of network can be examined as a
pair of coupled oscillators, each consisting of two neurons. The evolution of the
network is traced out in a rectangular two-dimensional timing diagram, shown in
Fig. 8.18a. The sides of the timing diagram measure Ta+Tb (vertical) and Ta+Tc
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(horizontal), which are the periods of the uncoupled two-rings. The special case
of the in-phase solution that exists only if Ta = Tb or Ta = Tc is discussed
in Sec. 8.6.2. In Fig. 8.18a, the state of the network evolves on the red line
moving at 45◦ to the right and upward. The diagram is divided in rectangular
regions, as indicated by the horizontal and vertical lines. Crossing the vertical
or horizontal borders of these sections, indicates triggering and firings of the
neurons. A firing is followed by an immediate jump in the diagram, indicated
by the dashed red lines. A certain time interval is equivalent to the length of the
full red line divided by

√
2. For a three unit network, one would expect 23 = 8

regions, according to all possible states of the units. However due to the network
topology, only four nonzero states are encountered during the evolution:

• 1©: a triggered, b and c idle,

• 2©: a and c triggered, b idle,

• 3©: a and b triggered, c idle,

• 4©: b and c triggered, a idle,

as indicated in Fig. 8.18a. The states where only b or c is triggered and a is idle,
revert to 1©, and do not spontaneously reappear in the future. Likewise, the
zero state and the all-triggered state cannot happen once the network is running
(except for the special case when Ta = Tb = Tc, which is discussed in Sec. 8.6.2).

The red line in Fig. 8.18a traces out the dynamical behavior for the case where
the network is started by triggering unit a. In Fig. 8.18b, the corresponding
timing diagram is shown, with the same annotations. Initially, the state is in
the origin (point o). After Ta, the network state has moved to point q, where a
fires and b and c are simultaneously triggered. Here Tc > Tb, so b will fire before
c (point r). When b fires, the network state instantaneously (dotted red line)
moves to point s in region 2©, i.e. a is retriggered. At the end of another Ta
period, b is retriggered (point u) as the state enters region 4© again. Some time
later c fires (point v), and the state shoots to point w in region 3©, indicating a
is triggered again. When the network state reaches point x, b fires, but here a
was still triggered, so the state moves to point y in region 1©. The evolution of
the network state in region 1©, the lower left Ta square where only a is triggered,
is such that the upper and right sides (thick lines) signal a firing of a while b and
c are idle, hence the network state instantaneously moves to q. This is simply
due to the network topology. Hence when a fires (point z), we instantaneously
move to point q again. After this, the cycle q . . . z repeats indefinitely.
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Figure 8.18: (a) The evolution of the dynamical behavior of the network of Fig. 8.17a for
Ta = 1.0, Tb = 2.0, and Tc = 4.6. (b) State time series with annotations corresponding to
those in (a).

The periodic behavior of this network now becomes self-evindent. If the ratio
(Ta + Tb)/(Ta + Tc) is rational, a periodic solution exists, and the network state
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periodically passes both the origin o and point q. If this ratio is irrational, the
uncoupled oscillators would fill up all regions, hence the network state would
certainly enter region 1© at some time. This is also true for the coupled oscil-
lators, however when entering region 1©, the dynamical behavior in that region
leads to point q again, hence also to periodic behavior6. The period is derived
in Sec. 8.6.3.

8.6.2 In-phase solution when Ta = Tb or Ta = Tc

In the special case Ta = Tb or Ta = Tc, the network of Fig. 8.17a can oscillate
in a second periodic pattern, that is not found from the previous discussion.
This pattern is characterized by the in-phase firing and triggering of the neurons
with the same period. It exists because the ring of which the neurons have the
same period also has this stable in-phase solution, as discussed in Sec. 8.5. An
example is shown in Fig. 8.19a, where for Ta = Tb = 1.0 and Tc = 3.4, the
network is forced into this pattern by triggering a and b at exactly the same
time. Units a and b are now always triggered, so that the firings of c, regardless
of its period, do not influence a. The network period is given by:

T = Ta

⌈
Tc
Ta

⌉
, for Ta = Tb, (8.41)

and equal to T = 4.0 in this example. Note the formula also holds for Ta = Tb =
Tc. The other periodic solution, where the neurons with equal period oscillate
out of phase is shown in Fig. 8.19b and also has period T = 4.0.

8.6.3 Derivation of the (out of phase) period
In this section we derive the out of phase period, which exists regardless of the
neuron periods. Given the above reasoning, it is the only periodic pattern for
this type of network, when neither Ta = Tb or Ta = Tc.

Simple cases

To calculate the period, we start by classifying the different possibilities for the
periods of the neurons, Ta, Tb and Tc. The cases Ta > Tb, Tc lead to period T =
Ta+min{Tb, Tc}. The cases Ta+Tb > Tc > Ta > Tb and Ta+Tb > Tc > Tb > Ta
lead to T = Ta + Tb, as can be simply checked from drawing a timing diagram.
Replacing the inequalities with “larger or equal” leads to similar simple cases.

6Note that for a discrete time implementation the ratio will always be rational, since the
neuron periods are multiples of a central clock period and periodic behavior is obvious.
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Figure 8.19: (a) In-phase solution of the network of Fig. 8.17a for Ta = Tb = 1.0 and
Tc = 3.4, initiated by simultaneously triggering a and b. The network period is T = 4.0, given
by Eq. (8.41). (b) Out of phase solution, initiated by triggering a only. The period is also
T = 4.0, but the pattern is different from (a).

Case where Tc > Ta + Tb:

For the case Tc > Ta + Tb, matters are more involved. How the state evolves,
depends on whether when c fires, it is able to trigger a or not. We did not
find an explicit formula T (Ta, Tb, Tc). However an algorithm was derived, which
calculates the period in a finite number of steps, without the necessity to derive
it from a time series. The derivation is given in Appendix F. A returning set
of conditions appears. These can be summarized in an algorithm, shown in
Fig. 8.20. From this algorithm, it is clear that the period is a multiple of either
Tc + Ta or Tb + Ta in any case.

The algorithm of Fig. 8.20 was programmed in a Python script. In the bifur-
cation diagram of Fig. 8.21a we show the period of the network as a function
of the normalized periods Tb/Ta and Tc/Ta in a color intensity plot. Fig. 8.21b
zooms in on the lower left square where Tb/Ta, Tc/Ta ∈ [1, 10]. The period never
exceeds max{Ta + Tb, Ta + Tc}2.
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Figure 8.20: Algorithm to determine the period T of the three neuron network of Fig. 8.17a.
The derivation is given in Appendix F.

205



i
i

“Thesis” — 2016/5/12 — 21:31 — page 206 — #220 i
i

i
i

i
i

CHAPTER 8. MONOSTABLE MULTIVIBRATORS AS NOVEL ARTIFICIAL
NEURONS

(a)

(b)

Figure 8.21: (a) Period of the network of Fig. 8.17a as a function of Tb/Ta and Tc/Ta. (b)
Zoom of (a) to lower left section boundaring on [1, 10].
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8.7 Large NRMMV networks: static conditions
It is clear from the previous discussion that although the local dynamics of
MMV networks answer to simple rules, even for small networks the behavior
can become quite complex. In this section, we examine large (say N ≥ 50
units) recurrent MMV networks with randomized excitatory connections and
randomized periods. Note we omit self connections. We will show that while
the underlying firing patterns may depend strongly on the initial conditions, the
average rate per neuron can be estimated in a simple way and mostly depends on
the network structure. As an example, we consider a network of 50 NRMMVs, in
which each unit receives input from three others randomly chosen units, in such
a way that there are no isolated subnets and some recurrences or ring shaped
subnets. The periods are drawn from a uniform distribution between 1.0 and
10.0. The network activity is initiated by triggering five randomly chosen units
at t = 0. Because of the recurrences, the activity then spreads out and a complex
pattern arises as shown in the firings diagram of Fig. 8.22a. In this figure, each
dot represents a single firing. In Fig. 8.22b, we repeat the experiment with
different initial triggerings. Clearly, this results in a different firing pattern.
Nevertheless, both figures show some similarity in the density of firings. For
example neurons 4, 11 and 24 have a high firing rate, while neurons 20 and 39
show a less densely populated firing pattern. This indicates the activity per
neuron is at least to some degree independent of the initial conditions.

The overall similarity in the activity, in spite of different initial conditions, is
made more clear in a trigger array. The entry at position (i, j) of this N × N
array contains the value of how many times neuron j succeeded in triggering
neuron i during an arbitrary time, following the onset of activity in the network.
Evidently, the only nonzero entries are those for which there is a connection
from neuron j to neuron i. We show the (excitatory) connectivity matrix of this
network in Fig. 8.23a, where a white dot at position (i, j) indicates that neuron j
outputs to neuron i. The trigger arrays for above simulations for t = 100 . . . 500
are shown in Figs. 8.23b and 8.23c. Although there are fine differences between
both plots, there is an overall resemblance in the color intensities between them.
Again this implies that there is a fixed cause-and-effect structure which is less
sensitive to the initial conditions than one might expect, given the knowledge
that in these simulations each neuron receives input from three others.

Next, from one thousand simulations of this particular network, with different
initial conditions as discussed above, we determined the average individual neu-
ron firing rates. These are plotted in Fig. 8.24. The maximum and minimum for
all simulations are marked with the error bars. While some variation is present,
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the individual neuron activity does not vary wildly. It was noted that the stan-
dard deviation of the individual neuron rates over all the trials was typically one
hundred times smaller than the average.
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Figure 8.22: (a) Network activity of a fifty unit NRMMV network started by triggering
five randomly chosen units. (b) Same network as in (a), but with a different choice of units
triggered at the start up.
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Figure 8.23: (a) Excitatory connectivity matrix. A white dot at (i, j) indicates neuron j
outputs to neuron i. (b) Trigger array derived from the simulation for which the network
activity is shown in Fig. 8.22a. The intensity of the dot at (i, j) signifies how many times
neuron j triggered neuron i during an arbitrary time. (c) Trigger array of the simulation from
which the activity is shown in Fig. 8.22b.
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Figure 8.24: Average individual neuron rates from one thousand trial simulations. The error
bars show the maxima and minima over all simulations.

We conclude from these investigations that while the local dynamics in these
large recurrent NRMMV networks with randomized connections and periods
may depend strongly on the initial conditions, the firing rates of the individual
neurons for a large network with randomized connections, is for the most part
determined by the network structure.

The individual equilibrium neuron rates can be estimated from the network
structure by using Eq. (8.14). This expression was derived as the average output
rate for a neuron receiving stochastic input. We have found through simulations,
that in general using Eq. (8.14) yields a good estimate for the individual rates
in large networks with randomized connections and periods, even if the neurons
receive deterministic input.

Consider an NRMMV network with N � 1 units, having periods [T1, . . . , TN ]
and (excitatory) connectivity matrix Ci,j ∈ {0, 1}. The output rate of the i-th
unit in the network is:

ri =
∑N
j=1 Ci,jrj

1 + Ti
∑N
j=1 Ci,jrj

. (8.42)

The probability of finding the neuron in the triggered state is pi = riTi. We
define a weight matrix W as:

Wi,j = Ci,jTi/Tj , (8.43)

such that Wi,j is the weight connecting unit j to unit i. Then Eq. (8.42) can be
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rewritten as:

pi =
∑N
j=1Wi,jpj

1 +
∑N
j=1Wi,jpj

, (8.44)

or in matrix notation:
P = f (WP ) , (8.45)

with the state vector P = [p1, . . . , pN ]. The function f is defined on non-negative
real numbers as:

f(x) = x

1 + x
, (8.46)

with the obvious extension to a vector valued function:

f(X) = f([x1, . . . , xN ]) = [f(x1), . . . , f(xN )] . (8.47)

Eq. (8.45) shows that, under static conditions, the NRMMV network “solves” a
nonlinear iterated system. Here, the weights can have any non-negative value.
Note the zero state is a solution. We show that under certain conditions, there
is a unique nonzero solution P ∗ ∈]0, 1]N , which can be found by iteratively
applying:

P (n+1) = f
(
WP (n)

)
, (8.48)

starting from any strictly positive P (0).

The Jacobian of:

Φ : [0, 1]N → [0, 1]N : P → Φ(P ) = f(WP ), (8.49)

in P = [p1, . . . , pN ] is given by:

Ji,j(P ) =


Wi,j(

1 +
∑N
k=1Wi,kpk

)2 , i 6= j

, 0, i = j.

(8.50)

In the origin, the Jacobian reduces to the W -matrix. Using a Taylor expansion,
an iteration that is started near the origin results in:

P (n+1) = WP (n) +O(|P (n)|2). (8.51)

The origin is an unstable fixed point if and only if weight matrix W has at least
one eigenvalue |λ| > 1. We now seek the conditions the network must adhere to,
so that the weight matrix has an eigenvalue larger than unity.
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First we note that the weight matrix is non-negative. According to the Perron-
Frobenius theorem, this matrix then has a real and positive eigenvalue λmax > 0,
larger or equal to (the norm of) all other eigenvalues [14]. This eigenvalue
has a nonzero eigenvector with non-negative (not strictly positive) components.
Furthermore, if the weight matrix is irreducible7, the theorem states that a
strictly positive eigenvector associated with λmax exists. The irreducible matrices
are exactly those whose underlying graph is strongly connected, meaning there
is a directed path from every neuron i to every neuron j. Although, as we shall
show, strong connectivity is a sufficient condition to have an eigenvalue above
unity, it is however not necessary.

Since we have assumed the network to have recurrences but no self-connections,
there will be at least one ring of size K > 1 present. Starting from an arbitrary
position in such a ring, enumerate the neurons k = 1, . . . ,K in order of occur-
rence. Writing the weight that connects neuron k to neuron k + 1 as wk, note
that the product of the weights in any ring is:

K∏
k=1

wk = T2

T1
· T3

T2
. . .

TK
TK−1

· T1

TK
= 1. (8.52)

The following is not a formal proof, yet a reasoning we have found to be correct
on all examples we tried. An eigenvalue with norm above unity is associated
with a growing activity. It is clear that the activity in any non-recurrent or
feedforward-only network given no input eventually dies out. Therefore only
networks with rings can possibly have an eigenvalue above unity. Suppose a
network consists of a single ring of length N . Start the iteration anywhere in
the ring with P (0) = [ε, 0, . . . , 0], with ε > 0 small such that the second term in
the right hand side of Eq. (8.51) can be ignored. Then P (1) = [0, w1ε, 0, . . . , 0],
P (2) = [0, 0, w2w1ε, 0, . . . , 0], etc. Eventually P (N) = [w1w2 . . . wNε, 0, . . . , 0] =
[ε, 0, . . . , 0] = P (0). This implies that WN has an eigenvalue equal to one and
thus W has an eigenvalue with magnitude |λ| of exactly one. In other words:
there is no “gain” in the ring. Keeping the Perron-Frobenius theorem in mind,
the largest eigenvalue is real and a real positive eigenvector can readily be con-

7A square matrix A is irreducible, if it cannot be written in block upper triangular form

by application of a permutation matrix B, i.e. BAB−1 6=
(
A1 A2
0 A3

)
.
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structed:

W


ε1
ε2
...

εN−1
εN

 =


w1εN
w2ε1
...

wN−1εN−2
wNεN−1

 . (8.53)

Arbitrarily setting εN = ε > 0 leads to eigenvector [w1ε, w2w1ε, w3w2w1ε, . . . , ε].

The same reasoning holds for a network consisting of an isolated ring outputting
to non-recurrent branches of which no neurons are part of the ring shaped path.
It is clear that the activity in the branches attached to the ring will be driven
by the neurons they connect to in the ring. Since the activity in the ring has no
net-increase over a long time, neither will the activity in any branches.

If a network consists of multiple isolated rings then each of these rings is asso-
ciated with eigenvalue λ = 1. For each ring there will be a positive eigenvector
having nonzero entries only for those neurons that are part of the ring, and pos-
sibly the non-recurrent branches the ring outputs to. We conclude that isolated
rings are associated to unity-valued eigenvalues. This also has a nice physical
interpretation: as shown before in Sec. 8.5, in a ring in general, several patterns
and thus several average rates are stable. The activity neither increases nor
diminishes.

An example is shown in Fig. 8.25a, where the network consists of two two-rings.
The periods are inscribed in the symbols and chosen for simplicity. The left
hand ring has a dangling branch consisting of one neuron. The weight matrix
is8:

W1 =


0 1/2 0 0 0
2 0 0 0 0
0 3/2 0 0 0
0 0 0 0 4/5
0 0 0 5/4 0

 . (8.54)

Only the non-negative eigenvalues and vectors have physical meaning. The
largest eigenvalue is λ = 1, having eigenvectors [0.38, 0.77, 0.51, 0, 0] and
[0, 0, 0, 0.62, 0.78], associated with the rings. Also a zero eigenvalue having eigen-
vector [0, 0, 1, 0, 0] is present. This is associated with the dangling node, in which
sustained activity without external drive is not possible.

8Note the weight matrix is not unique. Here we numbered the neurons in order of increasing
periods.
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If the neuron with period T = 3 is now connected to the neuron with period
T = 5, as in Fig. 8.25b, the left hand ring is no longer isolated. The weight
matrix now is:

W2 =


0 1/2 0 0 0
2 0 0 0 0
0 3/2 0 0 0
0 0 0 0 4/5
0 0 5/3 5/4 0

 . (8.55)

The largest eigenvalue has again a value of one, now with eigenvector [0, 0, 0, 0.62, 0.78].
This reflects the fact that the right hand ring can still oscillate freely, but the
left hand ring cannot without outputting to another ring.

Finally in Fig. 8.25c we added a connection from the T = 3 neuron to the T = 2
neuron, yielding the weight matrix:

W3 =


0 1/2 0 0 0
2 0 2/3 0 0
0 3/2 0 0 0
0 0 0 0 4/5
0 0 5/3 5/4 0

 . (8.56)

This introduces a new ring in the system (3 � 2), such that there is a neu-
ron in common with another ring (2 � 1). Note this network is not strongly
connected: there is no directed path from the neuron with T = 4 to the
neuron with T = 1. Two positive eigenvalues exist: λ = 1 with eigenvector
[0, 0, 0, 0.62, 0.78] as above, and, more importantly, λ = 1.41 with positive eigen-
vector [0.11, 0.31, 0.33, 0.45, 0.77]. The reason this network has an overunity
eigenvalue, is because two rings share a common neuron, receiving input from
both rings and outputting to both rings. This increases the loop gain to above
unity for both rings.

Note that the eigenvalues of the W -matrix do not depend on the specific neuron
periods that we have chosen in the above examples, but merely on the network
structure. This can be seen as follows. Define the N ×N matrix T as:

T =


T1 0 · · · 0
0 T2 · · · 0
...

. . .
...

0 0 · · · TN

 , (8.57)

with Ti the periods of the neurons. Clearly T is invertible and T−1
i,i = T−1

i .
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Figure 8.25: Example networks according to (a) Eq. (8.54) and (b) Eq. (8.55), having no
eigenvalue exceeding unity. (c) Eq. (8.56) has an eigenvalue larger than one and a strictly
positive eigenvector.

Using matrix T , we can write the weight matrix W as:

W = TCT−1, (8.58)

where C is the connectivity matrix with entries Ci,j ∈ {0, 1}. Therefore W and
C are similar matrices, and thus have the same eigenvalues [15]. The eigenvalues
of C clearly do not depend on the neuron periods.

Summarizing, we conjecture that the minimal conditions so that the weight
matrix W of an NRMMV network, defined as above has a real eigenvalue λ > 1,
with a strictly positive eigenvector are:

• The network has at least two rings in which a neuron is common.

• There exists a directed path from every neuron that is part of this two-ring
to all other neurons.

The latter condition assures that every neuron receives input from the coupled
rings and cannot stay in the zero state. Note that these conditions are weaker
than strongly connected, as it allows for non-recurrent outgoing branches.

In Appendix G, we formally prove that if the weight matrix W indeed has an
eigenvalue λ > 1 with a strictly positive eigenvector, then there exists a unique
nonzero solution to Eq. (8.45), which can be found by starting the iteration
Eq. (8.48) from any strictly positive vector P (0). In Fig. 8.26 we plot the p∗i -
values of the solution averaged over many trial simulations, as in Fig. 8.24,
together with the numerically found solution of Eq. (8.48) for the same 50-
neuron NRMMV network used earlier. The iteratively found solution typically
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Figure 8.26: Average state values from one thousand trial simulations (full line) and numer-
ically obtained solution to f(WP ) = P , Eq. (8.45) (dashed line) for the 50 NRMMV network
with randomized connections and periods.

underestimates the one found by simulating the true dynamical behavior of the
network. This is because Eq. (8.14), was derived used under the assumption
of stochastic input. However as mentioned, the network is fully deterministic.
Recalling Fig. 8.4, the rate derived for stochastic input is a lower bound for the
deterministic input. As such, Eq. (8.45) offers a good estimate of the activity of
a large network, given the network structure. Also, the total firing rate of the
network can be estimated as:

R∗ =
N∑
i=1

r∗i = T ·P ∗, (8.59)

with T = [T1, . . . , TN ] the neuron periods vector.

Even though the average firing rate is mostly fixed, the underlying firing pattern
in general depends on the exact initial triggerings and the network structure.
Also note, after the initial transient, if an external disturbance is applied for a
short duration, the network will eventually return to the equilibrium as given
by Eq. (8.45). This is shown in Fig. 8.27, where we plot the iterates P (n) of a
50 neuron network. Starting from a very small value, as predicted, the iterates
converge monotonically. At n = 20 the system undergoes a random perturbation,
after which it returns to equilibrium, due to the global attraction of P ∗.

Note we explicitly demanded all p(0)
i > 0. If there are p(0)

i = 0, the convergence
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Figure 8.27: Convergence of P (n+1) = f(WP (n)) for a 50 neuron NRMMV network. At
n = 20, the network state is disturbed, after which it returns to the equilibrium P ∗.

is not guaranteed. A simple example is the three neuron network discussed in
Sec. 8.6. The weight matrix for T1 = 1.0, T2 = 2.0 and T3 = 3.0 is:

W =

0 1/2 1/3
2 0 0
3 0 0

 . (8.60)

This matrix has a largest eigenvalue λmax ≈ 1.414, with positive eigenvector V ≈
[0.365, 0.516, 0.775]. Although this is not a large network, the same principles
introduced above apply. Therefore a unique nonzero solution to f(WP ∗) = P ∗

exists. In Fig. 8.28a we show the iterates P (n) = [p(n)
1 , p

(n)
2 , p

(n)
3 ] for 50 different

randomly chosen positive initial conditions P (0) ∈]0, 1]3. All sequences converge
to P ∗ ≈ [0.224, 0.309, 0.402]. In contrast, when the iteration is started from
P (0) = [0, 0.4, 0.2], the iterates move to a stable period-2 oscillation, alternating
between [0, 0.309, 0.402] and [0.224, 0, 0]. This is shown in Fig. 8.28b. Note the
nonzero components of these periodically visited states are components of the
equilibrium P ∗. Numerically we observed that very small positive perturbations
of P (0), such as [10−24, 0.4, 0.2], again lead to P ∗.

Finally, we remark that above derivation also holds for networks consisting of
subnetworks which each adhere to the conditions stated for λ > 1, but who are
themselves not connected via a directed path. This situation is shown for two
subnetworks in Fig. 8.29. In this case the conditions do not hold for the entire
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Figure 8.28: (a) Convergence of the iterates P (n) for the three-unit NRMMV network with
weight matrix Eq. (8.60) to P ∗ = [0.224, 0.309, 0.402], when P 0 is strictly positive. (b) Oscil-
lating iterates obtained from P (0) = [0, 0.2, 0.4], not strictly positive.

network. Such networks will have overunity eigenvalues and eigenvectors with

Subnetwork 2
λ  >1

Subnetwork 1

Common to 1 and 2

1 2λ  >1

(x,x,...,0,0,0)(0,0,...,x,x,x)

Figure 8.29: An example of a network structure having several eigenvalues above unity, yet
no strictly positive eigenvector because no directed path exists between the subnetworks.
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positive components corresponding to the neurons of the subnetworks an zeros
elsewhere. It then suffices to start the iteration from a linear combination of the
eigenvectors, such that no component of P (0) for the entire network is zero. The
same conclusion regarding the uniqueness of the positive equilibrium is reached.

218



i
i

“Thesis” — 2016/5/12 — 21:31 — page 219 — #233 i
i

i
i

i
i

8.8. LARGE MMV NETWORKS GLOBAL EQUILIBRIUM RATE

8.8 Large MMV networks global equilibrium rate
We now derive an expression for the total firing rate R =

∑N
i=1 ri of a homoge-

neous network, given only the period distribution and average network connec-
tivity per neuron. Although autonomous MMV networks are deterministic, the
above investigations validate a statistical approach, because in large networks
there will be many neurons with a certain period in a given interval [T, T + dT [
and their behavior will average out. Consider an NRMMV network with N � 1
units, having periods T which are distributed uniformly9 between Tmin and Tmax.
The global network rate can then be approximated by an integral:

R = N

Tmax − Tmin

∫ Tmax

Tmin

r(T )dT, (8.61)

in which r(T ) is the contribution to the network rate of a neuron with a period in
[T, T +dT [. If each neuron receives input from c other randomly chosen neurons,
the expected input rate to any neuron is Rc/N . Then r(T ) is given by Eq. (8.9):

r(T ) = Rc/N

1 +RcT/N
, (8.62)

resulting in:

R = N

Tmax − Tmin
ln
(
N +RcTmax

N +RcTmin

)
, (8.63)

which unfortunately is a transcendent equation. Note that R = 0 is a valid
solution, as it should be. The nonzero root of Eq. (8.63) yields the network
firing rate in equilibrium. The saturated firing rate, reached in the limit of high
connectivity, is:

Rsat = N

Tmax − Tmin
ln
(
Tmax

Tmin

)
, c� 1. (8.64)

The same reasoning as above can be applied to large RMMV networks by re-
placing r(T ) with the appropriate expression, Eq. (8.18):

r(T ) = Rc

N
exp

(
−Rc
N
T

)
, (8.65)

yielding the RMMV equilibrium network rate:

R = N

Tmax − Tmin

[
exp

(
−Rc
N
Tmin

)
− exp

(
−Rc
N
Tmax

)]
. (8.66)

9A similar approach can be applied to networks having other period distributions.
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The nonzero root of this function reaches a maximum, for a specific value of the
Rc product:

α , Rc = N
ln (Tmax/Tmin)
Tmax − Tmin

, (8.67)

such that the maximum RMMV network rate is:

Rmax = N

Tmax − Tmin
[exp (−αTmin)− exp (−αTmax)] . (8.68)

In Fig. 8.30a we plot the NRMMV network rate R according to Eq. (8.14) over
the connectivity c, for a network consisting of N = 100 neurons, with Tmin =
1.0 and Tmin = 10.0 with a full line. The dashed line indicates the saturated
rate, Eq. (8.64). The error bars show the mean of the rate obtained from ten
simulations. The height of the error bars is the standard deviation. Fig. 8.30
shows that for modest or low connectivity, there is still enough headroom to
externally modulate the network activity with the goal of processing data.

Fig. 8.30b plots the rate for an RMMV network, Eq. (8.66) and simulation
results, under the same conditions as mentioned for the NRMMV network. The
notable difference between the two types of networks is that the RMMV network
activity peaks at a certain connectivity. In this example this is at c = 3.3 with
Rmax = 7.74, as found with Eqs. (8.67) and 8.68.
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Figure 8.30: (a) Network rate R in firings per unit time over connectivity c for an N = 100
units NRMMV network with uniformly distributed periods from Tmin = 1.0 to Tmax = 10.0.
Full line: Eq. (8.14). The error bars indicate the mean and standard deviation of ten trial
networks per c-value. The dashed line indicates the saturated network rate, Eq. (8.64). (b)
For an RMMV network with the same parameters as in (a). The calculated result (full line)
stems from Eq. (8.66). The dashed line indicates the maximum rate, Eq. (8.68), found for
connectivity c = 3.3.
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8.9 Transient behavior timescale of large NRMMV net-
works

In Fig. 8.31 (solid line) we show the ensemble averaged rate over time of one hun-
dred randomly assembled networks of N = 100 units with periods drawn from a
uniform distribution between Tmin = 1.0 and Tmax = 10.0. The connectivity was
chosen as c = 3, i.e. each unit receives input from three other randomly chosen
units. The activity in each of the networks was initiated by triggering a single
neuron. The dashed line shows the result of an approximated model which is
the subject of this section. As seen in Fig. 8.31, the ensemble average shows a
distinct transient behavior. We envision the application of MMVs as ANN that
process time-dependent input data. Therefore it is useful to know a timescale at
which the network responds to input data. The goal of this section is to distill
such a typical timescale, given the network parameters. One possible approach
is to start from Eq. (8.14). For a network with connectivity matrix C we have:

ri(t) =

 N∑
j=1

Ci,jrj(t− Ti)

(1− lim
ε→0

∫ t−ε

t−Ti

ri(τ)dτ
)
. (8.69)

 0
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Figure 8.31: Ensemble averaged network rate R(t) (solid line) for one hundred NRMMV
networks with N = 100 neurons, connectivity c = 3 and uniformly distributed periods between
Tmin = 1.0 and Tmax = 10.0. The activity was initiated from the zero state by triggering one
single neuron. The dashed line shows the results of integrating Eq. (8.82) with initial condition
R(0) = 0.01.
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8.9. TRANSIENT BEHAVIOR TIMESCALE OF LARGE NRMMV NETWORKS

T0

T0

t0

t0

t0 t1

t∆

t∆T−

firing

no firing

Figure 8.32: The probability that a triggered NRMMV with period T fires in a given interval
∆t, is calculated as the probability to find the start of this interval t0 within [T − ∆t, T ] ,
when t0 is placed randomly in [0, T ].

A summation then leads to the global network rate over time R(t). The difficulty
is the occurrence of the delayed terms rj(t−Ti), which do not sum up to a familiar
quantity.

Therefore we take another route which is considerably simpler, at the cost of
resulting only in an approximated result. Consider a large collection of N NR-
MMV neurons. Assume at t0 there are n(t0) neurons in the triggered state. A
short time ∆t = t1 − t0 later, there will be n(t1) left in the triggered state,
as some neurons will have fired. What is the probability a neuron with period
T , that was in the triggered state, did not fire in the interval ∆t following t0?
The situation is depicted in Fig. 8.32. The interval ∆t is placed randomly in
the neuron period. The neuron will fire if the interval contains the end of the
neuron period. Therefore:

P{neuron does not fire in ∆t} = P{t0 ∈ [T −∆t, T ]} = T −∆t
T

= 1− ∆t
T
,

(8.70)
and:

P{neuron does fire in ∆t} = ∆t
T
. (8.71)

The expected number of neurons left in the triggered state at t1 is then given
by taking the expectancy over the distribution of the periods of the triggered
neurons fn(T ):

n(t1) = n(t0)− n(t0)∆tEn
[

1
T

]
. (8.72)

This distribution is related to the uniform period distribution fN (T ) = 1/(Tmax−
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Tmin) that we have chosen by:

fn(T ) = AfN (T )P{neuron with period T is triggered}, (8.73)

with A a normalization constant such that
∫
fn(T )dT = 1. For a static rate

R, Eq. (8.10) gives us the probability a neuron is triggered. However, here we
are away from equilibrium, such that the probability to have a neuron with
period T triggered, depends on Eq. (8.14), thus fn(T ) is a time-dependent prob-
ability density function. Since this distribution is unknown, for simplicity we
approximate fn(T ) by the uniform distribution of all neurons fN (T ) and rewrite
Eq. (8.72) as:

n(t1) = n(t0)− n(t0)∆tEN
[

1
T

]
. (8.74)

Or:
n(t1)− n(t0)

∆t = −n(t0) ln (Tmax/Tmin)
Tmax − Tmin

. (8.75)

For a very small ∆t this leads to:

dn−
dt

= −n(t)
τ
, (8.76)

where the minus sign indicates the decrease in the number of triggered neurons
due to firings and τ is defined as:

τ ,
Tmax − Tmin

ln (Tmax/Tmin) (8.77)

This is also the time-dependent firing rate of the network:

R(t) = −n(t)
τ
. (8.78)

Now we calculate the increase of n(t) during ∆t due to the triggerings. Each
neuron receives input from c other neurons, so the network has Nc synapses.
Since each synapse must originate at some neuron, it follows that for a randomly
connected network, on average each neuron will also output to c neurons. Thus
in ∆t there are R(t)c∆t outgoing connections that will fire. The probability that
a neuron is not triggered is 1−n(t)/N . Thus, the expected number of triggerings
is:

dn+

dt
= Rc

(
1− n

N

)
. (8.79)
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Here the plus sign indicates the increase in the number of triggered neurons.
The change over time in n(t) is given by the sum of Eq. (8.76) and Eq. (8.79):

ṅ = dn+

dt
− dn+

dt
, (8.80)

which together with Eq. (8.78) yields:

ṅ = n
c− 1
τ

(
1− n

N

c

c− 1

)
, (8.81)

and:
Ṙ = R

c− 1
τ

(
1− Rτ

N

c

c− 1

)
. (8.82)

Eqs. (8.81) and (8.82) are simple first order ODEs, of the same form as the
logistic equation [16]. The phase space of Eq. (8.82) is shown in Fig. 8.33. The
origin is unstable and a single stable fixed point exists:

R∗ = N

τ

(
c− 1
c

)
. (8.83)

Note that in the limit of high connectivity, Eq. (8.83) reduces to Eq. (8.64). As
seen from the dashed line in Fig. 8.31, the approximative rate model overesti-
mates the rate growth and equilibrium, as compared to the network simulation.
Intuitively this is because the true distribution of the triggered neurons fn(T )
will have a relatively higher portion of neurons with longer periods than the flat
distribution fN (T ) and therefore there will be less firings. This results in a less

0

R

R
*

R

.

Figure 8.33: Phase space of Eq. (8.82).
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steep slope than Eq. (8.82) predicts. Nevertheless, given the network parameters
N , c and the period distribution fx(T ), the timescale:

Λ = 1
(c− 1)Ex[T−1] . (8.84)

is a fair first estimate. A small disturbance from equilibrium R∗ + δ will evolve
not faster than:

δ̇ = − δΛ . (8.85)

For our example, with connectivity c = 3 and uniformly distributed neuron
periods between Tmin = 1 and Tmax = 10, Eq. (8.84) results in Λ ≈ 1.95.

226



i
i

“Thesis” — 2016/5/12 — 21:31 — page 227 — #241 i
i

i
i

i
i

8.10. SEPARATION AND APPROXIMATION PROPERTIES

8.10 Separation and approximation properties
Finally, in this section we make a first attempt to show the applicability of
MMVs as information processing elements. We follow the approach found in
Ref. [17] to illustrate that NRMMV networks have both the separation (SP)
and approximation property (AP).

A system is said to have the separation property if different inputs map to
different internal states. As in Sec. 8.7, we first assembled a recurrent network
of N = 100 with a period vector T = [T1, . . . , TN ] having random entries between
Tmin = 1.0 and Tmax = 10.0 and a random connectivity matrix Ci,j ∈ {0, 1},
such that each neuron receives input from c = 3 other neurons. Given an input
whose static rate is given by vector X = [x1, . . . , xN ], a network of NRMMVs
will, after a transient time, move to an equilibrium rate R∗ = [r∗1 , . . . , r∗N ], which
is a solution to:

r∗i =
∑N
j=1 Ci,jr

∗
j + xi

1 + Ti

(∑N
j=1 Ci,jr

∗
j + xi

) . (8.86)

Clearly, R∗ is a function of X. First a random rate vector X with average rate
1.0 is injected and the system equilibrium rate R∗(X) is recorded. Then X is
perturbed to a rate vector Y . This yields R∗(Y ). This process was repeated one
thousand times. The L2 norm output distances d(R∗(X), R∗(Y )) are plotted
against the input distances d(X,Y ) in Fig. 8.34. It is clearly visible that the
distance in the output increases with the distance in the input.

A system is said to have the approximation property if the output can diversify
between inputs of different classes. To show that MMV networks indeed have
the approximation property, three input rate classes where defined, each based
on a random prototype rate vector X1, X2 and X3. For each of these classes, a
readout layer was trained to yield +1 if an input vector belonged to the class and
−1 if not. Then the system was tested with ten input vectors per class, randomly
perturbed from the class prototype. In Fig. 8.35, we plot for each input vector
the distance from the class prototype and the resulting distance from the readout
layer output for that class prototype. Clearly the network can distinguish the
classes. Note that since we worked directly from Eq. (8.86), we took only the
static character in consideration. Practically speaking, a readout layer for an
MMV can be built by first transforming the neuron output pulses in a current
using programmable current sources. Then the pulses can be integrated on a
capacitor.
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Figure 8.34: Separation property of the NRMMV network. Distances of equilibrium output
rate vectors R∗(X) and R∗(Y ) increase with the distance between the input rate vectors X
and Y .
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Figure 8.35: Output distances vs input distances for three different pattern classes. The
NRMMV network is used as a classifier here.
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8.11. CONCLUSIONS

8.11 Conclusions
We have introduced MMVs as well known timing units, that at first glance are
unrelated to biological neurons. Our interest was triggered by the fact that
these units, in a digital form, are merely counters and as such can be easily
implemented in programmable logic. The basic dynamical behavior of single
MMV units with and without inhibitory input were derived, showing a nonlinear
time-dependent response. Some properties of rings of NRMMVs were shown.
The equilibrium rate of large MMV networks and a timescale were derived.
Finally, we demonstrated that the separation and approximation properties are
present in MMV networks, thereby laying the basis for applying these units in
ANNs.

Our investigations were mostly limited to excitatory NRMMV networks. Many
interesting questions remain unanswered, of which we name a few: Given the
periods of the neurons in an discrete-time MMV ring, what is the number of
stable patterns?

The most general MMV network consists of NRMMVs and RMMVs with both
excitatory and inhibitory inputs. Are multiple attractors possible in these net-
works, with behavior reminiscent of that found in a Hopfield network?

The number of states of a discrete-time MMV network is finite, thus chaotic
behavior is not possible. Is it possible to have chaos in a continuous time MMV
network?

A ring of MMVs performs as a signal generator, with pulses between units spaced
as the periods. branches or long strings of MMVs can show wave like firing
behavior, reminiscent of action potentials traveling along a nerve fiber. Is it
possible to apply MMVs as complex CPGs in biologically inspired robotics?

Regarding the use for signal processing, are there more optimal period distribu-
tions and network topologies?

It remains to be shown that MMV networks can (or cannot) be successfully
applied for as platform for dynamic ANNs.
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Chapter 9

A mixed analog/digital delay line
reservoir computer

W e outline the concept of (delay) line reservoir computing and how
the electronic delay platform introduced in Chapter 6 proved ideal

for a mixed analog/digital implementation. This led to the first real-time
chaos prediction using a delay reservoir computer, demonstrated near the
end of the FET-open Phocus project. Finally, we investigate the influ-
ence of (quantization) noise on the performance of the delay line reservoir
computer.

9.1 Introduction
Reservoir computing (RC) is part of the very rich and diverse field of machine
learning and artificial neural networks (ANNs). Machine learning techniques and
ANNs are typically applied to tasks that are hard to capture in a straightforward
algorithm. Examples are voice recognition, optical character recognition (OCR),
music information retrieval and financial forecasting. Not seldom, these tasks are
quite natural for humans to perform, but seem hard for computing equipment.
In essence, all ANN are function approximators, transforming some form of input
data X into some form of output Y through an a-priori unknown function Y =
F (X). Usually, the function F has no known explicit form. Rather, only a set of
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training examples (X1, Y1), (X2, Y2), . . . is given in what is known as supervised
learning. The input and output data may be static or time-dependent, single or
multivariate and discrete or continuous in nature. In general, ANNs are brain-
inspired networks that typically consist of many, often identical, units called
artificial neurons. An artificial neuron is an abstraction of a biological neuron,
i.e. it takes data on one or more inputs, somehow nonlinearly transforms the
data, and outputs to one or more other neurons. One example of such an artificial
(spiking) neuron, is the FHN neuron, encountered in Chapter 5. The fact that
these units may be far removed from their biological counterparts, is shown in
Chapter 8, where we examine the monostable multivibrator as a novel artificial
neuron. The strengths of the connections between the neurons in the network
are called the connection weights or simply weights. Typically these weights are
programmable, with the goal of adapting or training the network behavior to
perform a certain task. The training is done using a set of input-output samples,
so that the behavior is learned, rather than specifically programmed in advance.
A key aspect of a well designed and trained ANN is that it generalizes beyond the
set of training examples and is able to output adequate responses for previously
unseen inputs.

Solid introductions to ANNs and machine learning are given in Refs. [1] and
[2]. We shall not describe the many incarnations of ANNs further, apart from
noting the fact that the training, i.e. the optimization of the network weights, is
a formidable problem that is computationally involved, especially for recurrent
networks. As we will explain, it is here that RC finds its main merit, simplifying
the training to an almost one-step linear regression. The name “reservoir com-
puting” was coined by D. Verstraeten in 2007 [3]. The term is meant to unify
two closely related ANN structures: the echo state network (ESN) by Jaeger [4],
described in 2001, and the liquid state machine (LSM) by Maass et al. [5], in
2002. In both publications, a similar training approach is followed, and thus
they marked the birth of the RC field. Instead of discussing the ESN and LSM
separately, we describe the umbrella concept of RC in general.

In Fig. 9.1, we show the structure of a reservoir computer. It consists of an
input layer, the reservoir itself and one (or more) linear output layers. Here,
for simplicity, we show a system with a one-dimensional readout. The reservoir
is a recurrent network of many neurons or nodes with random connections and
weights between them. Each node performs some type of nonlinear operation on
its input signal. The input signal of the individual nodes is either coming from
the output of other nodes, an externally applied input, or both. The reservoir
usually comprises several hundred nodes. Once chosen, the weights remain fixed
and are not altered by the training. The neurons or nodes respond in some
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usually untractable way to the input. The input forces the reservoir to travel
through a certain transient in its high dimensional phase space. To be useful, the
reservoir must show the “echo state property”. This means that the current state
of the reservoir is influenced the most by recent inputs. The longer ago a certain
sample was applied to the reservoir, the less it influences current state. In other
words, the reservoir shows “fading memory”. Fading memory is closely linked to
stability of the reservoir, in the nonlinear dynamical sense. In LSM terminology,
the reservoir is seen as a general dynamical system and is called “the liquid”.
Here, the nodes may be nothing more than measuring points in the liquid, and
not so much physically distinct units. Originally, LSMs made use of spiking
neuron models. The weights between the N nodes are described by a N × N

x
N

x
1

x
2

x
in

...

Input layer Reservoir Readout layer

y   =   w x
out

Σ
i i i

Figure 9.1: Standard layout of a reservoir computer, comprising an input layer, the reservoir
with randomized but fixed connections and the linear readout layer. Here, for simplicity a
one-dimensional readout layer is drawn.

weight matrixWres. Often, the best results are obtained by biasing the reservoir
at the edge of stability. Here, this is done by scaling the reservoir weights such
that the spectral radius of Wres is lower than but close to unity. The (here
multivariate) external training input xin(n) is a sequence of L M -dimensional
vectors. The corresponding training output is a sequence of L K-dimensional
vectors yout(n). These input vectors are sequentially applied to the reservoir via
input weights that are described by an M × N matrix Win. The state of the
reservoir is updated according to:

x(n+ 1) = f [Wresx(n);Winxin(n)], (9.1)

where f is some nonlinear transformation. Although this description is in the
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form of a discrete-time update equation, Eq. (9.1) may also be replaced with
a continuous time ODE, that is sampled at given points in time. The L input
vectors are applied to the reservoir, and the resulting reservoir states are collected
in a N × L state matrix S. As L� N , S represents an overdetermined system
of equations. In this state matrix, column j is the time series of the response
of neuron xj and entry Si,j is the response of neuron xj at the i-th time step.
The output of the reservoir computer is formed by a linear combination of the
reservoir states.

Mathematically, a one-dimensional linear readout layer can be understood as a
hyperplane in the high dimensional phase space of the dynamical system that is
the reservoir. The input vectors are nonlinearly transformed or cast into this high
dimensional phase space. In this way, inputs that are not linearly separable in
the input space, are hoped to become linearly separable. The hyperplane defined
by the readout layer then divides the phase space in two. Inputs that result in
phase space vectors above (below) this hyperplane result in positive (negative)
readout layer values. Hence, the output value of the readout layer classifies the
inputs in two separate classes. The archetypical example of enhanced linear
separability in a higher dimensional phase space, is the binary input Boolean
exclusive OR operation (XOR)1. In Fig. 9.2a, we show the input phase space,
consisting of two variables (x, y). Each input can take on the value 0 or 1. The
inputs (0, 1) and (1, 0) lead to a 1-output of the XOR. These inputs are depicted
as hexagons and form one class of inputs. The inputs (1, 1) and (0, 0), that
both lead to a 0-output, are depicted as circles and form the other class. Now,
it is impossible to draw a straight line (a hyperplane in the two-dimensional
input space, dashed lines in Fig. 9.2a), such that the two classes are separated.
If, however, a third dimension z is added, as in Fig. 9.2b, then a hyperplane
separating the classes is readily constructed. One possible way to add the third
dimension that separates the input classes, is given by z = (1− y)x+ (1− x)y.
Note z is a nonlinear function of x and y. It can be shown that the probability
of linear separability asymptotically reaches unity in the limit of an infinite
dimensional reservoir phase space. For a multivariate K-dimensional output,
the readout layer is defined by the N ×K weights matrix Wout:

ŷout = SWout. (9.2)

Now, the goal is to choose the weights matrix in such a way that the actual
output ŷout matches the wanted output yout as close as possible. Usually this is

1Note that this task is static, however.
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1

0 1

0 x

y

(a)

x

yz

(b)

Figure 9.2: (a) Input classes for the XOR, leading to a 0-output (circles), and to a 1-output
(hexagons), are not linearly separable in the input space. (b) After adding a dimension by the
nonlinear transformation z = (1− y)x+ (1− x)y, the input classes become linearly separable.

meant in the least-square sense:

Wout = argmin
W
‖SW − yout‖2 , (9.3)

where yout is seen as an L ×K matrix. This is a linear problem, for which the
solution is calculated by using the Moore-Penrose pseudoinverse S† of the state
matrix [6]:

S† ,
(
STS

)−1
ST , (9.4)

Wout = S†yout. (9.5)

Once the readout layer weights have been determined, the system can be used
with test data. The performance can be measured by the normalized mean
square error (NMSE):

NMSE(yout, ŷout) = E[|yout − ŷout|2]
VAR[yout]

. (9.6)

This is the mean squared difference between the wanted output signal yout and
the actual output by the reservoir computer ŷout, normalized to the variance of
the former. The lower the NMSE, the better the performance. Alternatively,
the performance is given as the root of the mean square error (NRMSE). The
straightforward training scheme is the main attractiveness of RC. This is not to
say that reservoir computing is without its own challenges. Whether or not a
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dynamical system can be successfully employed as a RC, depends on whether
the system can be biased in the dynamical regime that is optimal for a certain
specific task. There are many variations to the above training scheme. For
example, if the input and output do not have the same mean value, the state
matrix is extended with an extra constant column. This results in an extra
weight that provides a bias to the output. Often, large weight values are the
result of overtraining. This is characterized by a low NMSE resulting from
the training, accompanied by a high NMSE during testing. To suppress large
weights, and consequently counter overtraining, an extra term is added to the
learning goal, Eq. (9.3):

Wout = argmin
W
‖SW − yout‖2 + λ ‖W‖2 . (9.7)

The optimization Eq. (9.7) is called Tikhonov regularization or ridge regression.
Parameter λ > 0 is largely empirically determined. Alternatively, noise can
be added to the state matrix, as this also counters overtraining. Often the
noise stemming from physical processes present in the input data is sufficient to
counter overfitting.

Apart from classification tasks, there also exist system identification tasks. In
a system identification task, the goal is to mimic the input-output relation of a
given system, usually without much knowledge about the internal details of the
given system. In other words, the unknown system is treated as a “black box”. At
first glance, a system identification task seems very different from a classification
task. These are however closely related. For an input-output relation y = f(x),
define bi as the i-th most significant bit in a binary representation of y, that
has sufficient bits. Then bi can be seen as the outcome of a classification task:
the task to classify inputs x, that cause bi to be either a one or a zero. The
linear superposition ŷ =

∑n−1
i=0 2i bi of n weighted binary classifiers then forms

the readout layer for the system identification task.

The field of RC today consists of the ongoing exploration of how and on which
physical dynamical systems or with which software structures certain tasks can
be solved. Furthermore, unsupervised learning [7] and plasticity of the reser-
voir [8] are investigated. An overview of current reservoir computing trends and
applications is given in Ref. [9]. The main obstacle for the practical implemen-
tation of reservoir computers (and indeed of all ANN of some size) on physical
substrates, is that each of the many nodes has to be built and connected to the
others. Especially for a photonic reservoirs this becomes problematic, as com-
bining light into a single nonlinear photonic device is practically difficult [10]. As
demonstrated in Ref. [11], integration on a photonic chip is a way to circumvent
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this interconnection problem.

Another way to tackle this problem was found within the Interuniversity At-
traction Pole (IAP) Photonics@be network and further developed during the
FET-Open PHOCUS project [12]. There it was shown that a reservoir consist-
ing of many nonlinear nodes, can be replaced by a single nonlinear node with
delayed feedback [13]. Since delay in photonics is nothing more than a length of
optical fiber, this approach radically simplifies the construction of a (photonic)
RC. Delay line reservoir computing is further introduced in the next section.

9.1.1 Delay line reservoir computing
As explained in Chapter 2, a delay system has a theoretically infinite dimen-
sional phase space. Thus a low-dimensional system with delayed feedback offers
the high-dimensional phase space which is the basis for a reservoir computer.
The delay-based approach allows for a far simpler system structure, even for
very large reservoir sizes. This scheme was first introduced by Paquot et al.
[14] using an opto-electronic oscillator and worked out further by Appeltant et
al. [13], who also introduced an analog electronic implementation. The concept

θ
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τ

τ

w

w
N

1

x  (t)in

x(t)

m(t)

y   (t)out

J(t)
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0
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η
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Figure 9.3: Structure of a Delay Line based Reservoir Computer.
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was later demonstrated with a photonical system consisting of standard of-the-
shelf telecommunication components. Larger et al. [15] and Massar et al. [16]
built an opto-electronic reservoir computer employing a standard telecomm dis-
tributed feedback (DFB) laser diode and a Mach-Zehnder modulator (MZM).
A long optical fiber implements the delayed feedback loop and a photodiode
was employed for optical detection and steering of the voltage over the MZM.
Finally, this delay-based RC scheme was translated to an all-optical system by
removing the MZM and its related electronics by Brünner et al. [17]. On the re-
maining system consisting of a DFB semiconductor laser with delayed feedback,
the authors reported near perfect performance on spoken digit recognition at
speeds of 1 GB/s. In essence, the idea of delay line reservoir computing consti-
tutes an exchange between space and time: what is normally done spatially with
many nonlinear nodes, is now done in a single node that is multiplexed in time.
There is a price to pay for this hardware simplification: compared to an N -node
reservoir, the dynamical behavior in the system has to run at an N -times higher
speed.

In Fig. 9.3 we show a diagram of a delay line based RC. The input xin(t) is
sampled every τ , which is also the duration of the delay in the feedback loop.
One could also say that a new input sample is applied every τ . Then the input
is multiplied with a masking signal m(t). This mask repeats every τ and is a
fixed sequence of N values, chosen from a certain set {m1,m2, . . .}. These are
spaced:

θ = τ

N
, (9.8)

in time. The θ-spaced points in the delay line are called “virtual nodes” or
“virtual neurons”. Therefore, θ is also called the virtual node separation. The
mask together with the inertia of the nonlinear node controls the connectivity
between the virtual neurons. The masked signal J(t) = xin(nτ)m(t) is then
applied to a nonlinear time-dependent node, which also receives input from the
delayed feedback or echos. Additionally, the mask keeps the nonlinear node in
a transient state, such that the dynamical behavior encountered along the delay
line is diversified. As shown in Fig. 9.3, the masked input J(t) is scaled by a
factor γ and the feedback by a factor η. This is to bias the nonlinear node in the
optimal dynamical regime. Optimal values for factors γ and η depend on the
task at hand, as well as the specific dynamical behavior of the nonlinear node.
In very general terms, the dynamical behavior of the system can then be written
as a delay differential equation (DDE):

ẋ = −x+ f [ηx(t− τ) + γJ(t)] . (9.9)
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Here f is a nonlinear function. In a simple variation, a fixed or τ -periodic bias
can also be added to the input. The inertia of the nonlinear node, characterized
by the −x term in Eq. (9.9), is responsible for mixing the states of neighboring
virtual neurons. In the absence of input, the “echos” of the previous inputs
will then slowly fade while circulating in the delay line. Thus the system shows
fading memory. Finding the “sweet spot” for these parameters is a nonlinear
problem which can be approached by, for example, a gradient descent or by
simply scanning of the parameter space. After each τ -interval a new output2
value yout(n) is given. It is calculated as a linear combination of the θ-spaced
taps on the delay line, which comprise the virtual neurons:

yout(n) =
N−1∑
i=0

wix(nτ − iθ). (9.10)

This output value is kept constant over an entire delay time τ . Each virtual
node is a measuring point or tap in the delay line. However, as Eq. (9.10)
suggests, these taps do not have to be physically realized. Since the x-signal
revolves unaltered in the delay anyway, a single measuring point suffices. For
training, the reservoir state x(t) is sampled per time step θ. The samples are
then reorganized in a state matrix S of width N and length equal to L, the
number of input samples. The i-th column of S represents the time series of the
i-th virtual neuron. It’s precise content is determined by the input, the masking
and the dynamical behavior of the nonlinear node. From there on, the training
proceeds exactly as described in Sec. 9.1.

9.2 Delay line reservoir computing on MOAD
In this section, we describe in detail how delay line reservoir computing was
implemented on the platform that was introduced in Chapter 6. This work on
RC partially extends the work in the thesis of L. Appeltant [18], with whom I
collaborated.

9.2.1 System and normalization
In Fig. 9.4, we show the schematic of our reservoir computer. Here, the masking,
training and readout layer are performed offline on the PC host. The implemen-
tation is based on the Mackey-Glass (MG) delay system, discussed in Sec. 2.1.
The parts within the delay platform are inside the dashed box in Fig. 9.4. These

2For simplicity, here we assume a single one-dimensional output signal.
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Figure 9.4: Schematic diagram of the mixed analog/digital reservoir computer. The com-
ponents within the dashed box are part of the digital delay platform that was introduced in
Chapter 6. The analog components form the nonlinear node.

consist of the delay line itself (via PAG0), a memory region for storing the reser-
voir output (via PAG2) and a memory region that holds the masked and scaled
input samples (via PAG3). The system is controlled by a Python script running
on the PC host. The script initializes the delay line and storage spaces in the
platform memory. It then reads and masks the input data and stores this to the
input storage memory. The experiment is then started and runs autonomously.
The reservoir states are collected in the memory region pointed to by PAG2.
After all input samples are processed, the reservoir states are downloaded to
the PC host for further processing. The analog parts in Fig. 9.4 form the non-
linear node. This is reminiscent of the MG circuit found in Fig. 6.8, but now
there are two inputs, accommodated by a summing stage. The input samples
xin(1), xin(2), . . . and the mask values m(1),m(2), . . . are multiplied to form the
masked samples Jd(n):

Jd(n) = m
(⌊n

s

⌋
mod N

)
xin

(⌊ n

sN

⌋)
. (9.11)
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The index d indicates that this is a discrete-time sequence. Here N is the number
of virtual neurons, and s is the oversampling factor. The oversampling factor is
the distance between the virtual neurons in the digital delay line, expressed in
numbers of delay line samples. For delay line sampling frequency fs = 1/Ts, the
total delay line time is given by:

τ = sNTs. (9.12)

Thus each input sample is kept constant during a period equal to the delay line
time τ . Each mask value is kept constant during the period of a virtual neuron
sTs. The masked samples are then multiplied with an input scaling factor β.
Also, an offset is applied so that the masked samples are positive:

βJd(n)→ βJd(n)−min{βJd(n)}. (9.13)

The offset assures compliance with the voltage range of the AD/DA converters,
0 V . . . 5 V. This input sequence is then stored, as 16-bit unsigned integers,
in the memory region that is addressed by PAG3. The values go from 0 to
216 − 1 = 65535. Although the AD/DA converters fitted to the delay platform
are 12-bit units, internally the samples are stored as 16 bits, to accommodate
possible future upgrades. In this section we treat the digitization as being 16
bits, to not overly complicate the expressions. The voltage of DA3, βvJ(t), which
is one of the two inputs to the analog nonlinear node, is then described as:

βvJ(t) = 5 V
216 − 1 × βJd

(⌊
t

Ts

⌋)
. (9.14)

The other input to the analog nonlinear node is the delayed and scaled reservoir
state xd(n):

αvx,delayed(t) = 5 V
216 − 1 × αxd

(⌊
t

Ts

⌋
− sN

)
. (9.15)

The delay loop gain α is set in the gain/offset block that is connected to PAG0. A
summation stage, built around opamp U1a allows for adding the delayed feedback
and the masked input samples:

vsum(t) = αvx,delayed(t) + βvJ(t). (9.16)

The nonlinear circuit is built around a single transistor Q1 and is described in
detail in Chapter 2. It is followed by a noninverting ×4 amplifier, built around
U1b. This helps to use as much dynamic range of the AD converter as possible.
Together they are described by:

vnl = f(vsum) = Avsum
1 + (Bvsum)p , (9.17)
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where A, B and p are parameters that can be found from fitting the measured
curve to the MG function. B has units of per Volt. The low pass filtering stage
in Fig. 9.4 provides the virtual node mixing. It has time constant T = RC and
is described by:

T
dvx
dt

= −vx + f(vsum). (9.18)

The digitization of vx provides the reservoir state:

xd(n) =
⌊

vx(nTs)
5 V/ (216 − 1)

⌋
, (9.19)

where:
n = bt/Tsc . (9.20)

The flooring operation in Eq. (9.19) is because of the amplitude discretization,
whereas the flooring operations in the arguments of Eqs. (9.14) and (9.15) are
due to the time discretization, associated with the sampled nature of the delay
line. Combining Eqs. (9.15) and (9.12) with Eq. (9.19) yields:

vx,delayed(t) = 5 V
216 − 1

⌊
216 − 1

5 V vx

(⌊
t

Ts

⌋
Ts − τ

)⌋
. (9.21)

In Sec. 9.5 the effect of finite word length induced noise is investigated in detail.
For the purpose of writing a simple system equation, we assume both the time
and amplitude discretization are adequately fine-grained, meaning Ts � T and
216 − 1 � 1. Then the flooring operations in the previous equation may be
ignored:

vx,delayed(t) ≈ vx (t− τ) . (9.22)
Together with Eq. (9.17) and Eq. (9.18), Eq. (9.22) leads to the equation that
describes the circuit of Fig. 9.4.

T
dvx
dt

= −vx(t) + A [αvx(t− τ) + βvJ(t)]
1 +Bp [αvx(t− τ) + βvJ(t)]p

. (9.23)

Since internally in the PC host the voltages are represented as integer numbers,
it is convenient to recast the voltages to “converter units”:

Wx = 216 − 1
5 V vx, WJ = 216 − 1

5 V vJ = Jd

(⌊
t

Ts

⌋)
, (9.24)

yielding:
T
dWx

dt
= −Wx(t) + A [αWx(t− τ) + βWJ(t)]

1 +Bp [αWx(t− τ) + βWJ(t)]p
. (9.25)
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Figure 9.5: Nonlinearity of Fig. 9.4 measured by slowly ramping DA0 (full line) and fit to
f(x) = Ax/(1 +Bpxp) (dashed line). The parameter values are A = 4.20, B = 4.66 · 10−5 and
p = 5.88.

In Eq. (9.25), parameter B has units of “per converter unit”, and is of course
not equal to B in Eq. (9.23). We kept the notation for parameter B since
the parameters for the nonlinear function follow from fitting. In Fig. 9.5 we
show the measured nonlinear function (full line) in converter units, fitted to
f(x) = Ax/(1 + Bpxp) (dashed line). The parameter values are A = 4.20,
B = 4.66 · 10−5 and p = 5.88. We now nondimensionalize Eq. (9.25), with the
purpose of minimizing the number of parameters. The time constant T functions
as the unit of nondimensionalized time, so that this time is t′ = t/T . By defining:

η = αA, γ = βB, τ ′ = τ/T, (9.26)
X(t′) = αBWx(t′T ), J(t′) = WJ(t′T ), (9.27)

Eq. (9.25) is recast to the standard MG form:

dX

dt′
= −X(t′) + η [X(t′ − τ ′) + γJ(t′)]

1 + [X(t′ − τ ′) + γJ(t′)]p
. (9.28)

Here, τ ′ = sNTs/RC is the nondimensionalized delay. Parameter γ is called
the input scaling, and η is the feedback strength. Up to notation, Eq. (9.28) is
identical to Eq. (3.3), found in Ref. [18]. Also, the virtual neuron separation
θ is defined as the distance between the virtual neurons, in nondimensionalized
time:

θ = τ

NT
= sTs
RC

. (9.29)
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Figure 9.6: Santa Fe chaotic laser data time series (a) and zoom (b).

9.2.2 Santa Fe time series prediction
We applied the system described above to the Santa Fe time series prediction
task, which is a benchmark task commonly found in the field of machine learn-
ing [19]. This task originated from a competition held by the NATO in 1993 in
Santa Fe, New Mexico, with the goal of comparing the existing methods for pre-
dicting time series. The participants were given several data sets with time series
samples of different physical origin. Here, we only use the (normalized) second
data set of the first part of the competition (file A_norm.cont in Ref. [19]).
This 10000-point time series represents the intensity variations in a pumped NH3
laser, operated in a chaotic regime. As shown in Fig. 9.6a, the time series con-
sists of growing oscillations, interspersed with irregular drops in amplitude. The
first one hundred samples are shown in Fig. 9.6b, where the dots indicate the
individual samples. The main oscillation has a period of seven to nine samples.
The goal of the task is to predict the next sample or samples of a time series,
given all the previous samples. The NMSE for this one-dimensional case is given
by:

NMSE(yout, ŷout) =
1
M

∑M
i=1 [yout(i)− ŷout(i)]2

1
M−1

∑M
i=1

[
yout(i)− 1

M

∑M
i=1 yout(i)

]2 . (9.30)

The target, in this case, is the input time series shifted over one sample: yout(n) =
xin(n+ 1).
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Figure 9.7: (a) Mask consisting of six values randomly drawn from
{−1.0,−0.6,−0.2, 0.2, 0.6, 1.0}. (b) Reservoir states for 50 virtual neurons over time,
for the first 100 input samples.

In this experiment, we chose N = 400 virtual neurons and s = 2 as the oversam-
pling factor. Furthermore, the sampling frequency was set to fs = 100 kHz.
Since T = RC = 10 kΩ · 5 nF = 50µs, we have a nondimensionalized de-
lay time of τ ′ = sNTs/T = 160. The virtual node separation works out as
θ = sTs/T = 0.4. Initially we had θ set at 0.2, as in Ref. [13]. However we
obtained better results with θ = 0.4. Although we did not investigate this sys-
tematically, intuitively this can be understood as follows. A higher virtual node
separation θ implies that the transitions between different inputs of the nonlin-
ear node are more separated in time. Therefore, the filter will have more time to
respond to changes to its input voltage. Thus the amplitude differences between
adjacent reservoir states increases with the virtual node separation. This can
help overcome noise in an experimental setup, which would otherwise “drown”
the small variations of the reservoir state. However if θ is to large, the nonlinear
node will just go to a steady state, i.e. there will be no mixing between neigh-
boring virtual nodes. We used a six valued mask consisting of values that are
drawn uniformly from the set {−1.0,−0.6,−0.2, 0.2, 0.6, 1.0}. Part of the mask
is shown in Fig. 9.7a. A sequence of L = 3000 samples were used for training,
and another 3000 for testing. Therefore sNL = 2400000 reservoir state samples
are read from the delay platform memory. These are first grouped and averaged
per s = 2, and then rearranged to form the state matrix S. This matrix then
contains N = 400 columns and L = 3000 rows. The columns form the time series
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Figure 9.8: (a) NMSE as a function of η and γ for the mixed analog/digital RC of Fig. 9.4,
applied to the Santa Fe time series prediction task, with N = 400 virtual neurons, L = 3000
separate testing and training samples, averaged over three runs, and θ = 0.4. (b) Output
estimate (red) together with the target (black). The dots and crosses indicate the exact
sample position.

of the individual virtual neurons, as they respond to the input. With these set-
tings, the processing of one sequence takes sNL/fs = 24 s. In Fig. 9.7b, we show
a typical response of the first 50 virtual neurons to the first 100 input samples in
a color intensity plot. There is a clear correspondence to the input time series in
Fig. 9.6b. The state matrix S is then used to either optimize the N readout layer
weights or to calculate the output if the weights are already known. With these
settings, the (η, γ)-parameter space was scanned to find an optimal operating
point. The connection between η and gain α set in the platform on one hand
and γ and gain β used to scale the masked samples on the other hand, is given
by Eq. (9.26). The system is trained on one set of L = 3000 samples and tested
on another. This is repeated three times with different sets per (η, γ)-point and
the result are averaged. In Fig. 9.8a, the results of this scan are shown. Good
performance is found for the area where γ ≈ 0.3 and η = 0.6 . . . 1.0. The best
result is NMSE= 0.033± 0.003 for η = 0.75 and γ = 0.30. Part of the predicted
time series (red) and the target (black) are shown together in Fig. 9.8b. The dots
and crosses indicate the exact position of the samples. Typically the prediction
is less faithful after a sudden change in oscillation amplitude.
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9.3 Real-time delay line reservoir computing demonstrator
Towards the end of the PHOCUS project, there was a need for a portable demon-
strator, capable of stand-alone real-time delay line reservoir computing. The
system presented in Sec. 9.2 was adapted towards this goal. The chosen task
was the real-time prediction of a “life” generated chaotic signal. The complete
setup, which is explained below, is depicted in Fig. 9.9. It consists of the delay
platform FPGA board 1©, the PMOD AD/DA converter plugin boards 2©, the
analog nonlinear node 3© that is assembled on a breadboard and the chaotic
source 4©. 5© is a voltage regulator for the opamp supply. A source of chaos
was needed. The chaotic source is an earlier incarnation of the circuit that was
discussed at length in Chapter 3. We picked this type of circuit because it de-
livers unipolar signals and allows for easy time scaling by changing the time
constants. The circuit is shown in Fig. 9.10. In Fig. 9.11a we show an oscil-
loscope screenshot of the voltage vCE1 of the circuit, for the variable resistor

Figure 9.9: Setup of the real-time delay line demonstrator: the delay platform FPGA board
1©, PMOD AD/DA converters 2©, the analog nonlinear node 3©, the chaotic source 4©. 5© is
a voltage regulator for the opamps.

247



i
i

“Thesis” — 2016/5/12 — 21:31 — page 248 — #262 i
i

i
i

i
i

CHAPTER 9. A MIXED ANALOG/DIGITAL DELAY LINE RESERVOIR
COMPUTER

vCE1 2vv

BE1v

µ1  F µ1  F µ1  F

1.5µF

v
CE2

BE2
v

1

+12V

BC547C

BC547C

Q1

Q2

200k
R3

10k
R4 C2

R2
12k

10k 10k 10k
R R R

4k7
R1

CCC

Figure 9.10: Chaotic source circuit for the real-time chaos prediction.

R3 set at approximately 40 kΩ. The bottom trace is a zoom of the top trace.
The attractor vCE1 (horizontal) vs. v1 (vertical) is shown in Fig. 9.11b. Volt-
age vCE1 is buffered and divided by a factor 1.7 (not shown in the schematic)
to keep it in the 0...5 V range, and this signal is used as input for the reser-
voir computer. Alternatively, v1 can be used directly. A base oscillation takes
about 16 ms. The Santa Fe task discussed above showed about eight samples in
one oscillation. Therefore, to have a fair comparison, we aimed at a processing
time of 16 ms/8 = 2 ms per input sample. Choosing delay line sampling period
Ts = 5µs and the oversampling s = 2, then sets the number of virtual neurons
to 2 ms/(2 · 5µs) = 200. The filter components in the analog nonlinear node
were set to R = 10 kΩ and C = 2.7 nF. This fixes the virtual node separation at
θ = sTs/(RC) ≈ 0.4.

To be able to operate in a stand-alone fashion, the platform needed to be ex-
tended with a masking unit and a readout layer unit. In Fig. 9.12, we show the
schematic diagram of the demonstrator, using this extended platform. The ana-
log nonlinear node is, apart from the values of R and C, identical to the circuit
found in Fig. 9.4. The masking unit is placed in front of PAG6 and connects to
AD6/DA6. The readout layer unit is placed in front of PAG7 and connects to
AD7/DA7. The masking unit samples the chaotic signal of the source via AD6,
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(a) (b)

Figure 9.11: (a) Voltage vCE1 (1 V/div) of the chaotic source in Fig. 9.10, for R3 = 40 kΩ.
The timescales are: 100 ms/div (top trace) and 10 ms/div (bottom trace). (b) Attractor of the
chaotic source. Horizontal: vCE1 (1 V/div), vertical: v1 (0.5 V/div).

at a programmed interval. There, it is multiplied with the mask values, which
originate from the region of the platform memory that is addressed by PAG6.
The masked samples are then output via DA6 to the summator in the analog
nonlinear node. For training purposes, the masking also routes the samples to
PAG6, such that the source can be recorded. The readout layer unit takes as
input the nonlinear node state, via AD7 at every delay line sample time. There
it is multiplied with the weights and accumulated. Every delay time, the sum,
which forms the prediction, is output to DA7. The weights are stored in a mem-
ory region that is pointed to by PAG7. For training, the readout layer unit also
directly outputs to PAG7, such that the reservoir states can be stored and later
downloaded to the PC host. Because both the mask and the readout weights
consists of both positive and negative numbers, we opted to use the system in the
signed mode, as described in Chapter 6. This implies that a sample value of zero
coincides with 2.5 V on the converter. A mask value of +1 is rescaled to +215−1
internally in the platform memory. A Python script controls the operation of
the system. First the mask is downloaded, and the weights are all set to zero.
The gain/offset block connected to DA6 is programmed to have the desired in-
put scaling γ. The feedback strength η is set in the gain/offset block connected
to DA0. The system is then allowed to run for a chosen number of training
samples and both the source samples and reservoir states are recorded. These
are then downloaded to the PC host. The script then calculates the weights in
the usual least-squares fashion. We assume that the resulting weight values are
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Figure 9.12: Structure of the real-time demonstrator. The delay platform of Chapter 6 was
extended with a masking unit and a readout layer unit. The analog nonlinear node is, apart
from the filter components R and C, identical to the circuit found in Fig. 9.4.

within the range ±25. The 16 bits that make up a weight value are interpreted in
the readout layer unit as a signed (two’s complement) fixed point number with
one sign bit, 5 integer bits and 10 fractional bits. After the weights have been
calculated, the weights are stored in the platform memory, and the system runs
autonomously. In Fig. 9.13, we show an actual oscilloscope screenshot of the
demonstrator in operation. The yellow continuous curve is the chaotic signal, as
it is input to AD6. The blue stepped line is the predicted value, i.e. the output
of DA7. The prediction is updated every 2 ms and clearly precedes the input.
Note that we actually have to train for two steps in advance to see a prediction
on the oscilloscope. This is because the processing of a sample also takes one
sample time. If we predicted only one step in advance, the output would coincide
with the input. In this example, the system was trained with 2000 samples. The
input scaling was set to γ = 0.85 and the feedback strength to η = 0.75. The
same six-valued mask as in Sec. 9.2.2 was used. The thus obtained performance
was NMSE= 0.017.
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Figure 9.13: Real-time prediction (blue) of the chaotic signal (yellow) that originates from
the circuit in Fig. 9.10.

9.4 Effective number of bits measurement
The effective number of bits (ENOB) is an important measure of the system
performance with regards to noise. It gives an idea of how many bits in the digital
representation of the analog values actually count. Therefore, it is important to
know this quantity for our delay platform. The ENOB does not only depend on
the type of AD/DA converters, but is also influenced by other system parameters,
such as signal routing and supply line noise. In this section, we outline our
method for measuring the ENOBs of the delay platform. The PMOD-AD1
modules employed on the platform are based on AD7476A 12-bit AD converters
from Analog Devices, while the DA converters in the PMOD-DA2 are 12-bit
DAC121S101 from National Semiconductor. The active number of bits of the
AD converters can be programmed in the platform, to be able to control the
noise level of the experiments. Normally, to evaluate the performance of an
AD converter, one needs a signal source that has a much lower noise level, i.e.
higher bit depth, and distortion than expected in the AD converter under test.
In contrast, our method uses the DAs present in the system, connected directly
to the ADs under test. In this way, the system can be evaluated using only its
own components and a script for setting up the measurement and collecting the
data. The same method is useful for testing for hardware defects. The ENOB

251



i
i

“Thesis” — 2016/5/12 — 21:31 — page 252 — #266 i
i

i
i

i
i

CHAPTER 9. A MIXED ANALOG/DIGITAL DELAY LINE RESERVOIR
COMPUTER

wire

quantization
noise

distortiondistortion quantization
noise

Ideal DA Ideal AD

Real DA Real AD

Figure 9.14: Model for the AD and DA converters.

for a full scale, usually sinusoidal, input signal is defined as in Ref. [20]:

ENOB = SINAD− 1.76
6.02 , (9.31)

where SINAD is the signal to noise-and-distortion ratio, i.e. the ratio of the
power in the signal to the power of all other spectral components, expressed in
dB. Spectral components should be measured up to the Nyquist frequency fs/2.
If the signal is not full scale, a correction is used:

ENOB = SINAD− 1.76− 20 log(A)
6.02 , (9.32)

where A = signal amplitude/full scale amplitude ∈ [0, 1]. Fig. 9.14 shows the
model of the AD and DA converters. The DA converter is programmed to
output a sine wave which is sampled by the AD converter. The amplitude is
kept somewhat below full scale, to avoid clipping, but above 1/2 full scale so
that the AD converter is forced to toggle all bits. This assures that all of the
internal circuitry of the AD converter is active. Both the AD and DA converters
contribute noise and distortion to the signal. We will now assume that the
noise contribution of the DA converter, having only 12 bits, is mainly due to
quantization noise. We cannot separate the distortion components from the
AD and DA, however we can compensate for the quantization noise of the DA.
Quantization noise is assumed to be uniformly distributed between plus and
minus 1/2 LSB, therefore its power is given by [21]:

PQ = ∆2

12 ,
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with ∆ the signal level of one LSB. The power in the sinusoidal signal is:

PS =
(
A2N∆
2
√

2

)2

,

with N = 12, the fixed number of bits of the DA. It follows that the quantization
noise of the DA, expressed in dB, is given by:

Q = S − 20 log(A)− 1.76− 6.02N, (9.33)

Eq. (9.33) allows for calculation of the quantization noise power PQ from the
signal power PS . First, the signal power PS as seen in the AD is measured.
The noise and distortion components consist of DA quantization noise and “all
other” spectral components. These other spectral components are attributed to
the AD converter. Therefore the uncompensated SINAD is given by:

SINAD′ = 10 log
(

PS
PQ + Pall others

)
, (9.34)

and the SINAD compensated for DA quantization noise:

SINAD = 10 log
(

PS
Pall others

)
. (9.35)

Thus:
SINAD = SINAD′ + 10 log

(
PQ + Pall others
Pall others

)
. (9.36)

Then we use Eq. (9.32) together with Eq. (9.36) to calculate the ENOB.

Note that the result we obtain is overly pessimistic, since some of the harmonic
content will have been generated by the DA and not the AD converter. Thus
we obtain a minimal ENOB. However one might argue that these distortion
components are present anyway, when the system is actually used with these
DA converters during our reservoir computing experiments.

Results for the measurement at sampling frequencies of 200 kHz (black) and
100 kHz (gray) are shown in figure 9.15a, where we plot the minimal ENOB
against the programmed number of bits of the AD converter. The ideal case is
presented by the dashed line. Up to about 8 bits the ENOB follows the ideal.
It saturates to approximately 9.2 bits for the full bit depth of the converter.

An example of a normalized spectrum, for the measurement at 12 bits, is shown
in Fig. 9.15b. Here, the input amplitude was set to 0.75 relative to full scale
and the input frequency was 1220 Hz. The sampling frequency was set to fs =
200 kHz. In Fig. 9.15b we zoom in to 0 . . . 20 kHz. The noise floor is not flat.
Likely, this is interference that is caused by the digital parts of the board.
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Figure 9.15: (a) Minimal ENOB vs. programmed AD converter number of bits. (b) FFT
used for the determination of the ENOB, at the 12 bits setting.

9.5 Noise effects
The remainder of this chapter is based on parts of Ref. [22]. My contribution
to this work consisted of the experimental verification of the numerical results
and are discussed in Sec. 9.5.1. The experiments were performed on the elec-
tronic delay platform described in Sec. 9.2.2. Fig. 9.16 shows the experimental
Mackey-Glass function for this implementation, together with the correspond-
ing numerical fit in terms of input/output voltages, and the operating points, as
explained further.

Noise plays an important role in the performance of any practical implemen-
tation of (delay) reservoir computing. In Ref. [22], the influence of noise on
the performance of the delay line RC is analyzed using two types of benchmark
tasks. The first type of test is a classification problem, for which the spoken
digit word recognition was chosen. Quantization noise is studied by varying the
resolution of the AD converters of the delay platform. Intuitively, classification
tasks are quite robust to noise, because of the finite number of output possi-
bilities. Reservoir states that are somewhat degraded by noise can still lead to
correct classification, in much the same way a digital signal with added noise
can be recovered by a binary digital gate. The other type of tasks in Ref. [22]
are the memory capacity test and the Santa Fe chaotic time series prediction
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Figure 9.16: Experimental nonlinear function (red solid line) compared to a fit using the
Mackey-Glass non-linearity (green dashed line). The operating points marked with dots of
different colors correspond to the solid lines in Fig. 9.18.

task. Here, as in a system identification task, the output of the readout layer is
intended to be a fully continuous signal. Naturally, in the presence of noise, the
performance for these tasks degrades gradually with the increase of the noise
level. For reasons of brevity , we only report the results for the second type of
task of Ref. [22].

9.5.1 Memory capacity and time series prediction task
We first evaluate the memory capacity of the system, which relates to a basic
property of RC as it is the estimation of the fading memory. Second, we evaluate
the standard Santa Fe time series prediction task. For the computation of the
memory capacity, the input of the reservoir consists of a random sequence u(n)
that is injected one sample at a time. The system is trained to reconstruct the
delayed input u(n − k) from the current state of the reservoir. The memory
function m(k) is given by the normalized correlation between the output and
their associated delayed input u(n − k). The memory capacity, mc, is then
computed as the sum of m(k) over k [23]. The experimental results shown in
Fig. 9.17 indicate that the memory capacity increases with the feedback strength
when η < 0.9. The largest memory capacity of our hardware implementation,
mc = 7, is obtained for a feedback strength of η ≈ 0.8. In the case of an ideal,
noise-free reservoir a value of mc = 18 is achieved for η = 0.8. However, the
memory capacity is significantly lower when the numerical simulations include
a more realistic situation with a 12-bit ADC at the output of the non-linearity.

255



i
i

“Thesis” — 2016/5/12 — 21:31 — page 256 — #270 i
i

i
i

i
i

CHAPTER 9. A MIXED ANALOG/DIGITAL DELAY LINE RESERVOIR
COMPUTER

Figure 9.17: Experimental results for the memory capacity as a function of the feedback
strength η and input scaling γ. The number of virtual nodes is N = 400 and the exponent is
p ≈ 7.

In this case the largest memory capacity is mc = 8. These numerical results
are in good qualitative agreement, but slightly larger, than the experimental
results reported in Fig. 9.17. Therefore, the experimental system has a signal to
noise ratio slightly lower than a 12 bits quantization. The second task that we
evaluate is the Santa Fe time series prediction task, introduced in Sec. 9.2.2. For
the evaluation of the prediction error, we take three partitions of 3000 samples
each. Each partition is used once for testing. To characterize the performance of
the system for this task, we compute the normalized mean squared error (NMSE)
of the prediction, defined as the normalized difference between the predicted and
the targeted value.

The time series prediction task requires non-linearity and memory. In addition,
this task is known to be sensitive to the influence of quantization noise [24].
In Fig. 9.18 (top panels), we present the NMSE, averaged over the three data
partitions, of the experimental prediction as a function of the system parameters
for different number of bits in the output ADC. We observe a clear dependence
of the NMSE on the number of bits in the output ADC, with a wider region
of low NMSE for increasing number of outputs bits. NMSEs below 0.05 are
obtained for γ ≈ 0.3 and a wide range of feedback strengths when the ADC
resolutions is larger than 8 bits. For NMSE below 0.05, the relative standard
deviation of the NMSE over the three data partitions is smaller than 10% (7%)
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Figure 9.18: Experimental (top) and numerical (bottom) results for the Santa Fe time series
prediction test. Color-coded NMSE as a function of the parameters of the system η and γ
for different number of bits in the output ADC. The exponent is set to p ≈ 6, N = 400 and
θ = 0.4. Color lines correspond to the operating points shown in Fig. 9.16. The NMSE values
are an average over three data partitions.

for the experimental (numerical) results. The performance strongly degrades
for η > 1.2 (not shown) as the dynamics of the system becomes chaotic. For
this task, the NMSE prediction errors obtained with our scheme (0.031), other
implementations of delay-based RC (0.02 [24], 0.055 [17]), and other machine
learning methods (0.0087 [25]) are comparable. The minimum NMSE saturates
for resolutions larger than 10 bits, with a NMSE of ≈ 0.03. This saturation limits
the performance and a further improvement in the number of quantization levels
does no longer yield an improvement in the minimum NMSE achieved by the
system. In contrast, we find that the NMSE obtained from numerical simulations
decreases with the number of output bits, when noise is only due to the output
ADC resolution.

This discrepancy between the experimental and simulation results can be under-
stood in the light of the ENOB, discussed in Sec. 9.4. For a resolution smaller
than 8 bits the ENOB is close to the corresponding number of resolution bits.
However, the ENOB for resolutions larger than 10 bits saturates around 9.2.
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This limit in the experimental ENOB explains why there is not much difference
between the NMSE obtained for 10 and 12 bits in the output AD converters as
shown in Fig. 9.18 (top panels). The ENOB value actually measures the total
system noise, including quantization noise and analog system noise. Therefore,
the ENOB value is an estimate of the analog system noise of the hardware
implementation. For our setup the signal to analog system noise ratio is ap-
proximately 60 dB, as suggested by Eq. (9.32). In Fig. 9.18 (bottom panels),
we present the NMSE of the numerical simulations of the full system, includ-
ing a SNR of 60 dB. The SNR is simulated by adding a white Gaussian noise to
Eq. (9.28). The numerical results in Fig. 9.18 are in good quantitative agreement
with the experimental ones. Similarly to the experimental results, the numerical
NMSE saturates for more than 10 bits in the output ADC. From the numerical
results, we can conclude that the analog system noise is negligible compared to
quantization noise for small resolution.

As shown in Fig. 9.18, an increase in the quantization noise not only decreases
the minimum NMSE but also the size of η − γ areas with good performance,
making the choice of operating point more critical. In delay based RC systems
with the Mackey-Glass nonlinearity, the operating point (stable fixed point of
the system) for η < 1 is zero for effective inputs with zero mean. However,
in our scheme we need a positive-defined input due to hardware requirements.
After the input is multiplied by the mask and γ we add a bias term, b(γ, η), so
that the input is always positive. Therefore, the operating point depends on the
values of η, p and γ. The parameters η and p control the shape of the non-linear
function whereas γ determines the input bias.

The evolution of the operating point as a function of the feedback strength
η and input scaling γ yields a qualitative interpretation of the performance
of the system. In Fig. 9.18, the pink line shows the combinations of the η −
γ parameters, when p = 6, yielding an operating point at the maximum of
the non-linear function (see pink dot in Fig. 9.16, vIN = 1.23 V). When the
operating point is in a very nonlinear region of the Mackey-Glass function (at the
maximum, pink line in Fig. 9.18), the system does not reach the memory capacity
required by the Santa Fe task and the NMSE increases. In turn, the black line
accounts for the η − γ values yielding an operating point at the inflection point
of the nonlinear function. When the operating point is around the inflection
point of the numerical Mackey-Glass function (see black dot in Fig. 9.16, vIN =
1.69 V), the response of the Mackey-Glass node is almost linear. This lowers
the computational ability and there is a slight increment of the NMSE at this
fixed point (black line in Fig. 9.18). Finally, the operating point becomes nearly
independent of the feedback strength η when γ > 0.3 (see the green and brown
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lines in Fig. 9.18 that correspond to the green and brown operating points shown
in Fig. 9.16, respectively). In the experiments, the lowest prediction errors are
found for the operating point vIN = 2.29 V (see brown dot in Fig. 9.16).

Besides the good agreement between the numerical and experimental results,
we find a few discrepancies. In particular, the system performance decreases
abruptly for γ > 0.45 in the experimental implementation. That corresponds to
working points at vIN > 3.05 V, where the experimental nonlinear function is
practically constant (see Fig. 9.16). The slight mismatch between the numerical
and experimental nonlinear function for vIN > 2.29 V can explain some of the
different results between the numerical simulations and the experimental results,
specially for γ > 0.3.

As discussed above, we find that the operating point of the system plays an
important role in the system performance. The time series prediction task,
requires a RC system with fading memory, i.e., delayed feedback is crucial for
this task. However, there is a trade-off between the memory capacity of a RC
system and its computational capacity [26]. If the nodes of the RC system
operate in a more linear regime, the system shows more memory capacity and
lower computational ability. In delay-based RC, the system output oscillates
around the operating point and the amplitude of the oscillations is given by
the input scaling factor γ. The operating point and the maximum amplitude of
the oscillation determine the effective non-linear function of the system, i.e. the
parts of the non-linear function that the system really explores.
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9.6 Conclusions
Reservoir computing was introduced as a machine learning paradigm that is char-
acterized by a nonlinear high dimensional network with randomized but fixed
connections and a linear readout layer. The training of the readout layer hap-
pens via a straightforward linear regression. Delay line based reservoir comput-
ing with only a single nonlinear node was born out of a necessity for a simplified
hardware implementation for photonic platforms, where it is neither practical
nor economical to physically connect many hundreds of nonlinear nodes. A
natural step in this direction is the implementation of such a single nonlinear
node delay line RC on an electronic platform. We have demonstrated a mixed
analog/digital electronic delay line reservoir computer on the platform that was
introduced in Chapter 6. Integration of the masking and readout layer unit in
the platform, lead to a self-contained reservoir computing demonstrator, aimed
at real-time chaos prediction. We remark that the implementation of the real-
time demonstrator in no way was intended as an optimal solution, in terms of
engineering complexity or cost and number of parts.

The sensitivity to (quantization) noise was examined in Sec. 9.5 and compared to
numerical results, for the Santa Fe time series prediction task. As expected, the
less bits are activated, the higher the amount of noise, causing a deterioration
in the performance. More so, the region of good performance in the (η, γ) plane
decreases in size, making the choice of these parameters more critical. In [22],
it is found that a prediction task is more sensitive to quantization noise than a
classification task, such as the spoken digit word recognition task. Therefore,
electronic or opto-electronic delay RC systems aimed at classification tasks might
benefit from AD/DA converters having only a limited number of bits, thus giving
these systems an advantage in either cost or speed.

In Chapter 10, we argument that the paradigm of delay line reservoir computing
is quite well suited for pure software implementations as well, and show a much
more optimized implementation, capable of real-time audio processing.
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Chapter 10

Real-time audio processing with a
discrete-time delay line based
reservoir computer cascade

T ime-discretization of the delay differential equation based reservoir
computer introduced in Chapter 9 leads to a structure which is very

implementation-friendly, both in digital electronic hardware or in software.
We show results for this structure with the NARMA10 and Santa Fe task.
We further develop this structure, leading to real-time audio processing
on a cascade of reservoir computers. The chosen task is the emulation of
the nonlinear distortion of a guitar amplifier.

10.1 Introduction
As it turns out, the delay differential equation (DDE) based reservoir comput-
ing (RC) concept, introduced in Chapter 9, is also very well suited for electronic
implementation. However, the implementation found in Chapter 9 is less than
optimal, since the nonlinear node is still in the analog domain. This necessi-
tates extra hardware and leaves us with a rather “fixed” structure. To further
optimize the machine, we aim to move as much of the structure as possible to
the digital discrete-time domain. There we can benefit from cost effective and
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ubiquitous computing hardware, as well as scalability and near-instantaneous
reconfigurability.

In Sec. 10.2, we introduce the concept of discrete-time delay line based reser-
voir computing. Using the Santa Fe time series prediction and nonlinear auto-
regressive moving average (NARMA) benchmarks, we show that the performance
of this structure is comparable to that of the DDE based RC implementation.
For the commercial applicability of any information processing paradigm, speed
is of utter importance. As processing speed increases, new applications open up.
We have found that a full software implementation of this optimized structure
is capable of real-time audio processing at 44.1 kHz on a standard laptop. In
Sec. 10.3, we explore this idea further. An attempt is made to solve the problem
of emulating the nonlinear distortion of (often vacuum tube based) guitar am-
plifiers in Sec. 10.3.3. This lead us to a cascaded reservoir computing structure
with dual inputs and filtered virtual neurons, currently the subject of a patent
application and discussed in Sec. 10.3.5. Finally, our conclusions are summarized
in Sec. 10.4.

10.2 Discrete-time delay line reservoir computer
Fig. 9.12 shows the structure of the real-time demonstrator. It is based on a
literal translation of a MG-like DDE into hardware:

dx

dt
= 1
T
{−x(t) + f [γx(t− τ) + ηJ(t)]} , (10.1)

with f the nonlinear function and J(t) the masked input signal. The kernel
of this equation is implemented as a simple resistor-capacitor low pass filter
T ẋ = −x+xin with T = RC. This provides the mixing between adjacent virtual
nodes. Working in the continuous-time domain requires several AD and DA
converters, as seen in Fig. 9.12. Three AD converters are used; one to discretize
the analog input for the purpose of masking, one for reading the output of the
nonlinear node, used as input for the delay line and one as input for the readout
layer. Likewise, three DA converters are used.

From an engineering point of view, this approach leaves much to be desired. A
more optimal approach, in terms of component count, speed and noise, would
be to use only one AD/DA converter pair for the input and output of the sys-
tem and move all remaining processing to the discrete-time domain. Since the
electronic implementations already make use of a digital delay, masking and
readout layer, all that remains to do is to discretize the low pass filter and non-
linear function. It must be noted that since, other groups have also investigated
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time-discretized delay based RC. For example, in Ref. [1], the authors use paral-
lel pools of time-discretized delay RC with randomized parameters for financial
time series prediction.

10.2.1 The low pass filter
The low pass filter following the nonlinear function is responsible for mixing the
states of adjacent virtual neurons. As such it defines the connectivity of the
network. One simple way to move from Eq. (10.1) to the discrete-time domain
is by replacing differentials by (backward) differences. It has the benefit that
the static input response remains the same1.

Let Ts be the sampling period used for the system. A single virtual neuron then
takes a time sTs with s the integer oversampling factor. For the demonstrator
of Chapter 9 the oversampling was set to s = 2 and the sampling period was
Ts = 5µs. Let τ = NsTs be the delay line time and τ/N = θRC with θ the
virtual node separation and N the number of virtual neurons. We have:

RC = sTs
θ
. (10.2)

Continuous and discretized time are related as t = nTs. Discrete time vari-
ables are written as xd(n) = x(nTs). The input to the low pass filter is xin(t).
Replacing the differential with a backward one step difference approximation:

dx

dt
≡ x(nTs)− x(nTs − Ts)

Ts
= 1
RC

[−x(nTs) + xin(nTs)] . (10.3)

Filling in RC from Eq. (10.2) and rearranging leads to:

xd(n) = θ

s+ θ
xin,d(n) + s

s+ θ
xd(n− 1). (10.4)

To avoid clutter, in the following the suffix d is dropped since the type of variable
is clear from the argument. Eq. (10.4) represents a simple first order infinite
impulse response (IIR) filter with a single pole at z = s/(s+ θ).

The system equation for the discrete-time reservoir computer then is:

x(n) = ax(n− 1) + (1− a)f [γJ(n) + ηx(n−M)] (10.5)

with M = sN and filter factor a defined as:

a = s

s+ θ
. (10.6)

1Other techniques are for example the impulse invariant and the bilinear transform [2].
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x(n)

z−1

−Nz

to readout layer

J(n)

x(n−N)

γ

η

f 1−a

a

Figure 10.1: Schematic of the discrete time reservoir computer of Eq. (10.5) for s = 1.

Fig. 10.1 shows a block schematic of Eq. (10.5). It is clear that this structure is
readily programmable in an FPGA, or as software on any, possibly embedded,
computing platform. Note for the nonlinear node to be stable, we must have
a < 1.

10.2.2 The nonlinear function
There are several ways in which a suitable nonlinear function f can be imple-
mented in digital hardware or software. We are looking for solutions which are
resource-friendly enough for FPGAs or embedded microcontroller implementa-
tions, meaning they do not take up much computation time or hardware.

Unimodal maps such as the Mackey-Glass function x/(1 + xp) with exponent
p > 1 work well. A straightforward implementation of this function however asks
for p multiplications and a division. Similarly, a squared-sine nonlinear function,
found in the opto-electronic RC of Ref. [3], could be programmed with a series
expansion in software, which is slow, or as a look-up table, which might have an
unacceptably large footprint for a modestly sized platform.

An unimodal nonlinear function that is easy to implement digitally is the ramp
map:

f(x) =
{
x, x < m
0, x ≥ m , (10.7)

as it is in essence, only a comparator. Also the sawtooth or modulo-m map:

f(x) = x mod m, (10.8)
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is very easy to implement for m = 2n, being nothing more than a zeroing op-
eration on the highest bits of a quantity in binary presentation. Unfortunately,
our early investigations with these and other discontinuous maps, such as the
tent map, show that these functions do not lead to good results, when applied to
delay line RC. This is probably because of the exact linear behavior and sharp
onset of the nonlinear behavior with the size of the input signal.

The logistic map f(x) = x(1 − x) however is low on resource usage (only one
multiplication) and is asymptotically linear for low scaled input signals. The
cubic function f(x) = x(1− x)(1 + x) only asks for one multiplication more and
has uneven behavior around the origin. In the following sections we will apply
these nonlinearities, as well as the MG function with p = 2, f(x) = x/(1 + x2).

10.2.3 FPGA resource estimates
In this section, we give some estimates as to the resource requirements to im-
plement the structure of Fig. 10.1 on an FPGA platform. First, we look at
the processing speed requirements. Suppose we want to process audio signals
in real-time. Sampling the input (one channel) at 50 kHz should give enough
bandwidth. The speed of the delay line, fs = 1/Ts is a factor M = sN higher
than this. Suppose for an analog implementation (as discussed in Chapter 9) the
number of virtual neurons is N = 200, with oversampling s = 2, then the delay
line, and all other parts of the system that are attached to it, must be clocked
at 2 × 200 × 50 kHz = 20 MHz. This is very much feasible. Now, we look at
the memory space requirements for the FPGA. A signed 16-bit representation is
likely to offer sufficient signal-to-noise ratio for most tasks. Then for the delay
line we need 16 × 2 × 200 = 6400 bits. We also need to store N weight and N
mask values. These also take up 2 ×N × 16 = 6400 bits. Therefore 12800 bits
of storage have to be allocated. There will be some overhead from registers used
for reading and writing these data blocks, storing in-between results etc. Say we
double this number to be on the safe side. Then approximately 26 kbits should
suffice for a 200-virtual neuron discrete-time RC with a 16-bit precision.

The sub 100 dollar Basys2 FPGA board is the smallest Digilent Inc. has. It
houses a Xilinx XC3S250E Spartan3E FPGA with 216Kbit in RAM Blocks
and 12 dedicated 18-bit multipliers. From these estimates, we conclude that
real-time signal processing at audio frequencies with delay line based reservoir
computers is achievable on even modestly sized contemporary FPGA platforms.
In fact, according to the family data sheet for this particular FPGA family, the
block RAM can be operated at speeds in excess of 200 MHz. Keeping all other
parameters the same, this yields a RC structure capable of processing input
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samples at 500 kHz on a cost-effective present day electronic platform.

10.2.4 Interaction topology
In Ref. [4], the interaction topology between the virtual neurons of the continuous-
time delay line RC is derived and a connectivity matrix is shown. We show that a
discrete-time RC has a similar connectivity, for the case where the oversampling
s equals unity. This is the case where each entry in the delay line corresponds
to a single virtual neuron. Let M be the number of virtual neurons. Rewriting
Eq. (10.5) in a slightly more general way:

x(n) = ax(n− 1) + (1− a)f [x(n−M); J(n)] . (10.9)

Here, J(n) = miuk with uk the input at step k. mi is the mask value used at
discrete time n. Input sample uk is kept constant over one delay line time. Since
every M time steps the mask values are repeated, we have i = (n mod M) + 1
such that i ∈ {1...M} and k = bn/Mc. Note we count the virtual neurons from
1 to M . Writing xi,k as the state of virtual neuron i at input step k, Eq. (10.9)
becomes:

xi,k = axi−1,k + (1− a)f (xi,k−1;miuk) , (10.10)
for i = 2, . . . ,M and

x1,k = axM,k−1 + (1− a)f (x1,k−1;m1uk) , (10.11)

for i = 1 in particular. Now, Eq. (10.10) is identical in shape to Eq. (S16) in the
supplementary material of Ref. [4] and thus analogous to the discussion of the
interaction topology found there. Recursively substituting Eq. (10.10) in itself
i− 2 times and using Eq. (10.11), yields:

xi,k = aixM,k−1 + (1− a)
i∑

j=1
ai−jf (xj,k−1;mjuk) . (10.12)

We arrive at Eq. (S17) of Ref. [4] by setting ΩM,i = ai and ∆j,i = (1− a)ai−j :

xi,k = ΩM,ixM,k−1 +
i∑

j=1
∆j,if (xj,k−1;mjuk) , (10.13)

with ΩM,i = e−iθ and ∆j,i = (1 − e−θ)e−(i−j)θ, as defined by Eq. (S18) of
Ref. [4]. In other words, to have the same interaction between virtual neurons
as in the continuous time delay line RC case, we need to set:

a = e−θ (10.14)
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Figure 10.2: Coefficients ΩM,i and ∆j,i for M = 20 and a = 0.82.

Note Eq. (10.14) is different from Eq. (10.6) derived earlier, however both have
the same limit for θ → 0,∞. As an example, in Fig. 10.2 we plot the interaction
topology for a 20-neuron delay line for a = 0.82, as used above. According to
Eq. (10.14), this corresponds with θ = 0.2. This corresponds well with Fig. S4
of the supplementary material of Ref. [4].

The digital implementation of the filter in the nonlinear node offers a higher
degree of freedom as compared to the fixed analog filters in mixed analog/dig-
ital implementation found in Chapter 9. Nonlocal connectivity could easily be
obtained from a higher order finite impulse response (FIR) filter, at the expense
of extra computational work.

10.2.5 Santa Fe time series prediction
We have applied the discrete-time RC to the Santa Fe time series prediction task
in numerical simulations. Two nonlinear functions have been considered:

f1(x) =
{

4x(1− x) if 0 < x < 1,
0 otherwise (10.15)

and:
f2(x) =

{
33/2

2 x(1− x)(1 + x) if − 1 < x < 1,
0 otherwise.

(10.16)

The constants scale the functions so that their maximum is at unit value. This
allows for comparing the input scaling between the simulations. Note that the
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Figure 10.3: (a) Performance as measured by the NMSE for a (η,γ) scan for one-step predic-
tion of the Santa Fe time series, using the quadratic nonlinearity of Eq. (10.15), for N = 400,
a = 0.71, s = 1 and a six-valued mask. (b) As in (a), for the cubic nonlinearity of Eq. (10.16).

cubic nonlinearity Eq. (10.16) requires two multipliers instead of just one for the
quadratic nonlinearity Eq. (10.15), however it has the advantage that it works
around the origin as no offset is needed. The parameters of the simulation were
N = 400, a = 0.71 [equivalent to θ = 0.4 according to Eq. (10.6)], s = 1, and the
same six-valued mask as in Chapter 9. Since the oversampling s was set to one,
each entry of the delay line corresponds to one virtual neuron. One thousand
samples were taken for training and another thousand for testing. In Fig. 10.3a,
we show the performance, expressed as an NMSE for a scan of the (η, γ) plane
for the quadratic nonlinearity of Eq. (10.15). The best result is NMSE = 0.017,
for η = 0.4 and γ = 0.2. An offset was added to the masked samples to assure
that only positive values were applied to the nonlinear node. For the cubic
nonlinearity of Eq. (10.16), we obtain NMSE= 0.0072 at η = 0.4 and γ = 0.25,
as shown in Fig. 10.3b.

Both of these results are comparable to NMSE = 0.019 found in Ref. [4] and
considerably better than what is obtained in Chapter 9. This improvement is
likely caused by the higher numerical accuracy we have here. These numerical
explorations show that the performance of the proposed discrete-time RC struc-
ture is comparable to that of the continuous-time RC. At the same time, from
an engineering point of view, this structure is considerably easier to implement
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Figure 10.4: (a) Scatter plot of NARMA10 input-output sample pairs, according to
Eq. (10.17). (b) Scatter plot of NARMA10 output vs. estimate obtained by the discrete-time
RC method, outlined in the text.

and more scalable.

10.2.6 NARMA10
The NARMA10 or nonlinear auto-regressive moving average task is introduced
in Ref. [5] as a system identification benchmark. A stream of random samples
u(k), drawn from a uniform distribution in the interval [0, 0.5] is processed by
the following recurrent nonlinear system:

y(k + 1) = 0.3y(k) + 0.05y(k)
[ 9∑
i=0

y(k − i)
]

+ 1.5u(k − 9)u(k) + 0.1. (10.17)

The benchmark then exists of estimating y(k+1), given all previous u(k) samples.
As the output y(k + 1) depends on the past input u(k − 9) and the past state
of the system y(k − i) for i = 1 . . . 9, this task proves to be quite demanding
on the memory of the RC. Instead of the usual time series, in Fig. 10.4a we
represent the NARMA10 signals in a scatter plot. Here each dot represents a
[u(k), y(k + 1)] pair. The best result we were able to obtain here is NRMSE
= 0.155, using N = 10000 test samples and the same six-valued mask as for
the Santa Fe time series task. For this result, the estimated output and target
output are shown as a scatter plot in Fig. 10.4b. Initially (η, γ) scans using the

271



i
i

“Thesis” — 2016/5/12 — 21:31 — page 272 — #286 i
i

i
i

i
i

CHAPTER 10. REAL-TIME AUDIO PROCESSING WITH A DISCRETE-TIME
DELAY LINE BASED RESERVOIR COMPUTER CASCADE

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

-1 -0.75-0.5-0.25  0  0.25 0.5 0.75  1

N
R

M
S

E

p

(a)

-3

-2.5

-2

-1.5

-1

-0.5

 0

 0.5

 1

-1 -0.5  0  0.5  1

f 3
(x

;p
)

x

p=-1

p=1

p=0

(b)

Figure 10.5: ((a) NRMSE as a function of parameter p for the nonlinearity of Eq. (10.18).
Other parameters are: η = 0.4, γ = 0.02, a = 0.9, s = 1. N = 400 virtual neurons were used.
The training and testing sets consisted of 10000 samples each. (b) Family of f3(x; p) functions
with the optimum p = −0.7 as a thick full line.

nonlinearities of Eqs. (10.15) and (10.16) did not result in a performance lower
than NRMSE = 0.25, whereas in Ref. [4], using a continuous-time delay line RC,
an NRMSE of 0.12 is reached. Since for the NARMA task memory is important
and thus only a weakly nonlinear system can perform well, it seemed reasonable
to try to optimize the nonlinear function itself. We used the following function:

f3(x; p) = x(1− p+ px) (10.18)

with p being the parameter to be optimized. This function passes through the
origin and (1, 1) for every value of p. For p = 0 it is a straight line. Inspired
by Ref. [6], we fixed parameters η = 0.4 and γ = 0.02, used N = 400 virtual
neurons and set the oversampling to s = 1. Also, filter factor a was fixed to 0.9.
The training and testing set had 10000 samples each. The NRMSE as a function
of parameter p of Eq. (10.18), plotted in Fig. 10.5a, then shows to be optimal
at p ≈ −0.7. Note that at p = 0 the system is linear, resulting in NRMSE
= 0.4. In these tests we worked around the origin of the nonlinear function, as
no offset was added to the masked samples. A family of f3(x; p) functions for
p = −1 . . . 1 is plotted in Fig. 10.5b, with the optimal result as a thick black
line. Further fine-tuning at p = −0.7 then lead to NRMSE = 0.155 for η = 0.30
and γ = 0.015.
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Since it is clear there is an interplay between the RC parameters γ, η, a and the
nonlinear function shape parameter p, possibly a better performance could be
obtained by simultaneously scanning all these parameters. Nevertheless, these
results show that a performance comparable to that of a continuous-time delay
line reservoir computer is possible.

10.3 Real-time audio processing with discrete-time delay
based reservoir computers

Initially we envisioned that the structure introduced in Sec. 10.2 would be im-
plemented in an FPGA. We first implemented this structure in a C-program
and found that it was capable of operating in real-time at the standard audio
sample rate of 44.1 kHz, with N = 1000 virtual neurons on a common laptop2.
The code is compiled with GCC version 4.7, using compiler optimization flag
-O3. The code snippet in Listing 10.1 shows exactly how concise the core of the
reservoir computer can be written.

Listing 10.1: Discrete-time delay RC in C.

1 si = samples_in; // pointers to floats
2 so = samples_out;
3 for(i=0;i<numsamples;i++)
4 {
5 wi = weights // set weights index pointer
6 di = delay; // set the delay index pointer
7 mi = mask; // set the mask index pointer
8 sum = 0.0; // weighted sum
9

10 for(j=0;j<delaylinelength;j++)
11 {
12 // nonlinear function f is defined inline
13 x = a*x + (1.0 - a) * f(gamma *(*mi)*(*si) + eta *(*di));
14 *output ++ = x;
15 *di++ = x;
16 mi++;
17 sum += x * (*wi++);
18 }
19 sum += *wi++;// add constant column
20 // add unprocessed input , store output , point to next sample
21 *so++ = sum + (*si++) * (*wi);
22 }

2A 2009 Dell Latitude E4300.
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All processing is done with 64-bit floating points. The audio infrastructure of
the computer is addressed using the open source audio library Portaudio [7].
This library shields off much of the complexity associated with handling audio
interfaces, letting the developer focus on the application, rather than the un-
derlying hardware. Training of the reservoir computer is done offline using the
least-squares routines found in the Python SciPy package [8]. The time critical
code, written in C, is interfaced to the Python code via the Ctypes method.
Compared to the first electronic implementation, described in Ref. [4], which
processed input samples at approximately 500 Hz, the speed has increased with
a factor of 88. It is clear that this opens a pathway to real-world applications.
As an example, we took up the challenge of applying this software based RC to
the task of emulating the nonlinear distortion of a guitar amplifier. In the next
section, some background on this problem is given.

10.3.1 A system identification task: Guitar amplifier distortion
A typical electric guitar amplifier is much different from a hifi amplifier. The
hi-fi amplifier is designed for a flat frequency response and as little nonlinear
distortion as possible. In contrast, the guitar amplifier is specifically designed
to “color” the sound, using both nonlinear distortion and strong linear filtering.
When it comes to the setup of an electric guitar and amplifier, the amplifier
really must be understood as being half of the instrument.

Historically, the first guitar amplifiers were overdriven vacuum tube (also named
valves) phono record amplifiers. Even nowadays, many reputable guitar ampli-
fiers brands still make use of vacuum tubes instead of transistors. The distortion
characteristics of tube amplifiers are described as “warm” and “soft” or “round“,
as compared to the “harsh” and “crackling” sound of an overdriven hi-fi tran-
sistor amplifier. Furthermore, every brand, Marshall, Vox and Fender are a few
of the big names, and even model type of amplifier has its own characteristic
sound, often instantly recognizable. Indeed, the design of a “good” guitar amp
is more art than science, and the amplifier is at least as much responsible for
the resulting sound as the guitar is.

Overdriving an amplifier introduces clipping or limiting of the signal in some way,
and, as it turns out, this can be beneficial to the subjective auditory experience.
The sources of distortion within tube amplifiers include saturation in tube based
amplifier stages, saturation of the iron core of the output transformer, and supply
voltage drops caused by deliberately underdimensioned supply bypass capacitors.
The severity of the distortion can go from adding light bluesy accents over a more
crunchy sound to full-on clipping, depending on the music genre and artist.
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Vacuum tubes have many downsides from a technological point of view. They
are more costly as compared to semiconductor devices, have a shorter lifetime,
are quite fragile and consume more power. Therefore, manufacturers have sought
ways to replace tubes by semiconductor based electronics, while somehow mim-
icking the distortion so typical for a tube amplifier.

A diode clipper is a simple and effective way to induce distortion, by limiting
the signal excursion. Over time, a myriad of diode clipper based circuits have
been introduced on the market. They are often preceded and followed by tone
controls (linear filters) to further shape the frequency content of the signal. Diode
based clipper circuits are often built into solid-state guitar amplifiers, or sold as
separate units, known as “effect pedals”. As can be expected, the particular
shape of the diode characteristic, as well as the drive level are important for
the resulting sound. Light emitting diodes (LEDs) have a less steep and more
rounded I-V curve than diodes aimed at signal switching and have been applied
for this purpose. Similar circuits have been designed with JFETs and MOSFETs.
Even digital inverter gates such as the 4049UBE have been repurposed to process
analog guitar signals. Even though the initial aim of these clipping circuits
was to emulate and thus replace tubes, they often perform poorly at this job.
Nowadays, these diode clippers and related circuits are seen as an addition to
the sound processing armory, rather than a replacement of tubes.

Around the 1990’s, cheap mass produced digital signal processors became avail-
able, and manufacturers turned to digital techniques to obtain tube-like distor-
tion. This freed the implementation of the limitations of fixed analog circuitry,
thereby allowing many models within a single appliance, and thus giving the
musician more freedom. Much of the methodology of how these digital mod-
ellers work, is only described in the form of patents. An excellent overview of
digital techniques for modelling tube amplifiers is given in Ref. [9].

Amp modellers roughly fall into two categories; white box and black box ap-
proaches. A white box approach uses internal knowledge of the amplifier that is
to be modelled. The consecutive stages of the amplifier are seen as consisting of
linear filters, followed by static nonlinearities. The linear parts are modelled by
measuring their impulse response and matching this to a digital filter impulse
response. The nonlinear distortion in each stage is then modelled by using static
nonlinear functions. These can be either low order for efficient computability, or
stored as look-up tables. In recent years, these modellers have gained increasing
popularity, with Digitech, Roland and Boss being top names in the field. In an-
other form of white box approach, one starts from the circuit diagram and builds
a simplified partial circuit emulator [10]. Note that these models are fixed in the
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device and even though a large number of parameters may freely be accessible,
adequately modelling an arbitrary amp by the end-user is not possible. Typi-
cally, a black box approach, where there is no information except for what can
be directly measured without opening the amplifier, is much harder, and conse-
quently only a few manufacturers present a solution. A Volterra series offers a
general black box system identification approach, and is applied in the Nebula
Effects Processor by Acustica Audio [11]. Unfortunately, as also shown in Chap-
ter 7, the number of covariates rises quickly with the order of the nonlinearity,
so only low-order nonlinear systems can be learned by this device. We have
knowledge of only one device capable of true black box learning on the market
today, namely the Kemper Profiling Amplifier [12],[13]. During the modelling
phase, the responses of the device under test to impulses of several different
amplitudes are measured. Then during the emulation, the input amplitude is
evaluated from sample to sample and the appropriate impulse response is se-
lected. This approach is called dynamic convolution, as the output is calculated
by dynamically updating the convolution time series. Note Kemper does not
offer a separate software solution that runs on other than their custom hardware
equipment.

We set out to apply the reservoir computing structure presented above to learn
and then emulate in real-time the distortion of a guitar amplifier, using a stan-
dard laptop as the computing platform. Reservoir computing has been used
earlier for audio processing [14]. However, to the best of our knowledge, these
attempts were not in real-time, nor did they start from real world measured
signals. In the next section, we apply our structure to a task also found in
Ref. [14].

10.3.2 Comparison to an existing result
The open source Linux Audio Developers Simple Plugin API (LADSPA) li-
brary [15] contains a simple model to emulate light tube like distortion. In
Ref. [14], this “Valve Saturation” model is used in a system identification task.
The input signal, sampled at 44.1 kHz is upsampled by a factor of five, and then
processed by:

zn = xn − q
1− exp−d(xn−q)

+ q

1− edq , (10.19)

with q = −0.198 and d = 20.1. Thereafter this is followed by the recursive filter:

yn = 0.999yn−1 + zn − zn−1, (10.20)
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Figure 10.6: The training signal for the the LADSPA Valve Saturation task.

and downsampled again. As an excitation signal, Gaussian white noise with
a linearly swept amplitude, that is shaped further with an additional low-pass
filter is used in Ref. [14]. This assures that the system is excited with all possible
amplitudes and frequencies needed [16]. Using this approach, with an echo state
network consisting of 100 neurons and L = 30000 training samples, an NRMSE
of 0.0997 is reported.

To compare the performance of our discrete-time delay RC, we use N = 100
neurons in the delay line and a six-valued mask. As in Ref. [14], in the reservoir
output we also make use of the square of the reservoir states. Also, the unpro-
cessed input and a constant term are used in the training, making for a total of
202 weights. As a nonlinearity, we chose f(x) = tanh(x).

The training signal is constructed from of L = 30000 samples of amplitude
ramped Gaussian white noise in blocks of 500 samples with standard deviation
σ = 0.9 and zero mean3. This signal was then bandlimited to 8 kHz, which
is close to the bandwidth of a guitar signal. The training signal is shown in
Fig. 10.6.

As a test excitation, we use L = 100000 samples of a real guitar signal, sampled
at 44.1 kHz. This is because the original flute sample, proposed in Ref. [14], was
not available. The scale of the guitar signal was adjusted such that the RMS
values of the training and testing signal match. In Fig. 10.7a, we show part

3This is close to what is seen in Ref. [16] p. 51.
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Figure 10.7: (a) Part of the guitar signal for testing (black), and the response (gray) com-
puted by Eqs. (10.19)-(10.20). (b) Response signal (gray) and estimate of the reservoir com-
puter (black) for the case where also the squared reservoir states are used in the training.

of the test excitation in black and the response of the Valve Saturation model,
Eqs. (10.19)-(10.20) in gray. It is clear that this transformation asymmetrically
compresses the excitation. During training, the first 3000 reservoir output sam-
ples are discarded. Gaussian noise with a value of σ = 10−3, is added to the
reservoir state matrix, to avoid overfitting as explained in Ref. [6]. Via a gradient
descent, paramaters γ, η and a were then optimized. In this way, an NRMSE of
0.0562 is obtained at γ = 0.991, η = 0.738 and a = 0.173, which is comparable to
the result from Ref. [14]. The output estimate by the trained reservoir is shown
in figure 10.7b in black, overlayed by the Valve Saturation model response in
gray. Clearly, the estimate and response are very close to each other.

The experiment was repeated, leaving out the squared reservoir states, thus
training for 102 weights. This resulted in NRMSE = 0.185. Changing the
number of neurons to N = 200, also without the squared reservoir states, did
not improve this result. This indicates that the squares of the reservoir states
play an important role in the result.

In what follows we moved away from the artificial noise-based excitation as
described in Ref. [14]. We found that a real guitar signal of sufficient diversity
and length works just as well. Also, we did not use the squared reservoir states
anymore, as it was unclear that these would be generally useful in other tasks.
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10.3.3 First attempt at a real world example: Marshall Valvestate 10
practice amp
After the encouraging results in the previous sections, we wanted to try our
hand at an actual guitar amplifier generated distortion. As could be expected,
moving from numerical simulations to the “real world” takes some effort. We first
describe the way in which we measure an excitation-response pair for training
or testing the reservoir computer.

Our device-under-test was a Marshall Valvestate 10. This is a small solid-state
practice amp, with a diode clipper distortion stage. This choice was motivated
merely by availability. A principle schematic of the input, showing the distor-
tion stage, is shown in Fig. 10.8. A detailed schematic can be found in Ref. [17].

Mid

Hi

Lo

C1

VR1 U2

U1

Tone controlDiode clipperInput buffer

D1

R1

D2

Figure 10.8: Principle schematic of the Marshall Valvestate 10 input, showing the LED diode
clipper based distortion stage.

The incoming guitar signal is (linearly) amplified and buffered by an operational
amplifier U1, which also performs some filtering. A diode clipper consisting of
D1, D2, R1 and amplifier U2 limits and distorts the signal. In this case, the clip-
per diodes are red LEDs. These are used for their soft-clipping characteristics.
The gain-knob, variable resistor VR1, determines the amount of clipping. The
amplifier/buffer U2 also filters and shapes the frequency response. The signal
then goes to a low/mid/high frequency tone control network, performing further
filtering. In all our tests, the controls were set at the middle position.

To be able to excite the amplifier and record its response, we use a Behringer
UCG102 Guitar-to-USB interface. This is basically an external sound card with
a high-impedance input suitable for electrical guitars, and a headphone output.
A small circuit board with switches was built to allow routing of the signals to
and from the amplifier and the guitar in an easy fashion. Fig. 10.9 shows a picture
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(a) (b)

Figure 10.9: (a) Behringer UCG102 Guitar-to-usb interface. (b) Switchboard for routing
signals between the guitar,amplifier and audio interface. The schematic is shown in Fig. 10.10.

Audio in

U

D

U

Audio out

U

D

D

Guitar

Amp out

Amp inS3

S2

S1

Figure 10.10: Switchboard signal routing.

of this switchboard. A principle schematic is seen in Fig. 10.104. The amplifier
response is measured at the line-out jack. Alternatively, a microphone could
have been placed in front of the speaker. This is often done in studio recordings
and has the advantage of also capturing the speaker and cabinet response, but
the disadvantages that it requires a silent environment and is more difficult to
repeat consistently.

To measure an excitation-response signal pair, a Python script ampcloner-

4The full schematic is found in the appendix Sec. H. It contains some extra components,
not essential to the discussion here.
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record.py was written, which performs the following steps. The expression
between brackets indicates the positions of switches (S1,S2,S3) in Fig. 10.10,
with “U” for up and “D” for down.

1. Output a short sinewave to measure the loopthrough gain factor of the
sound card (D,U,U). This step enables us to compensate for the volume
settings on the PC, such that the recorded guitar signal is output to the
amp under test with the correct amplitude.

2. Instruct the user to make the necessary adjustments on the amplifier to
obtain a desired sound (U,U,U).

3. Record a few seconds of actual guitar play (U,D,U).

4. Excite the amplifier with the appropriately scaled prerecorded guitar sig-
nal, and simultaneously record the amplifier response (U,U,D).

Typically, the underlying software layers (over which we have no control), in-
troduce a shift of several hundred samples between the excitation and response.
This shift needs to be compensated for, since it will otherwise place a heavy
burden on the reservoir computer memory. A simple method to estimate the
shift dxy between two signals x and y that are somehow correlated, is to find the
maximum of the absolute value of the cross correlation:

dxy = argmax
τ
|rxy(τ)|, (10.21)

with rxy defined as:

rxy(τ) = 1
N

N−1∑
n=0

x(n)y(n+ τ). (10.22)

A better, more noise robust shift estimate is found by first filtering the sig-
nals [16]. This is called the generalized cross correlation (GCC) [18]. For com-
putational efficiency, the calculation of the cross correlation can be combined
with the filtering in the frequency domain, as follows. First, the signals x and y
are transformed to the frequency domain, using the discrete Fourier transform
(DFT):

X(k) = DFT{x(n)}
N−1∑
n=0

x(n)e−i2πkn/N , k = 0 . . . N − 1. (10.23)
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The cross power spectral density is related to the DFT of the cross correlation
by the Wiener-Kinchine theorem [19]:

Rxy(k) = DFT{rxy(n)} = X(k)Y ∗(k). (10.24)

In the frequency domain, the filtering is a multiplication with the filter response
Φ(k):

RGCC
xy (k) = Φ(k)X(k)Y ∗(k). (10.25)

The inverse DFT then delivers the filtered cross correlation in the time domain:

rGCC
xy (n) = IDFT{RGCC

xy (k)}, (10.26)

from which the shift can be found by Eq. (10.21). As in Ref.[16], we obtained
good results using the phase transform (PHAT) method, for which the filter is
defined as:

Φ(k) = 1
|Rxy(k)| , (10.27)

and thus from here on used this method.

In Fig. 10.11a we show one second or L = 44100 samples of a guitar signal.
The excitation and responses were recorded for a low and a high gain setting
of the amplifier, resulting in a “clean”, and a heavy distorted sound. Then, the
parameters a, γ and η for an N = 100 virtual neurons discrete-time RC were
optimized, via a gradient descent algorithm. We trained on L = 44100 samples
and tested on L = 100000 samples, with a six-valued mask, drawn at random
from {−1,−0.6,−0.2, 0.2, 0.6, 1} and the f(x) = x/(1 + x2) nonlinearity.

Fig. 10.11b shows 1500 samples of the “clean” amplifier output in blue, and
the best estimate of the RC in red. The guitar signal is shown as a green line.
Likewise, in Fig. 10.11c we plot the results for the heavy distorted output.

Good results are obtained for the clean setting, which is only a linear filtering
by the amplifier. The estimate from the RC almost completely coincides with
the target response. For the heavy distorted setting, the approximation by the
RC does not yield a satisfactory result. Also the auditory experience lacked
in quality. As can be seen in Fig. 10.11c, the distortion is much more severe
here than in the preceding LADSPA Valve Saturation example. The resulting
machine parameters and performances are summarized in Tab. 10.1. These
indicate that a much higher input scale γ is needed for the distorted samples, as
compared to the clean samples.

We repeated the experiment for the distorted sound with N = 200 and 400
virtual neurons. For N = 400, we increased the number of training samples to
L = 88200. As shown in Tab. 10.2, this did not improve the result.
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Figure 10.11: (a) One second or L = 44100 samples of the guitar input signal. (b) 1500
samples of the clean response of the Marshall Valvestate 10 amplifier (blue) and best estimate
from the discrete-time RC (red). The excitation guitar signal is shown in green. (c) As in (b)
for the high gain setting. The parameters of the RC are summarized in Tab. 10.1.

In addition to these experiments, we tried binary valued, normally distributed,
optimized, amplitude-ramped and stepped-value masks, and several other non-
linear functions. None of these made much improvements to the previous results.
It was clear that some more insight was needed to tackle this problem.

283



i
i

“Thesis” — 2016/5/12 — 21:31 — page 284 — #298 i
i

i
i

i
i

CHAPTER 10. REAL-TIME AUDIO PROCESSING WITH A DISCRETE-TIME
DELAY LINE BASED RESERVOIR COMPUTER CASCADE

Target γ η a NRMSE Training NRMSE Testing
Clean 0.00281 0.998 0.0737 0.0277 0.0461
Distorted 0.189 0.934 0.0730 0.211 0.240

Table 10.1: Best machine parameters and performance for the Marshall Valvestate 10 tests.
Here N = 100 virtual neurons and a six-valued mask were used. The discrete-time RC was
trained on L = 44100 samples and tested with 100000 samples.

N γ η a NRMSE Training NRMSE Testing
200 0.163 0.937 0.100 0.211 0.248
400 0.122 0.962 0.102 0.184 0.241

Table 10.2: Best RC parameters and performance for the Marshall Valvestate 10 test with
the heavy distortion, for several N = 200 and N = 400 virtual neurons (other conditions as for
the tests in Tab. 10.1). The discrete-time RC was trained on L = 44100 samples for N = 200
and L = 88200 samples for N = 400. Testing was done with 100000 samples.

10.3.4 A simulated distortion and cascaded reservoirs
When observing Fig. 10.11c it appears as if the signal is being limited or clipped
and then passed through a low pass filter. A toy model for an artificial guitar
amplifier distortion then would be:

y(n) = c1 tanh[c2x(n)], (10.28)
z(n) = c3z(n− 1) + (1− c3)y(n),

which is a saturating function followed by a IIR low pass filter. Auditorily,
Eq. (10.28) comes somewhat close to the real distortion. In Fig. 10.12a, we show
the effect this artificial distortion, when applied to the guitar signal, for c1 = 0.2,
c2 = 50, c3 = 0.98.

The impulse response of this model damps out as cn3 . If c3 is close to unity,
the signal takes a long time to damp out. For the response of the filter to drop
below an arbitrary small limit ε, it takes ndamp > ln(ε)/ ln(c3) samples, after
the input goes to zero. In Tab. 10.3 we show NRMSEs obtained for training for
this artificial distortion, for several values of ndamp and virtual neurons N . We
have arbitrarily set ε = 0.01.

The same six-valued mask, drawn from {−1,−0.6,−0.2, 0.2, 0.6, 1}, and gradient
descent algorithm were used to find optimal parameters. The RC performance
decreases as c3 increases. As seen from Tab. 10.3 for c3 = 0.989 and c3 = 0.997,
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c3 ndamp for ε = 0.01 N = 100 N = 200 N = 400 N = 800
0.955 100 0.0391 0.0364 0.0312 0.0309
0.977 198 0.0772 - - -
0.989 416 0.1464 0.1130 0.1034 0.1080
0.994 765 0.2620 - - -
0.997 1532 0.4597 0.4844 0.4736 0.5039

Table 10.3: NRMSEs obtained for the artificial distortion of Eq. (10.28) for several different
values of c3 and machine sizes N , with c1 = 0.2 and c2 = 50.

increasing the number of neurons does not help much. This can intuitively be
understood as follows. On the one hand, long impulse responses ask for many
samples to be remembered, i.e. the machine must operate in a regime where it
has a high memory capacity. This is in the low γ and high η region. On the
other hand, a strong clipping nonlinearity asks for a high input scaling γ and
a low feedback η. Thus the machine’s parameters are driven to a compromise,
that is optimal for neither parts of this task.

Now, in Fig. 10.12b, we show the output of the guitar amplifier when the input
drops to zero. A (seemingly second order) damping transient of roughly a thou-
sand samples can be seen. In the light of above discussion, this explains why the
system failed to properly mimic the real distortion.

If a task can be physically split into two or more parts, then a cascade of reservoir
computers, each optimized for a single part of the task can outperform a single
reservoir having the same number of virtual neurons of the entire cascade. This
is because for each of the cascaded reservoirs the parameters can be optimized
separately. In contrast, a cascaded RC approach where each of the RCs is trained
for the same desired output can also be useful. This is shown in Ref. [20], where
it is argued that the next layer in the cascade can improve the result of the
previous layer.

For the artificial distortion of Eq. (10.28) with parameters c1 = 0.2, c2 = 50
and c3 = 0.997, we trained two cascaded RCs of size N = 50. The first RC
mimics the clipper x → y, while the second RC is trained for the filter y → z.
In Tab. 10.4, we show the optimized parameters of both machines and their
individual performances. As could be expected, the γ and η parameters have
been pulled to radically different regimes.

The series reservoir approach offers significantly better performance than a sin-

285



i
i

“Thesis” — 2016/5/12 — 21:31 — page 286 — #300 i
i

i
i

i
i

CHAPTER 10. REAL-TIME AUDIO PROCESSING WITH A DISCRETE-TIME
DELAY LINE BASED RESERVOIR COMPUTER CASCADE

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  500  1000  1500

S
a
m

p
le

 v
a
lu

e

Time [samples]

Response
Excitation

(a)

-0.15

-0.1

-0.05

 0

 0.05

 0.1

 0.15

 0  1000  2000  3000
S

a
m

p
le

 v
a
lu

e
Time [samples]

Excitation
Response

(b)

Figure 10.12: (a) Artificial distortion (black) of a guitar signal (gray), by the model of
Eq. (10.28) for c1 = 0.2, c2 = 50, c3 = 0.98. (b) Damping transient of the guitar amplifier
(black) after the guitar signal (gray) has been set to zero. A transient of ≈ 1000 samples is
seen.

RC γ η a NRMSE Training NRMSE Testing
1: x→ y 10.26 0.445 0.239 0.00213 0.00718
2: y → z 0.00271 0.998 0.00794 0.000618 0.00588

Table 10.4: Optimized parameters and performance for two discrete-time RC in series of size
N = 50, splitting the task of Eq. (10.28) with parameters c1 = 0.2, c2 = 50 and c3 = 0.997.

gle reservoir of equal length. However, this approach is not compliant with the
black box modelling we envisioned, because interstage excitation/response sig-
nals must be available. In the next section, we introduce a cascaded machine
structure suited for both black box and white box modelling.

10.3.5 Successive approximation with a cascaded reservoir computer
structure
After much trial and error, we came up with the cascaded structure shown in
Fig. 10.13. Here from one RC unit to the next, not only the output, but also
the original or global input xin is passed on. First the parameters and weights of
RC1 are optimized, starting from the input signal xin. This yields a first estimate
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y1 of the target response yout. Then the following units RCi, i = 2 . . .K, are
trained in a successive manner, using both the global input xin and the previous
estimate yi−1. The idea is that by combining both the original input and the
previous estimate, the units can make successively better approximations of the
target signal. There is a delay of one sample per RC unit due to the processing.
Therefore, in Fig. 10.13 the global input is also delayed over one sample per unit.
Only one global input/output signal pair is needed, so that this is a black box
approach.

...

y
2

y
1

z
−1

z
−1

z
−1

x
in

y
3

 K  out
y   = yRC

2
RC

3
RC

K
RC

1

Figure 10.13: A cascade of discrete time delay line reservoir computers. Each unit receives
the original or global input and the estimate of the previous unit.

To be able to combine the global input and previous estimate, we have modi-
fied the discrete time RC structure of Fig. 10.1 to what is shown in Fig. 10.14.
Here, the RC has two input scaling parameters, γ1 and γ2, two feedback strength
parameters η1 and η2, and two node mixing parameters a1 and a2. The (fixed
and chosen in advance) switching sequence S(n) determines how both inputs are
mixed in the delay lines. After the switches have changed position, the inertia
of the nonlinear node ensures that for some time, its output is influenced by
both inputs. The contents of the virtual neurons is then influenced by both in-
puts. The highest interaction between both input streams is reached by using a
switching sequence consisting of alternating ones and zeros: S(n) = 1, 0, 1, 0, . . .,
n = 1, . . . , N . A switching sequence S(n) consisting of N/2 “ones” followed
by N/2 “zeros” implies the inputs have almost no interaction, except for those
virtual neurons following but close to halfway the delay line. Intermediate inter-
action is possible by sequences such as S(n) = 1, 1, 1, 1, 0, 0, 0, 0, 1, 1, 1, 1, . . .. At
the time of writing, we have only implemented and experimented with the min-
imal interaction switching sequence, i.e. the first half of the delay line receives
samples stemming from the first input, and the second half from the second
input. Note however that the output of the readout layer is still a function of
both inputs.
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Filtered virtual neurons

Furthermore, we add digital two pole resonator filters in the nodes of the delay
line, in such a way that for each virtual neuron, a different filter is addressed
and fed back to the nonlinear node. The purpose of these filters is to twofold.
Firstly, they allow emphasis on certain frequencies of interest. Secondly, the
filters incorporate extra memory in the virtual neurons, which is independent
of the feedback strength. In the literature this is known as (bandpass) filtered
(BPF) neurons [21]. In Ref. [16], biquad filters are applied. We have opted for
the simpler two pole resonator for computational efficiency.
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Figure 10.14: Modified structure of Fig. 10.1, allowing for two inputs with programmable
feedbacks and input scalings, and having two pole filtered virtual neurons.

As in Fig. 10.14, the state of the nonlinear node is u(n), and the input to the
delay line is v(n), thus:

v(n) = b0(n)u(n)− b1(n)v(n−N)− b2(n)v(n− 2N), (10.29)

where, N is the length of the delay line. The filter coefficients are periodic with
period N , i.e b0(k+ lN) = b0(k) for k = 0, . . . , N −1 and l ∈ N. and likewise for
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b1(n) and b2(n). Then the state of virtual node k = n mod N , at audio input
sample n′ = bn/Nc is:

v(k)(n′) = b0(k)u(n)− b1(k)v(k)(n′ − 1)− b2(k)v(k)(n′ − 2). (10.30)

Thus each virtual neuron has its own filter. Dropping the k-indices to simplify
the notation, one such filter has a transfer function in the z-domain of the
following form [22]:

H(z) = V (z)
U(z) = b0

1 + b1z−1 + b2z−2 . (10.31)

The poles are chosen to be complex conjugate, to form a resonator at normalized
angular frequency θc = 2πfc/fs:

p1 = Reiθc ,

p2 = Re−iθc , (10.32)

with pole radius R < 1 such that the poles lie in the unit circle and the resonator
is stable. Writing Eq. (10.31) as:

H(z) = b0z
2

(z −Reiθc) (z −Re−iθc) , (10.33)

leads to:
H(z) = b0

1− 2R cos(θc)z−1 +R2z−2 . (10.34)

Comparing Eq. (10.34) to Eq. (10.31) gives expressions for the filter coefficients:

b1 = −2R cos(θc), (10.35)
b2 = R2.

The gain at resonant frequency is found by setting f = fc in z = ei2πf/fs :

|H(eiθc)| = |b0|
(1−R)

√
1− 2R cos(θc) +R2

. (10.36)

We have normalized the responses of the filters by setting b0 = 1/|H(eiθc)|. The
−3dB bandwidth of the resonator B is approximately [22]:

B ≈ −fs
ln(R)
π

. (10.37)
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In our experiments, theN filter frequencies fc are logarithmically spaced between
flow = 400 Hz and fhigh = 19 kHz. The pole radii R are drawn from a uniform
distribution between 0.5 and 0.8. The filters are randomly distributed over the
virtual neurons. In Fig. 10.15a, we show frequency response of these two pole
resonators. The location of the poles in the z-plane is shown in Fig. 10.15b.
Note that due to the pole locations some of the filters have a low pass or high
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Figure 10.15: (a) Response of the two pole resonators, with logarithmically spaced center
frequencies, between flow = 400 Hz and fhigh = 19 kHz. (b) Corresponding pole locations in
the z-plane.

pass characteristic. Also, we specifically chose high bandwidths (or radii not to
close to the unit circle), taking in mind that several RCs are cascaded, such that
sharper bandwidth responses can arise naturally.

We illustrate the effect these filters have in Fig. 10.16a, where we plot the ab-
solute values of N = 50 virtual neurons over time, for the case where there are
no filters present and for parameters η = 0.9, γ = 0.3 and a = 0.1. At a certain
instant, indicated by the dashed line, the input to the reservoir computer drops
to zero. The RC will not be able to properly construct a nonzero output signal
beyond approximately a hundred samples. When comparing this to the response
under the same conditions for the case with filters present in Fig. 10.16b, it is
clear that the machine is able to respond for a much longer time. Thus by using
the filtered virtual neurons, we can match the timescale of the reservoir com-
puter to the timescale of the task. More so, the filters cause the phases of the
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virtual neurons to be much more disjoined as compared to the unfiltered case.
This enriches the dynamics of the reservoir further.
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Figure 10.16: Absolute values of the virtual neuron entries over time (a) without and (b)
with two pole filters active. In (a) and (b), the machine parameters are η = 0.9, γ = 0.3 and
a = 0.1. At the time indicated by the dashed line, the input of the RC drops to zero.

DC blocker

A final tweak is the use of a digital DC blocker, which is applied to the measured
amplifier response signal before the training procedure. We found this helps to
limit long impulse responses, while it is not detrimental to the auditory result.
A simple DC blocker is given by the transfer function [23]:

H(z) = 1− z−1

1− pz−1 , (10.38)

with 0 < p < 1. This has a fixed zero at z = 1, which is a pure differentiator.
Since this zero also attenuates frequencies close to DC, a compensating pole
is placed nearby. We chose p = 0.98, which puts the −3dB frequency close to
139 Hz for a sampling frequency of fs = 44100 Hz. Fig. 10.17 shows the frequency
response of the DC blocker Eq. (10.38) for p = 0.95, p = 0.98 and p = 0.99.
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Figure 10.17: Frequency response of the DC blocker, Eq. (10.38) for p = 0.95, p = 0.98 and
p = 0.99. The sampling frequency is fs = 44100 Hz.

Training and parameter optimization

Every RC in the cascade of Fig. 10.13 has two input scaling factors, γ1 and γ2,
two feedback strengths η1 and η2 and two filter mixing constants a1 and a2.
For a cascade of K reservoir computers, this makes 6K parameters that need to
be fine-tuned. Then there are the choices of mask, filter coefficients, nonlinear
function f , number of virtual neurons, and training and testing sequence lengths.
These do not have to be equal for every RC in the cascade. It is clear that the
structure proposed in Fig. 10.13 and Fig. 10.14 allows for much exploration. In
the following early exploratory tests, we chose every RC in the cascade to be of
the same size N . Also, each RC is given the same filter coefficients, designed as
outlined above, and the same nonlinear function f(x) = x/(1 + x2). Every RC
is given a distinct mask that is a random permutation drawn from the six values
{−1,−0.6,−0.2, 0.2, 0.6, 1}.

On the one hand, straightforward scanning of the six-dimensional parameter
space would be very time consuming. On the other hand, it is known that the
outcome of a gradient descent procedure can depend on the starting position,
since the optimization can get stuck in a local minimum of the error surface.
Therefore we use a form of Random optimization (RO) [24], proceeding as fol-
lows:
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• Choose an initial set of P random (within certain limits) parameter tuples
(γ1,2, η1,2, a1,2)i, i = 1, . . . , P .

• Train the weights for the P tuples, in the usual least-squares fashion, and
test their performances.

• Order the tuples by performance (NRMSEs). The parameters of the P/2
worst performing tuples are overwritten by the parameters of the best P/2
tuples.

• Perturb the parameters in all tuples by adding a random value drawn from
a normal distribution to each one of them, i.e. for p in (γ1,2; η1,2; a1,2)i,
set p→ N (µ = p, σ = εp). We chose ε = 0.1.

• Permutate the mask. This might help find a mask ordering that is better
suited for the task at hand.

• Repeat from the second step onwards, until adequate performance or a
fixed number of iterations is reached.

• Continue from the first step and onwards for the next RC in the cascade.

By testing many initial parameter tuples in step 1, we hope to find good initial
parameter values. The third step results in the formation of clusters of parameter
tuples, with increasingly better performance. Usually, one such cluster “wins” in
the end. In Fig. 10.18, we show the RO procedure at work for P = 50. The target
here is the distorted signal presented in Sec. 10.3.3 and shown in Fig. 10.11c.
The samples have been processed by the DC blocker, Eq. (10.38), with p = 0.98
first. We train on L = 80000 samples, and test on L = 100000 samples. Here,
the cascade consists of K = 5 RCs, each having N = 100 filtered virtual neurons.
Each dot in Fig. 10.18 presents an NRMSE obtained during the RO algorithm.
After every 20 iterations, we save the best parameters and RC estimate, and
continue to the next RC in the cascade. With each of the cascade stages, the
performance improves. We thus reach NRMSE = 0.106. For comparison, we
show the best NRMSE we obtained for a single RC with N = 500 filtered
virtual neurons5, marked by 1© and a black dotted line (NRMSE = 0.220).
Somewhat unexpected, a single RC of N = 500 unfiltered6 virtual neurons,
marked by 2© and a magenta dotted line, has a comparable performance at
NRMSE = 0.218. To not overload the figure, for these and the following results,

5Also after 20 iterations of the RO algorithm, on P = 50 parameter tuples.
6This is equivalent to setting the filter coefficients to b0(n) = 1 and b1(n) = b2(n) = 0.
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Figure 10.18: Evolution of the NRMSE for a cascade of K = 5 RCs, each having N = 100
filtered virtual neurons and a dual input, consisting of the global input and the previous
RC output. The parameters are optimized using the RO algorithm with P = 50 parameter
tuples. After every 20 iterations, the algorithm keeps the best parameters, and proceeds to
the next RC in the cascade. Each of the black dots corresponds to a single NRMSE. Shown
for comparison are the NRMSEs obtained for a single RC having N = 500 filtered 1©, and
unfiltered 2© neurons, a cascade of 5 single input RCs with N = 100 unfiltered neurons 3©, a
cascade of 5 single input RCs with N = 100 filtered neurons 4©, and a cascade of 5 dual input
RCs with N = 100 unfiltered neurons 5©. The lines indicate the best result per RC stage.

we show only the best obtained NRMSE per RC stage. The blue dash-dot line
in Fig. 10.18, marked with 3©, shows the NRMSE for a cascade of K = 5 single
input RCs, each having N = 100 unfiltered neurons. Here, all but the first
RC receive only the output of the previous RC, and not the global input. This
results in NRMSE = 0.180. The green dash-dot-dot line marked with 4© shows
the results for a cascade of single input RCs with filtered neurons, resulting in
NRMSE = 0.144. Finally, the red dashed line marked with 5©, shows the case of
the cascade with dual input RCs, but with unfiltered virtual neurons, yielding
NRMSE=0.126. It is clear from Fig. 10.18, that from the second RC stage and
onwards, the combination of the dual input RCs with filtered virtual neurons
outperforms all others.
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During the RO, the range of performances narrow down as the parameter tuples
cluster together. In Fig. 10.19a and Fig. 10.19b we visualize the clustering of
the parameters (γ1, η1), for one RC, after 1 and 20 iterations. The radius of the
circles indicates the NRMSE in that point. In Fig. 10.20 we compare the response
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Figure 10.19: Evolution of parameters γ1 and η1 after (a) 1 and (b) 20 iterations of the RO
algorithm. The radius of the circles indicates the NRMSE.

of the guitar amplifier (blue) to that of the optimized RC cascade (red). The
guitar signal is shown in green. The (admittedly subjective) auditory experience
now comes close to the desired response. The above training procedure was
programmed in a Python script ampcloner-train.py. After optimization, all
parameters and readout layer weights are saved to a single settings file. This
settings file is then read by another script ampcloner-play.py, which calls the
fast C code for real-time operation.
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Figure 10.20: Response of the guitar amplifier (blue) and of a cascade of K = 5 RCs (red),
each having a dual input and N = 100 filtered virtual neurons. The guitar signal is shown in
green.
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10.4 Conclusions
We have introduced the time-discretization of the DDE based delay line reser-
voir computer as a simplification from the perspective of implementability on
electronic platforms. The structure is highly adaptable, scalable and readily im-
plementable on a variety of computing platforms. We then showed, through the
Santa Fe time series prediction and NARMA10 tests, that the discrete-time RC
has a performance comparable to that of the continuous-time delay line RC.

When programmed with sufficient care, this structure is capable of perform-
ing audio processing in real-time on a standard laptop (at 44.1 kHz). Further
optimizations, such as loop unrolling or hand writing the time critical code in as-
sembler, may lead to even faster software implementations. For an FPGA based
implementation, we predict a speed increase of over two orders of magnitude as
compare to earlier electronic delay reservoir computers.

We applied the discrete-time RC to the the task of emulating the distortion of
a guitar amplifier, which is a rather challenging black box system identification
task. This led us to a cascaded RC structure with filtered virtual neurons and
dual inputs. Here, each RC in the cascade receives not only the estimate prepared
by the previous RC, but also the global input, such that the target response is
successively approximated. Note this structure is also applicable to white box
amplifier modelling, where each stage of the target system is separately measured
and emulated by a different RC in the cascade.

Since for a cascade of K reservoir computers also K times as many parameters
must be optimized, a simple parameter space scan would take prohibitively long.
We opted for a random optimization technique to find good parameters within
reasonable time. Recent theoretical results outlining methods to estimate good
γ and η values beforehand, may help to speed up the optimization stage [25].

Another interesting path would be the combination of a cascaded RC structure
with the delay readout described in Ref. [16]. Here, every neuron has its own
separately optimized delay. Programmatically, this is compatible with real-time
operation.

One might ask to what level the NRMSE must be brought down, in order to
have an acceptable performance for audio applications. The NMSE compares
the energy in the error to the energy in the signal. If we interpret error energy
as noise (which it actually isn’t, since it does not have a stochastic origin, but
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just for the sake of argument), then we can write:

NMSE = N

S
. (10.39)

Thus the signal-to-noise ratio can be expressed as:

(S/N)dB = −20 log (NRMSE) . (10.40)

A 60dB or better signal to noise ratio thus demands NRMSE < 10−3. Although
such a low NRMSE suggests two signals will sound very much alike, it is easy to
find two signals that have a high NRMSE, yet are still auditorily indistinguish-
able [26]. For example, consider the sum of two harmonically related sinusoids
with a phase shift φ:

x(t;ϕ) = sin(2πft) + 1
2 sin(6πft+ ϕ). (10.41)

In Fig. 10.21 we plot x(t; 0) (full line) and x(t;π) (dashed line), for f = 440 Hz.
Clearly, the waveforms appear different. The NRMSE = 0.894 suggests7 that
they are very different. However, they sound exactly the same. This is because
human hearing is quite insensitive to relative phases of the harmonic components
of a periodic or near periodic signal. This suggests that for audio related tasks,
our training should make use of another measure that is grounded in psychoa-
coustics. For the isolated spoken-digit word recognition taks, as discussed in
Ref. [4], the reservoir computer operated on input vectors derived from the Lyon
cochlear model [27]. These were calculated in advance. The transformation to
this or other domains, and possibly back after the processing, could prove com-
putationally too expensive to perform in real-time. We suggest that it might
suffice to perform only the training of the reservoir computer in a domain for
which there exists a sensible auditory comparison measure. The actual reser-
voir computing can then still be done on the raw audio time series. Assume the
excitation/response audio time series for which a reservoir computer must be op-
timized are xin and yout. The state matrix that the reservoir computer provides
from processing xin is denoted S. The columns of S, written Si, i = 1, . . . , N
are the time series of the virtual neurons. We write T{ · } as the transformation
of the time series x1 and x2 into a domain such that if the L2 distance between
T{x1} and T{x2} is small, then auditorily they are also close to each other. The
weights that minimize the distance are:

wT = argmin
w
|T{Sw} − T{yout}|2. (10.42)

7Calculated with x(t; 0) as the reference.
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Figure 10.21: Sum of two sinusoids, Eq. (10.41) for ϕ = 0 (full line) and ϕ = π (dashed
line). Auditorily these waveforms are indistinguishable.

Unless T{ · } is a linear transformation, Eq. (10.42) is a nonlinear least squares
problem and generally does not produce the same weights as calculated from the
transformed columns of the state matrix:

wT = argmin
w
|T{S}w − T{yout}|2. (10.43)

Eq. (10.43) is a linear problem. Nonlinear least squares problems can be solved
using an iterative method, by linearizing the function T{Sw} in each step,
or by using a more advanced method such as the Levenberg-Marquardt algo-
rithm [28], [29], [30]. In the literature, several psychoacoustic distance measures
can be found [31], [32]. These are usually based on a spectrogram representation,
weighted according to the human ear sensitivity. In this way, a better auditory
solution can possibly be found, at the expense of a more involved training. We
see this as a viable course for future explorations into RC audio applications.

It is clear that the proposed cascaded RC structure with filtered virtual neurons
and dual inputs is considerably more complex than a single machine. There are
many design choices that influence the final result, and we feel we have barely
scratched the surface. Nevertheless, real-time audio processing with delay line
reservoir computing has been demonstrated.
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Chapter 11

Conclusions and outlook

11.1 Looking back and forward
The thread running through this entire work is the demonstration and applica-
tion of nonlinear (delay) effects in electronic circuits. It has been said that the
best way to predict the future, is to look at the past. Here, we briefly take a look
back at what has been achieved, and make some suggestions for future work.

In Part I, our concern was with nonlinear dynamical effects in electronic circuits
and how these can lead to complex behavior, even in seemingly uncomplicated
circuits.

In Chapter 2, we proposed a simple nonlinear voltage-in voltage-out unimodal
function, built using a single bipolar transistor and four resistors. The func-
tion is approximated well by the Mackey-Glass nonlinearity, and the exponent
could be tailored by changing the collector resistors. Since individual bipolar
transistors show less production spread than JFETs, the circuit is believed to be
more reproducible than the lambda-diode, used earlier to build a Mackey-Glass
function. The circuit was first demonstrated in an analog iterated map, and was
also used in Chapter 7 and in Chapter 9. One downside of this circuit is that it
only works for positive voltages. It is straightforward however to alleviate this
shortcoming, by mirroring the circuit using a complementary PNP transistor
and connecting the inputs and ouputs of the mirrored sections together. This is
shown in Appendix A. There is no requirement to keep the resistors the same
for both halves of the circuit. Therefore the function can be made asymmetric
(technically a non-odd function). Such asymmetric nonlinearities coupled with
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CHAPTER 11. CONCLUSIONS AND OUTLOOK

delayed feedback may lead to so called chimera dynamics [1]. These are dy-
namical regimes that are marked by the simultaneous presence of chaotic and
periodic waveforms.

In Chapter 3 we introduced a low parts count and low cost chaotic oscillator
with a unique combination of properties. The circuit uses no inductors or inte-
grated circuits, works from a unipolar supply voltage and the frequency can be
easily scaled. These traits are directly inherited from the well-known phase shift
oscillator it was based on. The circuit was obtained by adding a one-transistor
subcircuit to the resistor-capacitor ladder of this oscillator. To the keen-eyed
reader, it may appear almost as if the circuit of Chapter 2 was added to the lad-
der, in order to make one of the resistors behave in a nonlinear way. Often, the
addition of a nonlinearity at the right spot can make an oscillator behave chaoti-
cally. This was exactly the original starting point. However, we were not able to
obtain chaos from the resulting three-dimensional circuit, hence the addition of
another capacitor on the base of the second transistor. Some further tinkering
lead to the circuit at hand. We derived a simplified model that captures the
chaotic behavior, using a very crude piecewise linear transistor model. In princi-
ple, the full four-dimensional circuit can be analyzed in all its operating regions.
Each transistor model has three regimes of operation: non-conducting, linear
and saturated. Therefore, there are nine linear systems that define the complete
behavior. The insight given by the analysis of the “reduced” one-dimensional
circuit, is however more straightforward. The fact that a bistability is readily
found in the reduced circuit, explains the chaotic behavior. Nevertheless, this
surprising little circuit has not given away all of its secrets yet. Experimentally,
by also adjusting the supply voltage, we have seen band shaped chaos, and it is
not clear at this moment whether or not the simplified piecewise linear model
also captures this behavior. A full codimension-two bifurcation analysis should
shed more light on this matter.

In Chapter 4, we introduced a chaotic system that follows a particularly sim-
ple (in number of equation terms) mathematical prescription. The time series
showed a form of what could be described as bursting chaos: rapidly growing
and quenching oscillations, in between silent phases. Such action is a strong in-
dication of dynamics happening at different timescales. The circuit we designed,
was a direct translation of the equations into electronics. Interestingly enough,
because the nonlinearities are exact multiplications of the dynamical variables,
the circuit must use dedicated multipliers. This seems more involved than the
circuit encountered in Chapter 3. We conclude that simple systems, in number
of terms found in the equations, do not necessarily lead to simple circuits or vice
versa. In telecommunications, it is known that quenched oscillations lie at the
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basis of the superregenerative receiver. This not so widely known radio archi-
tecture owes its extreme sensitivity to the sensitivity for small perturbations of
a quenching oscillator, at times when the state is near an unstable equilibrium.
Such receiver circuits could be seen in a new light and studied with the same
methods as the system proposed in this chapter.

In Part II, we further examine nonlinear delay systems. Our goal was to build
and apply a general-purpose electronic platform for experiments with delay dy-
namical systems.

In Chapter 5, we introduced the FitzHugh-Nagumo (FHN) neuron as an exam-
ple of an excitable system. It is well known that delays due to finite propagation
speeds of neuronal signals in biological systems can significantly influence the
dynamical behavior. A system of two delay coupled FHN neurons with Heavi-
side nonlinearities is analyzed. This system operates as a basic central pattern
generator (CPG), having out-of-phase or back-to-back oscillations. It is known
that the spinal cord houses many CPGs. These are responsible for instance for
walking and running gaits. In our case, the period of the oscillation depends
mostly on the delay time, but also slightly on the threshold parameter of the
neurons, and an analytical connection was derived. This calculation was possible
by replacing the smooth third order nonlinearity by a simplified Heaviside non-
linearity. We implemented the FHNs in an analog electronic circuit, coupled to
a microcontroller based delay. The component tolerances needed to be carefully
taken into consideration, as the period perturbation we wanted to measure was
on the order of one percent of the period itself. Interestingly, for an excitable
delay coupled system as the one above, an oscillation cannot exist unless the
time between the pulses allows for the refractory period of the neurons. Since
these delays originate from a spatial separation in a true biological system, one
may deduce that the neurons that take part in an oscillation need to be spatially
separated or distributed. An interesting way to continue this work is to look at
more complex FHN networks and compare their behavior to the monostable
multivibrator networks from Chapter 8. This is discussed further below.

The experience gained in Chapter 5, made it clear that there was a need for a
more flexible platform for experiments with delay. In Chapter 6 we described a
low cost, expandable and portable field programmable gate array (FPGA) based
platform for table top delay dynamical system experiments. This platform is
used as the basis for our experiments in Chapter 7 and Chapter 9. The platform
allows for the control of many programmable delays that interface to analog
hardware. We see two possible future improvements to this platform. First, the
programmable address generators (PAGs) which channel the samples could be
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replaced with small soft-core microcontrollers. Each of these controllers would
have their own local program memory and would independently interface with
the shared board sample memory. In this way, more complex delay constructs,
having for instance time-varying or state-dependent delays or delays with differ-
ent sampling speeds, could be programmed. To effectively control this improved
functionality, a higher level application programming interface (API) or possi-
bly a graphical way of programming the platform is needed. Secondly, since the
“PMODs” are only small modules, custom 16-bit PMOD AD and DA modules
could be readily designed to improve the noise level of the system. The platform
today allows for these improvements to be implemented

In Chapter 7, we laid out the foundations for an encryption scheme that is based
on chaos synchronization. Two slaves units are driven into synchronization by
a chaotic mediator. The chaotic mediator consisted of eight Mackey-Glass non-
linear nodes in a delay ring. This was necessary to sufficiently suppress the self-
similarity of the signal. The slave units consisted of four series-coupled nonlinear
nodes. Due to the architecture, the signals of the mediator and the slaves share
the same bandwidth. We have shown that the linear correlation between the
slaves is almost unity, while there is almost no correlation between the mediator
and the slaves. Using the Functional Synchrony Model [2] (FSM), a contempo-
rary way of identifying the transformation connection between signals, we were
unsuccessful at reconstructing the slave signal from the mediator, at least for
what we considered to be a practical amount of computer time. This is at least a
reasonable indication of the security that this system offers. We introduced two
methods for deriving random bits from the chaotic time series. For both meth-
ods, the random bits pass the NIST randomness test suite. The first method
makes use of the median value of the slave signal as a decision threshold between
a “one” and a “zero”. This is a downside, because the median of the signals is not
a priori known or even guaranteed to be constant in time. The second method,
which we name the delayed comparison method, uses the differences of two sam-
ples, placed somewhat apart in time to overcome the (narrow) auto-correlation
peak. Although we did not test this, it is expected this method will give good
results even if the statistical distribution of the chaotic samples changes slowly
over time. This method has the added benefit that changing the delay intervals
or even their order or number, leads to different bit series. The degree to which
this adds security to the system is something that needs to be evaluated still. In
our demonstration, the slave circuits resided on a single breadboard and were
not remotely located from each other. Physically remote operation would cause
noise to be picked up, or conversely necessitate the digital coding of the analog
values before transmission. The resulting circuit would still be prone to errors.
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For example, temperature differences at the remote sites could cause differences
in response of the slaves. A more practical system could exist of a purely digital
FPGA or ASIC based approach, in which an analog nonlinear node is replaced
by a lookup-table map, that is followed by a digital low-pass filter. This ap-
proach brings up two important questions. First, what is the time needed for
resynchronization, in the event that the synchronization is lost due to a distur-
bance or at start up? Secondly, what are practical limits on the speed of such a
digital implementation? In any case, the principle of encryption key distribution
via chaos synchronization has clearly been demonstrated.

In Part III, we continue to venture into the applications of nonlinear dynamics
and touch on the very diverse field of artificial neural networks (ANNs). Two
general directions for exploration are the base constituents or “neurons” of an
ANN, and the possible alternative structures for the machine itself.

In Chapter 8, we investigated monostable multivibrators (MMVs) as possible
novel artificial neurons. The two basic types are the retriggerable (RMMV) and
non-retriggerable (NRMMV) MMV, with related but distinct behavior. MMVs
are not much more than pulsed timers. Two MMVs placed in a ring act as a
CPG. Their dynamical behavior is in essence similar to that of the two delay
coupled FHN neurons of Chapter 5, yet much simplified. Both systems have
an out-of-phase solution and, if the neurons in both systems are identical, an
in-phase oscillation exists as well. Our interest was triggered by the fact that
these simple to understand timers, in contrast to the analog FHN neurons, can
be networked in large quantities, when implemented as digital counters in an
FPGA. Any practical ANN approach requires massive implementability of its
constituents. We derived basic properties under fixed-frequency and stochastic
input and investigated equilibrium rates of large networks. Static input rate pat-
tern classification was shown in an NRMMV network. We offer some directions
for future explorations. Although non-retriggerable and retriggerable MMVs
have similar origins, their behavior is profoundly different. These cases can be
seen as two extremes on a continuum: with every retriggering, the RMMV re-
moves all of the integrated time, while the NRMMV removes none. A “general”
MMV can be envisioned, that with every retriggering partially forgets the inte-
grated time. Digitally this can be accomplished by zeroing part of the counter
register, and is thus easy to accomplish. The properties of mixed (N)RMMV
networks with inhibitory (reset) inputs are not categorized yet. The application
of MMVs in an ANN operating on dynamical input data also has yet to be shown.
The wave-like behavior of pulses in a string of MMVs, much like the propagation
of an action potential along a nerve fiber, points in the direction of applications in
biologically-inspired robotics. Rings or more complex recurrent networks could
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act as CPGs offering gait patterns. The switching between gaits and directions
could then be controlled by external sensors, triggering the MMVs in the gait
generator, causing a change in the pattern. Lastly, we note that there might
be a connection between the MMV networks we studied and queueing theory.
Queueing theory examines the properties of waiting lines and quantities such as
average waiting line length and average wait time spent per customer [3]. Any
situation where goods, customers or any other measurable quantities arrive in
a stochastic manner at what is called a “server” for timely processing, can be
interpreted as a queue. In an MMV network, the customers are the pulses arriv-
ing at the input. An NRMMV can be seen as a queue with a single server and
with a precise customer processing time that is equal to its period. Customers
(pulses) arriving while the MMV is triggered, i.e. busy processing the previous
customer, are lost. It would be interesting to mathematically clarify the common
ground between MMV networks and queueing theory. Finally, a real-life FPGA
implementation of a large MMV network, while reasonable straightforward to
build, is still to be demonstrated.

Reservoir computing was introduced in Chapter 9 as a relatively young machine
learning concept, offering the benefit of a straightforward linear training. Delay
line reservoir computing with a single nonlinear node was born out of the need
for a simplified structure, enabling a photonic implementation. This work was
done during the European FET-Open PHOCUS project, in which we took part.
During this project, we built and demonstrated the first real-time electronic
delay line reservoir computer, aimed at the task of predicting a chaotic signal.
The setup was small enough to be portable and consisted of low cost commercial
components. Although the processing speed was still limited in this implemen-
tation, it clearly demonstrated the viability of the concept. The quantization
noise in the delay platform was measured and its influence on the performance
was investigated and compared to numerical results. It was shown that the main
effect of the noise was to decrease the size of the region of good input scaling
and feedback strength parameter values. It was an unforeseen outcome that the
concept of delay line reservoir computing also lends itself well for pure software
implementations. In Chapter 10, we demonstrated a software based delay line
reservoir computer, capable of processing audio in real-time (at 44.1 kHz). This
can be seen as an engineering optimization; we moved as much of the machine as
possible to the digital world, where we can take advantage of the reconfigurabil-
ity. In this way, delay line reservoir computing can be scaled and ported to nearly
all computing platforms. As a first application, we aimed our efforts at the black
box emulation of the nonlinear distortion of a guitar amplifier. This challenging
task required considerable changes to the basic delay line reservoir structure. To
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accommodate long transients of several hundred samples, we added two-pole fil-
ters to the virtual neurons. A cascaded reservoir computer with dual inputs was
proposed as a solution for the black box problem. Here, every subsequent stage
receives the original or global input as well as the output from the previous stage.
In this way, the target function is successively approximated. This research has
led to a recently filed European patent application (EP15200681.3-1507).

Another application example is the removal of babble noise from a hearing aid
microphone signal. As the name suggests, babble noise consists of many simul-
taneous conversations going on in the background. This problem is also known
as the “cocktail party effect”. Speech intelligibility is highly influenced by the
intensity and type of background noise. Babble noise is particularly detrimental
to speech intelligibility, because it is aperiodic. Therefore our brains cannot fil-
ter it out very well. Since babble noise also occupies the same bandwidth as the
main speaker, linear filtering techniques are not useful. A conventional method
to suppress babble and other types of noise uses the phase adjusted sum of two
microphones in a technique reminiscent of antenna beamforming [4].

We started to investigate the usefulness of the cascaded reservoir structure to
the problem of babble noise suppression. For this we used the noisy speech
corpus (NOIZEUS) database of Ref. [5]. We trained a cascade of 5 RCs of 100
virtual neurons. The training input was file sp10_babble_sn0.wav, a male
voice uttering the sentence “The sky that morning was clear and bright blue.”, in
the presence of babble noise, such that the signal-to-noise ratio is 0dB. In this
database, the speech is recorded with a sample rate of 8 kHz. The target response
was the file sp10.wav, the same speech sample without the noise. We trained
on the first 10000 samples and tested the system on the next 10000 samples.
Our first very preliminary results are shown in Fig. 11.1. The noisy input signal
is shown in Fig. 11.1a. The clean target signal and the response of the cascaded
RC are presented in Fig. 11.1b and Fig. 11.1c respectively. Visually, one can
see there is a reduction in the noise. Auditorily, there is an improvement in the
speech intelligibility as the babble noise is reduced, while the speech remains
largely intact. However there is still much large room for improvement. Our
investigations show that the basic “plain vanilla” delay line reservoir structure
is not the be-all and end-all of possibilities. Structures related to parallel and
series RC units as well as alternative delay line configurations should be and
are investigated for their merit. Unfortunately, an enormous amount of time
can crawl into this tinkering, and a structure that works for one kind of task,
is not guaranteed to work for the next. Nevertheless, the groundwork has been
laid for adaptable, scalable, all-software based delay line reservoirs. We envision
this work to expand in two directions simultaneously. The first direction is in
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the range of applications. Compared to the first electronic implementation of a
reservoir computer as outlined in Ref. [6], the processing speed has increased by
several orders of magnitude. This allows the reservoir computer to interface to
physical systems on timescales previously out of reach. Applications that require
real-time processing, ranging from automotive vehicle control to medical devices
such as pacemakers, then come into sight. The second direction is an increase in
known delay line reservoir structures, as undoubtedly specific applications will
require specific preprocessing and/or adaptations of the machine structure.

In conclusion, with this work we hope to have illustrated to the reader that many
phenomena in nonlinear (delay) dynamics are readily demonstrable with simple
electronic circuits. In light of the richness of these phenomena, we envision that
many practical and novel applications can still and will be discovered in the
future.
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Figure 11.1: Time series representing the spoken sentence “The sky that morning was clear
and bright blue.”, (a) with 0dB signal-to-noise ratio babble noise added, (b) without babble
noise and (c) response by a reservoir computer cascade.
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A. DUAL SIDED MACKEY-GLASS FUNCTION

A Dual sided Mackey-Glass function
By mirroring the circuit of Fig. 2.6a, using a complementary PNP transistor,
a dual sided unimodal function is created. This is shown in Fig. A.1a, where
the inputs and outputs of two mirrored circuits are tied together. Only one of
both transistors can be conducting at any one time. Fig. A.1b shows the input-
output voltage characteristic obtained from a simulation,with the resistors as in
Fig. A.1b. Care must be taken to scale the base resistors so as to keep the base-
emitter voltages below their breakdown voltage (usually ≈ 5V). By choosing
unequal resistors for the upper and lower halves of the circuit, an asymmetric
characteristic can be obtained.
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Figure A.1: (a) Circuit for a dual sided Mackey-Glass like nonlinear function. (b) Input-
output voltage characteristic.
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B Chaotic phase shift oscillator PSPICE script
Listing B.1 shows the script used with NGSPICE to simulate the chaotic circuit
of Chapter 3.

Listing B.1: RC chaos PSPICE script

1 *** RC Chaos Generator ***
2
3 * Supply
4 vcc 1 0 5.0V
5
6 * Circuit
7 R1 1 2 5k
8 R2 4 7 15k
9 R3 2 6 30k

10 R4 6 0 44k
11 R6 2 3 5k
12 R7 3 4 10k
13 R8 4 5 10k
14 C1 3 0 1nF ic =1.290847
15 C3 4 0 1nF ic =0.676498
16 C4 5 0 1nF ic =0.645246
17 C2 6 0 360pF ic =0.607691
18 Q1 2 5 0 BC547CV2
19 Q2 7 6 0 BC547CV2
20
21 .model BC547CV2 NPN(Is =7.049f Xti=3 Eg=1.11 Vaf =24.76
22 + Bf =543.1 Ise =78.17f Ne =1.679 Ikf =94.96m Nk =.5381
23 + Xtb =1.5 Br=1 Isc =27.51f Nc =1.775 Ikr =3.321 Rc =.9706
24 + Cjc =5.25p Mjc =.3147 Vjc =.5697 Fc=.5 Cje =11.5p
25 + Mje =.6715 Vje =.5 Tr=10n Tf =410.7p Itf =1.12
26 + Xtf =26.19 Vtf =10)
27 * PHILIPS pid=bc547c case=TO92
28 * 91-07-31 dsq
29
30 * Simulations
31 .control
32 tran 100ns 5ms
33
34 wrdata out v(2) v(3) v(4) v(5) v(6)
35 exit
36 .endc
37 .end
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C. MOAD DEMO SCRIPT

C MOAD demo script
Listing C.1 contains the script used in Chapter 6 to demonstrate the MOAD
platform. It records a bifurcation plot and time series of Eq. (6.1).

Listing C.1: MOAD demo script

1 #!/ usr / bin / python
2 # demo : a Mackey - Glass like oscillator bifurcation plot
3
4 from time import sleep
5 from scipy import *
6 # import platform specific functions
7 from moad import *
8
9 # program parameters

10 delaylinelength = 1000 # samples
11 storagelength = delaylinelength * 10 # storage
12 frequency = 500.0 e3 # sampling frequency in Hertz
13 startgain = 0.5
14 stopgain = 4.0
15 steps = 1000
16
17 beginaddress = 0x000000
18 # delaylinelength = 3 + num samples in memory
19 # AD --->PAG --->DA
20 # 1 1 1
21 endaddress = (delaylinelength - 3 - 1) * 2
22
23 # Some useful functions
24 def MA(x,l):
25 c=ones(l)/l
26 return convolve(x,c,"same")
27
28 def localminima(a):
29 lm= a[(a < roll(a,-1) ) & (a < roll(a,1))]
30 return lm[1:-2]
31
32 def localmaxima(a):
33 lm= a[(a > roll(a,-1)) & (a > roll(a,1))]
34 return lm[1:-2]
35
36
37 m1 = moad("Nexys2 -4") # open the board
38 m1.reset() # reset the system
39 sleep (0.1) # wait 100 ms
40
41 # Initialize PAG0 for delay line
42 m1.set_ad_da_signed (0,False ,False)
43 m1.set_ad_offset (0,0)
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44 m1.set_da_offset (0,0)
45
46 # Initialize the delay line with noise
47 x = random.uniform(low = 0, high = 65535 ,\
48 size = delaylinelength).astype(int)
49 m1.putsamples(beginaddress ,x)
50
51 m1.setpag_memory2pag_start (0, beginaddress)
52 m1.setpag_memory2pag_now (0, beginaddress)
53 m1.setpag_memory2pag_stop (0, endaddress)
54
55 m1.setpag_pag2memory_start (0, beginaddress)
56 m1.setpag_pag2memory_now (0, beginaddress)
57 m1.setpag_pag2memory_stop (0, endaddress)
58
59 # memory --> DA , AD --> memory , loop to start
60 m1.setpag_control (0,0 b01011010)
61
62 m1.set_ad_gain (0 ,1.0) #ad gain =1
63 m1.set_da_gain (0,startgain) #da gain = startgain
64
65 # Initialize PAG 14 as storage
66 #from - memory same as delay line PAG0
67 m1.setpag_memory2pag_start (14, beginaddress)
68 m1.setpag_memory2pag_stop (14, endaddress)
69 m1.setpag_memory2pag_now (14, endaddress)
70
71 storage_start = endaddress + 16
72 #to - memory region after delay line in memory
73 storage_end = storage_start + ( storagelength - 1)*2
74
75 m1.setpag_pag2memory_start (14, storage_start)
76 m1.setpag_pag2memory_now (14, storage_start)
77 m1.setpag_pag2memory_stop (14, storage_end)
78 #from - memory --> to memory , stop on end
79 m1.setpag_control (14,0 b11010100)
80
81 # commit these changes and start the system
82 m1.startclock(commit = True)
83
84 # open a file to write results to
85 f = open(’bifurcation.dat’, ’w’)
86 # main bifurcation loop
87 for gain in linspace(startgain , stopgain , steps):
88
89 print(’gain␣:␣%f’ %gain)
90 # set the gain
91 m1.set_da_gain (0, float(gain), commit = True)
92
93 # wait 300 tau

318



i
i

“Thesis” — 2016/5/12 — 21:31 — page 319 — #333 i
i

i
i

i
i

C. MOAD DEMO SCRIPT

94 sleep( 300 * delaylinelength / frequency)
95
96 # start to recording with PAG14
97 m1.setpag_pag2memory_now (14, storage_start)
98 m1.setpag_control (14,0 b11010100 , commit = True)
99

100 # wait until PAG14 is ready storing
101 while not (m1.getpagstatus (14, commit=True) & 2):
102 pass
103
104 # get the data
105 y = m1.getsamples(storage_start ,storagelength)
106
107 #to save the time series remove ’#’
108 # savetxt (’ time series %f.dat ’ %gain , y)
109
110 y = array(y) # cast to a Scipy array
111
112 # find local extrema , first filter a bit
113 lmax=localmaxima(MA(y,75))
114 lmin=localminima(MA(y,75))
115
116 # store local extrema to output file
117 if not len(lmax)==0:
118 for a in lmax:
119 f.write( "%f␣␣%i\n" %(gain ,a))
120
121 if not len(lmin)==0:
122 for a in lmin:
123 f.write( "%f␣␣%i\n" %(gain ,a))
124
125 f.flush() # write changes to the file !
126
127 f.close() # close the file
128 m1.stopclock(commit = True) # stop the clock
129 m1.close() # release the board
130 exit (0) # all done !
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D NRMMV implementation with VHDL
Listing D.1 shows an example of a counter-based implementation of an NRMMV,
as introduced in Chapter 8

Listing D.1: A minimal NRMMV implementation in VHDL

1 library ieee;
2 use ieee.std_logic_1164.all;
3 use ieee.numeric_std.all;
4 entity mmv_neuron is
5 port(
6 inp : in std_logic;
7 outp : out std_logic;
8 clk : in std_logic;
9 clr : in std_logic;

10 );
11 end mmv_neuron;
12 architecture behavioral of mmv_neuron is
13 signal state: std_logic;
14 signal count: std_logic_vector (15 downto 0);
15 constant period:std_logic_vector (15 downto 0):=
16 x"1234";
17 begin
18 process(clk ,state ,count ,period)
19 begin
20 if clr=’1’ then
21 count <= (others => ’0’);
22 elsif rising_edge(clk) then
23 if state = ’1’ then
24 if count = period then
25 count <= (others =>’0’);
26 else:
27 count <= count + 1;
28 end process;
29 process(clk ,inp ,state ,count ,period)
30 begin
31 if clr=’1’ then
32 state=’0’
33 elsif rising_edge(clk) then
34 if inp = ’1’ then
35 state :=’1’
36 elsif count=period then
37 state=’0’
38 end process;
39 outp <= ’1’ when count=period else ’0’;
40 end behavioral;
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E. ANALOG MMV IMPLEMENTATION WITH 555 TIMER CHIP

E Analog MMV implementation with 555 timer chip
Fig. E.1 shows the schematic of the analog MMV PCB, designed for demonstra-
tive purposes and shown in Fig. 8.2a. The period is set with variable resistor R8
and is determined by T = 1.1R8C5. The LED indicates the state of the neuron.
The network comprised of C3, D1, T2 and T1, R3, R6 and R1 translates a high-
to-low state transition into a pull down open collector pulse. Jumper JP4 selects
the retriggerability. If closed, a low going edge on the input discharges timing
capacitor C5 through T3, thus making the neuron an RMMV. The network com-
prised of R11 and C1 assures that self feedback leads to oscillations. Without it,
the time period with self feedback would be severely shortened, since C5 would
not have time to discharge properly. The reset works as inhibitory input. D2 is
there to avoid an output firing when the neuron is reset from the triggered to
the idle state by an inhibitory pulse.
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Figure E.1: Schematic of the MMV implementation, of which the PCB is shown in Fig. 8.2a.
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F Three-neuron NRMMV network period for Tc > Ta + Tb
In this section, we derive a method to find the period of the simplest nontrivial
three-neuron NRMMV network, Fig. 8.17a, for the case where Tc > Ta + Tb.
How the state of the network evolves, depends on whether when c fires, it is able
to trigger a or not. Suppose a is initially triggered to start the network from
the zero state. Denote t = 0 the time when a fires and triggers b and c. If this
condition returns at a future time T , then the period of the network is T .
To see what happens, we will follow the network state through its evolution. This
leads to a recurring set of conditions, which are not hard to find but require some
careful bookkeeping. In what follows the conditions will be written in terms of
inequalities, as if the neurons will never fire concurrently. The case for concurrent
firing will be dealt with in the summary, to avoid clutter.
At t = Tc neuron c fires. It will either trigger a or not, depending on whether
or not it fires in a “trigger window” of a. The condition for this is:

n0(Ta + Tb) < Tc < n0(Ta + Tb) + Tb, (1)

with n0 the largest possible integer value to fulfill the first inequality:

n0 =
⌊

Tc
Tb + Ta

⌋
. (2)

The condition Eq. (1), becomes:

Tc <

⌊
Tc

Tb + Ta

⌋
(Ta + Tb) + Tb. (3)

If Eq. (3) is false, c fires when a is already triggered and is thus ignored by a,
leading to the period:

T = n0 (Ta + Tb) + Tb + Ta =
(⌊

Tc
Tb + Ta

⌋
+ 1
)

(Ta + Tb) . (4)

If however the condition is true, c triggers a at t = Tc. Note however that b
was already triggered (since a was not). This situation has two possible out-
comes, depending on whether b fires within the following a interval or not. The
conditions for b firing in this interval are:

Tc < n0 (Ta + Tb) + Tb < Tc + Ta. (5)

The first inequality of Eq. (5) is the same as Eq. (3) and thus automatically
fulfilled, so only the second one must be checked. If true, then b fires within the
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F. THREE-NEURON NRMMV NETWORK PERIOD FOR TC > TA + TB

a interval initiated by the firing of c. Then everything starts over after a times
out and the period is:

T = Tc + Ta. (6)

If, on the other hand, n0(Ta + Tb) + Tb > Tc + Ta, then b triggers a again, while
c is already triggered, and the whole thing starts over with a new “zero point”
(n0 + 1)(Ta + Tb). Unit c will fire at t = 2Tc + Ta and will trigger a, if:

(n0 + 1 + n1) (Ta + Tb) < 2Tc + Ta < (n0 + 1 + n1) (Ta + Tb) + Tb, (7)

with n1 again the largest integer so the left inequality holds. This leads to an
expression for n1:

n1(Ta + Tb) < 2Tc + Ta − (n0 + 1)(Ta + Tb),

n1 =
⌊

2Tc + Ta
Ta + Tb

⌋
− (n0 + 1),

n0 + n1 + 1 =
⌊
Tc + (Tc + Ta)

Ta + Tb

⌋
. (8)

Rewriting Eq. (7), the condition for c triggering a at T = 2Tc + Ta:

2Tc + Ta <

⌊
Tc + (Tc + Ta)

Ta + Tb

⌋
+ Tb. (9)

If Eq. (9) is not fulfilled, then the firing of c is ignored. If a subsequently fires,
both b and c are triggered, leading to period:

T = (n0 + n1 + 2)(Ta + Tb) =
(⌊

Tc + (Tc + Ta)
Ta + Tb

⌋
+ 1
)

(Ta + Tb). (10)

However if c succeeds in triggering a at t = 2Tc + Ta, there are again two
possibilities: either b fires within the following a-interval or not. If:

(n0 + 1 + n1)(Ta + Tb) + Tb < 2(Tc + Ta) (11)

is true, then the firing of b is ignored and as a fires, a new period begins. The
period is then given by:

T = 2(Tc + Ta). (12)

If Eq. (11) is not fulfilled, b triggers a and a fires at t = (n0 + 1 +n1)(Tb +Ta) +
Tb + Ta = (n0 + n1 + 2)(Tb + Ta). We then have to look ahead to see if c is able
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to trigger a at t = 2(Tc + Ta) + Tc = 3Tc + 2Ta. The conditions for c triggering
a are:

(n0 + n1 + 2)(Tb + Ta) + n2(Tb + Ta) < Tc + 2(Tc + Ta), (13)
Tc + 2(Tc + Ta) < (n0 + n1 + 2)(Tb + Ta)

+ n2(Tb + Ta) + Tb,

with n2 the largest integer such that the left inequality in Eq. (13) holds. Thus
n2 is given by:

n2 =
⌊
Tc + 2(Tc + Ta)

Ta + Tb

⌋
− (n0 + n1 + 2). (14)

Rewriting Eq. (13) for the condition of c triggering a at t = 3Tc = 2Ta:

Tc + 2(Tc + Ta) < (n0 + n1 + n2 + 2)(Ta + Tb) + Tb, (15)

or:
Tc + 2(Tc + Ta) <

⌊
Tc + 2(Tc + Ta)

Ta + Tb

⌋
(Ta + Tb) + Tb. (16)

If this is not true, c is ignored, leading to period:

T = (n0 + n1 + n2 + 3)(Tb + Ta) =
(⌊

Tc + 2(Tc + Ta)
Ta + Tb

⌋
+ 1
)

(Ta + Tb). (17)

If Eq. (13) is true however, c triggers a at t = 3Tc+2Ta, and what happens next
depends on whether b triggers within the following a-interval or not:⌊

Tc + 2(Tc + Ta)
Ta + Tb

⌋
(Tb + Ta) + Tb < 3Tc + 2Ta + Ta = 3(Tc + Ta). (18)

If Eq. (18) is true, b is ignored and the period becomes:

T = 3(Tc + Ta). (19)

Otherwise, b triggers a and a new “zero point” (n0 +n1 +n2 +3)(Ta+Tb) arises.
Again one must check if c triggers a at the next c-firing, at t = 4Tc + 3Ta. The
above clarifies that a returning pattern of conditions appears. These are summa-
rized in an algorithm, shown in Fig. 8.20. In this diagram also concurrent firing
of multiple neurons, i.e. equalities instead of inequalities, has been accounted
for. This leads to simultaneous firing and retriggering.

324



i
i

“Thesis” — 2016/5/12 — 21:31 — page 325 — #339 i
i

i
i

i
i

G. UNIQUENESS OF THE NONZERO SOLUTION OF f(WP ∗) = P ∗

G Uniqueness of the nonzero solution of f(WP ∗) = P ∗

Here we show that if the conditions that were stated in Sec. 8.7 are fulfilled,
such that the weight matrixW of an NRMMV network has an eigenvalue λ > 1,
with a strictly positive eigenvector, then there is a unique nonzero solution P ∗
to Eq. (8.45):

f (WP ∗) = P ∗,

with f defined as:
f(x) = x

1 + x
.

For P = [p1, . . . , pN ], Q = [q1, . . . , qN ] ∈]0, 1]N we write P > Q if pi > qi
for every i = 1, . . . , N . The elements of W are non-negative and W does not
contain zero rows, since we assumed that each neuron receives input. Therefore,
if P > Q > 0 then it follows that WP > WQ. Because the function f is strictly
increasing for positive arguments, then also f(WP ) > f(WQ). Now, if there
exists a P (0) such that P (1) = f(WP (0)) > P (0), then it follows that:

P (2) = f(WP (1)) > f(WP (0)) = P (1),

and thus for every subsequent step of the iteration:

P (n+1) = f(WP (n)) > P (n). (20)

All p(n)
i then are monotically increasing sequences and bounded by unity. There-

fore these sequences converge [1] to a limit p∗i ∈]0, 1[. Hence a nonzero so-
lution f(WP ∗) = P ∗ ∈]0, 1[N exists, if a starting point for the iteration as
discussed above can be found. Given the above conditions on the weight matrix
are fulfilled, such a starting point indeed exists. First choose V = [v1, . . . , vN ]
a positive eigenvector belonging to a real eigenvalue λ > 1. It follows that
f(WV ) = f(λV ). Demanding that every component i = 1, . . . , N increases:

λvi
1 + λvi

> vi, (21)

leads to the conditions:

vi <
λ− 1
λ

, i = 1, . . . , N. (22)

Therefore, any positive eigenvector V = [v1, . . . , vN ] belonging to a λ > 1, can
be normalized to follow Eq. (22). Choose α > 0 such that:

α < αmax = 1
maxi=1,...,N{vi}

λ− 1
λ

, (23)
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and set V (0) = αV . Then eigenvector V (0) can be chosen as the starting point
of the iteration Eq. (8.48), and the sequence of vectors V (k), will converge to
a certain limit V ∗. Note that for k ≥ 1 the iterates V (k) are generally not
eigenvectors of W .

The iteration does not need to be started from an eigenvector to find a nonzero
solution. Choose any P (0) such that V (0) < P (0) < V ∗. Then:

f(WV (0)) = V (1) < f(WP (0)) = P (1) < f(WV ∗) = V ∗. (24)

By repeatedly applying the iteration f(W · ), the left hand side of this inequality
converges to V ∗, while the right hand side stays constant. Since P (k) is sand-
wiched in between, it must converge (not necessarily monotonic) to the same
limit V ∗, which we now call P ∗. This limit is independent of the choice of P (0),
as long as V (0) < P (0) < P ∗.

This does not yet show that P ∗ is unique, as it might depend on the choice of
α above. To prove uniqueness, we first show that f(WP ) is a concave function,
and that in any equilibrium P ∗, the Jacobian J(P ∗) has eigenvalues with norm
below unity.

Now note that f(x) = 1/(1 + x) is an increasing function, with a decreasing
slope, for x ∈ [0,∞[:

f ′(x) = 1
(1 + x)2 ≥ 0,

f ′′(x) = − 2
(1 + x)3 ≤ 0. (25)

Therefore, f is concave and always lies beneath its tangent. For x+ y ∈ [0,∞[,
it holds that:

f(x+ y) ≤ f(x) + f ′(x)y = f(x) + y

(1 + x)2 . (26)

We show this property is inherited when the argument of f is a linear combina-
tion of many variables. If we write the i-th component of f(WX) as fi(WX)
then:

fi(WX) = f

 N∑
j=1

Wi,jxj

 . (27)

For any vectorsX = [x1, . . . , xN ] and Y = [y1, . . . , yN ] such thatX+Y in[0,∞[N
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G. UNIQUENESS OF THE NONZERO SOLUTION OF f(WP ∗) = P ∗

we have:

fi[W (X + Y )] = f

 N∑
j=1

Wi,jxj +
N∑
j=1

Wi,jyj

 . (28)

Denoting x =
∑N
j=1Wi,jxj and y =

∑N
j=1Wi,jyj :

fi[W (X + Y )] = f(x+ y) ≤ f(x) + f ′(x)y. (29)

Now note:

f ′(x)y = y

(1 + x)2 =
∑N
j=1Wi,jyj(

1 +
∑N
j=1Wi,jxj

)2 , (30)

and:
∂fi(WX)
∂xk

= Wi,k(
1 +

∑N
j=1Wi,jxj

)2 , (31)

so that:

f ′(x)y =
[
∂fi(WX)
∂x1

, . . . ,
∂fi(WX)
∂xN

]
·Y = ~∇fi(WX) ·Y. (32)

Combined with Eq. (29), we have:

fi[W (X + Y )] ≤ fi(WX) + ~∇fi(WX) ·Y. (33)

This holds for every component i = 1, . . . , N . As ~∇fi(WX) is the i-th row of
the Jacobian of f(W · ) in X, given by Eq. (8.50), we may write:

f [W (X + Y )] ≤ f(WX) + J(X)Y, for X + Y ∈ [0,∞[N . (34)

This shows that every component of the function f(W · ) always lies under its
tangent plane in every point of ]0,∞[N , and thus these functions are concave.

It seems likely that the eigenvalues of the Jacobian in an equilibrium J(P ∗),
must all have their norms below unity. We now use the concativity to show that
this is the case. The Jacobian in P ∗ is given by:

Ji,j(P ∗) = Wi,j

(1 + a∗i )
2 , (35)

where f(a∗i ) = p∗i or a∗i = f−1(p∗i ) = p∗i /(1− p∗i ). Therefore:

Ji,j(P ∗) = Wi,j (1− p∗i )
2
. (36)
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All Ji,j(P ∗) are non-negative. Choose any P (n) < P ∗ which under the iteration
evolves to P ∗, and define:

∆(n) = P ∗ − P (n). (37)
Then ∆n > 0. According to Eq. (34), we have :

P (n+1) = f(WP (n)) = f [W (P ∗ −∆(n))]
≤ f(WP ∗)− J(P ∗)∆(n)

= P ∗ − J(P (∗))∆(n). (38)

By repeating the iteration k times more, we see that:

∆(n+k) = J(P ∗)k∆(n), (39)

converges to zero, because P (n) converges to P ∗. However, this does not yet
prove that all eigenvalues of J(P ∗) have norm below unity, because we have no
control over the direction of ∆n. Again, because of Eq. (34):

f [W (P ∗ + ∆(n))] ≤ f(WP ∗) + J(P ∗)∆(n) = P ∗ + J(P ∗)∆(n). (40)

Now P ∗ + ∆(n) lies above P ∗ in every component and also converges to P ∗

because Eq. (39) converges to zero. Therefore any vector with components in
between P ∗ ± ∆(n) also converges to P ∗ because of the sandwiching principle.
Choose δ = [δi, . . . , δN ] any vector such that:

−∆(n)
i ≤ δi ≤ ∆(n)

i , (41)

then, because all entries of Ji,j(P ∗) are non-negative:

− J(P ∗)∆(n) ≤ J(P ∗)δ ≤ J(P ∗)∆(n). (42)

By repeatedly multiplying Eq. (42) with J(P ∗):

0 ≤ ‖J(P ∗)kδ‖ ≤ J(P ∗)k∆(n). (43)

The right hand side of this inequality goes to zero as k → ∞. Therefore also
J(P ∗)kδ goes to zero for k → ∞, regardless of the direction of δ. This shows
that J(P ∗) cannot have an eigenvalue with norm above unity, otherwise we
could have chosen δ with a component in the direction of the corresponding
eigenvector, and J(P ∗)kδ would expand instead of shrink.

Now, suppose that a second equilibrium f(WQ∗) = Q∗ exists. Set R = Q∗−P ∗.
By applying Eq. (34), we get:

Q∗ = f [W (P ∗ +R)] ≤ f(WP ∗) + J(P ∗)R = P ∗ + J(P ∗)R, (44)

328



i
i

“Thesis” — 2016/5/12 — 21:31 — page 329 — #343 i
i

i
i

i
i

G. UNIQUENESS OF THE NONZERO SOLUTION OF f(WP ∗) = P ∗

or:
R ≤ J(P ∗)R. (45)

Taking the norm of Eq. (45) left and right:

‖R‖ ≤ ‖J(P ∗)‖ ‖R‖. (46)

The matrix norm1 is always smaller than or equal to its spectral radius:

‖J(P ∗)‖ ≤ ρ [J(P ∗)] = max{|λ1|, . . . , |λN |}, (47)

i.e. the norm of the largest eigenvalue. Since the Jacobian in P ∗ is contractive,
i.e. has only eigenvalues with norm strictly below unity, it follows that:

‖J(P ∗)‖ < 1. (48)

Therefore ‖R‖ = 0 is the only possibility for Eq. (46), and thus R = 0. This
shows that Q∗ = P ∗, hence the nonzero solution f(WP ∗) = P ∗ is unique.

The iteration can also be started from strictly above the equilibrium. By choos-
ing a positive P (0) outside ]0, 1]N , i.e. p

(0)
i > 1 we obtain monotonically de-

creasing sequences. For any real number p > 1 it holds that f(p) < 1 < p.
Therefore:

P (0) > f(WP (0)) = P (1), (49)
and thus for all n:

P (n) > f(WP (n)) = P (n+1). (50)
Having P ∗ as a lower bound, the sequence P (n+1) = f(WP (n)) must converge.
By the uniqueness of P ∗, it can only converge to P ∗.

We are now ready to show that the nonzero solution is globally attractive.
Choose any positive starting point of the iteration P (0) = [p(0)

1 , . . . , p
(0)
N ] ∈

]0,∞[N . It is always possible to write P (0) = V +R, with V a positive eigenvec-
tor belonging to λ > 1 such that f(WV ) = f(λV ) > V as outlined above, and
the remainder R ≥ 0. Then P (1) = f(WP (0)) = f(λV +WR) ≥ f(λV ). Choose
any positive vector U = [u1, . . . , uN ] such that:

ui ≥ max{p(0)
i , 1}

for all i = 1, . . . , N . Then from Eq. (50) it follows:

U > f(WU) ≥ f(WP (0)) ≥ f(WV ) > V. (51)
1The matrix norm is defined as ‖A‖ = sup{‖Ax‖ for ‖x‖ = 1}, where ‖ · ‖ is any chosen

norm on vector x.
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By repeatedly left-multiplying with W and applying f , the far left and far right
hand side of this inequality converge to P ∗. Therefore the iteration started
from any positive P (0), which is sandwiched in between, also converges (not
necessarily monotonically) to P ∗.
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H. SWITCHBOARD SCHEMATIC

H Switchboard schematic
In Fig. H.1, we show the full circuit of the switchboard, for routing signals
between the guitar, amplifier and USB audio pod in Chapter 10.

mono out to amplifier

amp line out or headphone out

mono usb audio pod input

usb audio pod headphone out

LoopThrough guitar-->pod, amp-->pod

guitar-->amp, pod-->amp

GND

GND

GND

GND

GND

GND GND

S
SN

R
RN

T
TN

GUITAR-->

S
SN

R
RN

T
TN

POD-->

S
SN

R
RN

T
TN

POD<--

S
SN
R
RN
T
TN

AMP-->

S
SN
R
RN
T
TN

-->AMP

2
3

1

S1

2
3

1

S2

2
3

1

S3

R1

R2 R3
R4

R5R6C1 C2

Figure H.1: Schematic of the switchboard signal routing board.

Resistors R1 = R2 = 100 Ω, R3 = 50 Ω and capacitor C1 = 10 nF provide a
proper load to the headphone class-D output of the Behringer UCG102 audio
interface, and sum the stereo signal to a mono signal. When an audio interface
is used that has a true line-level output, these components may be changed
accordingly. On the jack coming from the amp output, C2, R6 and R4 are not
mounted, while R5 = 10 Ω. These component pads were foreseen to have some
freedom in interfacing.
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List of abbreviations

AD Analog to digital

ANN Artificial neural network

AP Approximation property

APHY Applied physics research group

API Application progamming interface

ASIC Application specific integrated circuit

BPF Band pass filter

CPG Central pattern generator

DA Digital to analog

DC Direct current

DDE Delay differential equation

DFB Distributed feedback (laser)

DTRC Discrete time reservoir computing

ENOB Effective number of bits

ESN Echo state network
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LIST OF ABBREVIATIONS

FF Flip-flop

FFT Fast Fourier transform

FIR finite impulse response

FNH FitzHugh-Nagumo

FPGA Field programmable gate array

FSM Functional synchrony model

FWHM Full width at half maximum

GCC Generalized cross correlation

GUI Graphical user interface

IIR Infinite impulse response

IP Intellectual property

ISI Inter spike interval

JFET Junction field effect transistor

KCL Kirchoff’s current law

KVL Kirchoff’s voltage law

LED Light emitting diode

LIF Leaky integrate and fire

LSB Least significant bit

LSM Liquid state machine

LUT Look-up table

MFCC Mel frequency cepstral coefficients

MG Mackey-Glass

MMV Monostable multivibrator

MP McCulloch-Pitts
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LIST OF ABBREVIATIONS

MSB Most significant bit

mSB Middle significant bit

MZM Mach-Zehnder modulator

NARMA Nonlinear auto-regressive moving averager

NIST National institute of standards

NMSE Normalized mean square error

NPN Negative positive negative (transistor)

NRMMV Non-retriggerable monostable multivibrator

NRMSE Normalized root mean square error

OCR Optical character recognition

ODE Ordinary differential equation

PAG Programmable address generator

PCB Printed circuit board

PCNN Pulse coupled neural network

PDE Partial differential equation

PHAT Phase transform (method)

PNP Positive negative positive (transistor)

PSP Post synaptic potential

PSPICE Personal simulation program with integrated circuit emphasis

RAM Random access memory

RC Reservoir computing, resistor-capacitor

RMMV Retriggerable monostable multivibrator

RMS Root mean squared

RNG Random number generators
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LIST OF ABBREVIATIONS

RO Random optimization

RS Random search

SINAD Signal to noise and distortion ratio

SP Separation property

SPI Serial peripheral interface

TBD To be defined

WSS Wide sense stationary

XOR Exclusive OR (operation)
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Circuit Glossary

The following tables offer a glossary, in order of appearance, of the circuits that
are found in the main chapters of this thesis.

Circuit Description

−v

+v Ov

+Vsup

−Vsup

100nF
C

R
10k

10k

R2
10k

U

R1

+

−

A standard opamp-
based Schmitt trigger
square wave oscillator,
used as example to in-
troduce concepts from
nonlinear dynamics.
See Sec. 1.1
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CIRCUIT GLOSSARY

Circuit Description

−v

+v Ov

bv

sup+V

sup−V

100nF
C

R
10k

R2
10k10k

R1

U

+

−

An excitable version of
the opamp oscillator
from the introduction.
See Sec. 1.1.3.

R
X

v
I

v
O

v

Q1

Q2

A JFET unimodal
function. This circuit
has a negative input
impedance over a range
of input voltages. Suit-
able components are Q1
a 2N5457, Q2 a 2N5460
and R = 500 Ω. See
Sec. 2.1.1.

R

R2

R1

Qv v
I O

C
i

A one-transistor uni-
modal function. Suit-
able component values
are R = 1 kΩ, R1 =
R2 = 12 kΩ and Q
a general purpose small
signal transistor such
as the BC547C. See
Sec. 2.2.
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Circuit Description

Q v
O

Rc2Rc1

R1

R2

I
v

X
v

C
i

An one-transistor uni-
modal function with a
programmable downgo-
ing slope, usable in
a Mackey-Glass system.
Suitable component val-
ues are Rc1 = Rc2 =
1 kΩ, R1 = R2 = 12 kΩ
and Q a BC547C. See
Sec. 2.2.3.

R3

R4

R1

R2

S1 S2

/clock

LM358 A
U1

10k

12k

12k

1k
R R

1k

100k

U3
LM358 A

C1C2
1.5nF 1.5nF

clock

LM358 B
U2

V
k+1

V
k

1/6 4049

S1, S2: 4066

BC
547C

Q

nonlinearity

+

−

+

−

+

−

An analog iterated map
based on the unimodal
transistor circuit of
Chapter 2, capable
of showing chaotic
behavior for increased
gains of U2. The clock
speed is 10 kHz. See
Sec. 2.2.4.
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Circuit Description

iB2

vCE1 2v

B1i

BE1v

v

Vp

v
CE2

R1

Q1

Q2

R2R3

R4 C2

BE2
v

R RR1

CC C

1

A two-transistor chaotic
phase shift oscillator.
The components in the
dashed line box cause
bi-level oscillations of
around 50 kHz for the
following component
values: R = 10 kΩ,
R1 = 5 kΩ, R2 = 15 kΩ,
R3 = 30 kΩ, C = 1 nF,
C2 = 360 pF. Here
VP = 5 V and transis-
tors Q1 and Q2 are of
the type BC547C. See
Sec. 3.2.

−V

R5

V

R1

R6 R4

C1

C3

R3

C2

R2

10k 47k

10k

100nF

10k

U3

M2
AD633

AD633
M1U1U2

V

V

12V

xz

zV

b

x

Vx

2

y

LT1004−2.5

+

−

+

−

+

−

Implementation of a
bursting chaotic system
using standard opamps
and multipliers. The
components have the
values R1 = 0.5 kΩ,
R2 = R3 = 10 kΩ.
R4 = 5 kΩ,
C1 = 100 nF,
C2 = 1 nF, C3 = 10 nF.
Voltage Vb and resistors
R5, R6 are chosen
using Eq. (4.31) to fix
parameters b, c, and d
of Eqs. (4.23)-(4.25).
The supply voltage is
±15 V and the opamps
are of the type TL072.
See Sec. 4.4.
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Circuit Description

C

f(v)

I

v

L

R

E

w

−

+

Nagumo’s first
historical im-
plementation
of a FitzHugh
neuron, using
a tunnel diode.
See Sec. 5.1.3.

refv

refv
refv

refv

U1b

1
2

3
5

5

6

6
7

7

R7 100k

1
2

3

R8 100k

R10
2k2

BC548B
Q1

C4 1uF

R5 7.5M

R1 100k

R3 100k

R2 100k

C2 20nF

vx

yv

zvU1a

U2b
U2a

R4 100k
R6 100k

to delay

from
delay

va

x’
v  (t − τ)

p v

+

−

+

−

+

−

+

−

FitzHugh-
Nagumo neuron
with Heaviside
nonlinearity.
The opamps
are of the type
LM358. The
supply voltage
is 6 V and vref
equals 1.25 V.
See Sec. 5.2.2.
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Circuit Description

v
x

10k

12k

1k1k

LM35812k

from
DA0

R2

R1

R3 R4

to

C

AD0

Q1

BC547C 10nF

R

+

−

A Mackey-Glass like
system. This circuit
is to be placed in a
delay loop with delay
τ � RC. Increasing
the loop gain then leads
to chaotic behavior
via a series of period-
doubling bifurcations.
See Sec. 6.6.

v
I v

O

10k

10k

1nF

10k
10k

1k 33k 1/2 LM358500

BC547C

+

−
The nonlinear building
block of the chaos
synchronization based
encryption system of
Chapter 7. The ampli-
fier matches input and
output voltage ranges
of the one-transistor
unimodal function. See
Sec. 7.2.
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Circuit Description

xvnlv
sumv

BC548B
Q1

10k
R1

C
5nF

α PAG0

Reservoir states storage

1

PAG2

PAG1

Delay

Masked and scaled input

β

β J(n)

R2
10k

1k
R3

Summation Nonlinearity Filter stage✕

Delay Platform

DA0

DA1

AD0

R
10k

1k
R4

LM358 LM358
U1bU1a

α v

v
J

x,delayed

3.3k
R6

10k
R5

4.7k
R10

R9
4.7k

4.7k
R7

R8
4.7k

4 Amplifier

+

−

+

−

Nonlinear node
of the mixed
analog/digital
delay line reser-
voir computer
of Chapter 9
and how it
attaches to the
delay system.
See Sec. 9.2.

vCE1 2vv

BE1v

µ1  F µ1  F µ1  F

1.5µF

v
CE2

BE2
v

1

+12V

BC547C

BC547C

Q1

Q2

200k
R3

10k
R4 C2

R2
12k

10k 10k 10k
R R R

4k7
R1

CCC

Chaotic source
for the real-
time predic-
tion reservoir
computer
demonstrator
of Chapter 9.
This circuit
is reminiscent
to the one
discussed in
Chapter 3. See
Sec. 9.3.
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