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Abstract

This paper provides a detailed analysis of the power and mechanical/electrical
energy consumption of Series Elastic Actuators (SEAs) and Parallel Elastic
Actuators (PEAs). The study is done by imposing a sinusoidal motion to a
pendulum load, such that the natural dynamics automatically present itself in
the power and energy consumption. This allows to link the actuators' dynam-
ics to their loss mechanisms, revealing interesting characteristics of series and
parallel elastic elements in actuator designs. Simulations demonstrate that the
SEA and PEA allow to decrease both peak power and energy consumption, pro-
vided that the sti�ness of their elastic element is tuned properly. For the SEA,
both are minimized by tuning the elastic element to the antiresonance frequency
of the actuator. For the PEA, peak power is minimal at the link's resonance
frequency, but the optimal sti�ness for minimal electrical energy consumption
cannot be determined by a theoretical resonance and needs to be calculated
using a complete system model. If these guidelines are followed, both types of
elastic actuators can provide signi�cant energetic bene�ts at high frequencies.
This was con�rmed by experiments, which demonstrated energy reductions of
up to 78% (SEA) and 20% (PEA) compared to rigid actuators.

Keywords: Compliant actuators; Energy e�ciency; Dynamics; Series Elastic
Actuators; Parallel Elastic Actuators

1. Introduction

Recent developments in robotics have aimed to bring robots to our homes
and working environments, focusing on human-robot interaction instead of care-
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fully separating the robot's task space from the user. The requirement of close
human-robot interaction results in an increasing relevance of soft or elastic robot
designs [10, 14, 19], which can provide human safety through reacting by de-
formation in case of contact [10, 14]. Further, elastic designs yield bene�ts
in robotic motion assistance [1, 11] and rehabilitation [15]. Besides improv-
ing human-robot interaction, elastic actuator designs can increase the energy
e�ciency of mobile (assistive) devices by adapting actuator elasticity to the op-
erating state [29], e. g., by matching the natural behavior of the system with
the trajectory frequency [3, 4, 27, 30].

Motivated by these promising examples, various concepts for actuators with
�xed or variable elasticity have been proposed in recent years [28]. Many of
those incorporate a series elastic element as a compliant coupling between drive
and link in order to enable safe human-robot interaction. Such compliant cou-
plings help to reduce the risk of injuries, since the robotic structure can deform
upon impact with humans. This concept, which is generally known as Series
Elastic Actuation (SEA), was introduced in the middle of the 1990s [18, 22].
While the mechanical sti�ness of the implementation in [22] is �xed, the sti�-
ness of the concept from [18] can be varied. The actuator presented in this work
can therefore also be considered as one of the �rst Variable Sti�ness Actuators
(VSAs) [28].

Regardless of sti�ness variation capabilities, the con�guration of elastic ele-
ments and motors has a signi�cant impact on the dynamics and energy e�ciency
of elastic actuators. As mentioned before, most contemporary concepts utilize
an elastic element in series with the actuator. Yet, parallel elastic actuators
(PEA) or actuators combining serial and parallel elastic elements can also yield
advantageous power/energy characteristics [9, 16, 17, 21] if the parallel spring
is tuned considering task-speci�c requirements, e. g., by setting the appropriate
equilibrium angle. Further, the analysis of dynamic properties like inertial or
gravitational e�ects in elastic actuators shows that those have distinct in�uence
on the natural dynamics [3, 2]. Hence, a precise characterization and model-
ing is crucial to exploit natural dynamics by design and control. However, the
dynamic interaction between motor and load is not su�ciently considered for
dimensioning in many cases, e.g., [13, 22, 23, 26, 29, 33]. Analyzing natural
dynamics of series elastic actuators considering the interaction of motor and
load shows that natural and antiresonance modes can be exploited [3] and lead
to signi�cant decreases in energy consumption [2]. In conclusion, there seems
to be a demand for a detailed comparison of the SEA and PEA concepts with
respect to natural dynamics and power/energy consumption.

This paper compares the natural dynamics and power/energy characteris-
tics of rigid actuation (RA), PEA, and SEA. To investigate mechanical and
electrical energy, the dynamics of the whole system comprising load, actuator,
kinematics/gear boxes and electronics are considered, including energy regen-
eration as suggested in [2, 32]. In this regard, the paper di�ers from the work
done by Grimmer et al. [9], which only compared the SEA and PEA in terms
of mechanical peak power and mechanical energy consumption and, hence, did
not take motor and gearbox properties into account. Furthermore, the work of
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Figure 1: Considered actuator topologies: (a) Rigid actuator, (b) Parallel Elastic Actuator,
(c) Series Elastic Actuator. A frontal view of the pendulum is shown in Figure (d).

Grimmer et al. presents a large set of simulations of a very speci�c application:
a prosthetic ankle actuator at di�erent walking and running speeds. In this
work, the aim is to �nd the relationships between the dynamics of the actuators
and their power and energy consumption in order to provide insight into the
speci�c properties of series and parallel elastic elements. As such, the simula-
tions and experiments apply to a very general case which allows to identify the
natural dynamics of the actuator: a sinusoidal trajectory applied to a 1-DOF
link.

The paper is structured as follows. Section 2 describes the investigated
actuator types, corresponding models, and their dynamics. A power and energy
analysis based on simulations is given in Section 3 to identify favorable operation
modes and compare the di�erent concepts at variable operating frequencies and
sti�nesses. Experimental investigations with the test setup from [32] are used to
evaluate the simulation results in a real system and shown in Section 4. Finally,
the results of the paper are discussed in Section 5 and summarized in Section 6.

2. Actuator types and their dynamics

Figure 1 presents schematics of the three studied actuator topologies, moving
a one degree of freedom pendulum with a mass M and a length l (the distance
between the rotation axis and the center of mass). Combined actuator and
gearbox inertia is denoted as Jm + Jtr. As seen in Figures 1a and 1b, the load
inertia is Jl and angular positions of the pendulum are equal to those at the
gearbox output in the RA and PEA cases. Pendulum motion corresponds to
the reduced motor motion θ = n−1 θm, where θ and θm are the positions of the
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output and motor, respectively, and n is the gear ratio. The frontal view of the
pendulum given in Figure 1d de�nes the direction of θ as well as its maximum
and minimum values ±θmax. Motor torque Tm, as de�ned in Figure 1a-c, is
the sum of the torque available at the motor shaft and the torque required to
accelerate the rotor inertia Jm.

The sti�ness of the parallel elasticity in the PEA (Figure 1b) is given by kp.
Considering a SEA with series sti�ness ks (Figure 1c), inertias Jl1 and Jl2 are
separated by the elastic element, and as a result, the positions of pendulum θ
and gearbox output n−1 θm di�er.

2.1. Rigid actuation

Considering the topology given in Figure 1a and friction e�ects, the system's
equations of motion are given by

Tm = (Jm + Jtr)nθ̈ +
C

n
Tload (1)

where Tload is de�ned as

Tload = Jlθ̈ + Tc,lsign
(
θ̇
)

+ νlθ̇ +Mgl sin θ (2)

The �rst term on the right side of Eq. (1) represents the inertial torque due to
rotating components in the gearbox and motor. Tload represents the torque due
to the motion of the pendulum load. Essentially, it includes the gravitational and
inertial pendulum loads as well as Coulomb and viscous friction, characterized
by their respective coe�cients Tc,l and νl. The term is scaled by the gear ratio
n and the gearbox e�ciency function C:

C =

{
1/ηtr (load driven bymotor)

ηtr (motor driven by load)
(3)

which models the behavior of a gearbox in a dynamic system, including the
e�ects of power �ow reversal [8]. For RA and PEA, Tloadθ̇ designates whether
the motor is driving the load or vice versa. If Tloadθ̇ ≥ 0, the power through
the gearbox is positive and the load is driven by the motor, so C = 1/ηtr.
Conversely, if Tloadθ̇ < 0, the motor is driven by the load and C = ηtr.

As shown in [3, 32], the natural behavior of actuation systems is crucial for
achieving energy e�cient operation. At resonance frequency, a system with one
degree of freedom requires nearly no torque1 to perform an oscillating motion,
regardless of the desired amplitude. Consequently, an actuator which operates
near resonance can potentially be designed to incorporate smaller motors and
will consume only a small amount of power.

The resonance frequency is calculated from the equations of motion of the
the linearized, frictionless system. Rewriting Eq. (1) as such, and transforming
it to the frequency domain, we �nd

1The motor still needs to deliver some torque to compensate for the energy losses.
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Tm (θ) = (Jm + Jtr)nω
2θ +

1

n

(
Jlω

2θ +Mglθ
)

(4)

The resonance frequencies can then be found by imposing Tm (θ) = 0 and solving
for ω. This results in

ωrs,RA = ±

√
Mgl

Jl + n2(Jm + Jtr)
(5)

There is only one resonance frequency, since the system given by Eq. (4) is of
second order. We can, however, �nd more resonance frequencies by looking at
di�erent subsystems of the actuator. As discussed in [32], another resonance
frequency is of importance in rigid actuators. It is retrieved from the torque
on the gearbox shaft, given by Eq. (2). After linearizing and removing friction
terms, we �nd

T ∗
load = Jlθ̈ +Mglθ (6)

which yields the resonance frequency of the link subsystem

ωrl,RA = ±
√
Mgl

Jl
(7)

2.2. Parallel Elastic Actuation

The equilibrium angle of the Parallel Elastic Actuator's parallel spring can
be an important design parameter when it comes to energy e�ciency [6]. In
this pendulum setup, however, torques and angles are symmetric for trajecto-
ries that have no o�set, making an equilibrium angle of 0° the obvious choice.
Consequently, the required motor torque can be calculated with

Tm = (Jm + Jtr)nθ̈ +
C

n

[
Jlθ̈ + Tc,lsign

(
θ̇
)

+ νlθ̇ +Mgl sin θ + kpθ
]
(8)

This equation is identical to that of a sti� actuator (Eq. (1)), except for the
additional spring term kpθ, in which kp is the spring constant of the parallel
spring. The single resonance frequency of this second-order system is:

ωrs,PEA = ±

√
Mgl + kp

Jl + n2(Jm + Jtr)
(9)

Similarly, we can associate a resonance frequency with the torque at the gearbox
shaft:

ωrl,PEA = ±
√
Mgl + kp

Jl
(10)

These formulas demonstrate that parallel sti�ness can be used to modify the
pendulum's natural frequency. Note that, if kp = 0, we retrieve the same reso-
nance frequency as that of the sti� system (given by Eq. (5)).
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2.3. Series Elastic Actuation

Due to the decoupling of motor and gearbox inertia, the equations of motion
of the Series Elastic Actuator are more sophisticated than the ones presented
previously. The spring introduces a relationship between the output angle and
the motor angle which depends on the load torque. De�ning the load torque
Tload,SEA of the SEA as

Tload,SEA = Jl2θ̈ + νl2θ̇ + Tc,l2sign(θ̇) +Mgl sin θ (11)

where νl2 and Tc,l2 represent to the viscous and Coulomb friction coe�cients of
output shaft, the relationship between the motor angle θm and output angle θ
can be written as

θm = n

(
Tload,SEA

ks
+ θ

)
(12)

The equations of motion are given by{
Tload,SEA − ks

(
θm
n − θ

)
= 0

(nJm + nJtr + Jl1) θ̈mn + C
n

[
ks
(
θm
n − θ

)
+ Tc,l1sgn( θ̇mn ) + νl1

θ̇m
n

]
= Tm

(13)
Here, Tc,l1 and νl1 are the Coulomb and viscous friction coe�cients of the shaft
connected to the gearbox output. The �rst equation represents the dynamics
of the link, the second those of the motor. The gearbox e�ciency function C is
still de�ned as in Eq. 3, but here, the case where the motor is driving the load
is designated by

θ̇m

(
Tm − (Jm + Jtr)θ̈m

)
= 0

meaning that the power through the gearbox is positive.
Removing all friction terms and linearizing, we can combine both equations

of (13) to

(nJm + nJtr + Jl1)
θ̈m
n

+
1

n

(
Jl2θ̈ +Mglθ

)
= Tm (14)

Replacing θ̈m in this equation by the second derivative of Eq. (12) and trans-
forming it to the frequency domain, we �nd a transfer function

G(ω) =
θ

Tm
=

ks
c4ω4 + c2ω2 + c0

(15)

with coe�cients
c4 = (nJm + nJtr + Jl1)Jl2

c2 = −(nJm + nJtr + Jl1) (Mgl + ks)− ks
n Jl2

c0 = ks
1
nMgl

(16)
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The poles of this fourth-order transfer function correspond to the two resonance
frequencies ωr1,SEA and ωr2,SEA of the system. They are given by

ωr1/2,SEA = ±

(
−c2 ±

√
c22 − 4c4c0

2c4

)1/2

(17)

Alternatively, by rewriting Eq. (14) as a function of θm and transforming it to
the frequency domain, we �nd the transfer function

H(ω) =
θm
Tm

=
−nJl2ω2 + n (Mgl + ks)

c4ω4 + c2ω2 + c0
(18)

with coe�cients c4, c2 and c0 as de�ned in Eq. (16). The zeros of this transfer
function,

ωa,SEA =

√
ks +Mgl

Jl2
(19)

correspond to the antiresonance frequencies of the system, at which the output
can oscillate while the input (motor) is standing still. Since mechanical power
is proportional to speed, antiresonance can be expected to be an advantageous
operating point, just like resonance. Note the similarity between Eq. (19) and
Eq. (10), the only di�erence being the exclusion of the gearbox shaft's inertia
in Eq. (19). Since Jl2 is bigger than Jl1 in most practical systems, Jl ≈ Jl2 and
thus ωa,SEA ≈ ωrl,PEA for identical spring sti�nesses ks and kp.

2.4. Motor model

A crucial part of motor-based actuation systems is undoubtedly the motor
itself. Irrespective of its type, motor data sheets usually only specify a maximum
e�ciency. However, when a motor is operated at variable load and/or varying
speed, motor e�ciency can drop far below this value [32, 7]. This is why in this
paper, a DC motor model is used to calculate load- and speed-dependent motor
losses.

2.4.1. Motor equations

The electrical power consumption Pelec is calculated as follows:

Pelec = UI (20)

In this equation, the motor voltage U and current I can be calculated by using
the common DC motor model, provided that the motor torque Tm and the
motor shaft speed θ̇m are known:{

I = Tm+νmθ̇m
kt

U = LdIdt +RI + kbθ̇m
(21)

In this equation, R is the winding resistance and L is the terminal inductance.
kt and kb represent the torque and speed constants of the motor and have
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equal values. All these parameters are readily available on the manufacturer's
datasheet. The losses due to motor bearing friction, friction of brushes, etc.
are represented by a viscous damping term νmθ̇m. Generally, the value for the
motor's viscous damping coe�cient νm is not speci�ed on the motor datasheet.
However, by assuming that the consumed current at the no-load speed ωnl is
exactly the no-load current Inl, the following approximation can be found:

νm =
kt · Inl
ωnl

(22)

The authors would like to note that, similar to motors, gearboxes su�er speed-
and torque-dependent energy losses. However, unlike for DC motors, there is
no such thing as a standard gearbox model. Existing gearbox models generally
comprise complex equations which require knowledge of the exact gear geometry,
which is usually not disclosed by the manufacturers. We therefore work with the
only parameters given by most manufacturers: the gear ratio n, the maximum
gearbox e�ciency ηtr � incorporated into the gearbox e�ciency function C
de�ned in Eq. (3) � and the gearbox inertia Jtr. The viability of this approach
was evaluated and approved in [31].

2.4.2. In�uence on natural system dynamics

The DC motor also introduces electrical dynamics to the system. Before
discussing these dynamics, some simpli�cations can be made to facilitate the
analysis. Regarding voltage, the motor's terminal inductance L is generally
several orders of magnitude smaller than its winding resistance R, meaning
that the LdIdt term can be neglected unless the application requires extreme
variations in current. Furthermore, the term RI is a few orders of magnitude
smaller than the back-EMF kbθ̇m, except at very low speeds. Consequently, for
the majority of the motor's operating region, U = kbθ̇m, so the dynamics of
motor voltage U are similar to that of motor speed θ̇m, except for an additional
gain and an additional pole at ω = 0. The minimum voltage can therefore be
expected to coincide with the antiresonance frequency.

Regarding current, the νmθ̇m term in Eq. (21) can be signi�cant when low
torques are commanded. Throughout the rest of the operating region, however,
Tm will dominate. Consequently, the dynamics of motor current (θ/Im) will
roughly correspond to that of motor torque (θ/Tm), and resonance frequencies
will lead to a reduction in motor current.

3. Power and energy analysis

As in previous works by Vanderborght et al. [29], Beckerle et al. [3] and
Verstraten et al. [32], a pendulum setup is used to evaluate the performance of
the actuator. The actuator, which is identical to the one in [32], can be mechan-
ically modi�ed to a RA, a SEA or a PEA. It imposes a sinusoidal trajectory with
variable frequency around an equilibrium position θ = 0°, which corresponds to
a vertical line. The amplitude of the motion is 30°, which is signi�cantly larger
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Gearbox shaft inertia Jl1 1.31e-4 kgm²

Output shaft inertia Jl2 1.57e-1 kgm²

Mass M 1.85 kg
Distance from rotation axis to COG l 0.241 m

Coulomb friction coe�cient Tc,l1 0.049 Nm
Coulomb friction coe�cient Tc,l2 0.064 Nm

Damping coe�cient νl1 0.044 Nms/rad
Damping coe�cient νl2 0.079 Nms/rad

Table 1: Pendulum properties

Nominal power Pnom 80 W
Torque constant kt 23.4 mNm/A
Speed constant kb 408 rpm/V

Motor e�ciency ηmax 87.8%
Terminal resistance R 0.212 Ω
Terminal inductance L 0.0774 mH

No-load current Inl 177 mA
No-load speed ωnl 7200 rpm
Motor inertia Jm 102 gcm²

Gear ratio n 338/3
Gearbox inertia Jtr 5e-7 kg m²

Gearbox e�ciency ηtr 72%

Table 2: Motor and gearbox properties

than in the previously mentioned works by Vanderborght et al. and Beckerle et
al., where the amplitude was limited to 10°. Consequently, the nonlinear equa-
tions of motion need to be considered without making a small-angle assumption.

The physical properties of the pendulum, derived from a CAD model, are
listed in Table 1. The properties of the motor and gearbox can be found in Table
2. Note that, for RA and PEA, the Coulomb friction coe�cients and damping
coe�cients are lumped together because of the rigid connection between the
load shaft and gearbox shaft:{

Tc,l = Tc,l1 + Tc,l2

νl = νl1 + νl2
(23)

The same pendulum setup was also used in previous papers on the modeling
and energy consumption of rigid actuators [32, 31]. For the comparison between
SEA and PEA presented in this paper, the amplitude θmax is restricted to 30°
because of limitations on the maximum extension of the springs on the physical
setup, something which is especially critical for the PEA. This way, the SEA and
the PEA can impose the same motion to the load without reaching the physical
limits of the system, such that a fair comparison between both is obtained.

The simulations are based on the equations established in Section 2. The
imposed trajectory is assumed to be tracked perfectly by both actuators, i.e.
the angle θ can be replaced by the time-dependent function

θ = θmax sin (ωt) (24)
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Figure 2: Mechanical peak power for PEA (left) and SEA (right), for varying swinging fre-
quencies and spring sti�nesses. Minimal mechanical peak power for the PEA approximately
corresponds to the system's resonance frequency ωrs,PEA. For the SEA, the minimum oc-
curs at the antiresonance frequency ωa,SEA, but a decrease is also observed at the resonance
frequency ωr1,SEA.

3.1. Mechanical peak power

Figure 2 shows mechanical peak power for the PEA (left) and SEA (right),
as a function of frequency and spring sti�ness. The power is calculated as the
product of motor speed θ̇m and motor torque Tm (taking into account the inertia
at the motor itself).

Apart from the obvious minimum at ω = 0, the PEA only demonstrates one
minimum in the peak power plot, occurring at the resonance frequency ωrs,PEA.
For the SEA, there are two minima: one at the �rst resonance frequency ωr1,SEA
(local minimum, less distinct) and one at antiresonance ωa,SEA (global mini-
mum, very distinct). The second resonance frequency ωr2,SEA does not lead to
a clear minimum, which is in line with the results obtained with another test
rig in [2]. The plots thus suggest that the optimal operating points in terms of
mechanical peak power lie at the SEA's antiresonance frequency ωa,SEA and at
the PEA's resonance frequency ωrs,PEA. As seen in Figure 2, the PEA requires
higher sti�nesses than the SEA in order to operate at its optimal frequency,
con�rming the results from [3].

For kp → 0 and ks → ∞, we �nd that ωrs,PEA and ωr1,SEA both converge
to the same resonance frequency of 3.9 rad/s, which corresponds to the rigid
system's resonance frequency ωrs,RA given by Eq. (5). The introduction of a
series spring hardly a�ects this resonance frequency, except at very low sti�-
nesses. However, such compliant springs may compromise the operation of the
SEA due to the large spring extensions required, possibly demanding excessive
speeds from the motor. In the PEA, on the other hand, the presence of the
spring moves the resonance frequency to higher values. This can be exploited
in the design of the PEA to decrease peak power. Note that, the sti�er the
parallel spring is, the lower the decrease in mechanical peak power at resonance
will be. This is because the mechanical power is the product of torque and
speed, of which only the former is decreased at resonance, and the latter in-
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creases with frequency. As seen in Figure 2, frequency is positively related to
sti�ness at resonance, and therefore energy consumption increases with sti�ness
as well. Conversely, in the SEA at antiresonance, the speed is decreased instead
of the torque. As a result, the mechanical peak power is largely una�ected
by an increase in frequency, and low peak powers can still be achieved at high
frequencies.

Finally, comparing the theoretical resonance and antiresonance lines to the
actual minima of the plot, one observes that optimal peak power occurs at a
slightly lower sti�ness than expected for PEA. Conversely, for the SEA, optimal
sti�ness is slightly higher than predicted by the ωa line. These deviations are
due to the combination of nonlinearities and friction.

3.2. Energy consumption

Essentially, the power is the sum of two contributions Pload and Ploss:

P = Pload + Ploss (25)

where Pload represents the power consumed by the load (i.e. the power con-
sumed by the lossless system) and Ploss the power losses. The latter can be
attributed to bearing and gearbox friction (mechanical losses) and the motor's
winding resistance (electrical losses). Throughout most of the motion, the power
consumed by the load will be the dominant factor; as a result, power is strongly
related to the motion and the properties of the output link.

By de�nition, energy is calculated as the integral of power2:

E =

ˆ
Pdt

=

ˆ
Ploaddt+

ˆ
Plossdt (26)

= Eload + Eloss

In the speci�c case studied in this paper, Eload equals zero because the imposed
motion is a cyclic motion applied to a conservative force �eld. Consequently,
the total energy consumption E is equal to the system's energy losses Eloss. In
contrast to power, energy consumption will therefore be dictated by the energy
losses rather than the motion of the load itself. Of course, most losses being
closely related to torque, energy losses can also be expected to be somehow re-
lated to the output link and its motion. Nevertheless, there are some di�erences
between the peak power of SEAs and PEAs and their � mechanical or electrical
� energy consumption. Those di�erences are the subject of this section.

2Note that, by calculating the energy as the integral of power, it is implicitly assumed
that negative power can be regenerated. While dynamic applications require a 4-quadrant
controller, which inherently has the ability to regenerate power, battery protection circuits
may still limit the amount of negative power that can be sent back to the battery. The
consequences for the energy consumption are discussed in [32].
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Figure 3: Mechanical energy consumption per cycle for PEA (left) and SEA (right), for
varying swinging frequencies and spring sti�nesses. The PEA consumes the least amount of
mechanical energy at the link's resonance frequency ωrl,PEA. For the SEA, minimum energy
consumption occurs at antiresonance ωa,SEA, and another decrease in energy consumption is
also observed near ωrl,RA.

3.2.1. Mechanical energy consumption

Figure 3 shows mechanical energy consumption for the PEA (left) and SEA
(right), as a function of frequency and spring sti�ness. Mechanical energy is
calculated as the integral of the mechanical power. As in section 3.1, mechanical
power is the product of speed and torque at the motor (including the torque
due to the acceleration of the motor's own inertia). Consequently, it is the
mechanical energy required to complete one entire pendulum cycle at a speci�c
frequency.

For the PEA, mechanical energy is minimal at link resonance ωrl,PEA (i.e.
resonance without motor inertias). This is a signi�cant di�erence with the
results in mechanical peak power, where the minimum occurred at motor reso-
nance ωrs,PEA. At ωrs,PEA, motor torque is reduced, leading to minimal (elec-
trical) motor losses. However, as explained in [32], gearbox torque is nonzero
at this frequency because of the inertia of the motor, which adds an inertial
torque. Gearbox losses, which are proportional to the torque going through it,
are instead minimized at the resonance frequency of the output link ωrl,PEA.
The minimum in mechanical energy consumption, which is dominated by the
gearbox losses, therefore lies at ωrl,PEA instead of ωrs,PEA.

For the SEA, the global minimum still occurs at antiresonance. The second
resonance frequency, again, does not lead to a reduction in mechanical energy
consumption. A local minimum is present at about 5 rad/s, a slightly higher
frequency than the �rst resonance frequency ωr1,SEA. The reasons for this shift
are the same as those for the PEA: for minimal mechanical power consumption,
gearbox losses need to be minimized, which is the case at ωr1,RA instead of
ωr1,SEA (minimal motor losses).

As was the case for mechanical power, we observe that, if the SEA is operated
at antiresonance, energy consumption is low regardless of the frequency. For the
PEA, higher frequencies demand higher mechanical energy input, because speed

12



1 2 3 4 5 6 7 8 9 10
0

2

4

6

8

10

12

14

16

18

20  

Pendulum frequency (rad/s)

Electrical energy per cycle (J)

 

S
tif

fn
es

s 
(N

m
/r

ad
)

0

0.5

1

1.5

2

2.5

3

ω
rs,PEA

ω
rl,PEA

1 2 3 4 5 6 7 8 9 10

2

4

6

8

10

12

14

16

18

20  

Pendulum frequency (rad/s)

Electrical energy per cycle (J)

 

S
tif

fn
es

s 
(N

m
/r

ad
)

0

0.5

1

1.5

2

2.5

3

ω
a,SEA

ω
r1,SEA

ω
r2,SEA

ω
rl,RA

Figure 4: Electrical energy consumption per cycle for PEA (left) and SEA (right), for varying
swinging frequencies and spring sti�nesses. Minimal electrical energy consumption for the
PEA occurs somewhere in between the resonance frequencies ωrs,PEA and ωrl,PEA. The
SEA has a distinct minimum at antiresonance ωa,SEA.

is not reduced by the parallel spring. Also note that, as explained in Section 2.3,
ωrl,PEA and ωa,SEA are nearly identical. Hence, for minimizing the mechanical
energy consumption, there is almost no di�erence between the optimal spring
sti�ness of the SEA and PEA.

3.2.2. Electrical energy consumption

Figure 4 shows electrical energy consumption for the PEA (left) and SEA
(right), as a function of frequency and spring sti�ness. Electrical energy is
calculated as the integral of electrical power, which is the product of motor
voltage and current. As predicted in Section 2.4, the plots are very similar to
those for the mechanical energy, but the results are more pronounced due to
the addition of the Joule and gearbox losses, which are both very dependent on
torque.

For the PEA (left of Figure 4), minimum electrical energy consumption oc-
curs in between gearbox resonance ωrl,PEA (gearbox losses minimized) and mo-
tor resonance ωrs,PEA (Joule losses minimized). Neither of both lines provides
a good approximation of the optimum by itself. In this case, the minimum
is closer to gearbox resonance, but this observation cannot be generalized to
any actuator system. The location of the actual minimum depends entirely on
the system's losses. If most losses are due to the gearbox, the minimum will
be closer to ωrl,PEA; if motor losses dominate, the minimum will be closer to
ωrs,PEA. Therefore, the optimal sti�ness needs to be calculated based on the
full equations of the system, including friction factors, gearbox e�ciency and a
motor model.

For the SEA (right of Figure 4), antiresonance can serve as a good approx-
imation to calculate the optimal spring sti�ness. There is a clear minimum in
the electrical energy consumption, which does not deviate much from the the-
oretical antiresonance line. Energy consumption is also lowered at a frequency
slightly higher than resonance, but the reduction is not as pronounced as at
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antiresonance.
Again, we notice that the PEA's electrical energy consumption rises at higher

frequencies due to the increased speed required from the motor. The SEA main-
tains low energies up to higher frequencies. However, unlike in the mechanical
power and energy plots, electrical energy of the SEA also increases at higher fre-
quencies. This is due to the proximity of the resonance frequency ωr2,SEA which
reduces motor torque, and the link's resonance frequency ωrl,RA, at which gear-
box torque is minimized. As ωr2,SEA, ωa,SEA and ωrl,RA approach each other at
low sti�nesses, a simultaneous reduction of torque and speed occurs, and energy
consumption will drop to rather low values. At higher sti�nesses, the SEA still
pro�ts from the decrease in speed, but the torque-reducing in�uence of ωr2,SEA
and ωrl,RA is less strong, leading to an increased energy consumption.

In conclusion, minimum mechanical peak power, minimum mechanical en-
ergy and minimum electrical energy all occur at di�erent frequencies for the
PEA. This makes the calculation of its optimal spring sti�ness a di�cult task,
which is highly dependent on the model being used. For the SEA, the calcula-
tion is a lot simpler, since in good approximation all minima can be traced down
to the antiresonance frequency. Moreover, in this set of simulations, the SEA
at antiresonance outperforms the PEA in terms of peak power and, especially,
energy consumption.

3.3. Comparison with rigid actuation

In this section, we will compare the energy consumption of the PEA and the
SEA to that of rigid actuation. The relative di�erence is calculated as

e =
E − ERA
ERA

(27)

where E stands for the energy consumption of the PEA or SEA, depending
on which type of actuation is considered for the comparison. The results for
di�erent frequencies and sti�nesses are shown in Figure 5.

In this case study, elastic elements do not yield energetic advantages below
5 rad/s. For the PEA, the most distinct reduction in energy consumption is fo-
cused around ωrl,PEA. The favorable region includes this frequency completely,
while ωrs,PEA does not yield a reduction in energy consumption at frequencies
close to ωrl,RA. As expected, antiresonance marks the greatest energy reduc-
tion for the SEA. Reduced energy consumption covers a certain area around this
frequency. Hence, tuning for antiresonance is advantageous, even if the model
does not �t the real system perfectly. The resonances lie outside the bene�cial
areas for the SEA and should therefore be avoided [2]. In fact, the resonance
frequency ωr2,SEA approximately matches the upper boundary of energetic ad-
vantage of the SEA. The lowest frequency at which an energetic advantage is
achieved with series springs is ωrl,RA = 5.3 rad/s; for any frequency below this
value, RA will perform better. Note that, at kp = 0, the PEA transforms into
a system equivalent to RA, hence e = 0. Consequently, in contrast to the SEA,
there is no practical lower boundary on the spring sti�ness of the favorable
region for the PEA.
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Figure 5: Relative di�erence between energy consumption of the rigid actuator compared to
the elastic actuator. Left: rigid-PEA. Right: rigid-SEA. The black lines denote the combi-
nations of frequencies and sti�nesses at which RA and PEA (RA and SEA) perform equally
well. The highest relative di�erences are situated around ωrl,PEA (PEA) and ωa,SEA (SEA).
At any frequency below ωrl,RA = 5.3 rad/s, RA performs best. Note that RA corresponds
to the cases of zero parallel sti�ness (kp = 0 Nm/rad in the plot to the left) or in�nite series
sti�ness (ks → ∞ in the plot to the right).

(a) PEA (b) SEA

Figure 6: Setups used for experiments. 1. Motor-gearbox, 2. Gearbox shaft encoder, 3. Torque
sensor, 4. Springs, 5. Output shaft encoder

4. Experimental evaluation

In order to evaluate the conclusions from the power and energy analysis,
the electrical energy plots were obtained experimentally from a physical setup
matching the properties of the simulated system. In this section, the physical
test set-up is described along with the corresponding control algorithms. Subse-
quently, the experimental results are presented, discussed and compared to the
simulations.

4.1. Test setup

The tests are performed on a set-up that corresponds to the pendulum pre-
sented in Section 2. Its parameters are given in Table 1 and are identical to
those that are used for the simulations in Section 3. The actuator consists of a
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Figure 7: General control architecture

80 W Maxon DCX35L motor and a Maxon GPX42 338:3 planetary gearbox (1),
of which the parameters are listed in Table 2. The compliant elements are im-
plemented by means of two antagonistic tension springs (4), which are mounted
on one of both sides of the pendulum to yield a PEA (Figure 6a) or a SEA
(Figure 6b). Additionally, the springs can be replaced to change the sti�ness
of the actuator in discrete steps between the experimental trials. The resulting
rotational sti�ness values can be varied between 2 Nm/rad and 10 Nm/rad for
the SEA and between 0.3 Nm/rad and 2.3 Nm/rad for the PEA. By removing
the parallel springs and making the series connection rigid, the RA case can be
investigated as well.

A torque sensor (3) and an encoder (2) are placed on the gearbox shaft
to measure the mechanical energy consumption. The torque sensor is an ETH
Messtechnik DRBK torque transducer (range 20 Nm, accuracy 0.5%) while posi-
tions are acquired using a US Digital E6 series optical encoder with 2000 counts
per turn. To measure the output shaft angle of the SEA, another unit of this
encoder type (5) is placed on a measurement shaft, which is connected to the
load shaft with a pulley (1:1 ratio). The inertial properties of the torque sensor
(136 gcm²) and the encoder wheels (0.073 gcm²) are included in the simulation,
despite their insigni�cance with respect to the total inertia of the system. To
assess electrical energy consumption, the voltage at the motor terminals and the
motor current are measured. To sense current, an Allegro ACS712 current sen-
sor with a range from -5 A to 5 A, a total output error of 1.5%, and a resistance
of 1.428 mΩ is used. All sensors and the resistance of the cables in between the
motor and the controller (0.228 Ω) are considered in the system model in order
to obtain an appropriate comparison of simulations and experiments.

The sensory data is acquired with a National Instruments sbRIO 9626 board,
which is also used to implement the control algorithms. For every measurement,
at least ten pendulum periods are recorded after start-up transients receded.
The measurement is then decomposed into separate sine periods, which are
averaged with respect to one another in order to reduce noise and other non-
reproducible e�ects.

4.2. Control algorithm

As demonstrated in Section 2, the equations of motion for the actuated pen-
dulum are nonlinear. For small angles, the equations for the sti� actuator and
the PEA can easily be linearized, and a PID controller can deliver a satisfactory
control performance. For the SEA, however, the missing collocation due to the
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elastic coupling has to be taken into account [5], and the resulting fourth-order
dynamics can no longer be controlled by a simple PID system. Because of its
ability to handle these nonlinearities and collocation issues, the model-based
control strategy of feedback linearization [25] provides a suitable solution for
this type of problem. This control strategy, which will be employed for all
actuator types, results in the controller architecture sketched in Figure 7.

The control law for the PEA (and RA) compensates the second-order non-
linear dynamics by applying the motor current

Im,PEA =
1

kt

[(
nJm + nJtr +

Jl
n

)
yPEA +

1

n
Mgl sin (θ) +

1

n
kpθ

]
(28)

It consists of a feedforward term that is based on Eq. (8) in combination with
feedback motion control by the auxiliary input yPEA. This is chosen to be

yPEA = θ̈d + P (θd − θ) +D
(
θ̇d − θ̇

)
(29)

where P and D are the proportional and di�erential control parameters [24] and
θ̈d, θ̇d, θd are the desired angular accelerations, velocities, and positions of the
pendulum.

To tackle the fourth order dynamics of the SEA presented in Eq. (14), the
control law is extended to

Im,SEA =
Jdrive
kt

(
Jl2ySEA +Mgl(cos θθ̈ − sin θθ̇2)

ks
+ θ̈

)
+

1

nkt

(
Jl2θ̈ +Mgl sin θ

)
(30)

in which we de�ned the driveside inertia Jdrive as

Jdrive = nJm + nJtr + Jl1 (31)

The auxiliary control input ySEA in Eq. (30) is

ySEA =
....
θ d +R0 (θd − θ) +R1

(
θ̇d − θ̇

)
+R2

(
θ̈d − θ̈

)
+R3 (

...
θ d −

...
θ ) (32)

as suggested in [25]. In this equation, the feedback control parameters R0, R1,
R2, R3 are related to the errors on pendulum position, velocity, acceleration,
and jerk which de�ne the system state. In both cases, these control parameters
are manually tuned for each investigated combination of frequency and sti�ness.
This way, the best possible tracking for a sound comparison of power and energy
characteristics is assured.

4.3. Experimental results

The experimentally obtained energy consumption of PEA and SEA is pre-
sented in Figure 8. Due to limitations on spring extension and permissible speed

17



1 2 3 4 5 6 7

0

1

2

3
1

2

3

4

5

6

7

8

Frequency (rad/s)

Electrical energy per cycle (J)

Stiffness (Nm/rad)

E
ne

rg
y 

(J
)

1

2
3

4
5

6
7

0

2

4

6

8

10
0

2

4

6

8

Frequency (rad/s)

Electrical energy per cycle (J)

Stiffness (Nm/rad)

E
ne

rg
y 

(J
)

Figure 8: Electrical energy consumed by the PEA (left) and SEA (right) at di�erent fre-
quencies and sti�nesses. Measurements are indicated as green dots, while simulated energies
are shown as a blue wiregrid. As predicted in the simulations, there is a wide region of low
energy consumption for the PEA, whereas for the SEA, a distinct minimum exists around
antiresonance. Note that the experiments for the RA correspond to the experimental results
for the PEA at kp = 0 Nm/rad.

of the motor, the frequency range is limited to 7 rad/s for both actuators, and
the sti�ness is limited to 2.3 Nm/rad for the PEA and 10 Nm/rad for the SEA.
Comparing the measured (green dots) and simulated (blue wiregrid) energy pro-
�les shows that the consumption of PEA is slightly overestimated by the models.
Yet, the model yields a good prediction of the global actuator behavior. In the
SEA case, the experimental results show good accordance with the analytical
ones, except for overestimating the consumed energy at combinations of low
frequencies and low sti�ness values. However, those combinations are not of
interest for practical SEAs, because energy consumption is rather high at these
operating points.

The results for the PEA (left of Figure 8) are generally in accordance with the
minimum area found in the simulations, although the experiments do not allow
to exactly trace the minimum to the resonance frequencies of either the system
or the link due to the limited frequency resolution. Furthermore, the PEA
su�ers from possible inaccuracies due to the setting of the equilibrium angle,
which is of no concern for the SEA. Nevertheless, the experiments con�rm that
the PEA can be operated in a favorable region by adjusting its sti�ness.

The experimental energy pro�le of the SEA (right of Figure 8) shows that
operation at antiresonance leads to minimum energy consumption. As observed
in the simulation, the region of reduced energy consumption covers a certain
area around antiresonance: lowest energy consumption values are 0.45 J for
1.4 Nm/rad and 0.70 J for 2 Nm/rad considering operation at 6 rad/s. For
7 rad/s, minimum values are 1.4 J for 2 Nm/rad and 0.57 J for 4 Nm/rad.
Hence, the conclusion that tuning the SEA for antiresonance yields good re-
sults, even if the model is not ideal, is con�rmed experimentally. Conversely,
very little energetic bene�t is obtained by matching the operating points to the
resonance frequency. The �rst resonance frequency, ωr1,SEA, does not show a
clear reduction of electrical energy consumption, as predicted analytically. The
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RA PEA SEA

Frequency Eelec Eelec Eelec
1 rad/s 2.4 J 2.4 J

(0 Nm/rad)
3.1 J

(10 Nm/rad)

2 rad/s 1.8 J 1.8 J
(0 Nm/rad)

2.6 J
(8 Nm/rad)

3 rad/s 1.4 J 1.4 J
(0 Nm/rad)

2.2 J
(8 Nm/rad)

4 rad/s 1.5 J 1.5 J
(0 Nm/rad)

1.9 J
(8 Nm/rad)

5 rad/s 1.8 J 1.6 J
(0.3 Nm/rad)

1.9 J
(6 Nm/rad)

6 rad/s 2.0 J 2.0 J
(1.3 Nm/rad)

0.45 J
(1.4 Nm/rad)

7 rad/s 2.4 J 2.0 J
(2.3 Nm/rad)

0.57 J
(4 Nm/rad)

Table 3: Measured electrical energy consumption Eelec of RA, SEA and PEA for various
frequencies. For SEA and PEA, the lowest value across all sti�nesses is shown. The corre-
sponding spring sti�ness is mentioned in brackets.

second resonance, ωr2,SEA, is located outside the investigated frequency-sti�ness
combinations.

The experimental energy requirements for frequencies ranging from 1 to
7 rad/s are also presented in Table 3. For the SEA and PEA, only one result
is shown for every frequency. This result corresponds to the experiment with
smallest energy consumption; the corresponding spring sti�ness is mentioned
between brackets. Consistent with our �ndings in section 3.3, at frequencies
below the link's resonance ωrl,RA = 5.3 rad/s, the SEA performs worse than
the RA. As a logical result, the optimal sti�ness of the SEA is pushed up to
high values in order to obtain a behavior which is as close as possible to the RA.
Similarly, the PEA's optimal sti�ness at low frequencies is zero, such that the
PEA becomes identical to the RA. In accordance with Figure (5)a in Section
(3.3), Table 3 shows that 5 rad/s is the lowest frequency at which a parallel
spring becomes bene�cial.

Besides the increasing energy requirement with rising frequency above ωrl,RA,
it becomes distinct that the PEA always demands more energy than the RA
operated at this speci�c point. This is consistent with our �ndings in Section
3.2.2. Still, the PEA can be bene�cial if sti�ness is modi�ed to match varying
trajectory frequencies, as can be seen from the results for 6 rad/s (same energy
consumption) and 7 rad/s (energy consumption lowered by 20%). In contrast to
the PEA, the SEA at antiresonance exhibits signi�cantly lower energy require-
ments than the RA operated at resonance, with reductions up to 78% at 6 rad/s.
Note that, both for SEA and PEA, the optimal sti�nesses in Table 3 depend
on the discrete set of available springs for the test setup. Higher reductions
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can most likely be obtained if the spring sti�ness could be matched exactly to
the theoretically optimal sti�ness. Anyhow, these results give a clear indication
that, for a 1-DOF link swinging above its resonance frequency, a properly tuned
SEA is superior to the PEA in terms of energy consumption.

5. Discussion

In this section, we will dig deeper into how the topologies of SEAs and PEAs
a�ect their energy consumption. As mentioned in the introduction of Section
3.2, the energy consumption of the studied system depends completely on the
system's energy losses. These losses can roughly be classi�ed into three major
categories:

� Bearing losses: Components that move relative to one another (typically
bearings) are subject to friction, which causes a loss of energy. In this
paper, this friction is modeled as a combination of Coulomb friction (con-
stant torque with speed-dependent direction) and viscous friction (torque
proportional to speed).

� Gearbox losses: Gearbox losses have several complex causes making them
speed- and torque-dependent [20], but they can roughly be considered pro-
portional to the torque through the gearbox. Generally, the e�ciency of
gearboxes decreases with increasing gear ratio. This is especially the case
in multi-stage planetary gearboxes, where each stage causes a signi�cant
drop in gearbox e�ciency.

� Motor losses: The motor model presented in Section 2.4 incorporates two
types of losses: Joule losses (RI2) due to the resistance of the windings,
and a damping loss νmθ̇m which represents other unmodeled motor losses
such as bearing friction, losses through the brushes, etc. The motor's
damping coe�cient νm being very small for most motors, the predominant
loss mechanism in DC motors is Joule heating. Since Joule losses are
proportional to current squared, and current is proportional to torque,
the motor losses can be minimized by reducing the motor torque Tm. It is
important to mention that this torque includes the motor's inertial torque
Jmθ̈m. Since, as a rule of thumb, re�ected motor inertia is roughly equal
to the output inertia in well-sized systems [12], the motor's inertial torque
can be expected to provide a signi�cant contribution to the total motor
torque. For this reason, omitting it would give incorrect results in most
cases.

As explained in Section 3, the optimal operation of PEA and SEA relies on
very di�erent principles. In PEA and RA, the resonance frequency can be ex-
ploited, reducing the torque on the motor and gearbox. Consequently, motor
and gearbox losses are minimized, resulting in a more energy-e�cient opera-
tion. SEA, on the other hand, relies on the exploitation of antiresonance to
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decrease motor speed. Smaller motor speeds lead to a reduction in viscous fric-
tion losses, while gearbox and motor losses remain una�ected. Since, in the
actuator system under study in this paper, the latter are generally responsible
for the majority of the losses, one would expect the usage of a PEA to lead
to better overall e�ciencies. The simulations, however, reveal some additional
considerations which need to be taken into account when comparing SEA to
PEA. Firstly, as discussed in Section 3.2.2, gearbox and motor losses cannot
be minimized simultaneously because they correspond to di�erent resonance
frequencies, and optimal sti�ness for the PEA is a trade-o� between both. Con-
sequently, even at the optimal sti�ness, a signi�cant amount of energy will still
be lost in the gearbox and motor. Secondly, the dynamics of the SEA demon-
strate a very interesting feature: the antiresonance frequency ωa,SEA (minimal
motor speed), the resonance frequency ωr2,SEA (minimal motor torque) and the
link's resonance frequency ωrl,RA (minimal gearbox torque) approach each other
for ks → 0. As a result, an SEA operated at antiresonance does not only take
advantage of the reduced motor speed, it also enjoys a slight reduction of motor
and gearbox torque. While the torque reduction is not as distinct as in the PEA
� the PEA's resonance frequencies ωrs,PEA and ωrl,PEA being much nearer to
each other � the combination of reduced motor speed and motor torque pro-
vides an energetic advantage to the SEA which cannot be rivaled by the PEA.
In other words, the favorable dynamics of the SEA allow it to outperform the
PEA in terms of energy consumption.

6. Conclusion

In recent years, Series Elastic Actuators and Parallel Elastic Actuators have
emerged as valid alternatives to rigid actuators in energy-e�cient robotic de-
signs. The choice between a SEA and PEA can be based on many practical
criteria such as human-robot interaction safety, shock resistance, design e�ort
and ease of control. In this paper, we compared both actuator types in terms of
one of their most interesting properties: energy e�ciency. As a basis for com-
parison, a task in which the actuators impose a sinusoidal motion to a pendulum
was studied. This case study can be related directly to the natural dynamics of
the actuators, allowing for a direct comparison between theory, simulations and
experiments.

Consistent with the �ndings of earlier work [2], we found that SEAs should
be tuned to antiresonance, regardless of whether peak power or energy consump-
tion is considered. For PEAs, the optimal tuning is case-dependent. Minimum
mechanical peak power occurs at the resonance frequency ωrs,PEA, whereas min-
imum mechanical energy consumption corresponds to the resonance frequency
ωrl,PEA of the gearbox subsystem. Minimum electrical energy consumption,
�nally, is not de�ned by any of these frequencies, but occurs somewhere in be-
tween depending on how the losses are distributed between gearbox and motor.
Consequently, �nding the energy-optimal sti�ness of a PEA requires a detailed
system model, whereas for the SEA, the antiresonance frequency already pro-
vides an excellent estimate.
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Comparing the energy consumption of SEA and PEA to RA, energy can
be reduced at frequencies above the link's resonance frequency ωrl,RA. The
highest reductions are situated around the antiresonance frequency for the SEA
and around the resonance frequency ωrl,PEA for the PEA. In a resonance-tuned
PEA, however, energy consumption rises with increasing sti�ness; consequently,
its energy consumption can never be lower than that of the rigid actuator (kp =
0) at resonance. Conversely, the antiresonance-tuned SEA consistently demon-
strates lower energy consumption than the rigid system at any frequency above
ωrl,RA. The drop is signi�cant, with experimental results indicating gains in
energy consumption of up to 78%.

In conclusion, the paper con�rms that natural dynamics can be exploited to
achieve e�cient operation for RA, PEA, and SEA. Beyond the link's resonance
frequency, PEA and SEA allow to decrease the energy consumption with respect
to RA. In this respect, the SEA clearly outperforms the PEA thanks to its more
favorable dynamics. At the highest measured frequency of 7 rad/s, we recorded
energy reductions of up to 78% for the SEA, compared to 20% for the PEA.
Of course, these results are based on a very speci�c and simple case study.
Extending this case study to systems with more complex dynamics and more
complex motions will be the subject of further research.
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